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Computer Algebra
Exercise 1: Let = (x*-e;| (i) € A)and]=(xP-¢ | (B,j) € A’) be two monomial
submodules of R[x]™ and let x - ex € R[x]™ be a monomial. Show that
a. INnJ = (lem (x*- e, xP- &) | («,1) € A, (B,j) € A’), and

lem (l("‘ ,lcy)

b. I:(xY ex) = <X—Y ‘ (o, k) € /\>.
Exercise 2: Let > be any monomial ordering on Mon,,.

a. Show that for a fixed w = (wy,...,w,) € R™ the following defines a monomial
ordering on Mon,,:

X

> XP 1= (W) > (w, B), or ((w, ) = (w,B) and x*>xP).

[x

Under which assumptions is the above definition independent of the chosen
ordering >?

b. Let A € Gl,(Q) be an invertible n x n-matrix over the rational numbers. Show
that the following defines a monomial ordering on Mon,,:

X >as) xP = xA% > XA

Exercise 3: Determine matrices A € Gl,(R) which define the following orderings:

a. (>, >as), here n =n; +n, with n,; variables for lp and n, for ds;
b. (>ap, >1s), here n = ny + n, with n, variables for dp and n, for ls;
C. >up(534), here n = 3;
d. >,s;534), here n = 3.
Exercise 4: We define the degree lexicographical ordering >p, on Mon, by
x* >wp xP < |o > [B| or (lof =pland Ik : &y =B1,..., 01 = Br_1, ot > Bi).

Show that the orderings >,, >p, and >4, are described by the following characte-
rising properties. Let > be a monomial ordering on Mon,,, then:

a. >=>y, if and only if > is an elimination ordering for {x;,...,xy} for all k =
1,...,n—1,1i. e. if Im(f) € Rlxy41,...,xn] implies f € Rlxyi1,...,Xxnl.

b. >=>p, if and only if > is a degree ordering and for any homogeneous f € R|x]
with Im(f) € R[xy,...,x] we have f € Rlxy,...,x), k=1,..., n.

c. >=>g4, if and only if > is a degree ordering and for any homogeneous f € RM
with Im(f) € (xy,...,x,) We have f € (xi,...,x,), k=1,...,n.



