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Exercise 1: Show that every isomorphism f : A1
K → A

1
K is of the form f(x) = ax + b

for some a, b ∈ K with a 6= 0.

Exercise 2: Let K be an algebraically closed field and let X ⊂ A2
K be a conic, i.e.

X = V(f) for some f ∈ K[x, y] with deg(f) = 2. Show that if X is irreducible, then X is

either isomorphic to V(y− x2) or isomorphic V(1− xy).

Exercise 3: Let K be an algebraically closed field, X ⊆ A
k
K, Y ⊆ A

m
K , Z ⊆ A

n
K be

affine varieties, f ∈ Mor(X, Y), g ∈ Mor(Y, Z), and ϕ ∈ HomK−alg

(
A[Z], A[Y]

)
, ψ ∈

HomK−alg

(
A[Y], A[X]

)
. Show:

a.
(
idX

)∗
= idA[X] and

(
idA[X]

)#
= idX.

b. (g ◦ f)∗ = f∗ ◦ g∗ and (ψ ◦ϕ)# = ϕ# ◦ψ#.

c. (f∗)# = f and (ϕ#)∗ = ϕ.

Exercise 4: Let K be an algebraically closed field, and f : X → Y be a morphism of

affine varieties over K. Show:

a. f is a closed embedding if and only if f∗ is surjective.

b. f is dominant if and only if f∗ is injective.

Recall, by definition f is a closed embedding if f(X) is closed in Y and X → f(X) : x 7→ f(x) is an isomorphism; f is dominant

if f(X) is dense in Y.


