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Geometry of Manifolds II : Exercise Sheet 3
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Diese Aufgaben sind schriftlich auszuarbeiten und am 9. Mai vor der
Vorlesung abzugeben. Fiir jede Aufgabe gibt es 4 Punkte.

Zweierabgaben sind erlaubt. Bitte bei der ersten Abgabe Matrikel-
nummer(n) angeben.

Aufgabe 1. Compute H},(R*\{0}).
Aufgabe 2. Show that

a) the exterior product induces a product on H},(M) and
b) if M is a compact, orientable manifold of dimension n without boundary,

Hio(M) x HI* M) R (lw], [1]) — /M WA
is well defined.

Aufgabe 3. Prove that:

a) Given a cohomology class [w] € HY,(M) and a map f: N — M defined
on a k—dimensional compact, oriented manifold N without boundary,

/ [w] == / ffw
F(N) N
is well defined.

b) If there is an Qriented, compact manifold N with boundary ON = N, U
—Ny and F': N — M such that Fy, = fi and Fjy, = f2, then

/fl(NnM - /fz(N2)[w].

Aufgabe 4. Let M be a compact, connected, orientable manifold of dimension n
without boundary. Prove that every form w € Q"(M) with [ 1w 7 0 generates
Hn (M), in particular
Hjn(M)=R.

(Hint: a) Show that an n—form w € Q"(M) with [, w = 0 that has compact support
in the domain of a chart diffeomorphic to an open cube in R™ is exact. b) Deduce
that [wi] = [wo] for a pair of forms w; € Q"(M) with [,,w; = 1,7 = 1,2 and compact
support in open sets U;, i = 1,2 with U; NUs # ) that are diffeomorphic to open cubes
in R™. ¢) Using that M is arcwise connected, show that the preceding also holds if
Uy NUy = (). d) Prove the claim using a suitable partition of unity.)



