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Exercise 1: Let0#f =} T (ax* € R[xy,...,xn] be a polynomial over the ring R.
Recall:
deg(f) := max{|«f | ay # 0}

is the degree of f, and we set deg(0) = —oo. Show for f,g € Rlxq,...,x,]:
a. deg(f + g) < max{deg(f), deg(g)}.
b. deg(f - g) < deg(f) + deg(g).
c. deg(f-g) = deg(f) +deg(g), if R is an integral domain.

Note, R is an integral domain if r- ' = 0 for r,7/ € R implies that + = 0 or ' = 0.

Exercise 2: Let K be a ring, d € N, and

a(XEK}.

We call the elements of K[x;,...,x,]q homogeneous of degree d.

K[X1)"'>Xn]d{ Z a(X'X?q'”X’fl(n

|&|=01 +...4an=d

a. Show that every polynomial 0 # f € K[xy,...,x,] of degree d admits a unique
decomposition f = fo+ ...+ fq with f; € K[xq,...,x,];. We call the f; the homoge-

neous summands of f.

b. An ideal I <Klx4,...,x,] is called homogeneous, if f € I implies that the homo-

geneous summands of f belong to I.

Show that I is homogeneous if and only if I is generated by homogeneous
elements.

Exercise 3: [The field K{{t}}]

a. We call A C R suitable if A is infinite countable, bounded from below, and has
no limit point, and we then set A := {A C R | A is suitable}. Show that for
A,Bec A

A+B:=AUBeA and Ax«B:={a+blacAbeB}c A



b. Let K be any field and consider the set
K{{t]={f: R=>K[|dJAcA: fla)=0VadgA}
We define two binary operations on K{{t}}:
f+g:R—K:a— f(a) +g(x)

and
f*g:]R—)K:O('—)Zf(‘X—Y)'Q(V))

YER
note for the latter that for a fixed « only finitely many summands are non-zero!

Show that (K{{t}}, +, *) is a field.

Hint for part b., show first that (K{{t}}, +) is a subgroup of (K® +). The hard part is to show that every non-zero element of

K{{t}} has an inverse. For this consider first the case that f(«) =0 for « < 0 and f(0) = 1, and use the geometric series.

Remark 1

Let (otn)nen € RN be a sequence of real numbers. We define
an 00 <= (n)nen is strictly monotonously increasing and unbounded,
and we set A := {(an)new € RN | &, 00}. Obviously,
DO:A— A: (dn)nen — {on |1 € N}
is bijective.
For (atn)new € RN and (an)new € KN we define

o .

a if x =«
Zan't““:RHK:O(H{ w ™
n=0

That is, we use the “sequence” in order to store the values of a funciton in such a

0, else.

way, that the value at «,, is just the coefficient at t**. Thus

K{th ={f:R—=K|Jan Noo: f(a) =0V a &{on | n € N}}

o0
n=0

Given f =Y 2 jan-t™,g=>3 > b, tP e K{{t}.

mn

ocn/oo,anEK}.

a. f = g if and only if a,, = b,, whenever «, = (3,, and if a; = b; = 0 if there is no

matching.
b. f*g = Z:f:o (Z(Xi“‘ﬁjj]/n ai'bj) A, where ('Yn)nelN = (D71 ((D(((xn)nelN)*(D((Bn)nelN))-

c. T+ g= Z;O:O (f(’Yn) + Q(Yn)) -t where (’Yn)nelN = (D71 (q)((‘xn)nE]N) + q)((f’n)ne]N))-

d fay=0and ap=1,thenf =3 (-3, a-t9)"

n=0



