5 Operations of Ideals and Submodules

5.4 Algorithm (Radical Membership)

Input: g € Klz|, G = (f1,..., fr), fi € K|z] \ {0}, > any monomial orderi:
Output: 1if g € \/(G)g(y. and 0 else.

Instructions:

e Choose any elimination ordering >; on Mon(¢,z) w.r.t. t such that >1 cc
e Compute a minimal SB S = (g1,...,q) of (f1,..., fi; 1 = 19) k., Wr
o [Flm(gy) =1

— THEN RETURN(1)
— ELSE RETURN(0)



5.6 Algorithm (Extended Ideal/Submodule Membership)

Input: G = (f1,..., fx), fi € K[z]"\ {0}, g € (G), > a monomial ordering
Output: (u,qi,...,q) € K[z]"" with u € K[z]: st. g = Y.", L fi.

Instructions:

e Compute an SB S of syz(g, fi, ..., fi) with respect to (¢, >) using 5.10.

e Return a syzygy (u, —q1, ..., —q)" € S where u is a unit.



5.8 Algorithm (Elimination of Components)

Input: G = (f1,..., fr), fi € K[z]" \ {0}, s € {1,...,m}, > a monomial o
Output: S, an SB of (G) k. N €D, ;K [z]>

Instructions:

e Choose an elimination ordering >,, on Mon" w.r.t. e1,...,es and >, e.g.
o Compute an SB S of (G) gz Ww.r.t. >

e Return S = (f; € S| Im(f;) does not involve ey, ..., es).



5.10 Algorithm (Syzygies)
Input: G = (f1,..., fx), fi € K|z]™ \ {0}, > a monomial ordering on Mon,,
Output: S, an SB of syz(fi,..., fr) < K[z]* wrt. (c,>)

Instructions (using the notation of 5.9):
e LEliminate ey, ..., e, from M = (i(f;) + ensj | J=1,..., k) gz by 5.8

we get.

e Return S = (7(g) | g € G).



5.13 Algorithm (Elimination of Variables)

Input: G = (f1,..., fr), fi € K[z, y| \ {0}, > a monomial ordering on Mon'

Output: S, an SB of I N Ky|7, where I = (f1,..., fi) Ky~ [z

Instructions:
e Choose any elimination ordering >, on Mon™(z, g) w.r.t. x which coincic
e.g. >p=((>ap,c),> ).

e Compute an SB S" of T w.r.t. >,,.

e Return S = (g € S | Im(g) € K[y]™).



5.18 Algorithm (Intersection)

Input: F = (f1,..., fx),G=(91,---.91), fi»g; € K[z]™, > a monomial ord

Output: S, a generating system of (f1,..., fr) k> N (gL, s 91) K[z~

Instructions: Algorithm I:

e Choose an elimination ordering >, on Mon"™ (¢, z) w.r.t. ¢t which coincide;
e.g. (> c),>).

e Eliminate ¢ from (¢ - f1,.... 0« fr, (L —4) - g1, .., (L = 1) - g1) K[t DY ©
where >1 is induced on Mon(t, z) by >,.

Instructions: Algorithm II:

e Compute with 5.10 an SB S = (s1,..., ;) of

() () ()0

e Return S = (7’((81), L ,W(St)), where 7 projects onto the first m compor



5.21 Algorithm (Quotients)
IHPUt: F = (fh SR f/f)a G = (907 SR 791)7 fiagj S K[Q]m \ {0}7 > a monomi
Output: S, a generating system of I : J < K{z]~, where I = (F) gy and .

Instructions: Algorithm I:
1. FOR i = 0,...,l compute a generating system G of I N (g;) gpy. by 5.1¢

2 FORi:O,...,lsetG;:<% gEGi).

3. e 5y=(Gy)
e FOR i =1,...,l compute a generating system of (S;j_1) x|
e RETURN(S))

N (G} k

>

Instructions: Algorithm II:
1. As in Algorithm I, with G; = (hi1, .. ., hin,).

2. FORi=0,...,1 DO
e Compute a generating system (s;i, .. ., Sit,) of syz(hit, ..., hin,, gi) by

o G\ = (mi(s),...,m(sy,)), where m; projects onto the last componen

3. As in Algorithm 1.



Instructions: Algorithm III:
1. Choose an elimination ordering > on Mon™ (¢, z) w.r.t. ¢ s.t. > coincide

2. Compute a generating system S’ of (I) ey ., N <Z§:o tig¢>K[t | by 5.
L]>

1

3. Divide the elements of S” by Zﬁzo t'g;.
4. Eliminate ¢ from (S") k[t 4., by 5.10.

Instructions: Algorithm IV:

1. Choose an elimination ordering > on Mon" (ty,..., ¢, x) w.rt. (t1,...,

on Mon™(x).

2. Compute a generating system S’ of (I) )., N <g0 + 2221 t¢g¢>K ]

[LE] >1

3. Divide the elements of S by gy + 2221 t;g;.

4. Eliminate ¢y, ..., #; from (8) k4., by 5.10.



5.25 Algorithm (Saturation)

IHPUt: F = (fh . '7f/€)7G — (gla R 791)7fiagj < K[Q]m \ {0}7 > a monoi

Output: (S, N), with S an SB of I : J* and N the saturation index of I w.
where [ = <f17 SR fk:>K[£]> and J = <gla K 7gl>K[£]>

Instructions:

(] IO == I, N = O
e Compute an SB Sy of Iy =1 : J by 5.21 + 4.12.
e WHILE (Sy & Iy, checked by 5.1) DO

— Compute an SB Sy of Iy =1y : J.
— N=N+1.

e RETURN((Sy, N))



5.27 Algorithm (Kernel of a Ringhomomorphism)

IHPUt: F = (fla“'afn)a fZ € K[?J]? G = (gla'“agk)a gi € K[QL H = (hla'

gz’(fla . >fn) S <h17 . '7hl>K[y]'

Output: S, a generating system of ker(y), where

o Kzl — Ky J - T — .

I={g1,...,qr) < Klz] and J = (hy,..., b)) < K[y|.

Instructions:

e Choose an elimination ordering > on Mon(z, y) w.r.t. y inducing a global

e Compute by 5.13 an SB S of
<h17 .- '7hl73:1 - f17 vy fn>K[§,Q] M K[@]

e RETURN(S).



5.30 Algorithm (Algebraic Dependence)

Input: F' = (f1,..., fa), fi € K[y

Output: 0if f1,..., f, are algebraically independent, 1 otherwise

Instructions:

e Compute a generating system S of ker(yp) with ¢ : K[z] — Kly] : x; —

o [F (S=0)

— THEN RETURN(0)
— ELSE RETURN(1)



5.32 Algorithm (Kernel of a Linear Map)

Input: > any monomial ordering on Mon(z),

ofl,...,kaK[@m,
® gi,...,g: € Klz]",
® hy,...,hs € Klz],
o ky,..., k, € K[z] such that Zlekij-fjEMforz'zl,...,r,

where I = (hy, ..., hy)gp., R = Klz|./I and M = (g1, ..., G)r
Output: S = (sy,...,s,;) with s; € K[z]* such that (57,...,5;) is a generat

k
a: RN — R"/M : (@, ....a5) — » @
j=1

where N = (ky, ..., k.)g.

Instructions:
e Compute a generating system (by, ..., b;) of
SyZ(fl,...,fk;,gl,...,gt,hl '61,...,}11 '€m,...,h3'€1,.
e FORi=1,...,7 set s; = m(b;), where 7 projects to the first k& componer

e Return S = (sq,...,5;).



5.33 Algorithm (Solving Linear Systems of Equations)
Input: hy,...,hs € Klz|, A € Mat(m x k, K[z]), b € K[z]™, > a monomia
Output: (y,S) with S = (s1,...,5;), Y0, 51,...,5: € K[z]" and R = K|z]
Wt (.S ={y€ R | A-§=0b},
if A-7y =b is solvable.

Instructions:

e Denote by a’ the i-th column of A fori =1,..., k.
o [F (b€ <Q1,...,Qk,h1°€1,...,h1-em,...,hs-61,...,h5-6m>[([£]*CheC

— THEN compute (y, 2)' € K[z st.b=S" yi-a +3°_ S0

— ELSE return that the system is not solvable.
e Compute a generating system S of ker(a) where oo : R¥ — R™ g+ A

e RETURN((y, S)).



