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Exercise 4: Let R be a ring. Obviously R — R[xj,...,X,] : a — a is a ring homomor-

phism and thus makes R[xq,...,x,] an R-algebra.

a. Show that R[xs,...,x,] satisfies the following universal property: if (R’, @) is
any R-algebra and aj,...,a, € R’ are given, then there is a unique R-algebra

homomorphism « : R[xq,...,x,] = R’ such that «(x;) =a; foralli=1,... n.
b. Let I<JR[xy,...,x,] and ] <R[yy,...,yml. Show that the following are equivalent:

(@ @ :Rx,...,x2/I = Rly1,...,yml/] is an R-algebra homomorphism

(b) There are fy,...,f, € Rlyy,...,yml such that g(f;,...,f,) € Jforall g € [ and
@(g) =g(fy,...,f,) forall g € Rlxs,...,x,.]/L

(c) There is an R-algebra homomorphism 1 : R[xj,...,xn] — Rly1,...,ym] such
that Y(I) C J and ¢(g) =¥(g).

Note, a. means: we may uniquely define an R-algebra homomorphism on Rlx1 ..., xn] by just specifying the images of the x;!
Exercise 5: Let R be aring and [, J;,...,J,, <R. Show that:

a. I: (Z{; Ji) = ﬂ?:1(1 i)

b (M) : 1= N e D.

c. vVIin...0Tw=vhin...0vVh.

d. vIi+.. .+ 2V +... + V]

Exercise 6: Let R be a ring and f = Z:f:o a,x" € R[[x]] a formal power series over
R. Show:

a. f is a unit if and only if a4 is a unit in R.

b. What are the units in K[[x]] if K is a field?

c. x is not a zero-divisor in R[[x]].

d. If f is nilpotent, then a, is nilpotent for all n. Is the converse true?

Hint for a., consider first the case ap = 1 and recall that 11—){ =3y % X"



