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Let R be an ID, r, r′ ∈ R.

r | r′ :⇐⇒ ∃ t ∈ R : r′ = r · t ⇐⇒ 〈r′〉 ⊆ 〈r〉.

r associated to r′ :⇐⇒ ∃ u ∈ R∗ : r = r′ · u ⇐⇒ 〈r′〉 = 〈r〉.

0 6= r ∈ R\R∗ is irreducible :⇐⇒ (r = s·t ⇒ s ∈ R∗ or t ∈ R∗).

0 6= r ∈ R \ R∗ is prime :⇐⇒ (r | s · t ⇒ r | s or r | t)

⇐⇒ 〈r〉 is a prime ideal.
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1.24 Example
a. r prime =⇒ r irreducible.

b. r & s irreducible, r | s =⇒ 〈r〉 = 〈s〉.

c. R = Z: p irreducible ⇔ p prime ⇔ p prime number.

d. R = K[x]: f irreducible ⇔ f prime.

e. R = K[[x]]: p irreducible ⇔ p prime ⇔ p = unit · x

⇔ ord(p) = 1.
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Let R be an ID.

a. R is Euclidean :⇐⇒ ∃ ν : R \ {0} → N such that

∀ a, b ∈ R \ {0} ∃ q, r ∈ R : a = q · b + r

with r = 0 or 0 ≤ ν(r) < ν(b).

Call this decomposition a division with remainder (DwR).

b. R is a PID (principle ideal domain) :⇔ all ideals are principle.

c. R is a UFD (unique factorisation domain) :⇐⇒

(0 6= r ∈ R \ R∗ =⇒ ∃ pi prime : r = p1 · · · pk).
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1.26 Example
a. Z is Euclidean with ν(z) = |z|.

b. K[x] is Euclidean with ν(f) = deg(f).

c. K[[x]] is Euclidean with ν(f) = ord(f).

d. Z[i] = {x + iy | x, y ∈ Z} ≤ C is Euclidean with

ν(x + iy) = |x + iy|2 = x2 + y2,

it is called the Ring of Gaussian Integers.
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1.27 Proposition
Let f, g ∈ R[x], f =

∑n
i=0

fix
i, fn 6= 0.

a. ∃ k ≥ 0, q, r ∈ R[x] such that

fk
n · g = q · f + r and deg(r) < deg(f).
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1.27 Proposition
Let f, g ∈ R[x], f =

∑n
i=0

fix
i, fn 6= 0.

a. ∃ k ≥ 0, q, r ∈ R[x] such that

fk
n · g = q · f + r and deg(r) < deg(f).

b. R ID & fn ∈ R∗ =⇒ ∃! q, r ∈ R : g = q · f + r.
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1.28 Theorem
R Euclidean =⇒ R PID.

Proof:
Imitate the proof for Z replacing “minimal” by “minimal w.r.t. ν”.

1.29 Corollary Z, Z[i], K[x], K[[x]], R{x} and C{x} are PID’s.

1.30 Proposition Let R be a PID, r ∈ R.

a. r irreducible ⇐⇒ 〈r〉 � ·R.

b. r irreducible =⇒ r prime.

c. Spec(R) = m − Spec(R) ∪ {〈0〉}
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3 ∈ Z
[√

−5
]

=
{

x + y ·
√
−5

∣

∣ x, y ∈ Z
}

is irred., but not prime.
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1.31 Example

3 ∈ Z
[√

−5
]

=
{

x + y ·
√
−5

∣

∣ x, y ∈ Z
}

is irred., but not prime.

In particular, Z
[√

−5
]

is no PID.

1.32 Corollary
R PID =⇒ R UFD.

1.33 Corollary Z, Z[i], K[x], K[[x]], R{x} and C{x} are UFD’s.
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b. (r irreducible =⇒ r prime) and

(0 6= r ∈ R \ R∗ =⇒ ∃ pi irreducible : r = p1 · · · pk).
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1.34 Proposition The following are equivalent:

a. R is a UFD.

b. (r irreducible =⇒ r prime) and

(0 6= r ∈ R \ R∗ =⇒ ∃ pi irreducible : r = p1 · · · pk).

c. (0 6= r ∈ R \ R∗ ⇒ ∃ unique irred. pi : r = p1 · · · pk).

i.e. if r = p1 · · · pk = q1 · · · ql with pi, qi irred., then
k = l, and
after reordering 〈pi〉 = 〈qi〉 for all i.
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1.35 Definition Let R be a UFD and r1, . . . , rk ∈ R.

a. g is a gcd (greates common divisor) of r1, . . . , rk

:⇐⇒ g | ri ∀ i and (t | ri ∀ i =⇒ t | g)

⇐⇒ g | ri ∀ i and 6 ∃ p irred. : p
∣

∣

ri

g
∀ i
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a. g is a gcd (greates common divisor) of r1, . . . , rk

:⇐⇒ g | ri ∀ i and (t | ri ∀ i =⇒ t | g)

Not.: gcd(r1, . . . , rk) = {g ∈ R | g is gcd of r1, . . . , rk}.
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:⇐⇒ g | ri ∀ i and (t | ri ∀ i =⇒ t | g)

Not.: gcd(r1, . . . , rk) = {g ∈ R | g is gcd of r1, . . . , rk}.

b. l is an lcm (lowest common multiple) of r1, . . . , rk

:⇐⇒ ri | l ∀ i and (ri | t ∀ i =⇒ l | t)
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1.35 Definition Let R be a UFD and r1, . . . , rk ∈ R.

a. g is a gcd (greates common divisor) of r1, . . . , rk

:⇐⇒ g | ri ∀ i and (t | ri ∀ i =⇒ t | g)

Not.: gcd(r1, . . . , rk) = {g ∈ R | g is gcd of r1, . . . , rk}.

b. l is an lcm (lowest common multiple) of r1, . . . , rk

:⇐⇒ ri | l ∀ i and (ri | t ∀ i =⇒ l | t)

k=2⇐⇒ r1, r2 | l and
r1 · r2

l
∈ gcd(r1, r2).
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1.35 Definition Let R be a UFD and r1, . . . , rk ∈ R.

a. g is a gcd (greates common divisor) of r1, . . . , rk

:⇐⇒ g | ri ∀ i and (t | ri ∀ i =⇒ t | g)

Not.: gcd(r1, . . . , rk) = {g ∈ R | g is gcd of r1, . . . , rk}.

b. l is an lcm (lowest common multiple) of r1, . . . , rk

:⇐⇒ ri | l ∀ i and (ri | t ∀ i =⇒ l | t)

Not.: lcm(r1, . . . , rk) = {l ∈ R | l is lcm of r1, . . . , rk}.
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and

l ∈ lcm(r1, . . . , rk) ⇐⇒ 〈l〉 = 〈r1〉 ∩ . . . ∩ 〈rk〉.

1.37 Lemma Let R be an ID and r ∈ R.

a. R[x]∗ = R∗.
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and

l ∈ lcm(r1, . . . , rk) ⇐⇒ 〈l〉 = 〈r1〉 ∩ . . . ∩ 〈rk〉.

1.37 Lemma Let R be an ID and r ∈ R.

a. R[x]∗ = R∗.

b. r irreducible in R =⇒ r irreducible in R[x].
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1.36 Remark Let R be a PID.

g ∈ gcd(r1, . . . , rk) ⇐⇒ 〈g〉 = 〈r1, . . . , rk〉

and

l ∈ lcm(r1, . . . , rk) ⇐⇒ 〈l〉 = 〈r1〉 ∩ . . . ∩ 〈rk〉.

1.37 Lemma Let R be an ID and r ∈ R.

a. R[x]∗ = R∗.

b. r irreducible in R =⇒ r irreducible in R[x].

c. r prime in R =⇒ r prime in R[x].
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1.38 Theorem (Lemma of Gauß)
R a UFD =⇒ R[x] a UFD.
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1.38 Theorem (Lemma of Gauß)
R a UFD =⇒ R[x] a UFD.

1.39 Corollary K a field =⇒ K[x1, . . . , xn] a UFD.
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1.38 Theorem (Lemma of Gauß)
R a UFD =⇒ R[x] a UFD.

1.39 Corollary K a field =⇒ K[x1, . . . , xn] a UFD.

1.40 Corollary R[x] is a PID ⇐⇒ R is a field.
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1.38 Theorem (Lemma of Gauß)
R a UFD =⇒ R[x] a UFD.

1.39 Corollary K a field =⇒ K[x1, . . . , xn] a UFD.

1.40 Corollary R[x] is a PID ⇐⇒ R is a field.

In particular, K[x1, . . . , xn] is not a PID for n ≥ 2.
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1.38 Theorem (Lemma of Gauß)
R a UFD =⇒ R[x] a UFD.

1.39 Corollary K a field =⇒ K[x1, . . . , xn] a UFD.

1.40 Corollary R[x] is a PID ⇐⇒ R is a field.

In particular, K[x1, . . . , xn] is not a PID for n ≥ 2.

1.41 Theorem

Z
[

1+
√
−19

2

]

is a PID, but not Euclidean.
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1.45 Remark
We have seen in Theorem 1.41, Corollary 1.39 and 1.40 that:

R is Euclidean =⇒ R is a PID =⇒ R is a UFD,

but

R is Euclidean 6⇐= R is a PID 6⇐= R is a UFD.
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1.42 Proposition Let R be an ID.

Then R is a PID ⇐⇒ ∃ α : R → N such that
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1.42 Proposition Let R be an ID.

Then R is a PID ⇐⇒ ∃ α : R → N such that

∀ 0 6= b 6 | a ∃ u, v ∈ R : α(0) < α(ua − vb) < α(b).
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1.42 Proposition Let R be an ID.

Then R is a PID ⇐⇒ ∃ α : R → N such that

∀ 0 6= b 6 | a ∃ u, v ∈ R : α(0) < α(ua − vb) < α(b).

Idea: g = ua − vb ∈ gcd(a, b) and 〈g〉 = 〈a, b〉!
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1.42 Proposition Let R be an ID.

Then R is a PID ⇐⇒ ∃ α : R → N such that

∀ 0 6= b 6 | a ∃ u, v ∈ R : α(0) < α(ua − vb) < α(b).

Idea: g = ua − vb ∈ gcd(a, b) and 〈g〉 = 〈a, b〉!

1.43 Proposition R be Euclidean, 0 6= p ∈ R \ R∗ minimal w.r.t ν,
π : R → R/〈p〉 : a 7→ a. Then:
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1.42 Proposition Let R be an ID.

Then R is a PID ⇐⇒ ∃ α : R → N such that

∀ 0 6= b 6 | a ∃ u, v ∈ R : α(0) < α(ua − vb) < α(b).

Idea: g = ua − vb ∈ gcd(a, b) and 〈g〉 = 〈a, b〉!

1.43 Proposition R be Euclidean, 0 6= p ∈ R \ R∗ minimal w.r.t ν,
π : R → R/〈p〉 : a 7→ a. Then:

a. p is prime & K = R/〈p〉 is a field.
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1.42 Proposition Let R be an ID.

Then R is a PID ⇐⇒ ∃ α : R → N such that

∀ 0 6= b 6 | a ∃ u, v ∈ R : α(0) < α(ua − vb) < α(b).

Idea: g = ua − vb ∈ gcd(a, b) and 〈g〉 = 〈a, b〉!

1.43 Proposition R be Euclidean, 0 6= p ∈ R \ R∗ minimal w.r.t ν,
π : R → R/〈p〉 : a 7→ a. Then:

a. p is prime & K = R/〈p〉 is a field.

b. a ∈ R =⇒ a = q · p + r with r = 0 or r ∈ R∗.
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1.42 Proposition Let R be an ID.

Then R is a PID ⇐⇒ ∃ α : R → N such that

∀ 0 6= b 6 | a ∃ u, v ∈ R : α(0) < α(ua − vb) < α(b).

Idea: g = ua − vb ∈ gcd(a, b) and 〈g〉 = 〈a, b〉!

1.43 Proposition R be Euclidean, 0 6= p ∈ R \ R∗ minimal w.r.t ν,
π : R → R/〈p〉 : a 7→ a. Then:

a. p is prime & K = R/〈p〉 is a field.

b. a ∈ R =⇒ a = q · p + r with r = 0 or r ∈ R∗.

c. π(R∗) = K∗.
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Proof of Theorem 1.41, see [Bru00]:

Define a Norm N : R → N on R = Z[ω], ω = 1+
√
−19

2
by

N(a + bω) = |a + bω|2

PID’s, UFD’s and Euclidean Rings Kaiserslautern, November, 2005 – p. 15



PID’s, UFD’s and Euclidean Rings

Proof of Theorem 1.41, see [Bru00]:

Define a Norm N : R → N on R = Z[ω], ω = 1+
√
−19

2
by

N(a + bω) = |a + bω|2 =

(

a +
b

2

)2

+19·b
2

4
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Proof of Theorem 1.41, see [Bru00]:

Define a Norm N : R → N on R = Z[ω], ω = 1+
√
−19

2
by

N(a + bω) = |a + bω|2 =

(

a +
b

2

)2

+19·b
2

4
= a2+ab+5b2 ∈ N.
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Proof of Theorem 1.41, see [Bru00]:

Define a Norm N : R → N on R = Z[ω], ω = 1+
√
−19

2
by

N(a + bω) = |a + bω|2 =

(

a +
b

2

)2

+19·b
2

4
= a2+ab+5b2 ∈ N.

Claim: R∗ = {1,−1} = {x ∈ R | N(x) = 1}.
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Proof of Theorem 1.41, see [Bru00]:

Define a Norm N : R → N on R = Z[ω], ω = 1+
√
−19

2
by

N(a + bω) = |a + bω|2 =

(

a +
b

2

)2

+19·b
2

4
= a2+ab+5b2 ∈ N.

Claim: R∗ = {1,−1} = {x ∈ R | N(x) = 1}.

1 = x · y =⇒ 1 = |x|2 · |y|2 with |x|2, |y|2 ∈ N.
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Proof of Theorem 1.41, see [Bru00]:

Define a Norm N : R → N on R = Z[ω], ω = 1+
√
−19

2
by

N(a + bω) = |a + bω|2 =

(

a +
b

2

)2

+19·b
2

4
= a2+ab+5b2 ∈ N.

Claim: R∗ = {1,−1} = {x ∈ R | N(x) = 1}.

1 = x · y =⇒ 1 = |x|2 · |y|2 with |x|2, |y|2 ∈ N.

Thus:

1 = |x|2 = N(x) =

(

a +
b

2

)2

+ 19 · b2

4
.
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Proof of Theorem 1.41, see [Bru00]:

Define a Norm N : R → N on R = Z[ω], ω = 1+
√
−19

2
by

N(a + bω) = |a + bω|2 =

(

a +
b

2

)2

+19·b
2

4
= a2+ab+5b2 ∈ N.

Claim: R∗ = {1,−1} = {x ∈ R | N(x) = 1}.

1 = x · y =⇒ 1 = |x|2 · |y|2 with |x|2, |y|2 ∈ N.

And hence if x = a + b · ω:

b2 = 0,

(

a +
b

2

)2

= 1 =⇒ b = 0, a ∈ {1,−1}.
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Claim: 2 and 3 are irreducible.

2 = x · y, =⇒ 4 = |x|2 · |y|2 = N(x) · N(y),
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Claim: 2 and 3 are irreducible.

2 = x · y, x, y 6∈ R∗ =⇒ 4 = |x|2 · |y|2 = N(x) · N(y),

with N(x), N(y) > 1
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Claim: 2 and 3 are irreducible.

2 = x · y, x, y 6∈ R∗ =⇒ 4 = |x|2 · |y|2 = N(x) · N(y),

with N(x), N(y) > 1

=⇒ 2 = N(x)
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Claim: 2 and 3 are irreducible.

2 = x · y, x, y 6∈ R∗ =⇒ 4 = |x|2 · |y|2 = N(x) · N(y),

with N(x), N(y) > 1

=⇒ 2 = N(x) = N(a + b · ω) =

(

a +
b

2

)2

+
19

4
· b2.
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Claim: 2 and 3 are irreducible.

2 = x · y, x, y 6∈ R∗ =⇒ 4 = |x|2 · |y|2 = N(x) · N(y),

with N(x), N(y) > 1

=⇒ 2 = N(x) = N(a + b · ω) =

(

a +
b

2

)2

+
19

4
· b2.

=⇒ b = 0
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Claim: 2 and 3 are irreducible.

2 = x · y, x, y 6∈ R∗ =⇒ 4 = |x|2 · |y|2 = N(x) · N(y),

with N(x), N(y) > 1

=⇒ 2 = N(x) = N(a + b · ω) =

(

a +
b

2

)2

+
19

4
· b2.

=⇒ b = 0 =⇒ a2 = 2 & a ∈ Z    
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Claim: 2 and 3 are irreducible.

2 = x · y, x, y 6∈ R∗ =⇒ 4 = |x|2 · |y|2 = N(x) · N(y),

with N(x), N(y) > 1

=⇒ 2 = N(x) = N(a + b · ω) =

(

a +
b

2

)2

+
19

4
· b2.

=⇒ b = 0 =⇒ a2 = 2 & a ∈ Z    

The proof for 3 works analogously.
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Claim: R is not Euclidean.
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Claim: R is not Euclidean.

Suppose R was Euclidean and choose p ∈ R as in 1.43.
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Claim: R is not Euclidean.

Suppose R was Euclidean and choose p ∈ R as in 1.43.

I.e. 0 6= p ∈ R minimal w.r.t. ν and then

p is prime.

K = R/〈p〉 is field.

a ∈ R =⇒ a = q · p + r with r = 0 or r ∈ R∗.

|K∗| ≤ |R∗|.
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Claim: R is not Euclidean.

Suppose R was Euclidean and choose p ∈ R as in 1.43.

=⇒ |R/〈p〉| = |K| ≤ |R∗| + 1 = 3.

PID’s, UFD’s and Euclidean Rings Kaiserslautern, November, 2005 – p. 17



PID’s, UFD’s and Euclidean Rings

Claim: R is not Euclidean.

Suppose R was Euclidean and choose p ∈ R as in 1.43.

=⇒ |R/〈p〉| = |K| ≤ |R∗| + 1 = 3.

Note:

|R/〈2〉| =
∣

∣

∣

{

0, 1,
√
−19, 1 +

√
−19

}∣

∣

∣
= 4

and

|R/〈3〉| =
∣

∣

∣

{

0, 1, 2,
√
−19, 1 +

√
−19, 2 +

√
−19

}∣

∣

∣
= 6.
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Claim: R is not Euclidean.

Suppose R was Euclidean and choose p ∈ R as in 1.43.

=⇒ |R/〈p〉| = |K| ≤ |R∗| + 1 = 3.

Hence:
〈2〉 6= 〈p〉 6= 〈3〉.
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Claim: R is not Euclidean.

Suppose R was Euclidean and choose p ∈ R as in 1.43.

=⇒ |R/〈p〉| = |K| ≤ |R∗| + 1 = 3.

Hence:
〈2〉 6= 〈p〉 6= 〈3〉.

In particular:

2 = q · p + r with r 6= 0
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Claim: R is not Euclidean.

Suppose R was Euclidean and choose p ∈ R as in 1.43.

=⇒ |R/〈p〉| = |K| ≤ |R∗| + 1 = 3.

Hence:
〈2〉 6= 〈p〉 6= 〈3〉.

In particular:

2 = q · p + r with r 6= 0 =⇒ r ∈ R∗ = {1,−1}.
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Claim: R is not Euclidean.

Suppose R was Euclidean and choose p ∈ R as in 1.43.

=⇒ |R/〈p〉| = |K| ≤ |R∗| + 1 = 3.

Hence:
〈2〉 6= 〈p〉 6= 〈3〉.

In particular:

2 = q · p + r with r 6= 0 =⇒ r ∈ R∗ = {1,−1}.

=⇒
{

q · p = 1    to p prime,

PID’s, UFD’s and Euclidean Rings Kaiserslautern, November, 2005 – p. 17



PID’s, UFD’s and Euclidean Rings

Claim: R is not Euclidean.

Suppose R was Euclidean and choose p ∈ R as in 1.43.

=⇒ |R/〈p〉| = |K| ≤ |R∗| + 1 = 3.

Hence:
〈2〉 6= 〈p〉 6= 〈3〉.

In particular:

2 = q · p + r with r 6= 0 =⇒ r ∈ R∗ = {1,−1}.

=⇒
{

q · p = 1    to p prime,

q · p = 3 ⇒ p | 3    to 3 irred. & 〈p〉 6= 〈3〉.

PID’s, UFD’s and Euclidean Rings Kaiserslautern, November, 2005 – p. 17



PID’s, UFD’s and Euclidean Rings

Claim:

∀ x, y ∈ R : 0 6= y 6 | x ∃ u, v ∈ R : 0 <

∣

∣

∣

∣

u · x

y
− v

∣

∣

∣

∣

2

< 1.
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Claim:

∀ x, y ∈ R : 0 6= y 6 | x ∃ u, v ∈ R : 0 <

∣

∣

∣

∣

u · x

y
− v

∣

∣

∣

∣

2

< 1.

Note:

x

y
∈ Q[ω] =⇒ ∃ a′, b′, a, b, q, s ∈ Z with 0 ≤ a < q, 0 ≤ b < s,

1 ∈ gcd(a, q) and 1 ∈ gcd(b, s)

such that
x

y
=

(

a′ +
a

q

)

+

(

b′ +
b

s

)

· ω.

PID’s, UFD’s and Euclidean Rings Kaiserslautern, November, 2005 – p. 18



PID’s, UFD’s and Euclidean Rings

Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

=
(

a′ + a
q

)

+
(

b′ + b
s

)

· ω.
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

=
(

a′ + a
q

)

+
(

b′ + b
s

)

· ω.

If u′, v′ ∈ R such that

0 <

∣

∣

∣

∣

u′ ·
(

a

q
+

b

s
· ω

)

− v′
∣

∣

∣

∣

< 1,
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

=
(

a′ + a
q

)

+
(

b′ + b
s

)

· ω.

If u′, v′ ∈ R such that

0 <

∣

∣

∣

∣

u′ ·
(

a

q
+

b

s
· ω

)

− v′
∣

∣

∣

∣

< 1,

then u = u′ and v = v′ + u′ · (a′ + b′ · ω) works, since

u · x

y
−v = u′ ·

(

a

q
+

b

s
· ω

)

+ u′ · (a′ + b′ · ω)−v′ − u′ · (a′ + b′ · ω)
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

=
(

a′ + a
q

)

+
(

b′ + b
s

)

· ω.

If u′, v′ ∈ R such that

0 <

∣

∣

∣

∣

u′ ·
(

a

q
+

b

s
· ω

)

− v′
∣

∣

∣

∣

< 1,

then u = u′ and v = v′ + u′ · (a′ + b′ · ω) works, since

u · x

y
− v = u′ ·

(

a

q
+

b

s
· ω

)

− v′.
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

=
(

a′ + a
q

)

+
(

b′ + b
s

)

· ω.

If u′, v′ ∈ R such that

0 <

∣

∣

∣

∣

u′ ·
(

a

q
+

b

s
· ω

)

− v′
∣

∣

∣

∣

< 1,

then u = u′ and v = v′ + u′ · (a′ + b′ · ω) works, since

u · x

y
− v = u′ ·

(

a

q
+

b

s
· ω

)

− v′.

We may, therefore, assume that a′ = b′ = 0.
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω and

0 ≤ a < q,

0 ≤ b < s,

1 ∈ gcd(a, q), and

1 ∈ gcd(b, s).
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω

1st Case b = 0: Then u = 1 and v = 0 works.
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω

1st Case b = 0: Then u = 1 and v = 0 works.

2nd Case b 6= 0, q 6 | s: Then

q 6 | s · a =⇒ ∃ 0<d<q, c ∈ Z : sa = cq + d,
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω

1st Case b = 0: Then u = 1 and v = 0 works.

2nd Case b 6= 0, q 6 | s: Then

q 6 | s · a =⇒ ∃ 0<d<q, c ∈ Z : sa = cq + d,

and u = s and v = c + bω works:
∣

∣

∣

∣

s · x

y
− (c + bω)

∣

∣

∣

∣

2

=

∣

∣

∣

∣

sa

q
+ bω − c − bω

∣

∣

∣

∣

2

=

∣

∣

∣

∣

d

q

∣

∣

∣

∣

2

.
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

1st Case b = 0: Then u = 1 and v = 0 works.

2nd Case b 6= 0, q 6 | s: Then u = s and v = c + bω works.

3rd Case b 6= 0, q | s, s > 2:
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

3rd Case b 6= 0, q | s, s > 2: Then

1 ∈ gcd(s, b) =⇒ ∃ m ∈ Z : m · b ≡ 1 (mod s)
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

3rd Case b 6= 0, q | s, s > 2: Then

1 ∈ gcd(s, b) =⇒ ∃ m ∈ Z : m · b ≡ 1 (mod s)

=⇒ ma

q
+

mb

s
· ω =

(

l +
a1

a2

)

+

(

k +
1

s

)

· ω

for suitable l, k, a1, a2 ∈ Z such that
∣

∣

a1

a2

∣

∣ ≤ 1

2
.
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

3rd Case b 6= 0, q | s, s > 2:

ma

q
+

mb

s
· ω =

(

l +
a1

a2

)

+

(

k +
1

s

)

· ω with
∣

∣

∣

∣

a1

a2

∣

∣

∣

∣

≤ 1

2
.

Then u = m and v = l + kω works:
∣

∣

∣

∣

u · x

y
− v

∣

∣

∣

∣

2

=

∣

∣

∣

∣

a1

a2

+
1

s
· 1 +

√
−19

2

∣

∣

∣

∣

2
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

3rd Case b 6= 0, q | s, s > 2:

ma

q
+

mb

s
· ω =

(

l +
a1

a2

)

+

(

k +
1

s

)

· ω with
∣

∣

∣

∣

a1

a2

∣

∣

∣

∣

≤ 1

2
.

Then u = m and v = l + kω works:
∣

∣

∣

∣

u · x

y
− v

∣

∣

∣

∣

2

=

∣

∣

∣

∣

a1

a2

+
1

s
· 1 +

√
−19

2

∣

∣

∣

∣

2

=

(

a1

a2

+
1

2s

)2

+
19

4s2

PID’s, UFD’s and Euclidean Rings Kaiserslautern, November, 2005 – p. 21



PID’s, UFD’s and Euclidean Rings

Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

3rd Case b 6= 0, q | s, s > 2:

ma

q
+

mb

s
· ω =

(

l +
a1

a2

)

+

(

k +
1

s

)

· ω with
∣

∣

∣

∣

a1

a2

∣

∣

∣

∣

≤ 1

2
.

Then u = m and v = l + kω works:
∣

∣

∣

∣

u · x

y
− v

∣

∣

∣

∣

2

=

∣

∣

∣

∣

a1

a2

+
1

s
· 1 +

√
−19

2

∣

∣

∣

∣

2

=

(

a1

a2

+
1

2s

)2

+
19

4s2

=
a2

1

a2
2

+
a1

a2s
+

20

4s2
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

3rd Case b 6= 0, q | s, s > 2:

ma

q
+

mb

s
· ω =

(

l +
a1

a2

)

+

(

k +
1

s

)

· ω with
∣

∣

∣

∣

a1

a2

∣

∣

∣

∣

≤ 1

2
.

Then u = m and v = l + kω works:

0 6=
∣

∣

∣

∣

u · x

y
− v

∣

∣

∣

∣

2

=

∣

∣

∣

∣

a1

a2

+
1

s
· 1 +

√
−19

2

∣

∣

∣

∣

2

=

(

a1

a2

+
1

2s

)2

+
19

4s2

=
a2

1

a2
2

+
a1

a2s
+

20

4s2
≤ 1

4
+

1

6
+

20

36
=

35

36
< 1.
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

1st Case b = 0: Then u = 1 and v = 0 works.

2nd Case b 6= 0, q 6 | s: Then u = s and v = c + bω works.

3rd Case b 6= 0, q | s, s > 2: Then u = m, v = l + kω works.

4th Case b 6= 0, q | s, s = 2:
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

4th Case b 6= 0, q | s, s = 2: Then q = s = 2

=⇒







x
y

= ω
2

=⇒ u = 1 + ω, v = −2 + ω

x
y

= 1+ω
2

=⇒ u = ω, v = −2 + ω







works, since:
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Aim: 0 <
∣

∣

∣
u · x

y
− v

∣

∣

∣

2

< 1 where x
y

= a
q

+ b
s
· ω.

4th Case b 6= 0, q | s, s = 2: Then q = s = 2

=⇒







x
y

= ω
2

=⇒ u = 1 + ω, v = −2 + ω

x
y

= 1+ω
2

=⇒ u = ω, v = −2 + ω







works, since:

0 6=
∣

∣

∣

∣

u · x

y
− v

∣

∣

∣

∣

2

=

∣

∣

∣

∣

−1

2

∣

∣

∣

∣

2

=
1

4
< 1,
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This proves the claim:

∀ x, y ∈ R : 0 6= y 6 | x ∃ u, v ∈ R : 0 <

∣

∣

∣

∣

u · x

y
− v

∣

∣

∣

∣

2

< 1.
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This proves the claim:

∀ x, y ∈ R : 0 6= y 6 | x ∃ u, v ∈ R : 0 <

∣

∣

∣

∣

u · x

y
− v

∣

∣

∣

∣

2

< 1.

and hence

Proposition 1.42 with α = N =⇒ R is a PID!
2
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1.45 Remark

a. |K : Q| = 2 ⇐⇒ K = Q
[
√

d
]

, 0, 1 6= d ∈ Z squarefree.
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1.45 Remark

a. |K : Q| = 2 ⇐⇒ K = Q
[
√

d
]

, 0, 1 6= d ∈ Z squarefree.

b. Z[ωd] =
{

a ∈ Q
[
√

d
] ∣

∣ a integral} for

ωd =







√
d, d ≡ 2, 3 (mod 4)

1+
√

d
2

, d ≡ 1 (mod 4).
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1.45 Remark

a. |K : Q| = 2 ⇐⇒ K = Q
[
√

d
]

, 0, 1 6= d ∈ Z squarefree.

b. Z[ωd] =
{

a ∈ Q
[
√

d
] ∣

∣ a integral}
c. Z[ωd] is a UFD ⇐⇒ Z[ωd] is a PID.
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1.45 Remark

a. |K : Q| = 2 ⇐⇒ K = Q
[
√

d
]

, 0, 1 6= d ∈ Z squarefree.

b. Z[ωd] =
{

a ∈ Q
[
√

d
] ∣

∣ a integral}
c. Z[ωd] is a UFD ⇐⇒ Z[ωd] is a PID.

d. If d ≤ −1 then
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1.45 Remark

a. |K : Q| = 2 ⇐⇒ K = Q
[
√

d
]

, 0, 1 6= d ∈ Z squarefree.

b. Z[ωd] =
{

a ∈ Q
[
√

d
] ∣

∣ a integral}
c. Z[ωd] is a UFD ⇐⇒ Z[ωd] is a PID.

d. If d ≤ −1 then

Z[ωd] UFD ⇐⇒ d ∈ {−1,−2,−3,−7,−11,−19,−43,−67,−163},
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1.45 Remark

a. |K : Q| = 2 ⇐⇒ K = Q
[
√

d
]

, 0, 1 6= d ∈ Z squarefree.

b. Z[ωd] =
{

a ∈ Q
[
√

d
] ∣

∣ a integral}
c. Z[ωd] is a UFD ⇐⇒ Z[ωd] is a PID.

d. If d ≤ −1 then

Z[ωd] UFD ⇐⇒ d ∈ {−1,−2,−3,−7,−11,−19,−43,−67,−163},

and

Z[ωd] is Euclidean ⇐⇒ d ∈ {−1,−2,−3,−7,−11}.
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