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The in-class exercises need not be handed in for marking. They should be dis-
cussed in class. No rigorous proofs are expected for these.

Exercise 4: Let R be a ring. Obviously R < R[xy,...,X,] : a — a is a ring homomor-
phism and thus makes R[x;,...,x,] an R-algebra.

a. Show that R[xy,...,x,] satisfies the following universal property: if (R, @) is
any R-algebra and ay,...,qa, € R’ are given, then there is a unique R-algebra
homomorphism «: R[xi,...,x,] — R’ such that «(x;) =qa; foralli=1,...,n.

b. Let I<R[xq,...,x,] and J<IR[ys,...,yn] and let @ : R[xq,...,x.]/T = Rly1,...,yml/].
Show that the following are equivalent:

(@) ¢ is an R-algebra homomorphism

(b) There are fy,...,f, € Rlys,...,yn] such that g(fi,...,f,) € J for all g € I and
o(g) = g(f1,...,fy) for all g € Rxq,...,x,]/1.

(c) There is an R-algebra homomorphism v : R[xy,...,x,] — Rlys,...,ym] such
that {(I) € J and ¢(g) = ¥(g).

Note, a. means: we may uniquely define an R-algebra homomorphism on Rlxi, ..., xn] by just specifying the images of the x;!
Exercise 5: Let R be aring and [, J;,...,J, <R. Show that:

a. I: (ZL Ji) = ﬂ?:]“ :Ji).

b. (N i) s T=NE, i D.

c. vVIiin...0Jha=vhHn...0 V7.

d.- VIi+...+ w2 Vhi+.o .+ V]

Exercise 6: Let Rbearingand f=) > a,x" € R[[x]] a formal power series over R.
Show:

a. fis a unit if and only if q, is a unit in R.

b. What are the units in K[[x]] if K is a field?

c. x is not a zero-divisor in R[[x]].

d. If f is nilpotent, then a, is nilpotent for all n. Is the converse true?

Hint for a., consider first the case ap = 1 and recall that 11—)( =3 2 xm



In class exercise 4: Consider the ring extension
L:Z—%Zyz{% ‘TLEO,ZEZ}ZZHZ
and the ideals I = (84) <Z and | = (15) < Z;. Give generators I¢, I*, J¢, and J°.

In class exercise 5: Does the following equality of ideals hold in the polynomial
ring C[x,yl:
(¢ =ty =Xy — Y,y —y) = (K y) N =Ty — ).

In class exercise 6: What are the prime ideals in C[x,y] containing the ideal I =
(x*y —x?).



