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1.23 Definition
Let RbeanID, r, 7’ € R.

= JteR :r=r-t — () C{(r).

r|r

rassociatedto”’ <= JueR* :r=1"-u < () ={r).

0#r e R\R isirreducible <= (r=st = s€ R" or t € R").

0#re R\ R isprime <= (r|s-t = r|sorr|t)

<= (r) is a prime ideal. I
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1.24 Example
a.r prime —— 7 irreducible.

b.r & sirreducible, r | s = (r) = (s).
c. R="7: pireducible < pprime < p prime number.

d. R = K|z|: [irreducible < [ prime.

e. R = K||x||: pirreducible < pprime < p=unit-x

|

< ord(p) = 1.
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1.25 Definition
Let R be an ID.

a. RisEuclidean <= 3dwv: R\ {0} — IN such that

Vabe R\{0} d¢g,re R ta=q-b+r
withr =0or0 < v(r) < v(b).
Call this decomposition a division with remainder (DwWR).

b. R is aPID (principle ideal domain) :<> all ideals are principle.

c. R is a UFD (unique factorisation domain) :<—-

(0#7 € R\ R* ; .

=—> dpprime : r=p1--pg). I



I PID’s, UFD’s and Euclidean Rings

1.26 Example
a. 7, is Euclidean with v(2) = | z|.



I PID’s, UFD’s and Euclidean Rings

1.26 Example
a. 7, is Euclidean with v(2) = | z|.

b. K|z] is Euclidean with v( f) = deg(f).



I PID’s, UFD’s and Euclidean Rings

1.26 Example
a. 7, is Euclidean with v(2) = | z|.

b. K|z] is Euclidean with v( f) = deg(f).

c. K||z]] is Euclidean with v( f) = ord(f).



I PID’s, UFD’s and Euclidean Rings

1.26 Example
a. 7, is Euclidean with v(2) = | z|.

b. K|z] is Euclidean with v( f) = deg(f).

c. K||z]] is Euclidean with v( f) = ord(f).
d. Zt] ={x +1y | v,y € Z} < Cis Euclidean with
v(z +iy) = |v + iyl = 2° + ¢,

it is called the Ring of Gaussian Integers.

|
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1.27 Proposition

Let f,g € Rlx|, f= Z?:o izt fn #0.

a.dk >0, q,r € R|x] such that

fi.g=q-f+r and deg(r) < deg(f).

bh.RID & fh,eR" — dlgreR . g=q-f—+r

|
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1.28 Theorem

R Euclidean — H PID.

Proof:
Imitate the proof for Z replacing “minimal” by “minimal w.r.t. »/". []

1.29 Corollary 7., Z\]i|, K|x|, K||z]|, R{z} and C{x} are PID’s.

1.30 Proposition Let R beaPID,r € R.
a. rirreducible <= (r) <-R.

b. rirreducible —- 71 prime.

c. Spec(R) =m — Spec(R) U{(0)}

|
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1.31 Example

3 € Z[\/—ﬂ = {:C+y -4/ —H | T,y € Z} is irred., but not prime.

In particular, Z [\/—5} is no PID.

1.32 Corollary
R PID =— [ UFD.

1.33 Corollary 7, Z.i], K|zx|, K||z]], R{x} and C{x} are UFD’s.

|
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1.34 Proposition The following are equivalent:

a. [is a UFD.
0. (r irreducible — r prime) and

(0#4re R\ R" = dp;irreducible : r=mp;---pg).

C. (0#4Are R\ R" = duniqueirred.p;, : m=p1---pg)-

Le.ifr=p1---pr =q1---q With p;, ¢; irred., then

®» k=1, and

# after reordering (p;) = (g;) for all <.
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a. g is a gcd (greates common divisor) of v, ..., 7
= g|r; Vi and (t|m Vi = t]g)

Not.: ged(ry,...,mx) ={g9 € R|gisgcd of ri,....r}.

b. [is an lcm (lowest common multiple) of 1, ..., ;.
= TZ'HV@ and (m\tVz’ :>Ht)

<~ ry,re |l and € ged(ry, r2). I
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1.35 Definition Let RbeaUFDandry,...,r, € R.

a. g is a gcd (greates common divisor) of v, ..., 7
= g|r; Vi and (t|m Vi = t]g)

Not.: ged(ry,...,mx) ={g9 € R|gisgcd of ri,....r}.

b. [is an lcm (lowest common multiple) of 1, ..., ;.
= TZ'HV@ and (m\tVz’ :>Ht)

Not.: lem(ry,...,rp) ={le R|lislecmof ry,... .}

|
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1.36 Remark Let R be a PID.

gEgcd(m,...,rk) < <g>:<7“1,...,7“k>
and
Lelem(ry,...,rp) <= ()= (ry)N...N(rg).

1.37 Lemma Let RbeanlIDandr € R.
a. Rlz]* = R*.
b. rirreduciblein R = rirreducible in R|z]|.
c. rprimein R = rprimein R|x].

|
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1.38 Theorem (Lemma of Gaul3)
RaUFD = R|x|aUFD.

1.39 Corollary K afield =— K |xy,..., 2, aUFD.

1.40 Corollary R|x|isaPID <= Ris afield.

In particular, K |x1, ..., 2y] is nota PID for n > 2.

1.41 Theorem

Is a PID, but not Euclidean.

|

Z[iop
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1.45 Remark
We have seen in Theorem 1.41, Corollary 1.39 and 1.40 that:

R is Euclidean — HRisaPID — [isaUFD,
but

R is Euclidean <~ RisaPID <~ R isaUFD.

|
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1.42 Proposition Let K be an ID.

Then RisaPID <= da«a: R — IN suchthat

VO#b fa Ju,ve R : a(0) < alua —vb) < a(b).

ldea: ¢ =wua —vb € ged(a,b) and (g) = (a,b)!

1.43 Proposition R be Euclidean, 0 # p € 2\ R minimal w.r.t v,
m: R — R/(p):aw— a.Then:

a. pisprime & K = R/(p)is afield.

b.ae R =— a=q-p+rwthr=0orr e R"
c. m(R*) = K* I
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Proof of Theorem 1.41, see [Bru0Q]:
DefineaNorm N : R — Non R = Z|w|, w = 1+V2_19 by

2

A
N(a+ bw) = |a + bw|? = (CL + 5) +19-Z — a*+ab+5b* € IN.

Claim: R* ={1,—-1} ={x € R| N(x) = 1}.
l=z-y — 1=|z|* |y|* with |z|* |y|* € N.
Thus:

b\ b2
1= |z|* = N(z) = <a+> +19 - —.

o
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Proof of Theorem 1.41, see [Bru0Q]:
DefineaNorm N : R — Non R = Z|w|, w = 1+V2_19 by

A
N(a+ bw) = |a + bw|? = (CL + 5) +19-Z — a*+ab+5b* € IN.

Claim: R* ={1,—-1} ={x € R| N(x) = 1}.
l=z-y — 1=|z|* |y|* with |z|* |y|* € N.

And henceifxr =a+ b - w:

b 2
b220,<a+§) =1 =— b=0,a€{l,—-1}. I
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Claim: 2 and 3 are irreducible.

2=z-y, ry¢ B° — 4=z |y]* = N(x)- N(y),
with N(z), N(y) > 1

b\* 19
— 2=N(x)=N(a+b-w)= a—|—§ +Z-b.

— b=0 — a*=2 & a€Z 14/

The proof for 3 works analogously.
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Claim: R i1s not Euclidean.

Suppose R was Euclidean and choose p € Ras in 1.43.
l.e. 0 # p € R minimal w.r.t. » and then

& pis prime.

® = R/(p) isfield.

® oclR = a=q-p+r withr=0o0rr e R*.

® |K*| < |R*.

|
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Claim: R i1s not Euclidean.

Suppose R was Euclidean and choose p € Ras in 1.43.
— |R/(p)| = [K| < [RT[+1=3

Note:

R/(2) — ‘{G,T, V—19,1 + ¢—T9H — 4
and

R/(3)| — \{G,T,z@,uﬁ,uﬁﬂ — 6.

|
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Claim: R i1s not Euclidean.

Suppose R was Euclidean and choose p € Ras in 1.43.
— |R/(p)| = [K| < [RT[+1=3

Hence:
(2) # (p) # (3)-

In particular:

2=q-p+7r wWithr£0 = reR"={1 -1}
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— |R/(p)| = [K| < [RT[+1=3

Hence:
(2) # (p) # (3)-
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Claim: R i1s not Euclidean.

Suppose R was Euclidean and choose p € Ras in 1.43.
— |R/(p)| = [K| < [RT[+1=3

Hence:
(2) # (p) # (3)-

In particular:
2=q-p+7r wWithr£0 = reR"={1 -1}
q-p=1 444 1o p prime,
—
qg-p=3 = pl|3 J4sto3irred. & (p) # (3).
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Claim:

2

T
u-——ovl <l.

Y

Ve,ye R : 04y fx JuveR : 0<

~eQw] = 3Jd,V,a,b,q,s€Z with 0 <a < q,0<b<s,

1 € ged(a,q) and 1 € ged(b, s)

such that L (a’ — 2) + (b’ — é) CW.
Y q S

B
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2

Aim: O<‘u-%—v

— b
< 1where = (a’+§)+(b’+—)-w.

If v',7v" € R such that

/ (a b ) /
u-|\—+-w)|]—vw
q S

thenu=v andv=v"+4"- (' + b -w) works, since

0 <

<1,

b
w- Loy = (ng—-w)+u/-(a/+b’-w)—v’—u’-(a’+b’-w)

Y q 5
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2

Aim: O<‘u-%—v

— b
< 1where = (a’+§)+(b’+—)-w.

If v',7v" € R such that

/ (a b ) /
u-|\—+-w)|]—vw
q S

thenu=v andv=v"+4d"- (' + b - w) works, since

T , (a b ) ,
u-——v=u- -\—-—+--w|—v.
Y q S

0 <

<1,

|
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2

Aim: O<‘u-%—fu

— b
< 1where = (a’+§)+(b’+—)-w.

If v',7v" € R such that

/ (a b ) /
u-|\—+-w)|]—vw
q S

thenu=v andv=v"+4d"- (' + b - w) works, since

T , (a b ) ,
u-——v=u- -\—-—+--w|—v.
Y q S

We may, therefore, assume that ¢’ = b = 0. I

0 < < 1,
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2

Aim:0<‘u-§—v <1Where§:g+§-w and
®» 0<a<yqy,
®» 0<Db<s,
® 1€ gcd(a,q), and
® 1€ ged(bs).
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2
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1" Case b=0: Thenwu=1andwv =0 works.
2" Case b#£0, q fs: Then

q fs-a— d0<d<q, ce€”Z : sa=cq+d,
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2
< 1 where % —

Aim: O<‘u-%—fu

15 Case b=0: Thenwu =1 and v = 0 works.
2" Case b#£0, q fs: Then
q fs-a— d0<d<q, ce€”Z : sa=cq+d,

and v = s and v = ¢ + bw WOrks:

2
X

s-— — (c+ bw
" ( )

ﬁerw—c—bw
q
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374 Case b # 0, q|s, s>2:
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2
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Aim: O<‘u-%—v

374 Case b#£0, ¢ s, s> 2: Then

1 €ged(s,b) =— dmeZ : m-b=1(mod s)

B
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2
< 1 where % —

Aim: O<‘u-%—fu

374 Case b#£0, ¢ s, s> 2: Then

1 €ged(s,b) =— dmeZ : m-b=1(mod s)

ma  mb a1 1
— —+ —w=[(l+— )+ |k+-]| w

q S a S

for suitable I, k, a1, ap € Z such that |2 | < 3.

B
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2
< 1 where % —

Aim: O<‘u-%—fu

374 Case b £ 0, q|s, s>2

1 .
@+m_b.w—<l+ﬂ>—|—<k—|——)-wwﬂh

q S a2 S

Then v =m and v = [ + kw wWorks:

a1 n 1 14++/—19

as S 2

c o, 1), 19
- \ay 2s 452
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2
< 1 where % —

Aim: O<‘u-%—fu

374 Case b £ 0, q|s, s>2

1 .
@+m_b.w—<l+ﬂ>—|—<k—|——)-wwﬂh

q S a2 S

Then v =m and v = [ + kw wWorks:

o, 1++v/—19" o, 1), 19
as S 2 - \ay 2s 452

_a%_i_&l_i_ZO
_a% ass  4s? I

2




I PID’s, UFD’s and Euclidean Rings

2
< 1 where % —

Aim: O<‘u-%—fu

374 Case b £ 0, q|s, s>2
1
q S a2 S

Then u =m and v = [ + kw works:
(o, 1 2+ 19
- \ay 2s 452

_a% ass 452 4 6 36 36 I

19|

0 #

U-— —v

as S 2
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2
< 1 where % —

Aim: O<‘u-%—fu

1 Case b=0: Thenwu=1andwv =0 works.

2"t Case b#0, ¢q f/s: Thenwu=sand v = c+ bw works.

379 Case b#0, ¢q|s, s>2. Thenu=m,v=104+ kw works.

4" Case b £ 0, q|s, s=2:

B
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2
< 1 where % —

Aim: O<‘u-%—v

4 Case b#0, ql|s, s=2. Theng=s=2

( )

=3 u=14+w,v=-2+w
1

w N
s WOrks, sinc

QIR Iy

w, v=—24uw )

B
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Aim: O<‘u-%—fu

4" Case b £ 0, q|s, s=2:

v

2

_ b
<lwhere & =243 w
Theng=s=2
— uzl—l—w,v:—Q—i—w\
— U=Ww, V=—24w )
x| 1|7 l_.
— — — | — — —
Y 2 4

s Works, sinc
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T
u-——ovl <l.

Ve,ye R :0#y fx Ju,veR : 0< ;




I PID’s, UFD’s and Euclidean Rings

This proves the claim:

2

T
u-——ovl <l.

Ve,ye R :0#y fx Ju,veR : 0<
Y

and hence

Proposition 1.42 witha=N —=— R s a PID!

|
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1.45 Remark
a. |[K: Q=2 <= K= Q[\/a},(),l =+ d € 7/ squarefree.

b. Zwg) = {a € Q| d} | a integral} for

( Vd, d=2,3 (mod 4)
Wd = 4

1+2\/37 d=1 (mod4).

\

|
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1.45 Remark
a. |[K: Q=2 <= K= Q[\/E},O,l =+ d € 7/ squarefree.
b. Zi|wy] {a = (Q[ d} | a integral }
c. ZlwglisaUFD <= Zj|wy]isaPID.
d. If d < —1 then

Zlwg) UFD <= de{-1,-2,-3,—7,—11,—19, —43, —67, —163

and

Z\|w,| is Euclidean <= de{—1,-2, -3, -7, —11}.

|
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