Fachbereich Mathematik WS 2017/18

Elena Klimenko Homework 9

NUMBER THEORY AND CRYPTOGRAPHY

Due in class on Friday, December 22nd, at 12:05 pm.

1. Let C > 2, let
EQ =0U{(z,y) €cQxQ|y*=a2>+br+c¢ with b,ceZ},

and let h : E(Q) — [0, 00), (%,y) — log(max{|m|, |M|}), be the (logarithmic)
height function.

(a) Prove that the set
{PeEQ)]|hnP)<C}

contains at most 4(A\* — XA — 6) elements, where A = [e].
Here the symbol | | denotes the greatest integer function (floor).

(b) Can you improve the upper bound given in (a)?

2. Prove that the only point with rational coordinates on the elliptic curve given by
the equation
Y
is the point (0,0).
Hint: You can try to prove this by contradiction starting with the fact that the

point with rational coordinates on the elliptic curve looks like ( ) in lowest

n
2B
terms. The fact that the equation

at bt = 2

has no solutions in positive integers might also be helpful.

3. Let A and B be abelian groups written additively and let ¢ : A — B and
Y : B — A be homomorhisms. Suppose that there is an integer m > 2 so that

Yop(a) =ma forall a€ A.

Suppose further that the indices [A : ¢(B)] and [B : ¢(A)] are finite. Prove that
mA has finite index in A, moreover,

[A:mA] < [A:9(B)]-[B:p(A)].

Problem 4 is on the back.



4. Let T = E(Q) and I = E(Q), where E, E are elliptic curves defined by the
equations
v =2*+ar’+ Bz (a, BETZ)
and
y? = 2% + aa® + Pr (a0 = —2q, B:a2—4ﬁ),
respectively.
Let T'=(0,0) € E and T = (0,0) € E. Suppose also that the homomorphisms
p:I'— [ and ¢ : I — I are defined as follows.
( 2 2
<y_ )} 2_/8)>, if P=(z,y)#0, T

x?’ x

: if P=0 or P=T

and




