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Exercise 24: Let R ⊆ R ′ ⊆ R ′′ be rings, R ′′ = R[a1, . . . , an] a finitely generated R-

algebra and R ′′ finitely generated as an R ′-module. Show, if R noetherian, then R ′ is

finitely generated as an R-algebra and noetherian.

Recall, R[a1, . . . , an] = {f(a1, . . . , an) | f ∈ R[x1, . . . , xn]} is the set of all polynomial expressions in a1, . . . , an with coefficients in

R. Hint, if R ′′ = 〈b1, . . . , bm〉R ′ , then write ai and bi ·bj as linear combinations of the bν and consider the R-algebra generated

by the coefficients.

Exercise 25:

a. Let ϕ : R → R ′ be a ring homomorphism and Q � R ′ a P-primary ideal. Show

that Qc = ϕ−1(Q) is Pc = ϕ−1(P)-primary.

b. Let R be a ring, P ∈ Spec(R), and n ≥ 1. Show that the symbolic power P(n) :=

{a ∈ R | ∃ s ∈ R \ P : s · a ∈ Pn} is a P-primary ideal.

Note, if ι : R→ RP : a 7→ a
1

, then P(n) =
(
(Pn)e

)c
= ι−1

(
〈Pn〉RP

)
.

Exercise 26: Find a minimal primary decomposition of I = 〈6〉� Z
[√

−5
]
.

Hint, consider the ideals P =
〈
2, 1 +

√
−5

〉
, Q =

〈
3, 1 +

√
−5

〉
, and Q ′ =

〈
3, 1 −

√
−5

〉
. You may use Proposition 5.4.

Exercise 27: Let R = K[x, y, z] for some field K. Calculate a primary decomposition

of J = 〈xz− y2, y− x2〉.
Hint, consider ϕ : R → K[x] with x 7→ x, y 7→ x2, z 7→ x3, P = ker(ϕ), and Q = 〈x, y〉. Show that ker(ϕ) = 〈y − x2, z − x3〉 using

division with remainder.

In class exercise 19: Find the primary decomposition of 〈x3y2 − xy4〉 in K[x, y].

In class exercise 20: Find the primary decomposition of 〈x2 − x, xy− x〉 in K[x, y].

In class exercise 21: Find the primary decomposition of the ideal 〈x3 − x2 − x +
1, x2y− x2 − 2xy+ 2x+ y− 1, xy+ y, y2 − y〉 in K[x, y] and in K[x, y]x+1.


