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Exercise 1: Let K be a field. Show, I�K[x] if and only if ∃ f ∈ K[x] such that I = 〈f〉.

Exercise 2: Let 0 6= f =
∑m

|α|=0 aαxα ∈ R[x1, . . . , xn] be a polynomial over the ring R.

We call

deg(f) := max{|α| | aα 6= 0}

the degree of f, and we set deg(0) = −∞. Show for f, g ∈ R[x1, . . . , xn]:

a. deg(f + g) ≤ max{deg(f), deg(g)},

b. deg(f · g) ≤ deg(f) + deg(g),

c. deg(f · g) = deg(f) + deg(g) if R contains no zero-divisor except 0.

Remark: a ∈ R is called a zero-divisor, if there is a 0 6= b ∈ R such that a · b = 0.

Exercise 3: Let R be a ring and I, J1, . . . , Jn � R. Show that

I :

(
n∑

i=1

Ji

)
=

n⋂
i=1

(I : Ji).

Exercise 4: Let R be a ring and f =
∑∞

n=0 anxn ∈ R[[x]] a formal power series over

R. Show:

a. f is a unit if and only if a0 is a unit in R.

b. What are the units in K[[x]] if K is a field?

c. If K is a field, then 0 6= I � K[[x]] if and only if there is some n ≥ 0 such that

I = 〈xn〉.

Remark, a ∈ R is called a unit if there exists an element b ∈ R such that a · b = 1.

Hint for a., consider first the case a0 = 1 and recall that 1
1−x

=
∑∞

n=0 xn.


