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Exercise 44: Prove the Algebraic HNS (Theorem 7.1) using Noether-Normalisation.

Exercise 45: Let R be a ring. Show that dim(R[x]) > dim(R) + 1.

Hint, consider ideals of the form I[x] = { Yo a;xt | n>0,q; € I} for some ideal I < R. — Note, if R is noetherian one can

actually show equality, but that is much harder.
Exercise 46: Let R be an integral domain. Show:
a. Ris a valuation ring if and only if for two ideals [, <Rwe have [C Jor J C 1.

b. If R is a valuation ring and P € Spec(R), then Rp and R/P are valuation rings.

Exercise 47: [The field K{{t}]]

a. We call A C R suitable if A is infinite countable, bounded from below, and has
no limit point, and we then set A := {A C R | A is suitable}. Show that for
A, Be A

A+B:=AUBecA and AxB:={a+blacAbecB}ecA

b. Let K be any field and consider the set
K{t:={f:R—=>K[|JAc A : flda) =0V x &AL
We define two binary operations on K{{t}}:
f+g:R—-K:a— fla)+ g(a)

and

f*g:RHK:ocl—)Zf(oc—y)-g(y),
YER

note for the latter that for a fixed « only finitely many summands are non-zero!

Show that (K{{t}}, +, ) is a field.
c. Show that ord : (K{{t}}*,*) = (R,+) : f = min{x € R | f(x) # 0} is a valuation.
d. Rorq is not noetherian, hence ord is not discrete, but dim(Ryq) = 1.

Hint for part b., show first that (K{{t}}, +) is a subgroup of (K®, +); the hard part is to show that every non-zero element of
K{{t}} has an inverse. For this consider first the case that f(«x) = 0 for « < 0 and f(0) = 1, and use the geometric series. For

part d., note that mg_, = (t* | o« > 0), where t* : R — K satisfies t* (o) = 1 and t*(p) =0 for 3 # .



Remark 1
Let (o )neny € RN be a sequence of real numbers. We define

an 00 &= (on)nen is strictly monotonously increasing and unbounded,
and we set A := {(xn)new € RY | a,, * 00}. Obviously,
DO:A— A:(ctn)new — {an | n € N}
is bijective.

For (ot )new € RN and (an)new € KN we define

Zan-t““:RHK:ocH

n=0

an, if o= op,
0, else.

That is, we use the “sequence” in order to store the values of a funciton in such a
way, that the value at «,, is just the coefficient at t**. Thus

K{th={f:R=>R|JFan Noo: fla) =0V & {on | n € N}}

o
n=0

Given f =Y 2 jan-t™,g=>3 > b, -tk e K{{t}.

T

ocn/oo,aneK}.

a. f = g if and only if a,, = b,, whenever «, = (3,, and if a; = b; = 0 if there is no
matching.

b. fxg= Z?f:o (Zai+(5j:yn ai'bj) ", where (yn)new = Q! ((D((O(n)nelN)*(D((Bn)nelN))-

C. f+ g= Zf:o (f(yn) + g(Yn)) 'tyn’ where (Yn)nE]N = q)_l ((D((‘xn)nelN) + (D((Bn)nelN))-

d Ifap=0and ap=1,then f =3 (- Y, ac t)"

n=0



