A FIELD OF GENERALISED PUISEUX SERIES FOR TROPICAL
GEOMETRY

THOMAS MARKWIG

ABSTRACT. In this paper we define a field K of characteristic zero with valuation
whose value group is (R, +), and we show that this field of generalised Puiseuz
series is algebraically closed and complete with respect to the norm induced by
its valuation. We consider this field to be a good candidate for the base field for
tropical geometry.

1. INTRODUCTION

In order to study the geometric properties of a variety, say V = V(I) C (C*)"
with I < ClzE!, ..., 2], it is common to study as well deformations of the variety
respectively of its defining equations, i.e. we replace the ideal I by an ideal I; <
C[[t])[=1", ..., £ such that I = {f—o | f € I,}. The generic fibre of this family is
then defined by the ideal which I; generates over the quotient field Quot (C[[¢]]) of
the power series ring C[[t]]. Unfortunately, this field is not algebraically closed. If
we are interested in the geometric properties of the general fibre it thus is natural

to pass to the algebraic closure of this field, which is the field

c{{t}} = G @Hﬁ” - {iak-tﬁ ‘mGZ,NE]N,akG(D}

=m

of Puiseux series over C. This field comes with a valuation
> k
- o{{ : R > min 4 — ’ 0
al O — Q: Y a4 Hmm{N ay # }

sending a Puiseux series to its order. Given an ideal J <t C{{t}}[z7",... 2] and

its variety V' (J) C (C{{t}}*)™ the idea of tropical geometry is to try to understand
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V(J) better by just looking at its image under the n-fold Cartesian product of the

valuation map

val : (C{{t}}")" — Q" : (p1,...,pn) — (Val(pl), . ,Val(pn)),

or rather its closure, say Trop (V(J )), in R™ under the Euclidean topology. (De-
pending on whether they prefer max over min people sometimes use the negative of
this function val for the process of tropicalisation.) Due to the Theorem of Bieri-
Groves (see [BiG84, Thm. A], [SpS04, Thm. 2.4], [EKL06, Thm. 2.2.5]) and the
Lifting Lemma (see [EKL06, Thm. 2.13], [SpS04, Thm. 2.1], [Dra06, Thm. 4.2],
[JMMOS8, Thm. 2.13]) this object turns out to be piecewise linear and its points, say
w, can be characterised by the fact that the t-initial ideal of J with respect to w is
monomial free (see e.g. [JMMO08]). Taking into account how crude the valuation map
is, that is, how much information it ignores (e.g. [Pay07, Thm. 4.2] shows that each
fibre of the restriction of val to V(.J) is dense in V(.J) as soon as it is non-empty), it
is surprising how much valuable information is preserved (see e.g. [EKLO06], [Spe05],
[Tab05], [Dra06], [Gat06], [Mik06], [Shu06], [KMMO7], [B6h07)).

Forgetting about the motivation why the field C{{t}} should be an interesting
field to start with, one can replace C{{t}} by any field K with a valuation whose
value group is dense in R with respect to the Euclidean topology, and study the
tropicalisation of varieties in (K*)" via the n-fold Cartesian product of the valua-
tion map. The Lifting Lemma holds in any case (see [SpS04, Thm. 2.1], [Dra06,
Thm. 4.2]), and it seems somehow more natural to choose a field where the valua-
tion map is surjective onto R, so that Trop (V(J)) coincides with val (V/(.J)) and
no topological closure is necessary, which also leads to a larger class of tropical va-
rieties, e.g. points with non-rational coordinates. To this extend other authors (see
e.g. [Pay07], [Boh07, Chap. 4.2]) use the following field of a generalised Laurent

series,

K:{Zaa-ta

a€A

A C R well-ordered, a,, € C} ,

with the obvious addition and multiplication, and where the valuation of generalised
Laurent series is again given by its order. This field is indeed algebraically closed and
complete (see [Ray74, Thm. 2]), and its value group is R. However, it seems a rather
big step from the field C{{t¢}} to this field K by passing to exponent sets A which
are arbitrary well-ordered sets. In this paper we want to introduce an alternative
field IK which contains C{{t}} and is contained in K, which has a valuation with
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value group R and which is also algebraically closed (see Theorem 6) and complete
(see Proposition 11). In comparison with C{{¢}} it thus has the advantage of
completeness and that no topological closure is necessary when tropicalising, and
in comparison with K it has the advantage that the exponents of the generalised
Laurent series considered are simply sequences of real numbers diverging to infinity.

In Section 2 we define KK and formulate the main result, namely that K is alge-
braically closed. Section 3 is then devoted to the proof of this result. Finally in
Section 4 we show that K is complete.

2. IK 1S ALGEBRAICALLY CLOSED

We are now defining this new field K and we state its main properties.

Definition 1  (a) We use the symbol
a, /oo

to denote a sequence (a,)nen of real numbers which is strictly monotonously
increasing and unbounded, and we call the sequence smiub. Note that such
a sequence is determined uniquely by the set {a,, | n € IN}.

(b) We define the set IM to be

M= {{a, |neN}|a, Moo} U{A|ACR,#A < oo},

which is basically the union of all smiub-sequences and of all finite sequences.
(c) Given a set A € M and a, € C* for & € A we use the short hand notation

Zaa St (1)

a€cA

in order to denote the function

an, ifa€A,

fR—C:a—
0, else,

and we call A the support of f. The set of all functions f : R — C of this
type is denoted by K, i.e.

]K:{Zaa-to‘ Ae]M}.
aEA

Note that we allow the set A to be empty, so that the constant zero function

is contained in K. We call the elements of K generalised Puiseuz series.
(d) A BCRweset AxB={a+p|a€ A pe B}
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Remark 2 (a) Note that the representation (1) of a function f € K is unique,
and it is either a generalised Laurent polynomial

k

f= Zaan A

n=0

or it is a generalised Laurent series

oo

«a

f: § aan't ",
n=0

where the exponents are real numbers forming a smiub-sequence «,, " co.

In particular with the notation from above we obviously have
C{{t}} cKc K.

We will, however, not bother too much about the uniqueness of the repre-
sentation and spoil it by allowing the coefficients to be zero in order to make
the notation simpler.

(b) For A, B € M one easily sees that AUB € M and A* B € M. Moreover, for
any fixed element v € A % B there is only a finite number of pairs (a, ) €
A x B such that a + § = 7.

(c¢) Sometimes we will have to access the value of a function f € K for « = 0
where f is given as an algebraic expression involving several elements of K.

We then will use the short hand notation

fi=0 = £(0).
Definition 3
For f =3 cata 1% 9= sc50p 1" € K we define the functions
f49:R—C:a~ f(a)+g(a)
and

fr9= ) ( > aa-bﬁ>-ﬂ

yEA*B \a€A,BEB : a+pB=y

Remark 4
With the notation of Definition 3 we obviously have that

frg= Y (ay+by) -1,

yeEAUB
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if we use the convention that a, = 0 if v ¢ A and b, = 0 whenever v € B, and
both f+ ¢ and f - g are elements of K. In particular, (I, +,-) is a subfield of K.
Moreover, the valuation on K induces the valuation

val : (K*,-) — (R,+) : f = min{a € R | f(a) # 0}
on KK, i.e. val is a group homomorphism such that

val(f + ¢g) > min{val(f), val(g)}

for f,g € IK*. We call le(f) = f(val(f)) the leading coefficient of f, and as usual
we extend the valuation to the whole of K by val(0) = occ.

Remark 5
If fo,...,fn € K with val(f;) > 0 for alli = 0,...,n and G € C|[zp,...,2,]] is a

formal power series, then we may actually substitute z; by f; in order to receive an
element G(fo,..., f,) in K.

The aim of this paper is to prove the following theorem.

Theorem 6
The field IK is algebraically closed.

We do neither claim any originality for the definition of the field, nor for the fact
that it is algebraically closed. In fact, the field can be viewed as a special case of
a much wider classes of fields studied in [Ray74] respectively in [Rib92], and they
also show that the fields in question are algebraically closed. [Ray74, Thm. 2] and
[Rib92, (5.2)] both reduce this fact to general results in the ramification theory of
non-archimedian valued fields. We want to present a different proof. The basic idea
is as follows: Given a non-constant polynomial over K we have to find a root. Using
the Weierstrafy’ Preparation Theorem (see e.g. [GrR71, Kap. 1,§ 4]) we reduce to the
situation where the t-Newton polygon (see Notation 8) has only a single lower face
connecting the two coordinate axes, and to this polynomial we apply an adaptation
of the classical Newton-Puiseux algorithm (see e.g. [DeP00, Thm. 5.1.14]). The idea
for the reduction step is due to Marina Viazovska.

Remark 7 (a) If we replace the base field C in the definition of KK by any alge-
braically closed field of characteristic zero, then Theorem 6 holds with the

same proof.
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If we replace the base field C by a field of positive characteristic p Theorem
6 holds no longer. The Artin-Schreyer polynomial

F=y —y—=
vy =

has the roots

—k+it_pli e K\ K,

i=1
for k =0,...,p—1 (see [Abh56]). The algebraic closure of the quotient field

of the formal power series ring, i.e. the analogue of C{{t}} in this situation

y

is studied in [KedO1]. Since already the square of any of the roots of the
above polynomial F' has a support which can no longer be written as a single
ascending sequence, there is no nice substitution of the analogue of K for
tropical geometry in positive characteristic.

The valuation ring
Ry = {f € K| val(f) > 0}

of K is a non-noetherian local ring of dimension one with maximal ideal
m = (t*| o € Ryy).

The field extension C C K has infinite transcendence degree, since whenever
ai,...,q, are algebraically independent over @ then t*' ... t% are alge-
braically independent over C.

3. THE PROOF OF THE MAIN RESULT THEOREM 6

Let us fix some notation before we start with the actual proof.

Notation 8
Let F
F as the set

=", fi-y" € Kly] be a polynomial of degree n. We define the ¢-support of

t-supp(F) = {(z’,val(fi)) |i=0,...,n, fi # O} Cc R?,

and we call the convex hull, say N(F), of t-supp(F') the t-Newton polygon of F.

Assume now that val(f;) > 0 for all ¢ and fix a real number w. We then call

ord,(F) = min{val(f;) +w-i| f; # 0}
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the w-order of F', and we define the t-initial form of F' with respect to w as
t-in,, (F) = > le(fi)-y' € Clyl.
i : val(f;)4w-i=ord, (F)

Example 9

Consider the polynomial

1 .
F= (2t+t§)'y6+y5+1 T TPt (B — 1Y)y + 383 € K[y).
— 12

The t-support of I is
t-supp(F) = {(0,2.5),(1,0.8-¢),(2,1),(3,7),(4,0),(5,0),(6,1)},

and thus the ¢-Newton polygon N(F') of F looks as follows:

A3 Ay
It has four lower faces Aq, Ag, Az, and Ay, and the slope of Ay is —%. If we choose
w = 3 then ord,(F) = 2 and t-in,,(F) = y* + 3.

Proof of Theorem 6: Consider a non-constant polynomial
Fy = Zfi,o -y’ € Kyl
=0

with coefficients f; o € IK. We have to show that there is ay € K such that F,(7) = 0.
For this we first want to show that we may assume that the coefficients of Fj satisfy
certain assumptions.

If fo,0 = 0 then ¥ = 0 will do, so that we may assume

Joo #0. (2)

allows us to assume that

val(fio) >0 forall i=1,...,n (3)



8 THOMAS MARKWIG

and that the minimum
r =min{i | val(f;o) =0}
exists.

We claim that we may actually assume
r>1 (4)

Suppose the contrary, i.e. » = 0. If val(f,0) > 0 then we can replace Fy by G =
y" - Fo(i) =3 o fa—io-y" € K[y] which is a polynomial whose constant coefficient
has positive valuation, and if we find a root y of (G, necessarily non-zero, then
Y= i is a root of Fy. If instead also val(f, o) = 0 this replacement would not help.

However, in this situation
h = Fop—o = Zfz’,o(o) -y’ € Cly]
i=0

is a polynomial of degree n with non-zero constant term. Since C is algebraically
closed there is a 0 # ¢ € C such that h(c) = 0. If we then set

the constant coefficient, say go € K, of this polynomial satisfies go(0) = h(c) = 0
and has thus positive valuation. We may again replace Fy by G, and if ¢/ is a root
of G then § = ¢/ + ¢ is a root of Fy. This shows the claim.

We are now ready to show by induction on n + r that a polynomial F{, satisfying
the conditions (2), (3) and (4) has a root ¥ € K such that val(g) > 0.

If n =7 =1 there is nothing to show, and we may assume that n > 1.

Due to the above assumptions the t-Newton polygon of Fj looks basically as follows:
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Here we simply set oy = val(fpo) and choose k such that the point (k, Val(fk,o)) is
the second end point of the lower face, say Ag, of the t-Newton polygon emanating
from the vertex (0, ). By our assumptions we have necessarily

kE<r. (5)

If we now set

o — val
g = 20 > (fr0) -0,
then —wy is the slope of the above mentioned Ay. With this notation we can write

the t-initial form Fj with respect to wq as follows:

n

t-in, (Fp) = Z (ti'wo_ao : fi,0)|t:0 -y’ € Clyl.

=0

In particular, the degree of the t-initial form with respect to wy is

deg (t-iny, (Fp)) = k, (6)

and the constant coefficient is le(fpo) # 0. Since C is algebraically closed we can
choose a non-zero root of t-in,, (Fp), or more precisely

J0#ceC and 0<r <7 st teing (Fo) = (y—co)” - g, glco) #0,

i.e. ¢g is a root of multiplicity r’ of t-in,, (Fo) and " < r follows from (5) and (6).
Having found this root ¢y we transform Fj into a new polynomial

Fy=t. Fo(two (y + co)) = qu -y € K[y].
i=0

The coefficients f;; of F} are just

fa= g e () ©
J=1

for : =0,...,n. In particular they have all non-negative valuation. But for the first

r’" coefficients we know more, namely

1 9 t-ing, (Fp) =0, f0o<i<r -1
(0) = 5 S0 Lo UEIEr T
fia(0) = 5 Dy (<o) £0, ifi=r
Note that we here use that the characteristic of the ground field is zero! It follows

that the number 7’ defined above plays the same role for F; as r does for Fy, i.e.

r' = min{i | val(fi;) = 0},
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and as we have seen before 1’ satisfies the inequalities
1< <k<r.

If we find a root 3/ € K of F} then § = t*° - (¢ 4 ¢y) € K will be a root of Fy with
val(y) = wy + min{0, val(y) }.
In particular, if fo; = 0 then ' = 0 will do and we are done since then val(y) >
wo > 0. We may therefore assume that fy; # 0, so that F} satisfies the assumption
(2), (3) and (4). Thus, if v < r we are done by induction since deg(F;) = n, and
we may assume therefore that

r=r. (8)
Note that this forces k = r, i.e. the t-Newton polygon of Fy actually looks as follows,

o = val(fop)

V&l(fk,g) = 0 1
r==%k n

and the lower face A of the ¢t-Newton polygon of Fy emanating from (0, ) connects
the two coordinate axes.
We now claim that in this situation we may indeed assume that

r=n. 9)

For this define the polynomial

F o _ .
F = = 'F(tWO-erc )Zy”r fiy € Ky,
Jro® ~ Jrp) T ) 2 .
and note that f/ € K with val(f/) > 0 for all @ = 0,...,n since ¢ is a root of

t-in,, (Fp) of order r. Moreover, we consider the polynomial

F/':yr+z,zi~yi € Cllzo, - - -, 2Zn, Y]]
i=0

as a formal power series over C, which then is reqular of order r in y in the sense of
the Weierstrall’ Preparation Theorem (see e.g. [GrR71, Kap. L,§ 4] or [DeP00, Thm.
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3.2.4]). The latter theorem thus implies that there exists a unit U € C|[zy, . . ., zn, y]]*
and a WeierstraB polynomial P = y" + 37 p; -y € C[[20, - - -, 2a]][y] with p;(0) = 0
forall i =0,...,r — 1 such that

F'=U-P.

Since the f! have strictly positive valuation we can substitute the z; by f/ in U and
P to get an invertible power series

=U(fo- s fovy) € K[[y]"

and a polynomial

Py ) =y +szf0,..., -y € Ky

with

val (pi(fo, ..., fn)) >0 foralli=0,...,r—1 (10)
If po(f,---,f.) = 0 then F'(0) = U’(0) - P'(0) = 0 and thus § = ¢y - t“° is a
root of Fy with val(y) = wy > 0, so that we are done. Otherwise P’ satisfies the
conditions (2), (3) and (4). Thus, if » < n then r +r < r + n and by induction
there exists a y' € K such that P'(y’) = 0 with val(y’) > 0. Since its valuation

is positive we can substitute 3’ into U’ and get an element U'(y’) € K. But then
F'(y)=U(y) - P'(y) =0, and hence

is a root of Fy with val(g) = wp > 0. This proves the claim.

We finally claim that under the assumption (9) we can also assume

fno=1. (11)

For this note that r = n implies that val(f,,o) = 0, i.e. f,,0 is a unit in the valuation
ring of K and has valuation zero as well. Thus, replacing Fj by o does not
affect the condltlons (2), (3), (4), or (9). This shows the claim.

Note that if Fy satisfies (9) and (11) then by (7) and (8) F} satisfies the corresponding
conditions as well. Thus, applying the same procedure to F; and going on by

recursion we may assume that we produce for each v € IN a polynomial

Fy = Zfi,l/ 'yi € ]K[y]
=0
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satisfying the corresponding versions of (2), (3), (4), (9), and (11), and we produce
a root 0 # ¢, € C of t-in,, (F,) of order

n = min{i | val(f;,) =0}

such that for i =0,...,n
fiv = ij,y_l L en— o <3) e (12)
j=i

where for each v € IN
a, =val(fo,) >0

and
ay
w,=—2>0 13
- (13)
is the negative of the slope of the lower face, say A,, of the t-Newton polygon of F),
connecting the two coordinate axes by joining the points (0, ,) and (n,0). Note

that for this we use the fact that if at some point F,(0) = 0 then

—_

v
y _ ci - two-‘r...-i-wi — wo . (CO + L. (Cl + .- Lfwr—z (CV—2 + twv—1 . C]/—l) e )>

i

Il
o

is a root of Fy of valuation wg > 0.
That way we obviously construct a generalised Laurent series

[e.9]

y — Z Ci - tw0+~~~+wi

i=0
in the field K, and it remains to show that indeed ¥ € K and Fy(gy) = 0.

Let us first address the issue that ¥ € K. By (13) we know that n-w, —«a, = 0 and
(n—1) w, —a, = —w,, so that (12) and the fact that f,,, = 1 imply that

—w,
fnfl,u+1 = fnfl,u -t +n-cy,
or equivalently
Wy Wy
ooty =—n-cp -+ fr1,41.

Doing a descending induction on v we deduce

14
_ +odwi +oows
fr—10=—n" E ci - t*° Wi o e i
i=0
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Since the valuation of f,_;,41 is strictly positive it follows that the first v 4 1
summands of f,_1 coincide with —n -7  ¢; - t“07 7 and since this holds for
each v € IN we necessarily have

g= 10 g
n

Note that we here again use that the characteristic of C is zero.
In order to show that Fy(y) = 0 we set

[e.9]

— § wy+...4w;
yl/ - C’L : t 9

so that
F.(g,) =t" - F,11(Yyq1)-

But this equation together with a simple induction shows that

val (Fy(7)) = Z o; 4+ val (Fy1(7,41))

=0
for each v € IN. Since the coefficients of F,; all have non-negative valuation and
since val(7,,,) > 0 it follows that the last summand is non-negative, and therefore

val (Fo(g)) >n- Zwi % .
=0
This implies that Fy(y) = 0 and finishes the proof. O

4. THE FIELD K IS COMPLETE

Definition 10
The valuation on K induces via the exponential map the norm

|- [ K —R: [+ exp(— val(f))

on KK, where we use the convention that exp(—oo) = 0. It satisfies the strong triangle
inequality
|f + gl < max{|f], |g[}-

As usual we call a sequence (f,,)nen in KK a Cauchy sequence with respect to | - | if
for all € > 0 there exists an N(g) € IN such that |f,, — f,| < e for all n,m > N(e).
And we call a sequence (f,,)nen in K convergent with respect to | - | if there is an
f € KK such that for all £ > 0 there exists an N(g) € IN such that |f,, — f| < € for all
n > N(e).
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Compared with the field C{{t}} of Puiseux series the field K has the advantage

that it is complete with respect to the norm induced by the valuation.

Proposition 11
(K,|-|) is complete, i.e. every Cauchy sequence is convergent.

Proof: Let (f,).en be a Cauchy sequence. Given any positive integer M we set
ey = exp(—M) > 0. Thus there is an N(gps) € IN such that

exp(—M) =en > [fo — fin| = exp ( —val(fn — fm))

for all n,m > N(ep), or equivalently

val(fn, — fm) > M.

This implies that f,,(a) = fi(a) for all @« < M and for all n,m > N(g5;). Without
loss of generality we may assume that N(ep,) > N(epr) whenever M > M’'. We
may therefore define a function f: R — C by

f(O() - fN(wa)<a)
if « > M, and obviously (f,)nenw converges to this function f. |

Remark 12 (a) The statement of Proposition 11 remains true if we replace in
the definition of KK the field C by any other field. It is independent of the
characteristic.

(b) If we replace in the definition of K the domain R of the elements in K by
Q we get the completion of C{{t}} with respect to the norm induced by the
valuation. With the same proof as in Theorem 6 this field is algebraically
closed. But note that the value group is still only Q.
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