A NEW INVARIANT FOR PLANE CURVE SINGULARITIES
THOMAS KEILEN AND CHRISTOPH LOSSEN

ABSTRACT. In [GLS01] the authors gave a general sufficient numerical condition
for the T-smoothness (smoothness and expected dimension) of equisingular fam-
ilies of plane curves. This condition involves a new invariant y* for plane curve
singularities, and it is conjectured to be asymptotically proper. In [Kei04], similar
sufficient numerical conditions are obtained for the T-smoothness of equisingular
families on various classes surfaces. These conditions involve a series of invariants
ve, 0 < a <1, with 4 =+*. In the present paper we compute (respectively give
bounds for) these invariants for semiquasihomogeneous singularities.

When studying numerical conditions for the T-smoothness of equisingular families
of curves, new invariants of plane curve singularities V(f) C (C?,0) turn up. These
invariants are defined as the maximum of a function depending on the codimension
of complete intersection ideals containing the Tjurina ideal, respectively the equi-
singularity ideal, of f, and on the intersection multiplicity of f with elements of the
complete intersection ideals. In Section 1 we will define these invariants, and we
will calculate them for several classes of singularities, the main results being Propo-
sition 11, Proposition 12 and Proposition 13. It is the upper bound in Lemma 8
which ensures that the conditions for T-smoothness with these new conditions (see
[GLS00], [GLS01], [Kei04]) improve than the previously known ones (see [GLS97]).
In the remaining sections we introduce some notation and we gather some necessary,
though mainly well-known technical results used in the proofs of Section 1.

We should like to point out that the definition of the invariant v; below is a modifi-
cation of the invariant “y*” defined in [GLS01], and it is always bound from above
by the latter. Moreover, the latter can be replaced by it in the conditions of [GLS01]
Proposition 2.2.

Notation
Throughout this paper R = C{z,y} will be the ring of convergent power series in
the variables z and y, and m = (z,y) < R will be its maximal ideal.
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1. THE ~}-INVARIANTS

For the definition of the 7’-invariants the Tjurina ideal, respectively the equisingu-
larity ideal in the sense of [Wah74], play an essential role. For the convenience of
the reader we recall their definitions.

Definition 1
Let f € m be a reduced power series. The Tjurina ideal of f is defined as
of of
Jee — ZJ 2
(f) <8x78y7f>7
and the equisingularity ideal of f is defined as
I°(f) ={g € R| f +ey is equisingular over C[¢]/(°)} D I°*(f).

Their codimensions

7(f) = dime R/I°(f),
respectively

T¢(f) = dime R/I%(f),
are analytical, respectively topological, invariants of the singularity type defined by
f- Note that 7¢°(f) is the codimension of the u-constant stratum in the equisingular
deformation of the plane curve singularity defined by f. It can be computed in terms

of multiplicities of the strict transform of f at essential infinitely near points in the
resolution tree of (V'(f),0) (cf. [Shudl]).

Definition 2
Let f € m be a reduced power series, and let 0 < a < 1 be a rational number.
If I is a zero-dimensional ideal in R with I**(f) C I C m and g € I, we define

(a-i(f,g) + (1 — ) - dimg(R/T))”

)\a(f;lvg) = Z(f,g)—dlmC(R/I) ,

and
Ya(f3T) = max {(1 + a)® - dime(R/T), \a(f; 1,9) | g € I,i(f,9) < 2-dimg(R/T)},

where i(f, g) denotes the intersection multiplicity of f and g. Note that, by Lemma
3,i(f,g) > dimg(R/I) for all g € I. Thus 7,(f; I) is a well-defined positive rational
number.

We then set

Ve (f) == max {0, vo(f;I) | I D I°*(f) is a complete intersection ideal}
and
Ve (f) := max {0, vo(f; 1) ‘ I D I°(f) is a complete intersection ideal }

Note that if f € m\ m?, then I°(f) = I*(f) = R and there is no zero-dimensional
complete intersection ideal containing any of those two, hence v¢*(f) = v%*(f) = 0.

Lemma 3
Let f € m? be reduced, and let I be an ideal such that I¢(f) C I C m.
Then, for any g € I, we have

dime(R/1) < dime (R/(f, ) = i(f, 9).
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Proof: Cf. [Shu97] Lemma 4.1; the idea is mainly to show that not both derivatives
of f can belong to (f, g). O

Up to embedded isomorphism the Tjurina ideal only depends on the analytical type
of the singularity. More precisely, if f € R any power series, v € R a unit and
¢ : R — R an isomorphism, then I**(u - fo¢) = {go ¢ | g € I**(f)}. Thus the
following definition makes sense.

Definition 4
Let S be an analytical, respectively topological, singularity type, and let f € R be
a representative of . We then define

Vo (S) =5 (f),
respectively
¥4 (S) := max{v:’(g) | g is a representative of S}.

Since i(f,g) > dimg(R/I) in the above situation, we deduce the following lemma.

Lemma 5
Let f € m? be reduced, I°°(f) C I C m be a zero-dimensional ideal, and 0 < a <

B <1, then va(f;I) < vp(f; 1)
In particular, for any analytical, respectively topological, singularity type

Yo' (S) <v5'(S)  respectively 75’ (S) < 75 (S).

€es
78, Kk and 4.

For reasons of comparison let us also recall the definition of 757,
Definition 6

For f € R we define
7 f) := max{0,dim¢(R/I) | I 2 I°*(f) a complete intersection},

ci
and
7 (f) := max{0,dim¢(R/I) | I D I*°(f) a complete intersection}.
Again, for analytically equivalent singularities the values coincide, so that for an
analytical singularity type S, choosing some representative f € R, we may define

TIH(S) = 1ui(f).
For a topological singularity type we set
(8) := max{75’(g) | g a representative of S}.

es
Tei

Note that obviously
75(8) < 7(8) and TH(S) < 7%(S),

where 7(8) is the Tjurina number of S and 7°°(S) is as defined in Definition 1.

Definition 7
For f € R and O = R/(f), we define the J-invariant

5(f) = dime O/O

where © C O is the normalisation of O, and the k-invariant

o) =i(fa- G5 3L).
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where («: ) € B} is generic.

d and k are topological (thus also analytical) invariants of the singularity defined by
f so that for the topological, respectively analytical, singularity type S given by f
we can set

0(8) =6(f) and  &(S) = r(f).

Throughout this article we will sometimes treat topological and
analytical singularities at the same time. Whenever we do so, we
will write I*(f) for I°(f) respectively for 7°*(f), and analogously
we will use the notation 7}, 77 and 7*.

The following lemma is again obvious from the definition of 7,(f; ), once we take
into account that x(f) = i(f, g) for a generic element g € I°*(f) of f and that for a
fixed value of d = dim¢(R/I) the function i — w takes its maximum on
[d+ 1, 2d] for the minimal possible value i = d + 1.

Lemma 8
Let f € m? be reduced, and let I be an ideal in R such that I°¢(f) C T C m.
Then

(1+@)? - dimg(R/T) < 7o (f; 1) < (dimg(R/T) + @)’
Moreover, if k(f) < 2-dim¢(R/I), then
(- k(f) + (1 — ) - dimg(R/T))”
K(f) = dime(R/T)

In particular, for any analytical, respectively topological, singularity type S

'Va(fil) >

(1+0)" - 75(8) < 74(8) < (75(S) +0)’,
and if k(S) < 2-75(S), then

2

(- K(S) + (1 —a) - 75(S5))
R(S) = 75(S)

In order to make the conditions for T-smoothness in [Kei04] as sharp as possible, it

Va(S) =

is useful to know under which circumstances the term (1 + «)?-dimg(R/I) involved
in the definition of v%(f) is actually exceeded.

Lemma 9
If 8 is a topological or analytical singularity type such that k(S) < 2 - 75(S), then
(1+ @) 75(8) <7(S).

This is in particular the case, if S # Ay and 75(S) = 7(S), i. e. if the Tjurina
ideal, respectively the equisingularity ideal, of some representative is a complete in-
tersection.

Proof: Lemma 8 gives

(0 K(S) + (1 — ) - 74(8))’
S B

(&)

Va(S) =
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If we consider the right-hand side as a function in x(S), it is strictly decreasing on
the interval [0, 2 - 7%(S)] and takes its minimum thus at 2-7%(S). By the assumption
on k(S) we, therefore, get

72(8) > (1 +0a)? - 75(8).

Suppose now that 755(S) = 7(S) and § # A;. By Lemma 10 we know 4(S) <
7%(8) < 7(S). On the other hand we have £(S) < 2-§(S) (see [GLS05]). Therefore,
k(S) < 2-15(S). O

Lemma 10
If § # Ay is any analytical or topological singularity type, then §(S) < 7¢°(S).

Proof: If (C, 2) is a representative of S and if 7*(C, z) is the essential subtree of
the complete embedded resolution tree of (C, z), then

5(S) = Z mult,(C) - (mult,(C) — 1)

2
peT*(C,z2)
and
7(8S) = Z mult, (C) - (r;ultp(C) D # free points in 7*(C, z) — 1,

pET*(C\z)

where mult,(C') denotes the multiplicity of the strict transform of C' at p (see
[GLS05]). Setting ¢, = 0 if p is satellite, ¢, = 1 if p # z is free, and ¢, = 2,
then mult,(C) > ¢, and therefore

7°(8) = 6(S) + Z (multp(C) - 5p) > 6(S).
PeET*(C\2)

Moreover, we have equality if and only if mult,(C') = 2, mult,(C) =1 for all p # 2
and there is no satellite point, but this implies that S = A;. (]

For some classes of singularities we can calculate the 7 -invariant concretely, and for
some others we can at least give an upper bound, which in general is much better
than the one derived from Lemma 8. We restrict our attention to singularities
having a convenient semi-quasihomogeneous representative f € R (see Definition
31). Throughout the following proofs we will frequently make use of monomial
orderings, see Section 2.

Proposition 11 ((Simple Singularities))
Let a be a rational number with 0 < o < 1. Then we obtain the following values for
Ve (S) = veY(S), where S is a simple singularity type.

S 164(S) = 182(S)
Ak; k Z 1 (k + O{)2
Dy, 4<k<4+v2-(2+0q) (b+20)”

Dy, k>4+4+V2-(2+0) (k—2+a)?
By, k=678 (k+20)?
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Proof: Let S be one of the simple singularity types Ay, Dy or Ej, and let f € R
be a representative of S,. Note that the Tjurina ideal I°*(f) and the equisingularity
ideal I°°(f) coincide, and hence so do the ~}-invariants, i. e.

Yo' (Sk) = 787 (Sk)-

Moreover, in the considered cases the Tjurina ideal is indeed a complete intersection
ideal with dim¢ (R/Iea(f)) = k, so that in particular the given values are upper
bounds for (1+ a)?-dimg(R/I) for any complete intersection ideal I containing the
Tjurina ideal. By Lemma 8 we know

(a-k(Sp)+ (1 —a)- k)?

K(Sk) —k

Note that x(Ag) = k + 1, k(Dg) = k + 2 and k(Ey) = k + 2, which in particular
gives the result for S, = A,. Moreover, it shows that for S, = D, or S, = E;, we

< 7a(Sk) < (k+a)”.

have )
k+ 2«
(s > EE2T

If we fix a complete intersection ideal I with I°*(f) C I, then
A(fi1.q) = (i 9) + (1= 0) - dime (R/T))’
e i(f,9) — dime(R/1) ’

with g € I such that i(f, g) < 2-dimg(R/I), considered as a function in i(f, g) is
maximal, when i(f, ¢) is minimal. If i(f, g) — dime(R/I) > 2, then

(k + 2a)?
—

Aalfi1,g) <
It therefore remains to consider the case where
i(f,9) —dime(R/T) =1 (1.1)

for some I and some ¢ € I, and to maximise the possible dim¢(R/T).
We claim that for S, = Dy, with f = 2?y—y"*~! as representative, dim¢(R/I) < k-2,
and thus I = (x,4*72) and g = z are suitable with

Mo(fi1,2) = (b — 24 a)?,

which is greater than M if and only if & > 4 + /2 (2 4+ a). Suppose, there-
fore, dimg(R/I) = k — 1. Then y*1 23 € I°(f) = (zy,2* — (k- 1)-y*?) C I,
the leading ideal L., (I°*(f)) = (23, zy,y*~?) C L., (I), and since by Proposi-
tion 18 dimg(R/I) = dime (R/L<, (1)), either L., (I) = (23, zy,y* ) or L., (I) =
(22, zy,y*2). In the first case there is a power series ¢ € I such that g =
y* % + ax + br? (mod I), and hence I > yg = y* 2 (mod I), i. e. y* 2 € I. But
then 22 € T and 2 € L.,_(I), in contradiction to the assumption. In the second
case, similarly, there is a g € I such that ¢ = 2 (mod I), and hence z? € I which
in turn implies that y* 2 € I. Thus I = (22, 2y, y* 2), and dim¢(//mI) = 3 which
by Remark 25 contradicts the fact that I is a complete intersection.

If Sy = FEg, then f = z® — y* is a representative and I°*(f) = (z%,¢%). Suppose
that dime(R/I) = k — 1 =5, then L., (I) = (+*,y°,2y*) and Hp ;= H%/L<ds(1),
in contradiction to Lemma 24, since H%/L<ds 0(2) 2: 2 and H%/L<ds (3) = 0. Thus

dimg(R/T) < 4 and A\ (f;T,g) < (44 a)? < 8+20°
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If S, = E7, then f = 2®—zy? is a representative and 1°(f) = (322 —1?, 2y?) > 23, 9°.
If dimg(R/I) < 4, then \o(f;1,9) < (44 )? < w, and we are done. It thus
remains to exclude the cases where dimg(R/I) € {5,6}. For this we note first that

if there is a g € I such that L., (¢g) = y?, then
g =y* +ax + bx? + cxy + dz’y (mod 1), (1.2)

and therefore y>g = y* (mod TI), which implies y* € I and hence 2%y € I. Anal-
ogously, if there is a g € I such that L., (¢) = 2%y, then ¢ = 2%y (mod I) and
again x?y,y* € I. Suppose now that dime(R/I) = 6, then L., (I) = (y?,23) or

4 ¢ I. However,

L., (I) = (y3 xy? 2%y, 2. In both cases we thus have z%y,y
in the first case then z?y € L.,_(I), in contradiction to the assumption. While
in the second case we find I = (zy? 22y, 32? — ¢*), and dime(I/mI) = 3 contra-
dicts the fact that I is a complete intersection by Lemma 25. Suppose, therefore,
that dimg(R/I) = 5. Then L., (I) = (y* 2%y, 23), or L., (I) = (y3,xy? %), or
L., (I) = (y® zy,2®). In the first case, we know already that y*, 2%y € I. Look-
ing once more on (1.2) we consider the cases a = 0 and a # 0. If a = 0, then
yg = y* (mod I), and thus y* € I, which in turn implies 2> € I. Similarly, if
a # 0, then zg = ax? (mod I) implies 2> € I. But then also 2> € L., (I), in
contradiction to the assumption. In the second case there is a g € I such that
g = 22 + az?y (mod I), and thus yg = 2%y € I. But then also 22 € I and ¢® € I,
so that I = (y3 zy? z?). However, dim¢(I/mI) = 3 contradicts again the fact
that I is a complete intersection. Finally in the third case there is a ¢ € I with
g = xy + ax® + bx?*y (mod ), and thus zg = x?y (mod I) implies 2%y € I and then
zy + ax® € I. Therefore, I = (xy + az?,3x*> — y?), and for for h € I and for generic
b,c € Cwe have i(f, h) > i(x, h)+i(z? —y® b (zy+az?)+c- (322 —y*)) > 3+5 =3,
in contradiction to (1.1).

Finally, if S, = Fg with representative f = z® — y® and I°(f) = (22, y*), we get for
dimg(R/I) <5 that \o(f;1,9) < (5+0a)? < w. It therefore remains to exclude
the cases dime(R/I) € {6,7}. If dimg(R/I) = 7 then L., (I) = (2%, y* zy®). But
then H%/L<ds(1)(3) = 2 and H%/L<ds (n(4) = 0 are in contradiction to Lemma 24.
And if dim¢(R/I) = 6, then L., (I) = (y3,2?) or L., (I) = (y*, zy* 2?). In the
first case there is some g € I such that g = y* + ax + bxy + cxy? + day?® (mod I),
and thus zg = zy* (mod I) and zy* € I. But then yg = azy + bry? (mod I) and
hence axy + bry? € I. Since neither zy € L., (I) nor zy* € L., (I), we must have
a = 0 = b. Therefore, g = y*>+cxy? (mod I) and I = (z?, y3+cxy?), which for h € T
and a,b € C generic gives i(f, g) > i(z*—y*, ax®+b-(y>+cay?)) > 8, in contradiction
to (1.1). In the second case, there is ¢ € I such that ¢ = zy? + axy® (mod I),
therefore yg = ry® (mod I) and zy® € I. But then xy®> € I and I = (y*, zy?, 2?).
This, however, is not a complete intersection, since dimg(//m/l) = 3, in contradiction
to the assumption.

This finishes the proof. O

Proposition 12 ((Ordinary Multiple Points))
Let o be a rational number with 0 < a < 1, and let My denote the topological
singularity type of an ordinary k-fold point with k > 3. Then

V(M) =2+ (k — 1+ a)?.
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In particular

Ve (M) > (1+a)? - 75 (My).

Proof: Note that for any representative f of M) we have

es __ rea _ %%
() = () et = (O 0y ot

where f; is the homogeneous part of degree k£ of f, so that we may assume f to be
homogeneous of degree k.
If I is a complete intersection ideal with m* C I°(f) C I, then by Lemma 28

dime(R/I) < (k — mult(I) + 1) - mult(7).
We note moreover that for any g €
i(f,g) > mult(f) - mult(g) > k- mult(]),

and that for a fixed I we may attain an upper bound for \,(f;I,g) by replacing
i(f,g) by a lower bound for i(f, g).
Hence, if mult(I) > 2, we have

(k= (1 —a)- (mult(I) — 1))* - mult(I)>
mult(/) - (mult(I) — 1)
while dimg(R/I) < k — 1 for mult(/) = 1 and the above inequality (1.3) is still

satisfied. To see dim¢(R/I) < k — 1 for mult(/) = 1 note that the ideal I contains
an element g of order 1 with g, = ax + by as homogeneous part of degree 1 and

Xa(f31,9) < <2-(k—1+a)’ (13)

the partial derivatives of f; applying a linear change of coordinates we may assume
g1 =z and f = Hf:1($ — a;y) with pairwise different a;, and we may consider the
negative degree lexicographical monomial ordering > giving preference to y; if some
a; = 0, then L. (%) = y*=!, while otherwise L (g—z) = y*~!, so that in any case
(z,y*') C L.(I), and by Proposition 18 therefore dim¢(R/I) = dime (R/L~ (1)) <
dimg(R/(z,y* 1)) =k — 1.
Equation (1.3) together with Lemma 28 shows

(M) <2+ (b= 1+ )"
On the other hand, considering the representative f = z¥ — ¢* we have

Ies(f) — <l‘k71,yk71,l‘ayb | (L+b — k>,

and I = (y¥~' 2?) is a complete intersection ideal containing I°(f). Moreover,
i(f, 2% =2k, dime(R/T) =2 (k — 1), thus

(o i(f,7%) + (1= a) - dime(R/1))” _ :
i(f,2%) — dime(R/I) =2 (h-1+a).

The “in particular” part then follows right away from Corollary 29. 0l

Yo (My) >

Since a convenient semi-quasihomogeneous power series of multiplicity 2 defines an
Ag-singularity and one with a homogeneous leading term defines an ordinary mul-
tiple point, the following proposition together with the previous two gives upper
bounds for all singularities defined by a convenient semi-quasihomogeneous repre-
sentative.
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Proposition 13 ((Semiquasihomogeneous Singularities))
Let S, 4 be a singularity type with a convenient semi-quasihomogeneous representa-
tive fER, q>p> 3.

q 2 -
Then v5(S,,4) > (Q(ILQQ)JLPJ) > q-(p—;—l—a)z and we obtain the following upper bound
for v&2(f):

p

p.q 75 (f)

¢>39 [ <3-(¢—2+a)

&S]
m
—~
—_
[\
SN

<3-(¢—1+a)

€2,4) |<2-(¢g—1+4a)

SIS

Tefdo0)| <(g—1+a)

Proof: To see the claimed lower bound for v5*(S,,,) recall that (see [GLS05])
1°(f) = (55, 8L, 2%y | ap + Bq > pg). (1.4)

In particular, 7¢(f) C <y,xq_L%J>, dimg(R/I) = q — L%J and i(f,y) = ¢, which

implies the claim.

Let now I be a complete intersection ideal with I°(f) C I. Applying Lemma 28

and d(7) < ¢, we first of all note that

(14 a)?-(¢g+1)?
4

(1+a)?-dime(R/I) < <2:-(g—1+a)

Moreover, if% > 3, then
(14 a)?- (¢*+4g+3)
6

since dimg(R/I) < dimg (R/I1¢(f)) < @HLEHD 1y (1 4).
It therefore suffices to show

(1+a)? dimg(R/I) < <(g—1+a)

(3.(g—2+0a)?, ifq> 39,

. _ 2 r g
3-(g—1+a), if1e(l,2),
2.

Aa(fi1,g) < o
(¢—1+a), ifle(24),

(g — 1+ a)? if%e 4, 00),

\

where g € I with i(f,g) <2-dimg(R/I). Recall that

(a-i(f,9) + (1 — ) - dimg(R/T))”

i(f,9) — dime(R/T)
Fixing I and considering \,(f; I, ¢g) as a function in i(f, g), where due to (1.12)
the latter takes values between dim¢(R/I) + 1 and 2 - dim¢(R/I), we note that
the function is monotonously decreasing. In order to calculate an upper bound for

Aolf51,9) =

Aa(f; 1, g) we may therefore replace i(f, g) by some lower bound, which still exceeds
dim¢(R/I) + 1. Having done this we may then replace dimg(R/I) by an upper
bound in order to find an upper bound for A(f; I, g).
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Note that for ¢ > 39 we have

54

1—9-(q—1+a)2§3-(q—2+a)2. (1.6)
Fix I and g, and let L, 4 (g9) = 24yP be the leading term of g w. r. t. the weighted

ordering <, ;) (see Definition 16). By Remark 32 we know
i(f,9) > Ap + Bq. (1.7)

Working with this lower bound for i(f, g) we reduce the problem to find suitable
upper bounds for dime(R/I). For this purpose we may assume that L, (g) is
minimal, and thus, in particular, B < mult(]).

If A =0, in view of Remark 26 we therefore have

d([)+1<q+1

B =mult(I) < <S5
and thus by Lemma 28 then
dimg(R/I) < B-(¢— B+1). (1.8)
Moreover, for A = 0 Lemma 34 applies with h = g and we get
B-1
. ; q| B-(B-1)
d R/I)<B-qg—1-— LI<B-g—1— || - ——~. 1.9
me(R/D < Bq-1-3 |2 < 51— |4 20 (19)

i=1
Since z%y? € I for ap + Bg > pg, we may assume Ap + Bg < pg. But then, since
dimg(R/T) < dimg R/<g—£,g,x°‘yﬁ | ap + Bq > pq), we may apply Lemma 35 with
h = g—i and C' = p — 1. This gives

A-1 B-1

dime(R/T) < Ap+Bq— AB =Y [2] = 3" [2] —min {4,[¢]},  (1.10)

i=1 i=1
and if B = 0 we get in addition
dimg(R/T) < A-(p—1). (1.11)
Finally note that by Lemma 3
i(f,g) > dimg(R/I). (1.12)

Let us now use the inequalities (1.6)-(1.12) to show (1.5). For this we have to
consider several cases for possible values of A and B.

Case 1: A=0,B > 1.

If B=1, then by (1.9) and (1.12) we have A\, (f;I,9) < (¢ — 1+ a)%.

We may thus assume that B > 2. By (1.7) and (1.8)

2
B (¢—(1-a) (B-1)
B-(B-1)

If, moreover, % > 3, then we may apply (1.9) to find

Mo(fi1,9) < <2-(¢—1+a)

B2 (g—(1-a)-(B-1))"

4] EE0

Taking (1.6) into account, this proves (1.5) in the case A =0 and B > 1.
Case 2: A=1, B> 1.

Aa(f3T,9) < <(q—1+a)
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From (1.10) we deduce

dime(R/I) < B-(q— 1)+ (p—1) — [¢] - 2E=1,

Since =14 < p we thus get

q—1+a
(B+p 1+a)
Aa(f51,9) < T (- 1+a)
B+ [f] - G 41
)
N
S (g-140?  <(g-1+a),  if1>3,
2 2
1
SOBE (1yap <Bg-l4ap 132
\2-;5:;1?2-(61—1—%@)2 <L (g—1+w)? if £> 1.

Once more we are done, since 1—76 < 3

Case 3: A>2 B>1.
Note that [r| > r —1 for any rational number r, and set s = I, then by (1.10)

A-(A—l)_s-B-(B—
2s 2

dime(R/T) < Ap+Bg—(A—1)-(B—1)— D1 min {4, [5]}.

This amounts to

Aa(fi1,9) <
(Ap+Bg—(1—a)- (A=1)- (B—1)+ 240 4 2BED 41 4 minfa, (51}))2
(A—1)-(B—1)+ 26D 4 BB 4 3

(A-(p—14+a)+B-(¢—1+a)’

T (A-1)-(B-1)+ A0y o BBED 4 3 7

QD(A?B) ' (q -1+ O‘)Qv

where
A 2
({+B)
p(A, B) = AT e B :
(A—1)-(B—1)4 20 4 »B((BZD 4 3
For the last inequality we just note again that 2= iig < ’; = <, while for the second

inequality a number of different cases has to be considered. We postpone this for a

moment.
In order to show (1.5) in the case A > 2 and B > 1 it now suffices to show

4 .
‘;’—9, if s >1,

e(A,B) < ¢ 2, ifs>2, (1.13)
1, ifs>4.

Elementary calculus shows that for B > 1 fixed the function [2,00) - R : A —
©(A, B) takes its maximum at

16 — 3B
Azmax{?,i}.

2+ 1
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If B < 3, then the maximum is attained at A = 138 and

2+1 0
16— 3B 8sB — 8B + 64
AB <o(=—2E B) - .
o, )_w( 2+ 1 ) 4B — 452 — 4sB + 285 — 1

16-3B
241 >

Again elementary calculus shows that the function B — ¢ ( B) is monotonously

decreasing on [1, 3] and, therefore,

i (s).

13 _ 8s+56
245 —1

A B) < — 1
©(A, )_90<2+§,

54

Since also the function 1y is monotonously decreasing on [1, 00) and ¢ (1) = 58 < 2%

¥1(2) = 2 <2 and ¢ (4) = 8 <1 Equation (1.13) follows in this case.
As soon as B > 4 the maximum for ¢(A, B) is attained for A = 2 and

2-(sB+2)?
$3B%2 — s’B + 252B + 452 + 25’
Once more elementary calculus shows that the function B — (2, B) is monotonously
decreasing on [4, 00). Thus

QO(AaB) < @(213) =

4-(1+2s)?
653 + 652 +s ¥a(s)-

Applying elementary calculus again, we find that the function 5 is monotonously

p(A, B) < p(2,4) =

decreasing on [1,00), so that we are done since (1) = 38 < 32 45(2) = 3 < 2 and
Pp(4) = 57 < 1.
Let us now come back to proving the missing inequality above. We have to show

A-(A-1) s-B-(B-1)
2s + 2

A+B<(A-1)-(B-1)+ +1+4min {4, [s]},

or equivalently
A-(A-1) +S-B-(B—
2s 2

If B> 2, then AB > 2A and % + 2+ min {4, [s]} > 2B, so we are done. It

remains to consider the case B = 1, and we have to show

D +2+min{A4,[s]} + AB—2A—2B > 0.

A? — A—2sA+2s-min{A4,[s]} >0.

If A <[s] or A= 2 this is obvious. We may thus suppose that A > [s] and A > 3.
Since ’%2 > A it remains to show

QTAQ—ZSAﬁLQS'[S}ZO-
For this
(242 954 >0, if A>3s,
942 25 _dsd >0, if2s < A< 3s,

T—2SA+2S|'S-|Z 3 3

282 g4 >0

- >0, if2 <AL,

if [s] <A<

2
247 _ 254 5

. 3 3 )

Case 4: A>1, B=0.
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Applying (1.10) and (1.11) we get

ol

2
A2 (p—1+a)? S : (q -1+ O[)

A
Aalf3i1,9) < A-(¢—2+w)?

(
i {T_pfj)+ilTr§)A B < @us(A)-(g—1+ a)?, if A>3,

for any A, and

where
2
132 2A2

Pus(A) = A (A1) 4y sAZ- (2824 s) - A+2 (v +1) 52

2s

with v =2 for s € (1,2] and v = 3 for s € (2, 00).
In particular, due to the first two inequalities we may thus assume that

;

3. ifq> 39,
352, if s €(1,2),
252, if s € [2,4),

s?, if s € [4,00).

\

Note that @3 (A) <1 for s > 4, since

95>  Ts* _ s-(1+2s) s
A>s? =" _ > . 2_3 33
ST T 6 T 2 (52 s—2 V¥ T
This gives (1.5) for s > 4.

If now s € (2,4), then ¢34 is monotonously decreasing on [252,00), as is s +—
03,5 (252) on [2,4), and thus

(A) < p34(25%) = 47 <5< 2,

PR = Pae\ST ) T oG 9 —s 145

while for s = 2 the function (95 is monotonously decreasing on [8,00) and thus
©2,2(A) <28 < 2. This finishes the case s € [2,4).

Let’s now consider the case s € (1,2) and ¢ > 39 parallel. Applying elemen-

tary calculus, we find that ¢, takes its maximum on [3,00) at A = 11+2255 and is
monotonously decreasing on [llfss,oo). Moreover, the function s — @215(114?255) is

monotonously decreasing on (1,2). If s > £, then
04

902,5(14) S 902,5(11_3255) S ©9 %(%) = 1_9

Due to (1.6) it thus remains to consider the case s € (1,{) and A > 3. If A > 8,
then

64 54
s(A 8 < —

@2, ( ) @21( ) 23 = 19

since the function s — ¢ 4(8) is monotonously decreasing on [1, 2).

So, we are finally stuck with the case A € {4,5,6,7} and 1 < % =5 < %. We

want to apply Lemma 28. For this we note first that by Lemma 36 in our situation
d(I) <p+1and A =mult(l) < 22 But then

dimg(R/I) < A-(p—A+2)
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and thus,
A2 (p-(1-0)-(A-2)" A
1) < < (g—2 2<2-(¢—2 2,
Aa(fi1,9) < A (A=) STy ((=2+0)"<2-(¢—2+a)
This finishes the proof. O
Remark 14

In the proof of the previous proposition we achieved for almost all cases Ao (f; 1, g) <
54

X
shows that indeed in this case we cannot, in general, expect any better coefficient

g — 1+ «)?, apart from the single case L., (g) = 2%. The following example
(psa)

than 3. More precisely, the example shows that the bound
3-(g—2+a)

is sharp for the family of singularities given by 27 — y9=!, ¢ > 39. A closer investi-
gation should allow to lower the bound on ¢, but we cannot get this for all ¢ > 4,
as the example of Fg and Eg show.

Moreover, we give series of examples for which the bound (¢ — 1 + «)? is sharp,
respectively for which 2 (¢ — 1 + a)? is a lower bound.

Example 15
Throughout these examples ¢ > p > 3 are integers.

(a) Let f =29 —yi=! then v¢(f) >3- (¢ — 2+ a)?. In particular, for ¢ > 39,

7(f)=3-(¢g—2+a)”
For this we note that I = (2 y?~2) is a complete intersection ideal in R
with I¢(f) = (x9 1,y 2, 2%y” ‘ a-(q—1)+ B¢ >gq-(¢—1)) C I, since
2: (-1 +(q-3):9g=¢"—q—2<q-(¢—1) and thus 2y" > ¢ I*(f).
This also shows that the monomial 2'y’ with 0 < i <2and 0< j <¢q—3
form a C-basis of R/I, so that dim¢(R/I) = 3¢ — 6. Since i(f, :c3) =3q— 3,
the claim follows.
(b) Let £ <2and f ==~ yP, then

1) =2 (a—1+a)

By the assumption on p and ¢ we have (¢ —2)-p+q < pg and hence 2772y ¢
I°5(f). Thus I(f) = (a9 y» LayP | ap+ Bg > pg) C I = (y?, 27 1),
and we are done since dimg(R/T) = 2¢ — 2 and i(f, y2) = 2q.

(c) Let f € R be convenient, semi-quasihomogeneous of ord, 4 (f) = pg, and
suppose that in f no monomial ¥y, k < ¢ — 2, occurs (e. g. f = 27 — yP),
then 7¢*(f) > (¢ — 1 + «)?. In particular, if £ > 4, then

18 () =(@—1+a)

By the assumption, I¢(f) C I = (z77',y), since % = 297" -u(z) (mod y) for
a unit u and ‘3—5 =0 (mod (y,297')). Hence we are done since dim¢(R/I) =

qg—1and i(f,y) =q.
(d) Let f =15*— 328y +3x'?, then f does not satisfy the assumptions of (c), but
still v (f) = (11 + a)? = (¢ — 1 + a)*.
For this note that I = (y — 2, z'') contains I°°(f), dimg(R/I) = 11 and
i(fy—a*) =12,
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(e) Let f = 7y3 + 1527 — 2125y, then f is semi-quasihomogeneous with weights
(p,q) = (3,7) and convenient, but v5*(f) < 25 < 36 = (¢ — 1)%. This shows
that (¢ — 1)? is not a general lower bound for v§*(S,.,).

We note first that 1¢(f) = (x7,y> — 2°,2% — z'y) is not a complete in-
tersection and dime (R/I°*(f)) = 11. Let now I be a complete intersection
ideal with I°*(f) C I and let h € I such that L., (h) = z*y® is minimal,
in particular, ord(s7)(h) = 3A + 7B is minimal. Then dim¢(R/I) < 10 and
i(f,g) >3A+ 7B forall g € I.

If, therefore, 34 + 7B > 14, then

dime(R/T)?
i(f.g) — dimo(R/T) = 2

We may thus assume that 34 + 7B < 13, in particular B < 2. If B = 0, and
hence A <4, then by Lemma 35 dimg(R/I) < 24, so that

dimg(R/T)?
i(f,g) — dimc(R/T)
Similarly, if B =1 and A = 2, then by the same Lemma dim¢(R/T) <9 and
i(f,g) > 13, so that

< 44 < 16.

dime(R/1)? 81
i(f,g) —dimg(R/T) = 4~

So it remains to consider the case B = 1 and A € {0,1}. That is h = z4y+4’
with ord 7y (') > 9+3A. Consider the ideal J = <:c°‘yf3 ‘ 3a+78 > 21> C .
Then z*=4 - h = z'y (mod J), and thus 2% — 2%y = 25 (mod (h) + J),
i. e. (h,2® —z'y) +J = (h,2% + J. Moreover, 2% ¢ (h) + J, so that
dimg (R/(g,2°—2'y)+J) < 6+ A. If we can show that (g, 2% —z'y)+J G I,
then

dime(R/T)? (5+ A)? < 25

i(f,g) —dimg(R/I) — 3A+T7T—-5—A— 2
We are therefore done, once we know that y>—z° & (g, 2%)+.J. Suppose there
was a g such that gh = y?—2° (mod (2%)+J). Then y* = Ly (9)-Leg, (),
which in particular means A = 0and L., ,, (h) = L, (9) = y. But then the

coefficients of 1, z and 22 in h and g must be zero, so that 2% cannot occur with
a non-zero coefficient in the product. This gives the desired contradiction.

2. LocAL MONOMIAL ORDERINGS

Throughout the proofs of the auxilary statements in Section 4 we make use of some
results from computer algebra concerning properties of local monomial orderings.
In this section we recall the relevant definitions and results.

Definition 16
A monomial ordering is a total ordering < on the set of monomials {:ro‘yfg ‘ a, 3> 0}
such that for all o, 3,7,6, u,v >0

0

P < 2V’ = potHyPTY < gyt
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A monomial ordering < is called local if 1 > 22y® for all («, ) # (0,0), and it is a
local degree ordering if

a+p>y+06 = 2% <2y’

Finally, if < is any local monomial ordering, then we define the leading monomial
L_(f) with respect to < of a non-zero power series f € R to be the maximal
monomial 2%y? such that the coefficient of 2%y® in f does not vanish. For f = 0,
we set L(f) := 0.

If I <R is an ideal in R, then L_(I) = (L.(f) | f € I) is called its leading ideal.

We will give now some examples of local monomial orderings which are used in the
proofs.

Example 17
Let «, 3,7,0 > 0 be integers.
(a) The negative lexicographical ordering <;s is defined by the relation

)

%y <"y’ <= a>vyor (a=r~yand 3 >9).

(b) The negative degree reverse lexicographical ordering <45 is defined by the

relation

)

Y <42y’ <= a+pB>y+dor(a+p=v+7Jand > 9).

(c) If positive integers p and ¢ are given, then we define the local weighted degree
ordering <(pq) with weights (p, ¢) by the relation

' =  ap+Bg>yp+dqor

(ap+ Bq =vp+ dq and 5 < 9).

Y <(pg) 'Y

We note that <4, is a local degree ordering, while <;, is not and <(,q) is if and only
if p=gq.

Let us finally recall some useful properties of local orderings (see e. g. [GrP02]
Corollary 7.5.6 and Proposition 5.5.7).

Proposition 18
Let < be any local monomial ordering, and let I be a zero-dimensional ideal in R.

(a) The monomials of R/L-(I) form a C-basis of R/I. In particular
dime(R/T) = dime (R/L(I)).

(b) If < is a degree ordering, then the Hilbert Samuel functions of R/I and of
R/L_(I) coincide (see Definition 19, and see also Remark 21).

3. THE HILBERT SAMUEL FUNCTION

A wuseful tool in the study of the degree of zero-dimensional schemes and their
subschemes is the Hilbert Samuel function of the structure sheaf, that is of the
corresponding Artinian ring.

Definition 19
Let I <« R be a zero-dimensional ideal.
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(a) The function

dime (R/(I +m)), d >0,
Hyr:Z—7:de e (B/( ), d=
0, d <0,

is called the Hilbert Samuel function of R/I.
(b) We define the slope of the Hilbert Samuel function of R/I to be the function
Hpyp N —N:dw Hpp(d) — Hpp(d—1).
Thus
Hp1(d) = dime (m?/((I N m?) + m?)),
is just the number d + 1 of linearly independent monomials of degree d in
m¢, minus the number of linearly independent monomials of degree d in
(I Nm?) + md*!
Note that if m = m/I denotes the maximal ideal of R/I and Gryn(R/I) =
@D ,-, m?/m?! the associated graded ring, then
Hp);(d) = dime (m?/m**')

is just the dimension of the graded piece of degree d of Gry,(R/I).
(c) Finally, we define the multiplicity of I to be

mult(7) := min { mult(f) | 0 f € T},
and the degree bound of I as
d(I) :=min{d € N | m? C I'}.
Let us gather some straight forward properties of the slope of the Hilbert Samuel
function.

Lemma 20
Let J C I < R be zero-dimensional ideals.

(a) R/I(d) —d+1 for all 0 < d < mult(I).

(b) Hy,,(d) < HY,)(d—1) for all d > mult([).

(c) H I(d) < mult(7).

(d) R/I(d) =0 for all d > d(I) and H?z/z # 0 for all d < d(I). In particular

dime(R/T) = Z HY,//(d)

(e) Hy,,(d) < Hp,,(d) for all d € N.
(f) d(I) and mult(l) are completely determined by H%/I.

Proof: For (a) we note that I C m? for all d < mult(/) and thus H%/I(d) =
dime (m?/m?!) =d +1 for all 0 < d < mult([).

By definition we see that H% /I(d) is just the number of linearly independent mono-
mials of degree d in m¢, which is d + 1, minus the number of linearly independent
monomials, say my, ..., m,, of degree d in ([ N md) + m?!. We note that then the
set

{zmy,...,xmu, ymy,...,ym,} Cm- ((Iﬂmd) +md+1) C (Iﬂmd+1) + md+?
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contains at least r 4+ 1 linearly independent monomials of degree d + 1, once r was
non-zero. However, for d = mult(I) and g = g4 + h.o.t € I with homogeneous part
ga 7 0 of degree d, we have g, € (Iﬂmd) +md+! that is, d = mult(/) is the smallest
integer d for which there is a monomial of degree d in (I N md) + m?*!. Thus for
d > mult(I) — 1

H%/,(dJrl) <(d+2)—(r+1) :d+1—r:Hg/,(d),

which proves (b), while (c) is an immediate consequence of (a) and (b).
If d > d(I), then Hp, ;(d) = dim¢(R/T) is independent of d, and hence Hp,;(d) =0
for all d > d(I). In particular,

d(r)—

Z Ryi(d) = Hpyp(d(I) = 1) = Hyy(=1) = dime(R/T).

=0
Moreover, m! ( T4 T AT =T+miD 5o that H%/I(d( ) —1) # 0, and by (b) then
)

H%/I( ) # 0 for all d < d(I). This proves (d), and (e) and (f) are obvious. O

Remark 21
Let < be a local degree ordering on R, then the Hilbert Samuel functions of R/I
and of R/L_(I) coincide by Proposition 18, and hence we have as well

H%/I = Hg/L<U), d(I) =d(L<(1)), and mult(I) = mult (L.(1)),

since by the previous lemma the multiplicity and the degree bound only depend on
the slope of the Hilbert Samuel function.

Remark 22

The slope of the Hilbert Samuel function of R/I gives rise to a histogram as the
graph of the function H?z/[. By the Lemma 20 we know that up to mult(7) — 1 the
histogram is just a staircase with steps of height one, and from mult(7) —1 on it can
only go down, which it eventually will do until it reaches the value zero for d = d([).
This means that we get a histogram of form shown in Figure 1.

Hipy,(d)

mult(7)

muft(f) d(il) d

FIGURE 1. The histogram of H%/I for a general ideal I.

Note also, that by Lemma 20 (a) the area of the histogram is just dimg(R/I)!

Example 23
In order to understand the slope of the Hilbert Samuel function better, let us consider
some examples.
(a) Let f = 2% — y**' k > 1, and let I = I°*(f) = (z,y*) the equisingularity
ideal of an Ag-singularity. Then d(I) = &, mult(7) = 1 and dime(R/I) = k.
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k

FIGURE 2. The histogram of H%/I for an Aj-singularity

(b) Let f = 2%y —y* ', k > 4, and let T = I°°(f) = (zy, 22 — (k—1) - y*2)
the equisingularity ideal of a Dj-singularity. Then 23, zy,y*~! € I, and thus
mF=1 C I, which gives d(I) = k — 1, mult(I) = 2 and dimg(R/I) = k, which
shows that the bound in Lemma 28 need not be obtained.

k-1

F1GURE 3. The histogram of H%/I for a Dy-singularity

(c) Let f =% —y* and let I = I°(f) = (22, 3?) the equisingularity ideal of an
FEg-singularity. Then d(I) = 4, mult(7) = 2 and dim¢(R/I) = 6.
Let f = 2® — zy® and let T = I°*(f) = (32% — 3, xy?) the equisingularity
ideal of an E;-singularity. Then 22, zy2,3° € I, and thus m® C I, which gives
d(I) =5, mult(l) = 2 and dim¢(R/I) = 7.
Let f = a3 —y° and let [ = I°°(f) = (22, y*) the equisingularity ideal of an
FEg-singularity. Then d(I) = 6, mult(7) = 2 and dim¢(R/I) = 8.

4 | 5 | 6

FIGURE 4. The histogram of H%/I for By, F7 and E.

(d) Let I = (x3 z%y,y*), then d(I) = 4, mult(I) = 3 and dim¢(R/I) = 7.

4

F1GURE 5. The histogram of H%/I for I = (3, 2%y, y?).

The following result providing a lower bound for the minimal number of generators

of a zero-dimensional ideal in R is due to A. Iarrobino.

Lemma 24

Let I < R be a zero-dimensional ideal. Then I cannot be generated by less than

1 + sup {H%/I(d —-1)— H%/I(d) | d> mult([)} elements.

In particular, if I is a complete intersection ideal then for d > mult(T)

Hp(d—1) =1 < Hp)(d) < Hpp(d —1).
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Proof: See [Iar77] Theorem 4.3 or [Bri77] Proposition III.2.1. O
Moreover, by the Lemma of Nakayama and Proposition 18 we can compute the
minimal number of generators for a zero-dimensional ideal exactly.

Lemma 25
Let I < R be zero-dimensional ideal and let < denote any local ordering on R. Then
the minimal number of generators of I 1s

dimg(I/mI) = dimg (R/L<(I)) — dimg (R/L(mI)).

Remark 26

If we apply Lemma 24 to a zero-dimensional complete intersection ideal I <R, i. e. a
zero-dimensional ideal generated by two elements, then we know that the histogram
of H%/I will be as shown in Figure 6; that is, up to the value d = mult(]) the

mult (/)

rnulit([) d(il)

FIGURE 6. The histogram of H?z/z for a complete intersection.

histogram of HY, /T is an ascending staircase with steps of height and length one,
then it remains constant for a while, and finally it is a descending staircase again
with steps of height one, but a possibly longer length. In particular we see that

d+L - f (1) is odd,
> (3.1)
) if d(I) is even.

2

mult(]) <

Example 27
Let I = m for k > 1. Then d(I) = mult(I) = k and dime(R/T) = (*1).

2

k

FiGURE 7. The histogram of H?{/mk' The shaded region is the max-
imal possible value of dimg(R/I) for a complete intersection ideal [
containing m*.
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Lemma 28
Let I < R be a zero-dimensional complete intersection ideal, then

dime(R/T) < (d(I) — mult(l) + 1) - mult(7).
In particular

WO -yt (1) odd
dimg(R/T) < P ’
difP+2dr) - gy d(I) even.

4 b

Proof: By Remark 22 we have to find an upper bound for the area A of the his-
togram of H%/I. This area would be maximal, if in the descending part the steps
had all length one, i. e. if the histogram was as shown in Figure 8. Since the two

Hipy(d)

mult(7)

muft(f) d(I) — imult([) d(il) d

FiGURE 8. Maximal possible area.

shaded regions have the same area, we get
A < (d(I) — mult(]) + 1) - mult([).
Consider now the function
@ : [mult([),d(gﬁ] — R:z— (d(I) —z+1) -z,

then this function is monotonously increasing, which finishes the proof in view of
Equation (3.1). O

Corollary 29
For an ordinary m-fold point M,, we have

mtD” - ifm > 3 odd,

7o (M) = m{#) if m > 4 even,

1, if m=2.

Proof: Let f be a representative of M,,. Then
of of
Jes - (2L 24 m
(f) <ax’ 8x> +m”,
and as in the proof of Proposition 12 we may assume that f is a homogeneous of
degree m.

In particular, if m = 2, then I°°(f) = m is a complete intersection and 7 (My) = 1.
We may therefore assume that m > 3.
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For any complete intersection ideal I with m™ C I°*(f) C I we automatically have
d(I) < m, and by Lemma 28

1 if i odd,

4
Tceis(f) = m2+2m
4 Y

if m > 4 even.
Consider now the representative f = ™ — y™. If m = 2k is even, then the ideal
I = (2%, y**1) is a complete intersection with I°*(f) C I and
m? + 2m

4
Similarly, if m = 2k — 1 is odd, then the ideal I = (z*, y*) is a complete intersection
with 7°(f) C I and

7o (f) = dime(R/1) = k* + k =

2492 1
() > dime(R/T) = 12 = T
O

Remark 30
Let I << R be any zero-dimensional ideal, not necessarily a complete intersection,

then still
mult(]) — 1

dime(R/T) < (d(l) L

) mult(I).

Proof: The proof is the same as for the complete intersection ideal, just that we
cannot ensure that the histogram goes down to zero at d(I) with steps of size one.
The dimension is thus bounded by the region of the histogram in Figure 9. U

Hyr(d)
mult(7)

muft([) d(if) d

FIicure 9. Maximal possible area.

4. SEMI-QUASIHOMOGENEOUS SINGULARITIES

Definition 31

A non-zero polynomial of the form f =" Ao pr®yP is called quasihomoge-

a-p+B-q=d
neous of (p,q)-degree d. Thus the Newton pz())Jlr}[quon of a quasihomogeneous polyno-
mial has just one side of slope —%.

A quasihomogeneous polynomial is said to be non-degenerate if it is reduced, that is
if it has no multiple factors, and it is said to be convenient if Ii‘f, g € 7 and ad and
ag 4 are non-zero, that is if the Newton polygon meets the z-axis and the y-axis.
If} = fo + f1 with fo quasihomogeneous of (p, q)-degree d and for any monomial

z%y? occurring in f; with a non-zero coefficient we have ao-p + 8- ¢ > d, we say
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that f is of (p, q)-order d, and we call fy the (p, q)-leading form of f and denote it

by lead(, 4)(f). We denote the (p, ¢)-order of f by ord,(f).
A power series f € R is said to be semi-quasihomogeneous with respect to the

weights (p, ¢) if the (p, ¢)-leading form is non-degenerate.

Remark 32
Let f € R with deg, ,,(f) = pg and let f, denote its (p, ¢)-leading form.

(a)

(b)
(c)

()

Proof:

(a)

If ged(p, q) = r, then fy has r factors of the form a;z+ — biyr, i=1,...,r.
If, moreover, f, is non-degenerate, then these will all be irreducible and
pairwise different, i. e. not scalar multiples of each other.
If f is irreducible, then fy has only one irreducible factor, possibly of higher
multiplicity.
If fo is non-degenerate, then f has r = ged(p, ) branches fi,..., f., which
are all semi-quasihomogeneous with irreducible (p, ¢)-leading form a;z* —b;y~
for pairwise distinct points (a; : b;)) € B}, i=1,...,r
The characteristic exponents of f; are 2 and £ for all i = 1,...,r, and thus
fi; admits a parametrisation of the form

(zi(t), yi(t)) = (aitg + h.ot, fit” + h.o.t).
If fy is non-degenerate, i. e. f is semi-quasihomogeneous, and g € R, then

(fa )>OrdPQ)( )

If ap + Bq = pq, then p | g and hence p | Sr, so that 3 - g is a natural
number. Similarly a - g is a natural number. We may therefore consider the

transformation
fo(zva,yv) € Clz,y,

which is a homogeneous polynomial of degree r. Thus f, (:1:5, y%) factors in

r linear factors a;x — b;y, i = 1,...,r, so that fy factors as
fg = H (aix% — bzyg) (41)
i=1

Since ged (— 2) — 1, the factors a;z+ — b;y+ are irreducible once neither a;
nor b; is zero.

If fy is non-degenerate, then the irreducible factors of fy are pairwise dis-
tinct. So, a; = 0 implies r = p and still a;z7 — b;yr = b;y irreducible, while
b; = 0 similarly gives r = ¢ and a;z* — bjy* = a;x irreducible. Thus, in any
case the factors in (4.1) are irreducible and, hence, pairwise distinct.

With the notation from Lemma 33 and the factorisation of fy from (4.1) we
get

pg pg

ap
H:laZUrv2—bUr v
g= —Hazu—b

uory

By assumption f is irreducible, hence accordlng to Lemma 33 g has at most
one, possibly repeated, zero. But thus the factors of f; all coincide — up to
scalar multiple.
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(c) The first assertion is an immediate consequence from (a) and (b), while the
“in particular” part follows by Puiseux expansion.
(d) Let go be the (p, g)-leading form of g. Using the notation from (c) we have

i(f,g)=z i(fi.g) Zord (1))

= Zord (gg (ozit%,ﬁit%) + h.o.t) > Z M = ord(p,q)(9)-
i=1

- r
=1
Il

Lemma 33
Let f € R with ord,q (f) = pq and let fo denote its (p,q)-leading form. Let
r = ged(p, q) and a,b > 0 such that gb — pa = r. Finally set
fo (ubvg, uav%)
N ury
Then the number of different zeros of g is a lower bound for the number of branches

of f.
Proof: See [BrK86] Remark on p. 480. O

€ Clu].

The following investigations are crucial for the proof of Proposition 13.

Lemma 34
Let f € R be convenient semi-quasihomogeneous with leading form fo and ord, g (f) =
pq, let I = <xayf3 ‘ ap + [Bq > pq>, and let h € R. Then

dimg R/ ((h) + I°(f)) < dime R/ ((h) +I).
In particular, if Ly, 4)(h) = y® with B < p, then

B-1
dimg R/(h) + 1°(f) < Bg—1-Y_ [4].
i=1
Proof: As
1°(0) = (3L ) + 1.
it suffices to show that

1°(f) & <h> +I
which is the same as showing that not both and af belong to (h) + I.
Suppose the contrary, that is, there are h,, h e R such that

S =h,-h(modI) and SL=h, h(modT).
We note that

leadp,q) (g:};) = % and  leadp,q) (gg};) = %_};f’

and none of the monomials involved is contained in I. Therefore

lead p,q) (h) - leadp,q) (h) = % and  lead,q)(hy) - lead(y,q)(h) = %_};fa

af;? and %—f; have a common factor. This, however,

which in particular implies that
is then a multiple factor of the quasihomogeneous polynomial fy, in contradiction

to f being semi-quasihomogeneous.
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ap + Bq > pq

FIGURE 10. A Basis of R/(h) + I

For the “in particular” part, we note that by Proposition 18
dime R/(h) + I = dime R/L.,  ((h) +I) < dimg R/ (y®) + I,

and the monomials 2%y® with ap + 3¢ < pq and 3 < B form a C-basis of the latter
vector space (see also Figure 10). Hence,
B-1 B-1

dime R/(h) + 1<) [q— %] =Bq—Y_|%].

1=0 1=1

OJ

Lemma 35

Let g,h € R such that L, 4 (9) = 2*y® and Ly, 4 (h) = y©, and consider the ideals

J = (a*yB,y% x>y’ | ap+ Bq > pq) and J' = (g, h,z*y" | ap + Bq > pq). Then
dlm@ R/J’ S dlm@ R/J,

and if Ap+ Bq < pq and B < C < p, then

A-1 Bl

p—1
dim@R/J:Ap—i-Bq—AB—Z % Zmln{A,’—q—@-‘}.
i=C

P
=1 =1
Moreover, if B =0, then dimg R/J < A-C.
Proof: By Proposition 18
dime R/J' < dime R/L., (J') < dime R/

Let I = (zy” ‘ ap + Bg > pg). Then the monomials z*y” with (a,8) € A =
{(a,ﬂ) e NxN ‘ ap + Bq < pq} form a basis of R/I. Moreover, the monomials
z%y? with (o, 8) € A U Ay are a basis of J/I, where
Alz{(a,ﬁ)EA‘azAandﬂzB}
and
AQ = {(O[,ﬂ) EA\Al ‘ BZ C}
(See also Figure 11.) This gives rise to the above values for dim¢ R/ J.
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B
ap + Bq > pq
-y
FIGURE 11. A Basis of R/J.
Lemma 36

Let ¢ > p be such that % < ﬁ for some integer d > 2, and let 0 < A < d.

(a)

If Lip,g (9) = x4, then L., (9)= x4,

(b) mP* C (24,97~ 2°y? | ap + Bq > pq).

(c)

If I is an ideal such that g, h, x°y® € I for ap+Bq > pq and where Lo, (9)=
ot and Lo, (h) =yP!, then d(I) <p+1.

Moreover, if L, )(g) 15 manimal among the leading monomials of elements
in I w. r.t. <@g, then mult(I) = A.

Proof: It suffices to consider the case A = d, since this implies the other cases.

Note that by assumption d < p.

(a)

Since z? is less than any monomial of degree at least d with respect to <g,
we have to show that in ¢ no monomial of degree less than d can occur with
a non-zero coefficient. z¢ being the leading monomial of g with respect to

<(p,a)> it sufﬁces to show that a4 < d implies ap+ (g < dp, or alternatively,

s1nce 1 < ﬂ’

d
a+ - 1 <d.
For oo + 3 < d the left hand side of this inequality will be maximal for o = 0
and 8 =d — 1, and thus the inequality is satisfied.
We only have to show that 27y?*'"7 € (a4 y* 1, 2%y® | ap + Bq > pq)
for y = 3,...,d — 1, since the remaining generators of mP*! definitely are.
However, by assumptlon <5< 771, and thus vy-p+(p+1—7)-q¢ > pq.
By the assumption on I we deduce form (a) and (b) that d (L., (1)) < p+1.

However, by Remark 21 d(I) = d (L., (I)), which proves the first assertion.

Suppose now that mult(7) < A, i.e. thereisan f € I such that mult(f) < A—
1. The considerations for (a) show that then L. (f) < 2% in contradiction
to the assumption.

O
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