
Some Remarks on the Graded Lemma of
Nakayama

Let R =
⊕

d≥0Rd be a positively graded ring with R0 a field, and let M =
∑

d≥d0
Md

and N =
∑

d≥e0
Nd be finitely generated graded modules. By m = R>0 =

⊕
d>0Rd

we denote the homogeneous maximal ideal of elements of positive degree.

Whenever we consider morphisms ϕ : M → N between graded modules, they will

be graded of degree zero, i. e. ϕ(Md) ⊆ Nd, and we thus have the restriction ϕd :

Md → Nd which is just a morphism of R0-vector spaces.

Lemma 1 (Nakayama 1)

Let I ⊆ m be a homogeneous ideal such that I ·M = M , then M = 0.

Proof: Let I =
⊕

d≥d1
Id with d1 > 0 and suppose that M 6= 0. We may thus

assume that Md0 6= 0. But then the minimal degree of an element in I ·M will be

d0 + d1 > d0 in contradiction to Md0 ⊂ I ·M . �

Corollary 2 (Nakayama 2)

Let N ⊆M be a graded submodule of M such that M ⊆ N + m ·M , then N = M .

Proof: By assumption we have

m · (M/N) ⊆ (m ·M +N)/N = M/N,

so that by Nakayama 1 M/N = 0. �

Corollary 3 (Nakayama 3)

Let m1, . . . ,mr ∈ M be homogeneous elements such that m1, . . . ,mr are a basis of

the R0-vector space M/m ·M , then m1, . . . ,mr are a minimal generating system of

M .

Proof: Let N = 〈m1, . . . ,mr〉, then by assumption N is a graded submodule of M

such that M = N+m ·M . So by Nakayama N = M , i. e. m1, . . . ,mr is a generating

system of M . Moreover, if there was a generating system with fewer elements, their

residue classes would generate M/m ·M , in contradiction that this is a vector space

of dimension r. �

Corollary 4 (Nakayama 4)

If ϕ : M → N is a graded morphism of degree zero such that1 ϕ : M/m·M → N/m·N
is an epimorphism, then ϕ is an epimorphism.

Proof: By assumption we have

0 = (N/m ·N)/ Im(ϕ) = (N/m ·N)/(Im(ϕ) + m ·N/ ·N) ∼= N/(Im(ϕ) + m ·N).

Thus N = Im(ϕ) + m · N and by Nakayama 2 we have N = Im(ϕ), i. e. ϕ is

surjective. �

1Note, that ϕ is actually just ϕ0.
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Lemma 5

If ϕ : M →M is a graded morphism of degree zero which is surjective, then ϕ is an

isomorphism.2

Proof: By assumption ϕd : Md → Md is an epimorphism of finite-dimensional

vector spaces of the same dimension, hence it is an isomorphism for all d ≥ d0. But

then ϕ is an isomorphism. �

Corollary 6

If M is projective, then M is free.

Proof: By Nakayama 3 we may choose a minimal system of homogeneous generators

m1, . . . ,mr of M which project to a basis of M/m ·M . Let ai = − deg(mi), L =⊕r
i=1R(ai) and consider

ϕ : L→M : ei 7→ mi.

ϕ is a surjective graded morphism of degree 0, and since M is projective this mor-

phism splits, in particular we may assume

L = M
⊕

ker(ϕ).

However,

ϕ : L/m · L ∼= Rr
0 →M/m ·M ∼= Rr

0 : ei 7→ mi

maps a basis to a basis and is thus an isomorphism of vector spaces. Thus ker(ϕ) +

M · L/m · L = ker
(
ϕ
)

= 0, i. e. ker(ϕ) ⊆ m · L.

This implies

L = ker(ϕ) +M ⊆ m · L+M,

and Nakayama 2 implies that L = M . �

Alternative Proof: As above we may choose a minimal set of generatorsm1, . . . ,mr

and define the epimorphism ϕ : L→ M . Since M is projective, ϕ splits, i. e. there

is a morphism ψ : M → L such that ϕ ◦ ψ = idM . We want to show, that ψ ◦ ϕ is

an isomorphism, which then implies that ϕ is a monomorphism as well.

By assumption ψ ◦ ϕ = ψ ◦ϕ : L/m ·L→ L/m ·L is an isomorphism of vectorspaces

and hence by Nakayama 4 ψ ◦ϕ is an epimorphism. But then by the above Lemma

ψ ◦ ϕ is an isomorphism. �

Let us conclude this note by an application of the Lemma of Nakayama for local

rings in order to show that certain graded rings are isomorphic.

Theorem 7

Let (S, n) be a local noetherian ring of dimension d. Then R is regular if and only

if

S/n[t1, . . . , td] ∼= Grn(S) :=
⊕
k≥0

nk/nk+1

as graded S/n-algebras.

2See [Eis96] Corollary 4.4 for a non-graded version!
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Proof: Let us first assume that ϕ : S/n[t1, . . . , td] → Grn(S) is an isomorphism,

and let G>0 =
⊕

k≥1 nk/nk+1 be the unique homogeneous maximal ideal of Grn(S).

Then ϕ induces the S/n-vector space isomorphism

〈t1, . . . , td〉/〈t1, . . . , td〉2 ∼= G>0/G
2
>0

∼= n/n2.

Thus the vector space n/n2 can generated by d elements, and we have

dim(S) = d ≥ dimS/n(n/n
2) ≥ dim(S).

This implies dim(S) = dimS/n(n/n
2), and thus S is regular.

We prove the converse only for the case that S/n is an infinite field. Let us therefore

now assume that S is regular and #S/n = ∞.

If S is regular of dimension d then the maximal ideal is generated by a system of

parameters

n = 〈x1, . . . , xd〉.
Consider therefore the graded S/n-algebraepimorphism defined by

ϕ : S/n[t1, . . . , td] −→ Grn(S) : ti 7→ xi = xi + n2,

and let I = ker(ϕ) be its kernel, which is a graded ideal in the polynomial ring

S/n[t1, . . . , td]. By the Theorem of Noether-Normalisation and since S/n is infinite,

there is a finite S/n-algebrahomomorphism

(1) S/n[y1, . . . , ye] ↪→ (S/n[t1, . . . , td])/I,

where e = dim
(
(S/n[t1, . . . , td])/I

)
and where the yi are suitable S/n-linear combi-

nations of the tj. In particular, the yi are homogeneous of degree one.

Suppose now that I 6= 0, i.e. the ϕ is not an isomorphism. Then e < d. Note that

ϕ(yi) ∈ n/n2, and therefore there exists a zi ∈ n such that

zi ≡ ϕ(yi) (mod n2).

Let us consider the ideal

J = 〈z1, . . . , ze〉S ⊂ n

in the ring S. Since (1) is finite, ti is integral over S/n
[
y1, . . . , ye

]
, and thus there

exist equations

tni
i +

ni−1∑
j=0

ai,j · tji ∈ I,

with ai,j ∈ S/n[y1, . . . , ye]. Multiplying the term with tn−ni
i , n = max{nj | j =

1, . . . , d}, we may assume that ni = n for all i = 1, . . . , d. And considering only the

homogeneous part of degree n of the term we may assume that ai,j is homogeneous

of degree n− j ≥ 1 for all i, j. If we now apply ϕ we get the equation

xi
n = ϕ(tni ) = −

n−1∑
j=0

ϕ(ai,j) · xi
j,

where

ϕ(ai,j) ∈
〈
ϕ(y1), . . . , ϕ(ye)

〉n−j
.



4

But this implies that

xn
i ∈ J + nn+1,

and thus

ndn = 〈xn
1 , . . . , x

n
d〉 · ndn−n ⊆ (J + nn+1) · ndn−n ⊆ J + ndn+1.

By Nakayama 2 for local rings this leads to

ndn ⊆ J,

and since J ⊆ n this implies that J is an n-primary ideal generated by e elements.

This, however, is in contradiction to the fact that dim(S) = d > e, since the

dimension of a local ring is the minimal number of generators of an n-primary ideal

(see [Eis96], Corollary 10.7). �

Remark 8

If the field S/n in the previous theorem is not infinite, then a suitable version of

the Theorem of Noether-Normalisation (see [ZS60] Chap. VII, Theorem 25, p. 200)

shows that one may still gets a finite extension

S/n[y1, . . . , ye] ↪→ (S/n[t1, . . . , td])/I,

where the yi are homogeneous – not necessarily of degree one. One may even assume

that they are of the same degree, say m, just replacing the yi by suitable powers.

Then the zi in the above proof can be chosen in nm such that

zi ≡ ϕ(yi) (mod nm+1),

and the proof generalises in the obvious way.
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