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Exercise 34: Which of the following ring extensions is integral?

a. K[x] ↪→ K[x, y, z]/〈z2 − xy, y3 − x2〉 : x 7→ x.

b. K[x] ↪→ K[x, y, z]/〈z2 − xy, x3 − yz〉 : x 7→ x.

Exercise 35: Let K be a field and K its algebraic closure and let f ∈ K[x1, . . . , xn].

a. Show that K[x1, . . . , xn] is integral over K[x1, . . . , xn].

b. Show that K[x1, . . . , xn]/〈f〉 is integral over K[x1, . . . , xn]/〈f〉.

Exercise 36: [Rings of Invariants]

Let G be a finite group, R = K
[
x
]
/I a finitely generated K-algebra, G → AutK−alg(R) a

group homomorphism (we say that G acts on R via K-algebra automorphisms), and

write g · f := α(g)(f) for g ∈ G and f ∈ R. Moreover, let RG = {f ∈ R | g · f = f ∀ g ∈ G},
the ring of invariants of G in R.

a. Show that R is integral over RG.

b. Show that RG is a finitely generated K-algebra, hence noetherian.

Hint, use Exercise 24 to solve part b.

In class exercise 24: [Remark: the results are needed for Exercise 34 and In Class Exercie 25.]

a. Let Mon(x) = {xα | α ∈ Nn} and Mon(f) = {xα | aα 6= 0} for 0 6= f =
∑

α aαx
α ∈ K[x].

We define a well-ordering on Mon(x) by

xα > xβ ⇐⇒ deg(xα) > deg(xβ) or

(deg(xα) = deg(xβ) and ∃ i : α1 = β1, . . . , αi−1 = βi−1, αi > βi),

and we call lm(f) = max
(
Mon(f)) the leading monomial of f.

Show, (xα > xβ =⇒ xα · xγ > xβ · xγ), and thus lm(f · g) = lm(f) · lm(g).

b. Let K ⊆ L be a field extension and let f ∈ K[x1, . . . , xn]. Show that

f · L[x1, . . . , xn] ∩ K[x1, . . . , xn] = f · K[x1, . . . , xn].



In class exercise 25: Consider the group homomorphism

Sym(n) −→ AutK−alg
(
K[x1, . . . , xn]

)
: σ 7→ (f 7→ f(xσ(1), . . . , xσ(n)),

and the polynomial (X+ x1) · · · (X+ xn) = X
n + s1X

n−1 + . . .+ sn ∈ K[x1, . . . , xn][X].

a. Show, that xα = lm(f) for f ∈ K[x1, . . . , xn]Sym(n) implies α1 ≥ . . . ≥ αn

b. Show, that for f ∈ K[x1, . . . , xn]Sym(n) there is a g ∈ K[s1, . . . , sn] such that lm(f) =

lm(g).

c. Show, K[x1, . . . , xn]Sym(n) = K[s1, . . . , sn].

Hint, for part c. do induction on lm(f) for f ∈ K[x1, . . . , xn]Sym(n) in order to show that actually f ∈ K[s1, . . . , sn]. Note that

si =
∑

1≤j1<...<ji≤n

xj1 · · · xji , so what is lm(si)?


