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The picture on the titlepage shows a singular curve on an affine chart of the Hirze-

bruch surface Fy = P} x P! embedded into P as a quadric.



Preface

The study of families of curves with prescribed singularities has a long tra-
dition. Its foundations were laid by Pliicker, Severi, Segre, and Zariski at
the beginning of the 20th century. Leading to interesting results with appli-
cations in singularity theory and in the topology of complex algebraic curves
and surfaces it has attained the continuous attraction of algebraic geometers
since then.

Throughout this thesis we examine the varieties \/H(S], ..., S;) of irreducible
reduced curves in a fixed linear system |D| on a smooth projective surface X
over C having precisely r singular points of types S, . . ., S, — for a more precise
definition we refer to Chapter I. We are mainly interested in the following
three questions:

(@ IsVG(Sy,...,S,) non-empty?
(b) Is VH(SL ..., S;) T-smooth, that is smooth of the expected dimension?
(¢) IsVEI(Sy,...,S,) irreducible?

That the dimension be the expected one means that the dimension of |D| drops
for each imposed singularity type S; exactly by the number of conditions im-
posed by S; — e. g. a node imposes one condition, a cusp two.

The simplest possible case of nodal plane curves was more or less completely
answered by Severi in the early 20th century. He showed that V|Hﬂ|(rA1)>
where H is a line in P2, is non-empty if and only if

0<r< (d_”é(d_Z)'

Moreover, he showed that Vli({{_”(rAﬂ is T-smooth whenever it is non-empty,

and he claimed that the variety is always irreducible. Harris proved this
claim, which had become known as the Severi Conjecture by then, in 1985
(cf. [Har85b]). Considering more complicated singularities we may no longer
expect such complete answers. Hirano provides in [Hir92] a series of exam-
ples of irreducible cuspidal plane curves of degree d = 2 - 3%, k € N, imposing
more than @ conditions on |dH| — that means in particular, we may hardly
expect to be able to realize all smaller quantities of cusps on an irreducible
curve of degree d. Moreover, we see that Vfg,q‘(rAz) does not necessarily have
the expected dimension — examples of this behaviour were already known
to Segre (cf. [Seg29]). In 1974 Jonathan Wahl (cf. [Wah74b]) showed that
\/‘%4“(3636 - A1,900 - A,) is non-reduced and hence singular. However, its
reduction is smooth. The first example, where also the reduction is singu-
lar, is due to Luengo. In [Lue87a] he shows that the plane curve C given
by x? 4+ z(xz* + y4)2 has a single singular point of simple type Ass and that
I
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\/‘i;:LI(A35) is non-smooth, but reduced at C. Thus also the smoothness will fail
in general. And finally, already Zariski (cf. [Zar35]) knew that \42_%(6 - Ay)
consists of two connected components.

The best we may expect thus is to find numerical conditions, depending on
the divisor D and certain invariants of the singularities, which imply either
of the properties in question. In order to see that the conditions are of the
right kind - we then call them asymptotically proper -, they should not be too
far from necessary conditions respectively they should be nearly fulfilled for
series of counterexamples. Let us make this last statement a bit more precise.
Suppose that D = dL for some fixed divisor L and d > 0. We are looking for
conditions of the kind

D «(S) < p(d),
i=1

where « is some invariant of topological respectively analytical singularity
types and p € R[x] is some polynomial, neither depending on d nor on the
S;. We say that the condition is asymptotically proper, if there is a necessary
condition with the same invariants and a polynomial of the same degree. If
instead we find an infinite series of examples not having the desired property,
where, however, the above inequality is reversed for the same invariants and
some other polynomial of the same degree, we say that at least for the involved
subclass of singularity types, the condition is asymptotically proper. (See also
[Los98] Section 4.1.)

While the study of nodal and cuspidal curves has a long tradition, the con-
sideration of families of more complicated singularities needed a suitable de-
scription of the tangent space of the family at a point, giving a concrete mean-
ing to “the number of conditions imposed by a singularity type”, that is to
the expected dimension of the family. Greuel and Karras in [GrK89] in the
analytical case, Greuel and Lossen in [GrL96] in the topological case iden-
tify the tangent spaces basically with the global sections of the ideal sheaves
of certain zero-dimensional schemes associated to the singularity types (see
Defintion 1.2.7 and Remark 1.2.15). This approach - in combination with a
Viro gluing type method in the existence case - allows to reduce the exis-
tence, T-smoothness and irreducibility problem to the vanishing of certain
cohomology groups. Various efforts in this direction culminate in asymptot-
ically proper conditions for the existence (cf. [GLS98c]) and conditions for
the T-smoothness and irreducibility, which are better than any previously
known ones (cf. [GLS00]). Due to known examples the conditions for the
T-smoothness are even asymptotically proper for simple singularities and or-
dinary multiple points. For an overview on the state of the art in the case of
the plane curves we refer to [GrS99].

While the previous investigations mainly considered curves in PZ, we study
curves on arbitrary smooth projective surfaces and derive results on various



PREFACE III

families of surfaces, in many cases the first results in that direction known on
these surfaces at all.

In Chapter III we study the question of the existence of curves and the main
condition (cf. Corollary I11.2.5), which we derive in the case of topological sin-
gularity types, is of the form

D 5(8) < aD*+ DK+,
i=1

and for analytical singularity types it is of the form
D u(8) < aD*+pD K+,
i=1

for some fixed divisor K and some absolute constants «,  and y, where 5(S;)
is the delta-invariant of S; and u(S;) is its Milnor number. The corresponding
necessary condition

D mS)<2-) 8(S)<D*+DKs+2
i=1 i=1

is of the same asymptotical behaviour.

Also for the main condition

. 2
(Z (T5(S) + 1) + D—fi) < (r+ KT%)Z .D?,
i=1
which we get in Chapter IV for the T-smoothness (cf. Theorem IV.1.1) we can-
not expect to do better in general — here for topological singularity types
T(8;) = 1%(S;) is the codimension of the equisingular stratum of S; in its
semiuniversal deformation, and for analytical types t*(S;) = 1(S;), the Tju-
rina number of S;. In the case of simple singularities on plane curves the
mentioned examples in [GLS00] show that the conditions are asymptotically
proper. However, already for ordinary multiple points this is no longer the
case, as is shown there as well. Still, our results apply to surfaces which
have not been considered before, and even in the well studied case of of nodal
curves on quintics in P? we get the same sharp results as Chiantini and Ser-

nesi (cf. [ChS97]).

We do not know wether our main condition (cf. Theorems V.2.1-V.2.4)

T

> (T(S) +2) <y (D —Kg)?

i=1
in the study of the irreducibility in Chapter V shows a similar properness,
since neither sufficient conditions of this form nor counterexamples with the
same asymptotical behaviour are known — here, y is some constant, possibly
depending on D. And we do not even expect them to be of the right kind. How-
ever, the results which we get are for most of the considered surfaces the only
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known ones, and even in the well studied plane case they are asymptotically
of the same quality than the best previously known conditions.

All our results somehow rely on the vanishing or non-vanishing of certain
cohomology groups. The results of Chapter IV and of Chapter V could be
formulated completely as a vanishing theorem; and although we derive the
existence of curves with prescribed topological or analytical singularities by
gluing these into a suitable given curve, we derive the existence of that curve
(cf. Theorem III.1.2) again with the aid of a vanishing theorem. The latter is a
generalisation of a vanishing theorem of Geng Xu (cf. [Xu95]) and thus of the
Kawamata—Viehweg Vanishing Theorem . Chapter II is devoted to its proof.

In Chapter I we introduce the notions used throughout the thesis and state
several important facts which are well known. A compact and profound de-
scription of the introduced objects and cited results can be found in the thesis
of Christoph Lossen [Los98], and for the convenience of the reader we usually
refer to this thesis as well as to the original sources.

Apart from the introduction, each chapter of the thesis consists of one or two
sections describing the main results possibly followed by a section contain-
ing essential technical details of the proofs. At the end of each chapter we
examine the derived conditions on several classes of surfaces:

(a) P?

c

(b) geometrically ruled surfaces,
(c) product-surfaces,
(d) surfaces in P2, and

(e) K3-surfaces.

We have chosen these partly due to their important role in the classification of
surfaces, and partly since they all have advantages in their own which make
it possible to keep control on the numerical conditions. In the appendix we
gather a number of facts which we suppose are well known, but for which
we nevertheless could not find a suitable reference. In particular, we give
an overview of the properties of the studied surfaces, which we need for the
examinations.

Throughout a fixed chapter the theorems, lemmata, definitions and remarks
are numbered by sections, e. g. within Section 1 of Chapter V the Theorem 1.1
is followed by Corollary 1.2, while in Section 2 we start again with Theo-
rem 2.1. The same applies to the equations. There is, however, one excep-
tion from this rule. In the example sections we reproduce certain statements
(equations, theorems, ...) in special cases, and instead of using new numbers
we rather keep the old ones adding the letter of the corresponding subsection,
e. g. in the example section of Chapter V we have Theorem 2.1a with equation
(2.2a) in Subsection 4.a, which is just the appropriate form of Theorem 2.1
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in Chapter V. Whenever we refer to a statement within the same chapter, we
just cite it by its number. If we, however, refer to it in some other chapter, we
add the number of the chapter, e. g. we refer to Theorem 1.1 of Chapter IV
within Chapter IV as Theorem 1.1, while in the preface we would cite it as
Theorem IV.1.1.

Chapter II and Chapter III are a joint work with Ilya Tyomkin (Tel Aviv Uni-
versity) and have been accepted for publication in the Transactions of the
American Mathematical Society. Chapter IV is a slight modification of re-
sults already published by Gert-Martin Greuel (Universitat Kaiserslautern),
Christoph Lossen (Universitat Kaiserslautern) and Eugenii Shustin (Tel Aviv
University) in [GLS97], and a slightly stronger version may be found in
[GLS05]. Finally, Chapter V extends an approach via Bogomolov unstability
of vector bundles used by Gert-Martin Greuel, Christoph Lossen and Eugenii
Shustin in the plane case (cf. [GLS98b]).
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CHAPTER 1

Introduction

1. General Assumptions and Notations

Throughout this thesis ~ will denote a smooth projective surface over C.

Given distinct points z;,...,z, € X, we denote by 7 : Bl,(X) = T — T the blow
up of X in z = (z4,...,2,), and the exceptional divisors 7t*z; will be denoted by
Ei. We shall write C = Bl,(C) for the strict transform of a curve C C L.

For any smooth projective surface £ we will denote by Div(X) the group of
divisors on X and by Ky its canonical divisor. If D is any divisor on X, O (D)
shall be a corresponding invertible sheaf. A curve C C X will be an effective
(non-zero) divisor, that is a one-dimensional locally principal scheme, not nec-
essarily reduced; however, when we talk of an “irreducible curve” this shall
include that the curve is reduced. [D| = |D|, = P(H°(Z,0x(D))) denotes the
system of curves linearly equivalent to D, while we use the notation |D|, for
the system of curves algebraically equivalent to D (cf. [Har77] Ex. V.1.7), that
is the reduction of the connected component of Hilby, the Hilbert scheme of all
curves on L, containing any curve algebraically equivalent to D (cf. [Mum66]
Chapter 15).! We write Pic(Z) for the Picard group of X, that is Div(X) modulo
linear equivalence (denoted by ~;), NS(X) for the Néron—Severi group, that is
Div(X) modulo algebraic equivalence (denoted by ~,), and Num(X) for Div(X)
modulo numerical equivalence (denoted by ~,,). Given a reduced curve C C X
we write po(C) for its arithmetical genus and g(C) for the geometrical one.

Given any scheme X and any coherent sheaf F on X, we will often write HY(F)
instead of HY(X, ) when no ambiguity can arise. Moreover, if 7 = Ox(D)
is the invertible sheaf corresponding to a divisor D, we will usually use the
notation HY(X, D) instead of HY (X, (’)X(D)). Similarly when considering tensor
products over the structure sheaf of some scheme X we may sometimes just
write ® instead of ®p, .

Given any subscheme X C Y of a scheme Y, we denote by Jx = Jx/v the
ideal sheaf of X in Oy, and for z € Y we denote by Oy, the local ring of Y at
z and by my, its maximal ideal, while 6\& denotes the my,-adic completion
of Oy,. If X is zero-dimensional we denote by #X the number of points in
its support supp(X), by deg(X) = > ., dime¢(Oy./Jx/v.) its degree, and by
mult(X, z) = max {m € N | Jx/y, C m,} its multiplicity at z.

Note that indeed the reduction of the Hilbert scheme gives the Hilbert scheme Hilb}**
of curves on X over reduced base spaces.
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If X C X is a zero-dimensional scheme on £ and D € Div(X), we denote by
| Tx/=(D)|, = ]P(HO(jX/Z(D))) the linear system of curves C in |D|, with X c C.

If L C Zis any reduced curve and X C X a zero-dimensional scheme, we define
the residue scheme X : L C L of X by the ideal sheaf Jx./x = Jx/s : Ji/z with
stalks

Ixyzz = Ix/gz Tz .z
where “” denotes the ideal quotient. This leads to the definition of the trace
scheme XN L C L of X via the ideal sheaf Jxn 1 given by the exact sequence

0 — Jxi/=(—L) LN TIx/s — Ixni . — 0.

Let Y be a Zariski topological space (cf. [Har77] Ex. 11.3.17). We say a subset
U C Y is very general if it is an at most countable intersection of open dense
subsets of Y. Some statement is said to hold for points z1,...,z, € Y(orz € Y7)
in very general position if there is a suitable very general subset U C Y7,
contained in the complement of the closed subvariety (J; {z € Y" | z; = zj} of
YT, such that the statement holds for all z € U.

2. Singularity Schemes

This thesis is a generalisation of results described in [Los98], and the zero-
dimensional schemes with which we are concerned are examined very care-
fully in [Los98] Chapter 2. We therefore restrict ourselves to a very short
description and refer to [Los98] for more details.

2.1 Definition

(a) Let f € Oz, C C{x,y} be given. The germ (C,z) C (X,z) defined by a
representative C = {z' | f(z') = 0} is called a plane curve singularity.
The C-algebra O¢, := Os ,/(f) is called the local ring of (C,z).

(b) Two plane curve singularities (C,z) and (C’,z’) are said to be topolog-
ically equivalent if there exists a homeomorphism @ : (X,z) — (X,z)
such that ®(C) = C'.2 We write (C,z) ~ (C’,2/).

An equivalence class S of this equivalence relation is called a topological
singularity type.

(c) Two plane curve singularities (C,z) and (C’,z’) are said to be analyi-
ically equivalent (or contact equivalent) if there exists an isomorphism
o . (’A)C/,Z/ — Oc., of the complete local rings. We write (C,z) ~ (C',2).
An equivalence class S of this equivalence relation is called an analytical
singularity type.

(d) Letfe Os,andf € Os,. We say f and f’ are topologically respectively
analytically equivalent if the singularities defined by f and f’ are so. We
then write f ~ f’ respectively f ~. f'.

2This means of course that the equality holds for suitable representatives.
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2.2 Remark

We will need a number of invariants of singularity types, which we are just
going to list here. Note that every invariant of the topological type of a sin-
gularity is of course also an invariant of its analytical type. Let (C,z) be a
reduced plane curve singularity with representative f € Oy, C C{x,y}.

We refer to Definition 2.7 respectively Remark 2.8 for the definition of 1¢¢(C, z),
I¥(C,z) and 1%(C, z), and we abreviate complete intersection ideal by CI. De-
noting by i(f, g) = dim¢{x, y}/(f, g) for g € C{x, y} the intersection multiplicity
of f and g, we define for a rational number « € [0,1] and for an ideal I in
R = C{x,y} with (f, &, g—;) ClI

(oc-i(f,g) + (1 — &) - dim(R/T))*

Aa(f1,9) = i(f, g) — dime(R/1)

and
Yolf;1) = max{(1 + «)? - dime(R/I), As(f;1, ) \ gel i(f,g)<2- dim@(R/I)}.

(a) The following are known to be invariants of the topological type S of the
plane curve singularity (C, z).
(1) mult(S) = mult(C, z) = ord(f) is the multiplicity of S.

(2) u(S) =u(C,z) =dime C{x,y}/ (2, &) is the Milnor number of S.

ox’ Jy
3) T°%(S) = t*(C, z) is the codimension of the pu-constant stratum in
the semiuniversal deformation of (C, z).

4) «(S)=«(C,z) =1i(f,g), with g a generic polar curve of f.

(5) v5(S) =v*(C,z) shall be the minimal integer m such that mgf C
I5(C, z) and is called the topological deformation determinacy.

(6) 5(S) = 8(C,z) = dimg (n,0g,/Oc) is the delta invariant of S,
where n: (C,z) — (C,z) is a normalisation of (C,z).

(7) r(S) =7(C,z) is the number of branches of (C, z).

(8) T&(C,z) = max { dim¢(C{x,y}/I) | 1*(C,z) C I a CI} and t&(S) =
max{t%(C,z) | (C,z) some representative of S}.

9 v&(C,z) = max{y(x(f;l) } I(C,z) C IaCI} and y$(S) =

max{y$(C,z) | (C,z) some representative of S}.

(b) For the analytical type S of (C,z) we have some additional invariants:

(1) (S) =1(C,z) = dime C{x,y}/(f, &, 3—5) is the Tjurina number.

(2) v4S) =vYC,z) shall be the minimal integer m such that m‘gf C
I1%(C, z) and is called the analytical deformation determinacy.

3) TuilS) = T%(C, z) = max { dime(Clx, y}/1) | (f, %, 2) C Ta CI}.

>a_xva_y

4) vs4(S) =vE(C,2z) = max {yq(f;1) | (f, 5L, &) C TaCI}



4 I. INTRODUCTION
(5) mod(S) = mod(C,z), the modality of the singularity S.
(Cf. [AGZVS85] p. 184.)

Throughout the thesis we will very often consider topological and analyti-
cal singularity types at the same time. We therefore introduce the nota-
tion T(S), t5(S), v*(S), and v%(S), where for a topological singularity type

T(S) =71%(S), T4(S) =TE(S), v¥(S) =Vv¥(S), and v (S) = v&(S), while for an

analytical singularity type ™(S) = t(S), t(S) = 1(S), v*(S) = v¢(S), and

ail
YalS) = vH(S).
2.3 Remark
For the convenience of the reader we would like to gather some known rela-
tions between the above topological and analytical invariants of the singular-
ity types corresponding to some reduced plane curve singularity (C, z).

(@) p(S) < u(S)+r(S)—1=25(S). (Cf. [Mil68] Chapter 10.)

(b) d(S) < 1°%(S), since the d-constant stratum of the semiuniversal defor-
mation of (C, z) contains the p-constant stratum and since its codimen-
sion is just 8(S) (see also [DiH88]).

() o(S) < t%(S),if S # A (see Lemma 3.6).

(d) «(S) = u(S) + mult(S) —

(e) k(S) <25(S). (Cf. [Los98] Lemma 5.12.)

H 1%(S) = u(S) —mod(S). (Cf. [AGZVS5] p. 245.)

(g) 7%(S) < 1(S), since T(S) is the dimension of the base space of the semi-
universal deformation of (C, z).

(h) 7(S) < u(S), by definition.
1) v$(S) < t*(S). (Cf. [GLS00] Lemma 1.5.)

G) Vv5(S) < 6(S8), if all branches of (C,z) have at least multiplicity three.
(Cf. [GLS00] Lemma 1.5.)

(k) ve(S) < 1(8). (Cf. [GLS00] Remark 1.9.)

1) v3(S) <v4S), since 1%(C, z) C I5(C, z) (cf. Definition 2.7).
(m) (T4 )% 18 <ye(S) < (T8(S) + oc)2 (see Lemma 3.4).
(m) (1+a)?- a(S) < (Te(S) + oc)2 (see Lemma 3.4).
(o) v&(S) < y‘gs(S), for 0 < < B <1 (see Lemma 3.3).

(@) YE(S) <v§AS), for 0 < x < p < 1 (see Lemma 3.3).

Combining these results we get:

V(S) < { S } < 7(8) < u(S) < K(S) < 25(8) < 21(S) < 21(S).
Vva(s)
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2.4 Example
Let M,,,, m > 2, be the topological singularity type of an ordinary m-fold point,
e. g. given by f =x™ —y™ € C{x,y}. Then?

I (f) =T(f) = (x,y)™

and
1) = (35,36 + fx,0)™
Thus we get:
mult(Mm) H(Mm) - T(Mm) 6(Mm) TeS(Mm)
m (m_1)2 m-(zlfn m(T;—H) _2
K(Mm) mod (Mm) yS(]le) VS(Mm)>m > 3
(m—2)-(m—3)
m-(m—1) 5 0 m— 1
Y§¢(M2) Y (Mp), m >3 Y55 (M2) Y5 (M)
4 2m? 1 2-(m—1)?
TE(M2) | T8 (M), m > 4 even | T55(M,,), m odd (M)
mZ+2m mZ42m
2.5 Remark

It is well known that the simple singularities, that is the singularities with
modality zero, form two infinite series A, given by x**' —y? for n > 1, and D,
given by y - (x?—y*2) for p > 4, together with three excepitional singularities
E, for u =6,7,8, given by x> —y*, x* — xy® and x> — y° respectively. Moreover,
they are the only plane curve singularities S with u(S) = t(S) < 8.

The first non-simple family of singularities Xo, that is, the only one-modular
family of singularities of Milnor number 9, is given by x* — y* + a - x*y?. The
modulus corresponds to the crossratio of the four intersecting lines. Topolog-
ically all these singularities are indeed equivalent. Note that, apart from the
simple singularities, these are the only singularities S with t*¢(S) < 8, as a
view at the classification table in [AGZV85] Chapter 15 shows, taking the

restrictions on t¢%(S) given in Remark 2.3 into account.

Moreove, from the classification we deduce for an analytical singularity type
S some results which will be useful in Lemma V.3.10.

mult(S) | mod(S) u(S)

2 0 1< u(S)

3For the definition of I°5(f), I¢5 (f) and I%(f) see Definition 2.7.

fix
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mult(S) | mod(S) u(S)
3 0 4 < p(S)
1 10<u(s) <14
2 < u(S)
3 22 < u(S)
>4 28 < u(S)
4 1 9 <u(S) <12
2 15 < pu(S)
>3 22 < u(S)
And finally:
mod(S) w(S) T(S) mult(S)
0 1<u(S)=1(5) <8 1 <p(S)=1(5) <38 2,3
1 9<u(S) <14 9<1(8) <14 3,4
2 15 < u(S) 13 < u(S) —mod(S) < 1(S) 3,4
>3 16 < u(S) 1w(S) —mod(S) < 1(S) 3 < mult(S)
2.6 Definition
Given distinct points zq,...,z, € L and non-negative integers my,..., m, we
denote by X(m;z) = X(my,..., my2z1,...,2.) the zero-dimensional subscheme

of © defined by the ideal sheaf Jx(n.)/s with stalks

mi, ifz=z,i=1,...,m,

Os,, else.

Ix(mz) /5.2 = {

We call a scheme of the type X(m;z) an ordinary fat point scheme.

2.7 Definition
Let C C X be a reduced curve.

(a) The scheme X°®*(C) in X is defined via the ideal sheaf Jxca(c)/z With
stalks

lea(C)/Z,z - Iea(c)z’) - Iea(f) - ( )%i) aa_lj) g OZ,Z)

where x,y denote local coordinates of  at z and f € Oy, a local equation
of C. I°?(C, z) is called the Tjurina ideal of the singularity (C, z), and it
is of course Oy, whenever z is a smooth point of C. We call X¢?(C) the
equianalytical singularity scheme of C.
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(b) We define the zero-dimensional subscheme X¢(C) of ¥ via the ideal
sheaf Jxes () = with stalks

Ixescyyr,. = 19(C,z) = {g € O, | f + eg is equisingular over Cle]/ (%)},

where f € Oy , is a local equation of C at z. 1°(C, z) is called the equisin-
gularity ideal of the singularity (C,z), and it is of course Oy, whenever
z is a smooth point. 1°5(C, z)/I1¢%(C, z) can be identified with the tangent
space of the equisingular stratum in the semiuniversal deformation of
(C,z) (cf. [Wah74b], [DiH88], and Definition II1.2.1). We call X¢*(C) the
equisingularity scheme of C.

() The scheme X§(C) in I is defined via the ideal sheaf Jxea (c)/x with
stalks

jxeax C)/Lz — I?ix(c Z) = I?&(f) = (f) + my. - (g_:) g_;) - OZ,Z)

where x,y denote local coordinates of  at z and f € Oy, a local equation
of C. I¢2(C, z) is of course Oy , whenever z is a smooth point of C.

(d) We define the zero-dimensional subscheme X§ (C) of £ via the ideal
sheaf Jxe: (c)/r with stalks

Ixes (075, = Ix(C,2) = {g € Os.

f + eg is equisingular over C[e]/(e?) }
along the trivial section )

where f € Oy, is a local equation of C at z. I§

fix

(C,z) is of course O,
whenever z is a smooth point.

(e) The scheme X¢(C) in X is defined via the ideal sheaf Jxa(c)/z with stalks
an C)/Lz — Ia(cv Z) g OZ,Z)

where we refer for the somewhat lengthy definition of 1¢(C,z) to Re-
mark 2.8. 1%(C,z) is called the analytical singularity ideal of the sin-
gularity (C, z), and it is of course Oy , whenever z is a smooth point. We
call X%(C) the analytical singularity scheme of C.

() The scheme X°(C) in X is defined via the ideal sheaf Jx:(c)/= with stalks

Ixs(c)z,. = I°(C,z) = {9 € Os,

g goes through the cluster C{ (C, T*(C, z))},

where T*(C, z) denotes the essential subtree of the complete embedded
resolution tree of (C,z). I(C,z) is called the singularity ideal of the
singularity (C,z), and it is of course Oy, whenever z is a smooth point.
We call X5(C) the singularity scheme of C. (Cf. [Los98] Section 2.2.1.)

Throughout the thesis we will frequently treat topological and analytical sin-
gularities at the same time. Whenever we do so, we will write X*(C) for
Xe(C) respectively for X°?(C), and similarly X}, (C) for X§ (C) respectively
for X$(C), and X(C) for X°(C) respectively for X¢(C).
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2.8 Remark
Let (C, z) be an isolated plane curve singularity of analytical type S with rep-
resentative f € Oy ,.

(a) Acollection ofideals Z(f) ={I(g) | g € Os, : g~ f}is said to be suitable,
if the ideals I(g) € 7 satisfy the following properties:
(1) g¢€l(g).

(2) For a generic element in h € I(g) we have h ~. g and I(h) = I(g);
more precisely, for any d > 0 the set of polynomial h € I(g) N
Clx,yl<q such that h ~. g and I(h) = I(g) is open dense in I(g) N
Clx, yl<a, where C[x,yl<4 are the polynomials of degree at most d.

(3) I(g) =¥*I(f),if Y : Os, — Ox, is an isomorphism and u € O, is
a unit such that g = V*(u - f).
(4) 3m>0: I(g) =1(jet,,(g)), 1. e. I(g) is determined by jet,,(g).
We note that (3) implies that I(g) only depends on the ideal (g), and that

the isomorphism class of I(f) is an invariant of S. We call degZ(f) =
dimg ((’);Z/ I(f)) the degree of Z(f). (Cf. [Los98] Definition 2.39.)

(b) If we define
1%(g) = {h € Oz | I°°(h) C I*%(g)}

for g € Oy, with g ~ f, then the collection Z(f) = {I%(g) | g€ Os, :
g ~c f} is suitable. (Cf. [Los98] Definition 2.42.)
By [Los98] Lemma 2.44 we know degf (f) < 31(S).

(c) Among the suitable collections of ideals we choose one with minimal
degree, and we call it 7%(f). The elements of Z°(f) are parametrised by
G:={g € Oz, | g ~ f}, and we denote the element corresponding to
g € G by I%(g). We then define

I19(C, z) = I9f).
Note that 7°(f) exists in view of (b), and that its definition depends only
on S. Moreover, deg Z°(f) < 37(S). (Cf. [Los98] Definition 2.40.)

2.9 Remark
If C ¢ Xisareduced curve, then an(C)/Z - jX?&(C)/Z - jxea(c)/z and jXS(C)/Z -
Txes

fix

©)/z € Jxes(c)/x-

In particular, the vanishing of h'(Z,Jx(c)=(D)) implies the vanishing
of h'(Z,Jx: (c)=(D)), and the vanishing of the latter implies that of
h'(Z, Ix+(c)/z(D)).

To see the first assertion, consider the exact sequence

0 — Ix(c)/=(D) = TIx:_(c)z(D) = (Ix:, (c)/s/ Ixc)/z) (D) = 0.

The long exact cohomology sequence then leads to

H'(Z, Ix/=(D)) — H! (L, Ix:, ss(D)) — H'(Z, (Ix:. s5/Txsx) (D)) =0,
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where the latter vanishes since its support is zero-dimensional. This proves
the claim. The second assertion follows analogously.

2.10 Remark

In [Los98] Proposition 2.19 and 2.20 and in Remark 2.40 (see also [GLS00])
and 2.41 it is shown that, fixing a point z € L and a topological respec-
tively analytical type S, the singularity schemes respectively analytical sin-
gularity schemes having the same topological respectively analytical type are
parametrised by an irreducible Hilbert scheme, which we are going to denote
by Hilb,(S). This then leads to an irreducible family

Hilb(S) = | [ Hilb.(S).
zeX
For a more careful study of these objects we refer to [Los98] Remark 2.21 and
Remark 2.41.

In particular, equisingular respectively equianalytical singularities have sin-
gularity schemes respectively analytical singularity schemes of the same de-
gree (see also [GLS98c] or [Los98] Lemma 2.8). The same is of course true,
regarding the equisingularity scheme respectively the equianalytical singu-
larity scheme. This leads to the following definition.

2.11 Definition

If C € X is a reduced curve such that z is a singular point of topological
respectively analytical type S, then we define deg (X(S)) = deg (X*(C),z),
deg (X£,(S)) = deg (X&,(C),z) and deg (X°*(S)) = deg (X*(C),z) respec-
tively deg (X%(S)) = deg(X%(C),z), deg (X{L(S)) = deg (X¢X(C),z) and

fix fix
deg (X°(S)) = deg (X°*(C), z).

To express the degree of the schemes X*(S) and X}, (S) in terms of the invari-
ants from Remark 2.2 for an analytical respectively topological singularity
type S is much simpler, since by definition

deg (X**(S)) =1*(S) and deg (X°*U(S)) =1(S),
while deg (X}, (S)) = deg (X*(S)) + 2, and hence
deg (X (S)) =1(S)+2 and deg (X{L(S)) =1(S) + 2.

2.12 Remark
We note that for a topological respectively analytical singularity type S

dim Hilb,(S) = deg (X(S)) — deg (X*(S)) — 2
for any z € X, and thus
dim Hilb(S) = deg (X(S)) — deg (X*(S)).

For the convenience of the reader we reproduce the proof from [GLS05]
Lemma 2.1.49 at the end of this chapter.
2.13 Remark
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(a)

(b)

(c)
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A simple calculation shows (see also [Los98] p. 28)

S | deg(X*(S)) = deg(Xs(S))
A3 p+2, u even,
A3 p+3, i odd,
D, %'H» L even,
D2 p+1d, 1 #5 odd,
Ds %‘H—%: , H=),
Ee |2 n—1=8 pn=6
E;|[3-p—3=10, u=7,
B¢ |2-p—1=11, p=8.

In particular, if S is a simple singularity, then deg(X*(S)) < 32p(S) + 2,
where 1(S) denotes the Milnor number of S.

If S is an analytical singularity type, then (cf. [Los98] Lemma 2.44)
deg (X%(S)) < 31(S), (2.1)
where 1(S) denotes the Tjurina number of S.

Let S be any topological singularity type, then by [Los98] Lemma 2.8
deg (X*(8)) = Z myg,

qeT*(C,z)
where (C, z) is a plane curve singularity of type S, T*(C, z) is the essen-
tial subtree of the complete embedded resolution tree of (C,z), m is the
multiplicity of (C,z) at the infinitely near point q € T*(C,z), and 6(S)
the delta invariant of S.
In [Los98] p. 103 it is shown that if S is not a simple singularity type,
then

deg (X*(S)) < 3 - (u(S) —1).
Combining this with (a) we get for S arbitrary
deg (X°(8)) < 3u(S) +2. (2.2)

2.14 Definition

(a)

Given topological or analytical singularity types S;,..., S, and a divisor
D € Div(X), we denote by V = V|p/(S;,...,S;) the locally closed sub-
space of |[D|, of reduced curves in the linear system |D|; having precisely
r singular points of types S, ..., S..

By Ve = Vi$¥(Sy, ..., S;) we denote the open* subset

Vo ={CeV|h' (L, Ixcy=(D)) =0} CV,

4See Theorem V.1.1.
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where X(C) = X*(C) respectively X*(C), and by V™™ = VI¥(S;, ..., S;) we
denote the open subset

Vi = {Ce V| N(L, T, (0,z(D)) =0} CV,
(C) = X&

fix

where X

fix

(C) respectively X5 (C)

Similarly, we use the notation V' = VH(S],...,ST) to denote the
open subset of irreducible curves in the space V, and we set V™9 =
VIBT reg(Sh . )‘Sr) = V' N Ve and Virr,ﬁx — VH ﬁx(S], L ,Sr) — Vi N
VT which are open in V™9 respectively V¥ and hence in V.

If a type S occurs k > 1 times, we rather write kS than S,.%., S.

(b) Analogously, Vp/(my,...,m:) = Vp(m) denotes the locally closed sub-
space of |D|, of reduced curves having precisely r ordinary singular
points of multiplicities m4, ..., m,. (Cf. [GrS99] or [Los98] 1.3.2)

(¢) LetV =Vp(S,...,S) respectively V = Vp(m). We say Vis T-smooth at
C € Vifthe germ (V, C) is smooth of the (expected) dimension dim |D|; —
deg (X*(C)), where X*(C) = X*(C), X*(C) = X*(C) or X*(C) = X(m;z)
with Sing(C) ={z, ..., z,} respectively.

We call these families of curves equisingular families of curves.

2.15 Remark

With the notation of Definition 2.14 and by [Los98] Proposition 2.1 (see also
[GrK89], [GrL96], [GLS00]) T-smoothness of V at C is implied by the vanish-
ing of H' (X, Jx+(c)/=(C)). This is due to the fact that the tangent space of V at
C may be identified with HO(Z, Jx(c)/=(C))/HO(L, Ox).

In particular, the subvarieties V™9, Vfix Vvimred gnd Vimfix gre Tusmooth, that
is smooth of expected dimension h°(Z, O5(C)) — deg (X*(C)) — 1.

2.16 Definition
Let D € Div(X) be a divisor, Sy, ..., S, distinct topological or analytical singu-
larity types, and k;q,...,k, € IN\ {0}.

(a) We denote by B the irreducible parameter space

B =B(kiSi,...,k HSym (Hilb(Sy)),
and by B = B(k;Sy, ..., k;S;) the non-empty open, irreducible and dense,
subspace
B = {([X]J, e ,X]Jq], ceey [er, . )Xr,kr]) € ﬁ ’ supp(XiJ-) N supp(XS‘t) =10

v1§i,s§r,1§i§ki,1gt§ks}.

Note that dim(B) does not depend on £, more precisely, with the notation
of Remark 2.12 we have

dim (B Z ki (deg (X(S0) — deg (X'(S1))).
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(b) Letussetn =) . ;kideg(X(S;)). We then define an injective morphism

1]) :ﬂ)(k151, . ,krST) : B(k]S], . ,krST) —_— Hllb;:1

(Xugs oo Xagal ooy Koo X)) s UL U X

where Hilby denotes the smooth connected Hilbert scheme of zero-
dimensional schemes of degree n on X (cf. [Los98] Section 1.3.1).

(¢c) We denote by ¥ = ¥Yp(kSy,. .., k:S;) the fibration of Vip (kSy, ..., k:S;)
induced by B(k,S;, ..., k.S, ), that is, the morphism V¥ is given by

WZV|D|(k1$1,...,krSr) >B(k1$1,...,kr«5r)

Ct ” ([X1,1)"'>X1,k1]>---)[Xr,1>"')Xr,kr])

where Slng(C) = {Zi)j ’ i= 1,...,T,j = 1,...,ki}, Xi)j = X(C,Zm’) and
(C,ziyj)%Siforallizh...,r,j:1,...,ki.

(d) Denoting by m = k; + ... + k, the number of imposed singularities we
define the fibration ® = ®p(k;Sy,...,k,S;) by

O : V|D|(k1«51, . ,krSr) — Symm(Z)

Ct > Sing(C),
sending a curve C to the unordered tuple of its singular points.
2.17 Remark

(a) With the notation of Definition 2.14 and Definition 2.16 note that for C €
V = Vp(kiS, ..., k:S;) the fibre Y~ (¥(C)) is the open dense subset of
the linear system |Jx(c)/z(D)|, consisting of the curves C’ with X(C’) =
X(C). In particular, the fibres of ¥ restricted to V™9 are irreducible, and
since for C € V™9 the cohomology group H'(Z, Jx(c)/=(D)) vanishes, they
are equidimensional of dimension

h®(Z, Ix(c)y=(D)) — 1 =h%(L,0x(D)) — deg (X(C)) — 1
°(%,05(D Zk deg (X(S;)) — 1.
(b) Note that for C € V the fibre @' (®(C)) has at C the tangent space
H°(Z, Ix:,_(c)(D))/H%(Ox), so that

dim (@'(®(C)) ) < h°(L, T, (D)) 1. (2.3)

Moreover, suppose that h'(Z, Jx: (c)/=(D)) = 0, then the germ of the
fibration at C

(@,C): (V,C) — (Sym™(X), Sing(C))

is smooth of fibre dimension h®(Z, Jx: (c)(D)) — 1, i. e. locally at C the
morphism @ is a projection of the product of the smooth base space with
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the smooth fibre. This implies in particular, that close to C there is
a curve having its singularities in very general position. (Cf. [Los98]
Proposition 2.1 (e).)

Proof of Remark 2.12: Since dim Hilb(S) is independent of £, we may as
well suppose that £ = P2, and we let H be a line in P2,

For a reduced curve C C P? we set X(C) = X*(C) and X*(C) = X*(C) respec-
tively X(C) = X%(C) and X*(C) = X°%(C).

Since deg (X) = deg (X(S)) is independent of X € Hilb(S), there is an integer
m > 0 such that for d > m

h' (]RDZ> jX/]PCZ(d)) =0
for any X € Hilb(S).

Let k > 0 be the determinacy bound of S, that is, any representative f €
Opz. = C{x,y} of S depends only on the k-jet of f. Hence, for d > k the
morphism

Y =Yiu(S) : Vian (S) — B(S) = Hilb(S)
is surjective.

Let us now fix some d > max{k, m}. For each C € Vq1y(S) the fibre ¥~'(¥(C))
is the open dense subset of ‘jx(c) /B2 (d)|, consisting of curves C’ € V|qy(S) with
X(C ’) = X(C). From the long exact cohomology sequence of

0 — Jxc)yz — O]PCZ(d) — Ox(c) = 0

it follows
hO(R?, Ix) () = ho(R?, Op2(d)) — deg (X(S)).

In particular the fibres all have the same dimension
dim W' (W(C)) = h°(R?, Op2(d)) — deg (X(S)) — 1.
We therefore get
dim Hilb(S) = dim ¥(Vary(S)) = dim (Viary(S)) — dim ¥~ (¥(C))
= dim (Vigr(S)) — h®(B?, Op2(d)) + deg (X(S)) + 1.

Moreover, by Remark 2.9 we know that also h'(F?, Jx(c)pz(d)) = 0 for any
C € Vian(S), and thus in view of Remark 2.15 V|4;4(S) is T-smooth, that is

dim (Viaw(S)) = h°(R2, Opz(d)) — deg (X*(8)) — 1,

which finishes the claim. O
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3. The v Invariant

When studying numerical conditions for the T-smoothness of equisingular
families of curves, new invariants of analytical respectively topological sin-
gularity types turns up. It depends on the degree of a locally complete inter-
section scheme contained in the equianalytical respectively equisingularity
scheme of a representative, and on the intersection multiplicity of a repre-
sentative of the singularity with a curve germ containing this complete inter-
section scheme. In the following we will define these invariants, and we will
calculate them for several classes of singularities.

Throughout this section we will use the notation R = C{x,y} and m = (x,y) <R.

3.a. The Invariants

3.1 Definition
Let f € m be a reduced power series, and let 0 < « < 1 be a rational number.

If I is a zero-dimensional ideal in Rwith 1°%(f) = (f, &, g_;> Clandg €I, we
define
Aolfi1,g) = (‘X if,g) = (T—a) - dim@(R/I))z
womEr i(f, ) — dime(R/1) >
and

where i(f, g) denotes the intersection multiplicity of f and g. Note that by
Lemma IV.1.3 i(f,g) > dim¢(R/I) for all g € I and vy,(f;I) is thus a well-
defined positive rational number.

We then set

ve&(f) :=max {0, va(f;I) | I°%(f) C L is a complete intersection ideal}
and

v&(f) :=max {0, va(f;I) | I®(f) C Lis a complete intersection ideal}

Note that if f € m\m?, then I°%(f) = I°5(f) = R and there is no zero-dimensional
complete intersection ideal containing any of those two, and thus vy (f) =
Ya(f) =0.

The equianalytical up to embedded isomorphism only depends on the ana-
Iytical type of the singularity, i. e. if f is some representative of a singular-
ity type, u € C{x,y} a unit and ¢ : C{x,y} — C{x,y} an isomorphism, then
[*(u-fod)={god|ge I°(f)}. Thus the following definition makes sense.
3.2 Definition

Let S be an analytical respectively topological singularity type and let f € R
be a representative of S. We then define

Y (S) = v (1)
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respectively

v (S) := max{yS(g) | g is a representative of S}.

Recalling that i(f,g) > dim(R/I) in the above situation, we deduce the fol-
lowing lemma.

3.3 Lemma
Let f € (x,y)? C C{x,y} be reduced, 1°%(f) C I ;Cé C{x,y} be a zero-dimensional
ideal and 0 < & < 3 < 1, then y«(f; 1) < vyp(f;1).

In particular for any analytical respectively topological singularity type

Yo (S) <vg'(S)  respectively  vi(S) <vg(S).

The following lemma is again obvious from the definition of v, (f;I), once we
take into account that k(f) = i(f,g) for a generic polar g € I°(f) of f and

that for fixed value of d = dim¢(R/I) the function i — w takes its

maximum on [d + 1,2d] for the minimal possible value i = d + 1.

3.4 Lemma
Let f € m? be reduced, and let 1 be a zero-dimensional ideal in R.

(a) IfI°9f) C 1, then
(1+ «)? - dimg(R/1) < valf;1) < (dimg(R/T) + ).
(b) If1°(f) C L then

(ot k(f) + (1 — &) - dimg(R/T))?
k(f) — dime(R/1)

< valf;1) < (dime(R/T) + ).

In particular for any analytical respectively topological singularity type
(14 0% 7ei(S) <YEUS) < (TeilS) + )

respectively
(14 0)? - 7E5(S) <VE(S) < (T5(S) + o)™

3.5 Lemma

If § # A, is topological or analytical singularity type with representative f
such that 1*(f) is a complete intersection ideal, then

(1+ a)?-T°(S) < YL(S).
In particular, if S is a simple singularity, then

Y*(S) = max {A«(f;1,g)

I*(f) C I comp. inters. ,g € 1,i(f, g) <2 dim¢(R/I)}.

Proof: Since *(S) = dim¢ (R/I*(f)) Lemma 3.4 gives

vis) > (kS + 0o T(8)”

- kK(S) —1(S)
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If we consider the right-hand side as a function in «(S) it takes its minimum
at 2 - t*(S). However, by Lemma 3.6 6(S) < t(S) < 1(S), and by [GLS05]
Lemma 4.44 «(S) < 2-5(S). Therefore,

Yi(S) > (1+ o)? - T(S).

3.6 Lemma
If S # A is any topological singularity type, then 5(S) < t¢(S).

Proof: If (C,z) is a representative of S and if 7*(C, z) is the essential subtree
of the complete embedded resolution tree of (C,z), then

5(S)= Y mult, (C) - (I;lultp((:) 1)

and

T°(S) = Z multy(C) - (mult,(C) +1) # free points in 7*(C,z) — 1,

2

peT*(C,z)

where mult,(C) denotes the multiplicity of the strict transform of C at p (see
[GLS05] Chapter II, Proposition 1.3.33, and Proposition II.1.35). Setting 6, =
0 if p is satellite, 5, = 1 if p # z is free, and b, = 2, then mult,(C) > 6, and
therefore
T(S) =58(S)+ Y (multy(C) —5,) > 5(S).
PET*(C2)

Moreover, we have equality if and only if mult,(C) = 2, mult,(C) = 1 for all
p # z and there is no satellite point, but this implies that S = A;. O

For some classes of singularities we can calculate the vy -invariant concretely,
and for some others we can at least give an upper bound, which in general
is much better than the one derived from Lemma 3.4. We restrict our atten-
tion to the simple singularities and to such singularities which have a semi-
quasihomogeneous representative f € C{x,y} (see Definition 3.27).

3.7 Proposition
Let o be a rational number with 0 < o« < 1.

S Y (S) =v(S)
Ax, k> 1 (k+ o)?
Dy, 4<k<4+v2-(2+ ) Lae
Dy, k>4+vV2-(2+«) (k—2+4 o)
Ey, k=6,7,8 (et 2o
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Proof: Let S be one of the simple singularity types Ay, Dy or Ey, and let
f € C{x,y} be a representative of Sy. Note that the Tjurina ideal 1°?(f) and the
equisingularity ideal 1°¢(f) coincide, and hence so do the v -invariants, i. e.

Yo (Sk) = v (Sl

Moreover, in the considered cases the Tjurina ideal is indeed a complete inter-
section ideal with dim¢ (R/I°%(f)) = k, so that in particular the given values
are upper bounds for (1 + «)? - dim¢(R/I) for any complete intersection ideal I
containing the Tjurina ideal. By Lemma 3.4 we know

(- k(S) + (1 = «) - k)?

K(SK) —

Note that k(Ax) = k+ 1, k(Dyx) = k+ 2 and «(Ey) = k + 2, which in particular
gives the result for S, = Ay. Moreover, it shows that for S = Dy or S, = Ey

<valSk) < (k+ )2

we have
(k + 2x)?

2
If we fix a complete intersection ideal I with 1¢%(f) C I, then
(«-i(f,g) + (1 — &) - dimg(R/T))?
i(f,g) — dim¢(R/T)
with g € I such that i(f, g) < 2-dim(R/I) is maximal when i(f, g) is minimal.
Ifi(f, g) — dimg(R/I) > 2, then

Ya(Sk) Z

Aoc(f; I» g) -

(k + 2x)?
—
It therefore remains to consider the case where

Ao(f;1,g) <

i(f, g) —dim¢(R/I) =1 3.1)

for some I and some g € I, and to maximize the possible dim¢(R/I).

We claim that for S, = Dy with f = x?y — y*! as representative, dim¢(R/1) <
k — 2, and thus I = (x,y*?) and g = x are suitable with

Ao f; 1 %) = (k—2 + x)?,

which is greater than (<2%° k““ ifand only if k > 442 (2+ «). Suppose there-
fore, dim¢(R/I) = k — 1. Then Yyl x3 € I9(f) = (xy,x* — (k—1)-y*¥2) C I,
the leading ideal L, (I°*(f)) = (x*,xy,y*?) C L.,(I), and since by Propo-
sition 3.14 dim¢(R/I) = dimg (R/L. (1)), either L (I) = (x3 xy,y*>) or
L. (I) = (x*,xy,y*2). In the first case there is a power series g € I such
that g = y*3 + ax + bx? (mod 1), and hence I > yg = y*2 (mod 1), i. e.
y* 2 € L. But then x?> € [ and x? € L_,_(I), in contradiction to the assumption.
In the second case, similarly, there is a g € I such that g = x?> (mod I), and
hence x? € I which in turn implies that y*2 € I. Thus I = (x?,xy,y*2), and
dim¢(I/ml) = 3 which by Remark 3.21 contradicts the fact that I is a complete
intersection.
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If Sy = Eg, then f = x> — y* is a representative and 1°%(f) = (x2,y3). Suppose

that dim¢(R/I) = k —1 =5, then L_,_(I) = (x?y3 xy?) and HY = HOR/L<dS(I)’

in contradiction to Lemma 3.20, since H} | (2) = 2and H},, ,(3) = 0.
<ds <ds

Thus dim¢(R/I) <4 and A, (f;1,9) < (4 + «)? < @-

If Sy = E7, then f = x> — xy? is a representative and 1°¢(f) = (3x? — y3,xy?) >
x3,y°. If dim¢(R/1) < 4, then A, (f;1,g) < (44 «)? < w, and we are done. It
thus remains to exclude the cases where dimg(R/I) € {5,6}. For this we note

first that if there is a g € I such that L_,_(g) = y?, then
g =vy?+ ax + bx? + cxy + dx?y (mod 1), (3.2)

and therefore y?g = y* (mod I), which implies y* € I and hence x?y € I. Anal-
ogously, if there is a g € I such that L__(g) = x?y, then g = x?y (mod I) and
again x%y,y* € 1. Suppose now that dim¢(R/I) = 6, then L_,_(I) = (y% x3) or
L. (D) = (y3,xy? x%y,x3). In both cases we thus have x*y,y* € 1. However, in
the first case then x?y € L_ (1), in contradiction to the assumption. While in
the second case we find I = (xy?, x*y, 3x*—y?3), and dim¢(I/ml) = 3 contradicts
the fact that I is a complete intersection by Lemma 3.21. Suppose, therefore,
that dim¢(R/I) = 5. Then L, (I) = (y% x%y,x3), or L, (1) = (y3,xy? x?), or
L. (I) = (y3,xy,x%). In the first case, we know already that y* x?y € 1. Look-
ing once more on (3.2) we consider the cases a = 0 and a # 0. If a = 0, then
yg = y> (mod I), and thus y? € I, which in turn implies x? € 1. Similarly, if
a # 0, then xg = ax? (mod I) implies x* € 1. But then also x> € L_,_(I), in
contradiction to the assumption. In the second case there is a g € I such that
g = x% + ax?y (mod 1), and thus yg = x*y € 1. But then also x> € I and y3 € I,
so that I = (y3,xy? x?). However, dim¢(I/ml) = 3 contradicts again the fact
that I is a complete intersection. Finally in the third case there is a g € I with
g = xy+ax?+bx?y (mod I), and thus xg = x?y (mod I) implies x?y € I and then
xy+ax? € 1. Therefore, I = (xy+ ax?, 3x*—y?3), and for for h € I and for generic
b,c € Cwehave i(f, h) > i(x, h)+i(x*—y? b-(xy+ax?)+c- (3x*—y?)) > 345 =38,
in contradiction to (3.1).

Finally, if S, = Eg with representative f = x> — y> and I°%(f) = (x%,y%),
we get for dimg(R/I) < 5 that A, (f;1,9) < (5 + «)? < %. It there-
fore remains to exclude the cases dim¢(R/I) € {6,7}. If dim¢(R/I) = 7 then
L., (1) = (x*,y* xy>). But then HOR/L<dS(U(3) = 2 and H%/L<dsm(4) = 0 are in
contradiction to Lemma 3.20. And if dim¢(R/I) = 6, then L_ (1) = (y3,x?)
or L. (I) = (y*xy?x?). In the first case there is some g € I such that
g = y> + ax + bxy + cxy? + dxy? (mod I), and thus xg = xy> (mod I) and
xy> € 1. But then yg = axy + bxy? (mod I) and hence axy + bxy? € 1. Since
neither xy € L. (I) nor xy? € L_ (1), we must have a = 0 = b. Therefore,
g =y>+cxy? (modI) and I = (x?,y3 + cxy?), which for h € I and a,b € C
generic gives i(f, g) > i(x* —y* ax? + b - (y®> + cxy?)) > 8, in contradiction to
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(3.1). In the second case, there is g € I such that g = xy?+axy? (mod I), there-
fore yg = xy3 (mod I) and xy> € I. But then xy? € I and I = (y*, xy?,x?). This,
however, is not a complete intersection, since dim¢(I/ml) = 3, in contradiction
to the assumption.

This finishes the proof.
[
3.8 Proposition

Let « be a rational number with 0 < « < 1, and let M, denote the topological
singularity type of an ordinary k-fold point with k > 3. Then

YEMY) =2 (k=14 o)
In particular

V&M > (14 ) - T8 (M),

Proof: Note that for any representative f of My we have

ofy, of
155(f) = I°%(f) + mk = _k) Yk + mk’
ox 0y
where fy is the homogeneous part of degree k of f, so that we may assume f to
be homogeneous of degree k.

If I is a complete intersection ideal with m* C I¢5(f) C I, then by Lemma 3.24
dime(R/I) < (k — mult(I) + 1) - mult(I).

We note moreover that for any g € I
i(f, g) > mult(f) - mult(g) > k - mult(I),

and that for a fixed I we may attain an upper bound for A, (f; I, g) by replacing
i(f, g) by a lower bound for i(f, g).

Hence, if mult(I) > 2, we have

(k— (1 — ) - (mult(I) — 1))* - mult(1)?

2
mult(1) - (mult(T) — 1) <2-(k—1+a) (33)

Ax(f;1,g) <

while dim¢(R/I) < k — 1 for mult(I) = 1 and the above inequality (3.3) is still
satisfied. To see dim¢(R/I) < k—1 for mult(I) = 1 note that the ideal I contains
an element g of order 1 with g; = ax + by as homogeneous part of degree 1
and the partial derivatives of f; applying a linear change of coordinates we
may assume ¢g; = x and f = H; (x — ayy) with pairwise different a;, and
we may consider the negative degree lexicographical monomial ordering >
giving preference to y; if some a; = 0, then L. () = y*', while otherwise
L>(§—;) = y*, so that in any case (x,y*') € L.(I), and by Proposition 3.14

therefore dim¢(R/I) = dim¢ (R/L-(I)) < dim¢(R/(x,y* ")) =k — 1.
Equation (3.3) together with Lemma 3.24 shows
YEM) <2+ (k=14 )
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On the other hand, considering the representative f = x* — y*, we have
1e(f) = (x* "y x%yP la+b=Xk),

and I = (y* ' x?) is a complete intersection ideal containing I1°*(f). Moreover,
i(f,x?) = 2k, dim¢(R/I) =2 - (k — 1), thus

(oc-i(f,x?) + (1 — o) - dim@(R/I))z B B 2
i(f,x2) — dime(R/T) =2 kel r s

Yo (My) >

The in particular part then follows right away from Corollary 3.25. O

3.9 Proposition
Let S, 4 be a singularity type with representative f € C{x,y} which is semi-

quasithomogeneous of ord, q)(f) = pq and convenient, where q > p > 3. Then
q

2
V(S q) > (q“L‘;‘)J'LpJ) > q-(p—;wJ and.:

P, q Y& (Spq)

q>39 [[<3-(q—2+ )

€(1,2) |<3-(g—1+«)?

o la

€2,4) [<2-(q—1+a)?

< la

c4,00) || <(q—1+x)?

Proof: To see the claimed lower bound for y$(S,, 4) recall that (see [GLS05]
Proposition 4.46)

15(f) = (&5, 55, x°yP | ap + Ba > pq). (3.4)

In particular, I1°(f) C (y,x? '), dimc(R/I) = q — | 4] and i(f,y) = q, which
implies the claim.

Let now I be a complete intersection ideal with I°*(f) C 1. Applying
Lemma 3.24 and d(I) < q, we first of all note that

(1+ ) - (q+1)?

J <2-(g—1+x)%

(1+ «)? - dime(R/1) <

Moreover, if % > 3, then

(14 x)?- (q*+4q +3)

: <(q—T+a)%

(14 «)? - dime(R/I) <

since dimg(R/1) < dimg (R/15(f)) < @HLEH) by (3.4).
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It therefore suffices to show

3.(q—2+a)? ifq>39,
2-(q—=1+0a)? ifd€(2,4),

Ao(f;1,9) < (3.5)

(q—1+a?  if e 4 00),

where g € I with i(f,g) < 2-dimg(R/I). Recall that

(- ilf, 9) + (1 — o) - dime(R/1))*

Aoc(f;Lg) = 1(f’g) —dlmc(R/I)

Fixing I and considering A,(f;1I, g) as a function in i(f, g), where due to (3.12)
the latter takes values between dim¢(R/I) + 1 and 2 - dim¢(R/I), we note that
the function is monotonously decreasing. In order to calculate an upper bound
for A, (f; I, g) we may therefore replace i(f, g) by some lower bound, which still
exeeds dim¢(R/I) + 1. Having done this we may then replace dim¢(R/I) by an
upper bound in order to find an upper bound for A(f; I, g).

Note that for g > 39 we have

4
?—9-(q—1+oc)2§3-(q—2+oc)2. (3.6)

Let L, (g) = x*y® be the leading term of g w. r. t. the weighted ordering
<(p.q) (see Definition 3.12). By Remark 3.28 we know

i(f,g) > Ap + Baq. (3.7

Working with this lower bound for i(f, g) we reduce the problem to find suit-
able upper bounds for dim¢(R/I). For this purpose we may assume that
L(p.q)(g) is minimal, and thus, in particular, B < mult(I).

If A =0, in view of Remark 3.22 we therefore have

A +1 _q+1
2 =2

B = mult(I) <

and thus by Lemma 3.24 then
dim¢(R/I) < B-(q—B+1). (3.8)

Moreover, for A = 0 Lemma 3.30 applies with h = g and we get

B—1

dimc(R/I)§B~q—1—ZL%ijSB-q—1—EJ-

i=1

B.-(B—1)

5 (3.9)
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Since x*yP € I for ap + Bq = pq, we may assume Ap + Bq < pq. But then,
since dim¢(R/1) < dim¢ R/<§—;, 9,x*yP | ap + Bq > pq), we may apply Lemma
8.31 with h = §f and C = p — 1. This gives

A1 B—1
dimo(R/T) < Ap+Bq—AB— Y [%] -3 [£|-min{A,[]}, (3.10)
i=1 i=1
and if B = 0 we get in addition
dim¢(R/T) <A - (p—1). (3.11)

Finally note that by Lemma IV.1.3
i(f, g) > dim¢(R/I). (3.12)

Let us now use the inequalities (3.6)-(3.12) to show (3.5). For this we have to
consider several cases for possible values of A and B.

Casel: A=0,B>1.
If B = 1, then by (3.9) and (3.12) we have A,(f;1,g) < (q — 1+ «)?.
We may thus assume that B > 2. By (3.7) and (3.8)

B2-(q—(1—o)- (B—T1))°
B-(B—1)
If, moreover, % > 3, then we may apply (3.9) to find

Au(f;1,g) < <2-(q—1+x)%

B2-(q—(1—«)-(B—1))°

2] T+

Aa(f; 1, g) < <(q—T14 )%

Taking (3.6) into account, this proves (3.5) in the case A =0 and B > 1.
Case2: A=1,B>1.
From (3.10) we deduce

dimg(R/T) <B-(q—1)+(p—1)— |4 - 25,

Since %‘i < E we thus get
(B+ 1)
Aa(f;1,9) < e (q—T+a)?
»H Y= (B—1)
B + L%J 5=+ 1
1
Bl (g—14a? <(q—T+a?  ife>3
7t P
< (B+1)?

T a—T+a)? <3 (q—-1+a)? ifd>2

2 .
woEs (- 14+ @) <B-(q—1+a)? if 3>1,

Once more we are done, since 22 < 2.
Case3: A>2,B>1.
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Note that [r] > r — 1 for any rational number r, and set s = , then by (3.10)

CA-(A-1) s-B-(B—1)

dim¢(R/1) < Ap+Bg—(A—1)-(B—1) 7 2

—1—min {A, [s]}.

This amounts to

A (f;1,g) <

2
(Ap+Ba— (1= (A=1)-(B—1)+ A4 4 =B 11 4 minfA, [s])) )
(A—1)-(B—1)+ 241 sBE1 3
- A (p=1+0)+B-(q—1+a)

T(A—=T1) - (B—1) 4 A sBBD 3

< (P(A,B) ’ (q — 1 +(X)2)

where R
@(A,B) = Ga)
’ (A—1)-(B—1)+ 20D 4 BB 4 3
For the last inequality we just note again that E%Ig“ < E = %, while for the
second inequality a number of different cases has to be considered. We post-

pone this for a moment.

In order to show (3.5) in the case A > 2 and B > 1 it now suffices to show

?—g, ifs > 1,
o(AB) < ¢ 2, ifs>2, (3.13)
1, ifs>4.

Elementary calculus shows that for B > 1 fixed the function [2,00) - R: A —
@(A, B) takes it maximum at

Am{zu}
2+

S

If B < 3, then the maximum is attained at A = 155, and
16 — 3B 8sB — 8B + 64
<o|—— — .
‘p(A’B)—‘p< 2410 ) 457B — 45— 4sB + 285 — 1

Again elementary calculus shows that the function B — ¢ (‘gﬁB,B> is

monotonously decreasing on [1, 3] and, therefore,

13 8s + 56
< _ = — = .
@(A,B)_cp<2+%,1> Sae—7 = Wils)

Since also the function 1{; is monotonously decreasing on [1,00) and (1) =

& <2 P1(2) = Z <2 and y(4) = £ < 1 Equation (3.13) follows in this case.

As soon as B > 4 the maximum for ¢ (A, B) is attained for A =2 and
2-(sB+2)?
s3B2 — s3B + 2s2B +4s2 + 2s°

¢(A,B) < ¢(2,B) =
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Once more elementary calculus shows that the function B — ¢(2,B) is
monotonously decreasing on [4, c0). Thus

4. (14 2s)?
AB)<o24)=———F+— = .
¢(A,B) < 9(2,4) 6 1 621 s Pa(s)
Applying elementary calculus again, we find that the function v, is
monotonously decreasing on [1, o), so that we are done since \,(1) = ?—g < %,

P1(2) =2 <2andp,(4) = I < 1.

Let us now come back to proving the missing inequality above. We have to
show

A-(A-1) s-B-(B—1)
2

A+B<(A-1)-(B-1)+ 7

+1-+min{A, [s]},

or equivalently
A-(A-1) +s-B~(B—1)
2s 2

If B > 2, then AB > 2A and *®0P~V + 2 + min {A, [s]} > 2B, so we are done. It
remains to consider the case B = 1, and we have to show

+2+4min {A, [s]} + AB—2A —2B > 0.

A*—A—2sA+2s-min{A,[s]} > 0.

If A < [s] or A = 2 this is obvious. We may thus suppose that A > [s] and
A > 3. Since %2 > A it remains to show

ZTAZ—ZSA—FZS-(S}ZO-
For this
(222 2A >0, ifA>3s,
IA2 20 _HA >0, if2s <A < 3,

—— —2sA +2s - [s] > 3 3

3 M A >0, ifE <A<

2AZ 2sA . 3s
| 55 >0, iffs] <A<

Case4: A>1,B=0.
Applying (3.10) and (3.11) we get

A2 (p—1+a)? sAz (a—1+a)?
A _—
Aalfi1,g) < A-(q—2+a)?

for any A, and

Ai]AZ.(p_1+‘X)2 < (Pv,s(A) . (CI 14+ (X)Z’ if A > 3’

515 4min{A [ 41}
where
2
& 2A?

vis(A) = -
Pvs(A) %;”—(A—UJM/ SA2—(2s2+s)-A+2-(v+1)-s2

withv =2fors € (1,2] and v =3 for s € (2,00).
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In particular, due to the first two inequalities we may thus assume that

;

3, if g > 39,
3s?2, ifse(1,2),
2s?2, ifs € [2,4),

s?,  ifse 4, 00).

\

Note that @3 (A) <1 for s > 4, since

952 75 s (142s) s
A>goS LIS yfs2—3s 4 33
=S = e T 6 2 5= Tso2 VY T

This gives (3.5) for s > 4.

If now s € (2,4), then @3 is monotonously decreasing on [2s?

©3,5(2s%) on [2,4), and thus

,00), as is s

4s?
< =<
283 —2s2—s+4 — 5~
while for s = 2 the function ¢, is monotonously decreasing on [8, co) and thus
©22(A) < <2 < 2. This finishes the case s € [2,4).

2,

935(A) < @34(25%) =

Let’s now consider the case s € (1,2) and q > 39 parallel. Applying elementary

calculus, we find that ¢, takes its maximum on [3,00) at A = ﬂfzss and is
monotonously decreasing on [{5-, c0). Moreover, the function s — @, (5;)

is monotonously decreasing on (1,2). If s > g , then

U1
N

QZ,S(A) S @2,3(%) S (Pz,g (2_51) = 1 :

9
Due to (3.6) it thus remains to consider the case s € (1,Z) and A > 3. IfA > 8,
then
64 54
< = — < —
©25(A) < 921(8) 733 = 700

since the function s — ¢, (8) is monotonously decreasing on [1, 2).

So, we are finally stuck with the case A € {4,5,6,7}and 1 < % =s < %. We
want to apply Lemma 3.24. For this we note first that by Lemma 3.32 in our
situation d(I) < p+1and A = mult(I) < pT”. But then

dime(R/I) <A - (p — A +2)

and thus,
A2 (p—(1-a)-(A-2)°
. < < . —2 2 < 2 —2 2.
This finishes the proof. 0J
3.10 Remark

In the proof of the previous lemma we achieved for almost all cases A,(f; 1, g) <

% (g — 1+ «)?, apart from the single case L. (g) = x*. The following
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example shows that indeed in this case we cannot, in general, expect any

better coefficient than 3. More precisely, the example shows that the bound

3-(q—2+oc)2

is sharp for the family of singularities given by x9 — y9~', q > 39. A closer

investigation should allow to lower the bound on q, but we cannot get this for

all g > 4, as the example of E; and Eg show.

Moreover, we give series of examples for which the bound (q — 1+ «)? is sharp,

respectively for which 2 - (q — 1 + «)? is a lower bound.

3.11 Example

Throughout these examples q > p > 3 are integers.

(a)

(b)

(c)

(d)

(e)

Let f = x9 —y97", then y¢(f) > 3. (q — 2 + «)2. In particular, for q > 39,
YE(f) =3-(q—2+ )%

For this we note that I = (x3,y972) is a complete intersection ideal in R
with I5(f) = (x4 y9 2 x*yP | x- (q—1)+pg > q-(qg—1)) C I, since
2-(q—1)+(q—3)-g=q*—q—2<q-(q—1) and thus x?y9=3 & I°(f).
This also shows that the monomial x'y’ with0 <1 <2and0<j<q—3
form a C-basis of R/I, so that dim¢(R/I) = 3q — 6. Since i(f,x*) =3q -3,
the claim follows.

Let % < 2and f =x9—yP, then
e >2-(a—T1+ )%

By the assumption on p and q we have (q —2) - p + q < pq and hence
x92y ¢ 1%(f). Thus I%(f) = (x*",y" " x*yP | ap + pq > pq) C I =
(y%,x97"), and we are done since dim¢(R/I) = 2q — 2 and i(f,y?) = 2q.

Let f € C{x, y} be convenient, semi-quasihomogeneous of ord, o)(f) = pq,
and suppose that in f no monomial x*y, k < q—2, occurs (e. g. f = x9—yP),
then y5°(f) > (g — 1+ «)?. In particular, if J > 4, then

Ye(f) =(a—1+a)

I =x97". u(x) (mod y)

for a unit uw and §f = 0 (mod (y,x%")). Hence we are done since
dim¢(R/I) =q—1and i(f,y) =q.

By the assumption, I°(f) C I = (x971 y), since

Let f = y> — 3x3y + 3x'?, then f does not satisfy the assumptions of (c),
but still y&5(f) = (1T + «)? = (q — 1 + )2

For this note that I = (y — x* x'") contains I°(f), dimg(R/I) = 11 and
i(f,y—x*) =12

Let f = 7y3+15x’—21x’y, then f is semi-quasihomogeneous with weights
(p,q) = (3,7) and convenient, but y&*(f) < 25 < 36 = (q—1)%. This shows
that (g — 1)? is not a general lower bound for y§5(S,, ).
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We note first that 1°5(f) = (x”,y? — x°,x® — x*y) is not a complete inter-
section and dim¢ (R/ Ies(f)) = 11. Let now I be a complete intersection
ideal with I°*(f) C T and let h € I such that L_, , (h) = x*y® is minimal,
in particular, ord; 7)(h) = 3A +7B is minimal. Then dim¢(R/I) < 10 and
i(f,g) >3A +7Bforall g € L.

If, therefore, 3A + 7B > 14, then

() — dime(R/T) = 2>

We may thus assume that 3A + 7B < 13, in particular B < 2. If B = 0,
and hence A < 4, then by Lemma 3.31 dim¢(R/I) < 2A, so that

dime(R/1)?
i(f, g) — dimg(R/T)

<4A < 16.
Similarly, if B = 1 and A = 2, then by the same Lemma dim¢(R/I) < 9
and i(f, g) > 13, so that

dimg(R/1)2 _ 8
i(f,g) — dimg(R/I) — 4°

So it remains to consider the case B =1and A € {0,1}. Thatis h = x*y +
h' with ord(37)(h') > 9 4+ 3A. Consider the ideal ] = (x*y® | 3a + 78 >
21) C I. Then x** - h = x*y (mod J), and thus x° — x*y = x°® (mod (h) +
J), i. e. (h,x® —x%y) + ] = (h,x®) + J. Moreover, x® ¢ (h) 4+ J, so that
dimg (R/(g,x*—x%y)+]) < 6+A. If we can show that (g, x°*—x"y)+] S I,
then
dime(R/1?  _  (5+A?  _25
1(f.g) —dime(R/I) “3A+7—5—A 2

We are therefore done, once we know that y> — x> ¢ (g, x®) + J. Suppose
there was a g such that gh = y>—x> (mod (x°) +7J). Theny*=1L_ _ (g)-
L., (h), whichin particular means A =0and L, , (h) =1, (9) = y.
But then the coefficients of 1, x and x? in h and g must be zero, so that
x° cannot occur with a non-zero coefficient in the product. This gives the
desired contradiction.

3.b. Local Monomial Orderings

Throughout the proofs we will make use of some results from computer alge-
bra concerning properties of local monomial orderings. Let us therefore recall
some basic definitions and results.

3.12 Definition
A monomial ordering is a total ordering < on the set of monomials
{x*yP | «, B > 0} such that for all «,B,v,5,u,v>0

chyﬁ < nyé — Xoc+uy(3+v < Xv—b—uyé—b—v.
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A monomial ordering < is called local if 1 > x*yP for all («, B) # (0,0), and it
is a local degree ordering if

x+p>y+0 = xyP <xMy°.

Finally, if < is any local monomial ordering, then we define the leading mono-
mial L_(f) with respect to < of a power series f € R to be the maximal mono-
mial x*yP such that the coefficient of x*y® in f does not vanish, respectively
zero if f = 0.

If I <Ris anideal in R, then L_(I) = (L_(f) | f € I) is called the leading ideal
of I.

We will give now some examples of local monomial orderings which are sub-
sequently used in the proofs.

3.13 Example
Let «, 3,0,y > 0 be integers.

(a) The negative lexicographical ordering <is is defined by the relation

5

xYP < xy® &= a>vyor(x=vyandp >3).

(b) The negative degree reverse lexicographical ordering <g4s is defined by
the relation

xyYP <x"y® &= a+P>y+dor(x+pB=vy+5andp >9).
(c) If positive integers p and g are given, then we define the local weighted
degree ordering <, o) with weights (p, q) by the relation
x*yP <xy® &= ap+Ppqg>vyp+odqor
(ap + g =7vp+6q and < d).

We note that <4 is a local degree ordering, while <5 is not and <, 4) is if and
only ifp =q.

Let us finally recall some useful properties of local orderings (see e. g. [GrP02]
Corollary 7.5.6 and Proposition 5.5.7).

3.14 Proposition
Let < be any local monomial ordering, and let 1 be a zero-dimensional ideal.

(@) The monomials of R/L_(I) form a C-basis of R/L. In particular
dim¢(R/1) = dime (R/L-(I)).
(b) If <is a degree ordering, then

1 1
HR/I = HR/L< (1))

that is even the Hilbert Samuel functions of R/1 and of R/L_(I) coincide
(see Definition 3.15).
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3.c. The Hilbert Samuel Function

A useful tool in the study of the degree of zero-dimensional schemes and their

subschemes is the Hilbert Samuel function of the structure sheaf, that is of

the corresponding Artinian ring.

3.15 Definition
Let I <1 R be a zero-dimensional ideal.

(a)

(b)

(c)

The function

dime (R/(I+m9)), d >0,
Hi:Z — Z:d— o (R/1 )

0, d <0,
is called the Hilbert Samuel function of R/I.

We define the slope of the Hilbert Samuel function of R/I to be the func-
tion
HR i IN = IN:d— Hyg(d) — Hg(d—1).
Thus
HR1(d) = dime (m?/((INm?) + md)),

is just the number of linearly independent monomials of degree d in m9,
which is d + 1, minus the number of linearly independent monomials of
degree d in (INm?) + md*.

Note that if m = m/I denotes the maximal ideal of R/I and Gr,(R/I) =
P gsom/m*! the associated graded ring, then

Hyi(d) = dime (m?/m*)
is just the dimension of the graded piece of degree d of Gr,,(R/I).
Finally we define the multiplicity of 1 to be
mult(I) := min { mult(f) | 0 # f € I},
and the degree bound of I as

d(I):==min{d € N | m* C I},

Let us gather some straight forward properties of the slope of the Hilbert

Samuel function.

3.16 Lemma
Let ] C 1 <R be zero-dimensional ideals.

(a)
(b)
(c)

HR 1(d) = d+1forall 0 < d < mult(1).
HR 1(d) < H§ ((d—1) for all d > mult(I).
HR 1(d) < mult(1).
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(d) HR/I( )=0forall d > d(I) and H%/I #0 for all d < d(1). In particular

1

dim¢(R/I) = Z HR 1(d

(e) HR/I(d) < H%/]( ) for all d € IN.

(®) d(I) and mult(1) are completely determined by HS e

Proof: For (a) we note that I C m¢ for all d < mult(I) and thus HOR /1( d =
dime (m?/m?*7) = d+1 for all 0 < d < mult(I).

By definition we see that HJ /I(d) is just the number of linearly independent
monomials of degree d in m¢, which is d + 1, minus the number of linearly
independent monomials, say m,,..., m,, of degree d in (INm?) + md+'. We
note that then the set

xmy,.oxmeymy, ., ymed Cme (INm) +m®) € (Tnm) + mdt?

contains at least r + 1 linearly independent monomials of degree d + 1, once
r was non-zero. However, for d = mult(I) and g = g4 + h.o.t € I with ho-
mogeneous part gq # 0 of degree d, we have gq € (INm?) + md*', that is,
d = mult(I) is the smallest integer d for which there is a monomial of degree
din (INnm%) 4+ md*'. Thus for d > mult(I) — 1

HOR/I(d+1) <(d+2)—(r+1)=d+1 —r:HOR/I(d),
which proves (b), while (c¢) is an immediate consequence of (a) and (b).

If d > d(I), then H]‘Q/I( ) = dim¢(R/I) is independent of d, and hence HR/I(d) =
0 for all d > d(I). In particular,
1

Z HR 1(d) = Hi((d(T) = 1) = Hky(=1) = dimc(R/T).

Moreover, mi(V=1 + T # T =T+ m", so that H}  (d(I) — 1) # 0, and by (b) then
R/I( ) # 0 for all d < d(I). This proves (d), and (e) and (f) are obvious. O

3.17 Remark
Let < be a local degree ordering on R, then the Hilbert Samuel functions of
R/I and of R/L_(I) coincide by Proposition 3.14, and hence we have as well

HY 1 =HR /1 , d(I)=d(L()), and mult(I) =mult (L(I)),

since by the previous lemma the multiplicity and the degree bound only de-
pend on the slope of the Hilbert Samuel function.

3.18 Remark

The slope of the Hilbert Samuel function of R/I gives rise to a histogram as the
graph of the function HY /- By the Lemma 3.16 we know that up to mult(I) —
the histogram is just a staircase with steps of height one, and from mult(I)—1
on it can only go down, which it eventually will do until it reaches the value
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zero. This will definitely be the case for d = d(I). This means that we get a
histogram of form shown in Figure 1.

HR 1(d)
mult(I)

mult(1) an d

FIGURE 1. The histogram of H$ /1 for a general ideal L.

Note also, that by Lemma 3.16 (a) the area of the histogram is just dim¢(R/I)!

3.19 Example
In order to understand the slope of the Hilbert Samuel function better let us
consider some examples.

(a) Letf=x*—y*'" k>1,andlet I = I1°(f) = (x,y*) the equisingularity
ideal of an Ay-singularity. Then d(I) = k, mult(I) = 1 and dim¢(R/I) = k.

K

FIGURE 2. The histogram of H$ P for an A,-singularity

(b) Let f = x’y —y* ', k > 4, and let I = I°%(f) = (xy,x* — y*2) the eq-
uisingularity ideal of a Dy-singularity. Then x3,xy,y*' € I, and thus
m* 1 C I, which gives d(I) = k — 1, mult(I) = 2 and dim¢(R/I) = k, which
shows that the bound in Lemma 3.24 need not be obtained.

K — 1

FIGURE 3. The histogram of Hj p for an D;-singularity

() Letf=x>—y*andlet I =TI%(f) = (x?,y3) the equisingularity ideal of a
E/-singularity. Then d(I) =4, mult(I) = 2 and dim¢(R/I) = 6.
Let f = x> —xy? and let I = I°%(f) = (3x? — y3, xy?) the equisingularity
ideal of a E;-singularity. Then x3 xy?,y> € I, and thus m® C I, which
gives d(I) =5, mult(I) = 2 and dim(R/I) = 7.
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Let f = x3 —y® and let I = I°%(f) = (x?,y*) the equisingularity ideal of a
E/-singularity. Then d(I) = 5, mult(I) = 2 and dim¢(R/I) = 6.

4 | 5 | 6

FIGURE 4. The histogram of HOR/I for E¢, E; and Eg.

(d) LetI= (x3x%y,y>), then d(I) =4, mult(I) = 3 and dim¢(R/I) =7.

4

FIGURE 5. The histogram of HY | for I = (x? x*y,y?).

The following result providing a lower bound for the minimal number of gen-
erators of a zero-dimensional ideal in R is due to A. Iarrobino.

3.20 Lemma
Let 1 <R be a zero-dimensional ideal. Then 1 cannot be generated by less than
14 sUP 4> muie(n) {H%/I(d —1)— HOR/I(d)} elements.

In particular, if 1 is a complete intersection ideal then for d > v(I)

Hea(d—1) =1 < H,i(d) < Hg,(d—1).
Proof: See [Iar77] Theorem 4.3 or [Bri77] Proposition I1I.2.1. O

Moreover, by the Lemma of Nakayama and Proposition 3.14 we can compute
the minimal number of generators for a zero-dimensional ideal exactly.

3.21 Lemma
Let 1 <1 R be zero-dimensional ideal and let < denote any local ordering on R.
Then the minimal number of generators of 1 is

dim(I/ml) = dim¢ (R/L_(1)) — dim¢ (R/L_(mI)).

3.22 Remark

If we apply Lemma 3.20 to a zero-dimensional complete intersection ideal
[ <R, i. e. an ideal which is generated by two elements, then we know that
the histogram of H | will be as shown in Figure 6; that is, up to the value
d = mult(I) the histogram of H} | is an ascending staircase with steps of
height and length one, then it remains constant for a while, and finally it is
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mult(I)

mult(D) a(n)

FIGURE 6. The histogram of Hj | for a complete intersection.

a descending staircase again with steps of height one, but a possibly longer
length. In particular we see that

dWFL " 5f d(1) is odd,
mult(I) < (3.14)

@, if d(I) is even.
3.23 Example
Let I = m* for k > 1. Then d(I) = mult(I) = k and dim¢(R/I) = (1").

k
k
FIGURE 7. The histogram of HOR e The shaded region is the

maximal possible value of dim¢(R/I) for a complete intersection
ideal I containing m*.

3.24 Lemma
Let 1 <R be a zero-dimensional complete intersection ideal, then

dime(R/I) < (d(I) — mult(I) 4 1) - mult(I).

In particular

dime (R/1) <{ AR if (1) odd,

2 .
47 +2d(1) fdm, if d(I) even.

Proof: By Remark 3.18 we have to find an upper bound for the area A of the
histogram of Hy ;. This area would be maximal, if in the descending part the
steps had all length one, i. e. if the histogram was as shown in Figure 8. Since
the two shaded regions have the same area, we get

A < (d(I) —mult(I) + 1) - mult(I).



34 I. INTRODUCTION

He1(d)

mult(I)

mult(1) d(1) — mult(I)  d(I) d
FIGURE 8. Maximal possible area.

Consider now the function
@ : [mult(D), W] - Rix e (d(I) —x+1) -x,

then this function is monotonously increasing, which finishes the proof in view
of Equation (3.14). O

3.25 Corollary
For an ordinary m-fold point M, we have

2
%, if m > 3odd,

Tt (M) = mz%zm) if m > 4 even,

1, if m=2.

Proof: Let f be a representative of M,,,. Then

of of
Ies(f) - <a> a_X> +mm)

and as in the proof of Proposition 3.8 we may assume that f is a homogeneous
of degree m.

In particular, if m = 2, then [**(f) = m is a complete intersection and t&{(M,) =

1

1. We may therefore assume that m > 3.

For any complete intersection ideal I with m™ C I¢5(f) C I we automatically
have d(I) < m, and by Lemma 3.24

2 .
%, if m odd,
Talf)<q
2
ml2m,

if m > 4 even.

Consider now the representative f = x™—y™. If m = 2k is even, then the ideal
I = (x*,y**1) is a complete intersection with 1¢(f) C I and

m? +2m

—

Similarly, if m = 2k — 1 is odd, then the ideal I = (x*,y*) is a complete inter-
section with I¢5(f) C I and

T%(f) > dime(R/I) = k* +k =

242
T (f) > dime(R/T) = K = %m“.
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[l
3.26 Remark

Let I <« R be any zero-dimensional ideal, not necessarily a complete intersec-
tion, then still

dime(R/T) < (dm - %)

- mult(1).

Proof: The proof is the same as for the complete intersection ideal, just that
we cannot ensure that the histogram goes down to zero at d(I) with steps of
size one. The dimension is thus bounded by the region of the histogram in
Figure 9. O

H%/I(d)
mult(I)

muit(l) dEI) d

FIGURE 9. Maximal possible area.

3.d. Semi-Quasihomogeneous Singularities

3.27 Definition

A non-zero polynomial of the form f = }_ axpx*y® is called quasiho-

op+p-q=d
mogeneous of (p, q)-degree d. Thus the Newton polygon of a quasihomoge-

neous polynomial has just one side of slope —E.

A quasihomogeneous polynomial is said to be non-degenerate if it is reduced,
that is if it has no multiple factors, and it is said to be convenient if {, < € 7
and G and Go,d are Non-zero, that is if the Newton polygon meets the x-axis
and the y-axis.

If f = fo+f; with f; quasihomogeneous of (p, q)-degree d and for any monomial
x*yP occurring in f; with a non-negative coefficient we have «-p + - q > d,
we say that f is of (p, q)-order d, and we call f, the (p, q)-leading form of f and
denote it by lead, q)(f). We denote the (p, q)-order of f by ord, 4)(f).

A power series f € R is said to be semi-quasihomogeneous with respect to the
weights (p, q) if the (p, q)-leading form is non-degenerate.

3.28 Remark
Let f € R with deg(, . (f) = pq and let f, denote its (p, q)-leading form.

(a) Ifged(p,q) =r, then f, has r factors of the form axx+ —byr,i=1,...,1.
If, moreover, f, is non-degenerate, then these will all be irreducible and
pairwise different, i. e. not scalar multiples of each other.
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(b)

(c)

(d)

I. INTRODUCTION
If f is irreducible, then f, has only one irreducible factor, possibly of
higher multiplicity.

If f, is non-degenerate, then f has r = ged(p, q) branches fq,..., f,,
which are all semi-quasihomogeneous with irreducible (p, q)-leading
form a;x+ — byy* for pairwise distinct points (a;: b;) € P!, i=1,... ™.

In particular, the characteristic exponents of f; are I and * for all i =

1,...,7, and thus f; admits a parametrisation of the form
(xi(t),yi(t)) = (oqt% +h.o.t, Bit" + h.o.t).
If f5 is non-degenerate, i. e. f is semi-quasihomogeneous, and g € R, then

i(f, g) > ord, q)(9).

Proof: (a) If ap + fq = pq, then p | fq and hence p | Br, so that f3 - % is a

(b)

(c)

natural number. Similarly « - ¢ is a natural number. We may therefore
consider the transformation

fO(X%»U%) € C[X>y]r

which is a homogeneous polynomial of degree r. Thus f, (xﬁ , y%) factors
in r linear factors a;x —byy,i=1,...,, so that f, factors as

T

fo=]] (axxr —bwyr). (3.15)
i=1

Since ged (E, %) — 1, the factors a;x+ — by~ are irreducible once neither
a; nor b; is zero.
If fo is non-degenerate, then the irreducible factors of f, are pairwise
distinct. So, a; = 0 implies r = p and still a;x* — by = byy irreducible,
while b; = 0 similarly gives r = q and axr — b;yr = aix irreducible.
Thus, in any case the factors in (3.15) are irreducible and, hence, pair-
wise distinct.

With the notation from Lemma 3.29 and the factorisation of f, from
(3.15) we get

baq ap T
[Ti_; anuw™ vPIr2 — buus vPir?
9= Lapypd = [ J(amw —by).

i=1

By assumption f is irreducible, hence according to Lemma 3.29 g has at
most one, possibly repeated, zero. But thus the factors of f, all coincide
— up to scalar multiple.

The first assertion is an immediate consequence from (a) and (b), while
the in particular part follows by Puiseux expansion.
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(d) Let go be the (p, q)-leading form of g. Using the notation from (c) we
have

f,0) =3 ilfi,g) = ord (9(xi(t), vi(t)))
i=T1 i=1

= ord (go(ocit%, BitT) + h.o.t) >3 ordipal9) _ ord, q)(9).

T
i=1 i=1

3.29 Lemma
Let f € R with deg, ., (f) = pq and let fy denote its (p, q)-leading form. Let
r=ged(p, q) and a,b > 0 such that qb — pa = r. Finally set
fo(uPv™, uvr
g= oWV U)o

P4
usPy

Then the number of different zeros of g is a lower bound for the number of
branches of f.

Proof: See [BrK86] Remark on p. 480. O

The following investigations are crucial for the proof of Proposition 3.9.

3.30 Lemma
Let f € R be convenient semi-quasihomogeneous with leading form f, and
ord, o) (f) =pq, let 1= (x*yP | ap + Bq > pq), and let h € R. Then

dimc R/ (h) + I°(f) < dime R/(h) + I

In particular, if L, q(h) = y® with B < p, then

B—1

dimg R/(h) +1(f) <Bg—1—-) [L].

i=1

Proof: We recall that
Ies < gf af> + I

x’ 0y
It suffices to show that
15(f) € () + 1,
which is the same as showing that not both §f and § belong to (h) + L.

Suppose the contrary, that is, there are h,,h, € R such that
X =he-h(modI) and af =h,-h (mod I).
We note that

lead(, q) (55) =52 and leady,q (95) = 52,

and none of the monomials involved is contained in I. Therefore

lead;, q)(hy) - lead(, o) (h) = 9%  and lead(; q)(hy) - lead(,,q)(h) = ofo

ox oy’
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which in particular implies that % and %—1;0 have a common factor. This, how-
ever, is then a multiple factor of the quasihomogenous polynomial f,, in con-
tradiction to f being semi-quasihomogeneous.

ap +Bdq > pg

FIGURE 10. A Basis of R/(h) + L.

For the in particular part we note that by Proposition 3.14
dim¢ R/(h) + I =dimeR/L.  ((h) +1) < dim¢R/(y®) +1,

and the monomials x*y® with ap + Bq < pq and § < B form a C-basis of the
latter vector space. (See also Figure 10.) Hence,

B—1 B-1
dimeR/(R)+1< ) [a—9]=Ba—) la—F].
i=0 i=1

3.31 Lemma
Let g,h € R such that L, q(g9) = x*y® and L q(h) = yS, and let | =

(xMPyS xyP | ap + Ba = pa) and J' = (g, h,x*yP | ap + Ba = pq). Then
dim¢ R/]J" < dim¢g R/J,

and if Ap + Bq < pqand B < C <, then

A—1 B—1 p—1
dimeR/J =Ap+Ba—AB— Y [%] - [9] -3 min{A,[q— S}

i=1 i=1 i=C

Moreover, if B =0, then dimc R/] < A - C.

Proof: By Proposition 3.14

dimg R/]" < dimeR/L.,  (J') < dimgR/J.
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Let I = (x*y® | ap + Bq > pq). Then the monomials x*y® with (x,B) € A =
{(«,B) € NxN | ap + Bq < pq} form a basis of R/I. Moreover, the monomials
x*yP with («, B) € A U A, are a basis of /I, where

/\1:{(oc,[3)€/\]oc2AandBZB}

and
Az ={(a,B) € A\NA; | B >C).

(See also Figure 11.) This gives rise to the above values for dim¢ R/]J.

ap +Bq > pg

FIGURE 11. A Basis of R/J.

3.32 Lemma
Let q > p be such that

< la

< 5% for some integer A > 2, and let 0 < A < d.
(a) IfL(p,q](g) = x*, then L., (g9)= XA,
(b) mP™ C (xMyP T x*yP | ap + Bg > pa).

(¢) If1is an ideal such that g,h,x*y? € I for ap + Bq > pq and where
Lo, qlg)= x* and Lo, ,(h)= yP ! thend(I) <p +1.

Moreover, if L. (g) is minimal among the leading monomials of ele-

qa)
ments in lw. r t. <, q), then mult(I) = A.

Proof: It suffices to consider the case A = d, since this implies the other
cases. Note that by assumption d < p.

(a) Since x¢ is less than any monomial of degree at least d with respect
to <g4s, we have to show that in g no monomial of degree less than d
can occur with a non-zero coefficient. x¢ being the leading monomial
of g with respect to <(; q), it suffices to show that « + 3 < d implies

ap + Bq < dp, or alternatively, since % < d;:’

d
<.
x+p d—]‘d
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(b)

(c)

I. INTRODUCTION

For o + 3 < d the left hand side of this inequality will be maximal for
ax=0and p =d—1, and thus the inequality is satisfied.

We only have to show that xYy?"'~Y € (x4, y?~ ! x*yP | ap + Bq > pq) for
v =3,...,d — 1, since the remaining generators of mP*' definitely are.

However, by assumption J < -4 < -5, and thus y-p+(p+1—-v)-q = pq.

By the assumption on I we deduce form (a) and (b) that d (L, (I)) <
p-+1. However, by Remark 3.17 d(I) = d (L., (I)), which proves the first
assertion.

Suppose now that mult(I) < d, i. e. there is an f € [ such that
mult(f) < d—1. The considerations for (a) show that then L (f) < x4
in contradiction to the assumption.

O



CHAPTER 1II

A Vanishing Theorem

In Chapter III we deduce the existence of an irreducible curve with pre-
scribed topological or analytical singularities from the existence of an ir-
reducible curve C with ordinary multiple points z;,...,z, of certain multi-
plicities my,..., m, which has the T-smoothness property, that is such that
h'(Z, Iximz)y=(D)) = 0. If we want to derive numerical conditions for the
existence in terms of invariants of the singularities and the divisor D from
this theorem, we need to have such numerical conditions for the vanishing of
H'(Z, Ix(mz)/=(D)). Section 1 is devoted to the proof of a suitable vanishing
theorem. We generalise an approach used by Geng Xu in [Xu95] for the plane
case. The basic idea is to give conditions such that (7*D — }_|_; miE;) — K5 is
big and nef, where 7t : Bl,(X) = T — X denotes the blow up of X in z4,...,z,,
and then to apply the Kawamata—Viehweg Vanishing Theorem.

1. The Vanishing Theorem

1.1 Theorem

Let my > ... > m, > 0 be non-negative integers, « € R with « > 1, k, =
max {n € N | n < %} and let D € Div(£) be a divisor satisfying the following
three conditions’

D (D= Kel z max (e T (mot DA R+,
i
(1.2) (D —Ks5).B > ky - (mq+1) for any irreducible curve B with B> =0
and dim [B|, > 0, and
(1.3) D — Ky is nef.
Then for z,,...,z, € L in very general position and v > 0

HY <BIZ(Z),7T*D -y miEi> =0.
i=1

In particular,
HV(Zv jX(m;;]/Z(D)) = 0.

Proof: By the Kawamata—Viehweg Vanishing Theorem (cf. [Kaw82] and
[Vie82]) it suffices to show that A = (n*D — Y |, miE;) — K5 is big and nef,
i. e. we have to show:

IThe proof uses Kawamata—Viehweg vanishing which needs characteristic zero for the
ground field.

41
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(a) A?>0,and
(b) A.B’ > 0 for any irreducible curve B’ in T = BL,(X).

Note that A = (D — Kz) — >_{_;(my + 1)E;, and thus by Hypothesis (1.4) we
have

A?=(D-Kg)? =) (mi+1)?>0,
i=1

which gives condition (a).

For condition (b) we observe that an irreducible curve B’ on £ is either the
strict transform of an irreducible curve B in I or is one of the exceptional
curves E;. In the latter case we have

AB' =AE =m+1>0.
We may, therefore, assume that B’ = B is the strict transform of an irreducible

curve B on I having multiplicity mult,, (B) =n;atz,i=1,...,r. Then

AB'=(D—Kg)B—> (mi+1)n,,

i=1

and thus condition (b) is equivalent to
() (D—-Ksg).B> 3 (mi+1)n;.
iz

Since z is in very general position Lemma 2.1 applies in view of Corollary A.3.
Using the Hodge Index Theorem E.4, Hypothesis (1.4), Lemma 2.1, and the
Cauchy-Schwarz Inequality we get the following sequence of inequalities:

((D—K5).B)* > (D—Kg)* B2 > a (T, (mi+ 1)) (T n?—ny,)

i=1

= Y mi+1)2 3 i+ (e —1) ‘(ZI:W“VF 1?2 (ZI:] ng — P 'nio)>

> (Zmit 1) n) + (a— 1) (Z{:ﬂmﬁ N2 (L~ ‘“m))’

where iy € {1,...,1} is such that n;, = min{n; | n;y # 0}. Since D — Ky is nef,
condition (b’) is satisfied as soon as we have

r
§ 2 o
i=1

If this is not fulfilled, then n; < _*; foralli=1,...,r, and thus

D (Mt 1) ni < ke (mg +1).

i=1

Hence, for the remaining considerations (b’) may be replaced by the worst case

(D —Ks).B > ke - (my+1).
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Note that since the z; are in very general position and z;, € B we have that
B? > 0 and dim [B|, > 0 (cf. Corollary A.6). If B> > 0 then we are done by the
Hodge Index Theorem E.4 and Hypothesis (1.4), since D — Ky is nef:

(D —Ks).B > /(D —Ks)2 > /(Ko - My +Ka)? > Koo+ (my +1).

It remains to consider the case B2 = 0 which is covered by Hypothesis (1.5).

For the “in particular” part we just note that Jx(m; ;)2 @ -+ @ Ix(myiz)/z @
Osz(D) = Jx(myz)/z®Ox(D) (see Lemma C.4) and that, using the Leray spectral
sequence (compare [Laz97] Lemma 5.1)

H”(z, Q) Tximez) /s @ OZ(D)) =H" (i, D - ) m&) .

i=1 i=1

O

Choosing the constant o« = 2 in Theorem 1.1, then _*; = 2 and thus k, = 1.
We therefore get the following corollary, which has the advantage that the
conditions look simpler, and that the hypotheses on the “exceptional” curves
are not too hard.

1.2 Corollary

Let mq,...,m; € Ny, and D € Div(X) be a divisor satisfying the following three
conditions

(1.4) (D—Ksg)2>2- (mi+1)3

i
(1.5) (D —Kg).B > max{m; |1 =1,...,r} for any irreducible curve B
with B2 = 0 and dim |B|, > 0, and

(1.6) D — Ky is nef.

Then for z,,...,z, € L in very general position and v > 0

HY <Blg(Z),7r*D = miEi> = 0.
i=1

In particular,
HY(Z, Ix(mz)/=(D)) = 0.

1.3 Remark

Condition (1.3) respectively Condition (1.6) are in several respects “ex-
pectable”. First, Theorem 1.1 is a corollary of the Kawamata—Viehweg Van-
ishing Theorem, and if we take all m; to be zero, our assumptions should
basically be the same, i. e. D — Ky nef and big. The latter is more or less
just (1.1) respectively (1.4). Secondly, we want to apply the theorem to an
existence problem. A divisor being nef means it is somehow close to being
effective, or better its linear system is close to being non-empty. If we want
that some linear system |D|, contains a curve with certain properties, then it
seems not to be so unreasonable to restrict to systems where already |D — K5/,
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or even |D — L — Ks|; with L some fixed divisor, is of positive dimension, thus
nef.

In many interesting examples, such as P2, Condition (1.2) respectively (1.5)
turn out to be obsolete or easy to handle. So finally the most restrictive ob-
struction seems to be (1.1) respectively (1.4).

If we consider the situation where the largest multiplicity m; occurs in a large
number, more precisely, if m; =... =my, with l,=min{n e N | «-n >k},
then Condition (1.1) comes down to

(1.1) (D—Ks)2>a- Y (mi+1)2
i=1

1.4 Remark

Even though we said that condition (1.4) was the really restrictive condition
we would like to understand better what condition (1.5) means. We therefore
show in Appendix B that an algebraic system |B|, of dimension greater than
zero with B irreducible and B? = 0 gives rise to a fibration f : £ — H of £ over
a smooth projective curve H whose fibres are just the elements of |B|.

2. Generalisation of a Lemma of Geng Xu

Throughout the proof of Theorem 1.1 we need the following generalisation of
a lemma of Geng Xu.

2.1 Lemma
Let z = (z1,...,z:) € L" be in very general position, n € N|, and let B C L be an
irreducible curve with mult, (B) > ny, then

B? > Z n? — min{n; | ny # 0.

i=1

2.2 Remark

(a) A proof for the above lemma in the case £ = P? can be found in [Xu94]
and in the case r = 1 in [EiL93]. Here we just extend the arguments
given there to the slightly more general situation.

(b) For better estimates of the self intersection number of curves in the sit-
uation where one has some knowledge on equisingular deformations in-
side the algebraic system see [GuS84].

(c) With the notation of Lemma A.2 respectively Corollary A.3 the assump-
tion in Lemma 2.1 could be formulated more precisely as “let B ¢ £ C BN
be an irreducible curve such that Vg, = £, or “let z € £"\ V.2

«

(d) Note, that one cannot expect to get rid of the “—min{n; | n; # 0}".

E. g. £ = BL, (P?), the projective plane blown up in a point z, and B C £

2Since B is irreducible, the general element in |B|, will be irreducible. Since Vg n =2
there will be some family of curves in Hilb} satisfying the requirements of Lemma 2.3.
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the strict transform of a line through z. Let nowr=1,ny=1and z; € £
be any point. Then there is of course a (unique) curve B; € |B|, through
z1,but BZ=0<1=n%
Idea of the proof: Set e; :=n;—1ande;:=n;fori# 1, wherew.l. 0. g. nq =
min{n; | n; # 0}. By assumption there is a family {C}c¢ in |B|, satisfying the
requirements of Lemma 2.3. Setting C := C, the proof is done in three steps:
Step 1: We show that H(C, Jx(ez)/s - Oc(C)) # 0. (Lemma 2.3)
Step 2: We deduce that H°(C, m,.Ox( — Y_i_; eiEi) ® Oc(C)) # 0. (Lemma 2.4)
Step 3: It follows that deg (.Oz( — Y {_; eiEi) ® Oc(C)) > 0, but this degree
isjust C2— > 7 em.

i=1

2.3 Lemma

Given eq,...,e; € No, v > 1. Let {Ci} ey, U C C an open neighbourhood of 0, be
a non-trivial family of curves in L together with a section U — L : t — z1 € Cy
such that

mult,, (C¢)>e;+1 forall telU
and fixed points z;,...,z, € L such that
mult, (Cy) > e forall i=2,...,7r and t e l.

Then with z1 =z
HO(C, Ix(ew)/= - Oc(C)) #0,

i. e. there is a non-trivial section of the normal bundle of C, vanishing at z; to

the order of at least e; fori=1,...,1.3
Proof: We stick to the convention n; =e;+Tandn; =e;fori=2,...,r, and
wesetzi:=zifori=2,...,7rand t € U. Let A C U be a small disc around 0

with coordinate t, and choose coordinates (x;,y;) on X around z; such that

o zi = (ai(t), bi(t)) for t € A with a;, b; € C{t},

e z; = (ai(0),b;(0)) = (0,0), and

o Fi(xi, i, t) = firlxi,ui) € C{xi,vi,t}, where Cy = {fiy = 0} locally at z;+
(for t € A).

We view {C}ica as a non-trivial deformation of C, which implies that the im-
age of 2 Btt—o € To(A) under the Kodaira- Spencer map is a non-zero section s of
H?(C,0c(C)). s is locally at z; given by 2% o

Idea: Show that 2t € (xi,yi)%, which are the stalks of Jx(c.)/r - Oc(C) at

ot [t=0
the z;, and hence s is actually a global section of the subsheaf Jxe.)/s - Oc(C).
Set @y(xi, Y1) = Frelxi + ailt), yo + bilt), 1) = 3 @uxlxi, yi) - t° € Clxq, ys, th

By assumption for any t € A the multlphclty of @i at (0,0) is at least n,

3Note, that Jx(e;z)/x - Oc(C) =mg', ---m§ - Oc(C).

Zr
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i. e. Oi(xi,vyi) € (xi,y))™ for every fixed complex number t € A. Hence,
@ix(xi,yi) € (xi,y1)™ for every k.*
On the other hand we have

Pi1(xi,yi) = 76@’%?&”“:0
= <(ax (waw O)) dui (waw O)) %(bei» O))» (al(o)) bl(o)) 1)>

= o (xq,yi) - @il0) + G (xq, 1) - bi(0) +

aail (Xi)yi) 0)

Since fio € (xi,y)™, we have 312 (x;,ys), a;;"(xuyl) € (x;,y9)™ ', and hence
% (x,11,0) € (xi,yl)el. For this note that a;(0) = b;(0) =0, if i # 1. O

The main idea of the next lemma is the following commutative diagram:

0 —> Ker(p) — H (I, m.0z (— X_{_; eiEi) ®o; Oc(C)) L> HO(C, Ix(ez) /5 - Oc(C)) —> 0
= >
HO (5,006 (~ T1 &) B0, Oc(C))
1. e. the fact that Ker(«) C Ker(f3), or in other words, that 3 factorises over «.

2.4 Lemma
Given eq,...,e. € Noand z¢,...,z, € L, v > 1.

The canonical morphism® Jx(e,.2,)/5@ - @Ix(erizn) /2 @0c(C) — Ix(ez)/z-Oc(C)
induces a surjective morphism 3 on the level of global sections.®

If s € HO(C, jX(e1 21)/E Q05 - oy jX(er;zr)/Z Koy OC(C)), but not in Ker(p3), then
s induces a non-zero section § in H°(C,m,.0z( — Y_{_; eiEi) ®o. Oc(C)).

Proof: Set E:=—) | ek
We start with the structure sequence for C:
0_>Oi(_6) — 0Oz — Oz — 0.

Tensoring with the locally free sheaf O;(E) and then applying 7, we get a
morphism:
H*OE(E) — H*OG(E)

Now tensoring by Oc(C) over Oy we have an exact sequence:
0 — Ker(y) — m.O5(E) ®o, Oc(C) = m.Og(E) ®o, Oc(C).
And finally taking global sections, we end up with:
0 — HO(Z,Ker(y)) — H(Z,m.05(E) ® Oc(C)) == H°(L, m.0z(E) ® Oc(C)).

Since the sheaves we look at are actually Oc-sheaves and since C is a closed
subscheme of L, the global sections of the sheaves as sheaves on L and

4See Lemma C.1.

Lemy, ® --@my, ®0c(C)—mi, --my, -Oc(C).

6@ is surjective, since supp (Ker(p)) < {zi1,...,z;} by Lemma C.4, and hence
H'(Z,Ker(p)) =0.
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as sheaves on C coincide (cf [Har77] I11.2.10 - for more details, see Corol-
lary C.3). Furthermore, 7.0 = Qi Ix(eiz)/

Thus it suffices to show that Ker («) C Ker (f3).

Since 7 : b \ (Ui_;E)) — Z\{z1,...,2,} is an isomorphism, we have that
supp (Ker(y)) C {z1,...,2,} is finite by Lemma C.5. Hence, by Lemma C.6
Ker(y) is a torsion sheaf, and thus

Ker(x) = H°(Z Ker(y)) C H°<Z,Tor (@; Txteim )z @ OC(C)>).

Let now t € Ker(«) be given. We have to show that 3(t) =0, 1. e. ,(t,) = 0 for
everyz € L. If z ¢ {z9,...,z,}, then t, = 0. Thus we may assume z = z;. As we
have shown,

t,, € Tor (mg*, ®0; ., Ocp,.) = Tor (mgx, /f, m§, ) = (f,)/f,mg, |

where f,, is a local equation of C at z. Therefore, there exists a0 # g,, € Os,,
such that t,, = f,, g, (mod f, m$, ) =f, ®g., (notethat f, €my, Cms, ).
But then (3., (t,,) is just the residue class of f,, g, in m¢, Oc., =mg, /(f,),

and is thus zero. O

Proof of Lemma 2.1: Using the notation of the idea of the proof given on
page 45, we have, by Lemma 2.3, a non-zero section s € H(C, Jx(ez)/=- Oc(C)).
This lifts under the surjection B to a section s’ € H(C, ®:_; Jx(ersz),2@0c(C))
which is not in the kernel of 3. Again setting E := — ) |, e;E;, by Lemma
2.4, we have a non-zero section § € H°(C,m.Ox(E) ®o. Oc(C)), where by
the projection formula the latter is just H(C, . ((’) (E) ®o, 70Oc(C))) =qef
HY(C, O4[E) @0, mOc(C)).

Since Oz(E) ®o. m*Oc(C) has a global section and since C is irreducible and
reduced, we get by Lemma D.2:

0 < deg (Og(E) ®o. 7 Oc(C)) = deg (Ox(E)) + deg (1 Oc(C))

= E.C +deg (Oc(C Z —ein; + C2.

3. Examples

In this section we are going to examine the conditions in the vanishing theo-
rem (Corollary 1.2). Unless otherwise stated, r > 1 is a positive integer, and
mq,...,m. € Ny are non-negative.
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3.a. The Classical Case - & = P?

Since in P? there are no irreducible curves of self-intersection number zero,
condition (1.5) is redundant. Moreover, condition (1.6) takes in view of (1.4)
the form d + 3 > V2. Corollary 1.2 thus takes the following form, where
Le IO]PCz (1)]; is a generic line.

1.2a Corollary
Let d be any integer such that

(1.4a) (d+3)2>23 (mi+1)3
iz
(1.6a) d>—1.
Then for z1,...,z, € P?in very general position and v > 0

HY (BIZ (B?),dmL— ) miEi> =0.
i=1

3.b. Geometrically Ruled Surfaces

Throughout this section we use the notation and the results from Section G.a,
in particular Lemma G.2 for the irreducible curves with selfintersection zero
on X.

1.2b Corollary
Given two integers a,b € 7 satisfying

(1.4b) a(b—(2—1)e) > i(mﬁ”%

i=1

(1.5b.1) a>max{m;|i=1,...,7},

(1.5b.i1) b>max{mi|i=1,...,1,ife=0,

(1.5biil)  2(b— (% —1)e) >max{m;|i=1,...,1} if e <0, and
(1.6b) b>(a—1)e ife>0.

For z,,...,z. € X in very general position and v > 0

HY (BIZ(Z), (a—2) - Co+ (b—2+2g) mF— Zmia> = 0.

i=1

Proof: Note that if the invariant e is non-positive, then (b — ($ —1)e) > 0

implies
bZ (a_])e) (3.1)

so that this inequality is fulfilled for any choice of e.
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Setting D = (a —2)Cy + (b — 2 4 2g)F we have
(D —Ky)? = (aCo+(b+e)F)2:2a<b— (——1) ) >2Z mi+ 1)?

which is just (1.4b.i/ii/iii). Similarly, by (1.5b) and Lemma G.2 condition (1.5)
is satisfied.” Finally, in view of Lemma G.1, condition (1.6b) implies that
D — K5 is nef. O

3.c. Products of Curves

As we have seen in Proposition G.12, for a generic choice of smooth projective
curves of genera g; > 1 and g, > 1 respectively the surface ¥ = C; x C;
has Picard number two and according to Remark G.11 the only irreducible
curves B C £ with selfintersection B? = 0 are the fibres C; and C,, and for any
irreducible curve B ~, aC;+bC; the coefficients a and b must be non-negative.
Taking into account that Ky ~, (292 — 2)C; + (2g7 — 2)C; Corollary 1.2 comes
down to the following.

1.2¢ Corollary
Let Cy and C, be two generic curves with g(C;) = gi > 1, i = 1,2, and let
a,b € Z be integers satisfying

(1.4¢) (a—2g+2)-(b—2g1+2) > Z(mI—H) and
(1.5¢) (a—2g,+2),(b—2g7+2) >max{m;|i=1,...,71},
then for z;,...,z. € L = C; x C, in very general position and v > 0

HY <B1§(Z)> aT[*C1 + bT[*Cz — Z miF—i> = 0.

i=1
3.d. Products of Elliptic Curves

That C; and C; be “generic” in the above sense means for elliptic curves just
that they are non-isogenous.

In view of (1.5d) and Lemma G.19 (iv) the condition (1.6) becomes obsolete,
and Corollary 1.2 has the following form, taking Lemma G.19 (iii) and Ky =0
into account.

1.2d Corollary
Let C and C; be two non-isogenous elliptic curves, a,b € 7 be such that

(1.4d) ab > Z m; + 1)% and

"To see this, let B ~, a’Co + b’F be an irreducible curve with B> = 0. Then by Lemma G.2
either a’ = 0and b’ =1,ore=0,a’>Tandb’ =0,ore < 0,a’ > 2,and b’ = %le<0.
In the first case, (D — Kg).B = a > max{m; | i = 1,...,7r} by (1.5b.i). In the second case,
(D—Ks).B=ba’>b >max{m;|i=1,...,r} by (1.5b.ii). And finally, in the third case, we
have (D —Kz)B=a'-(b— (% —1)e)) >max{m; [i=1,...,1} by (1.5b.iii).
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(1.5d) a,b>max{m;|i=1,...,1},

then for z;,...,z. € L = C; x C, in very general position and v > 0

HY (BIZ(Z), C17T*C1 +b 7T*C2 — Z miEi> =0.

i=1
3.e. Surfaces in P}
Since we consider the case of rational surfaces separately the following con-

siderations thus give a full answer for the “general case” of a surface in P?.

1.2e Corollary
Let £ C P} be a surface in P3 of degree n, H € NS(X) be the algebraic class of
a hyperplane section, and d an integer satisfying

(1.4e) n-(d—n+4)2222(mi+1)2, and
(1.5e) (d—m+4)-H.B > n;ax{mi |i=1,...,r}for any irreducible curve
B with B> =0 and dim |B|, > 1, and
(1.6e) d>n—4,
then for z;,...,z, € Lin very general position and v > 0

HY (BIZ(Z), dmH— ) miEi> =0.
i=1

3.1 Remark

(a) If NS(X) = HZ, then (1.5e) is redundant, since there are no irreducible
curves B with B? = 0. Otherwise we would have B ~, kH for some k € Z
and k’n = B2 = 0 would imply k = 0, but then H.B = 0 in contradiction
to H being ample (see Lemma E.1).

(b) By a Theorem of Noether a generic surface in P? has Picard number
one.However, a quadric in P? or the K3-surface given by w*+x*+y*+z* =
0 contain irreducible curves of self-intersection zero.
() IfY (mi+1)2> Zmiforalli=1,...,rthen again (1.5e) becomes obsolete
iz
in view of (1.4e), since H.B > 0 anyway. The above inequality is, for

instance, fulfilled if the highest multiplicity occurs at least 5 times.

(d) In the existence theorems the condition depending on curves of self-
intersection will vanish in any case, see Section III.3.e.

3.f. K3-Surfaces

3.f1. Generic K3-Surfaces. Since a generic K3-surface does not possess an el-
liptic fibration the following version of Corollary 1.2 applies for generic K3-
surfaces. (cf. [FrM94] 1.1.3.7)
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1.2f.i Corollary
Let ¥ be a K3-surface which is not elliptic, and let D a divisor on X satisfying

(1.46) D2>2.5 (mi+1)% and
i=1
(1.6f) D nef,

then for z4,...,z. € L in very general position and v > 0
HY <BIZ(Z),7T*D -y miEi> =0.
i=1

3.f.ii. K3-Surfaces with an Elliptic Structure. The hypersurface in P> given
by the equation x* +y* 4 z* + u* = 0 is an example of a K3-surface which is
endowed with an elliptic fibration. Among the elliptic K3-surfaces the gen-
eral one will possess a unique elliptic fibration while there are examples with
infinitely many different such fibrations. (cf. [FrM94] 1.1.3.7)

1.2f.ii Corollary
Let ¥ be a K3-surface which possesses an elliptic fibration, and let D be a
divisor on X satisfying

14)  DPz2 Y (mo1)
(1.51) D.B > n:ax{mi | i = 1,...,7} for any irreducible curve B with
B? =0, and
(1.6f) D nef,
then for z4,...,z,. € L in very general position and v > 0

HY <Blg(Z),7r*D -y miEi> =0.
i=1

3.2 Remark

If ¥ is generic among the elliptic K3-surfaces, i. e. admits exactly one elliptic
fibration, then condition (1.5f) means that a curve in |D|; meets a general fibre
in at least k = max{m;|i=1,...,r} distinct points.

4. Yet Another Vanishing Theorem

In [GLS98c] a different approach is used for the existence of curves with
prescribed topological singularity types in the plane case. It relies once more
on vanishing theorems for singularity schemes and may be applied to other
surfaces as well, once we have the corresponding vanishing theorems. It is
the aim of this section to generalise the first of these vanishing theorems
(cf. [GLS98c] Lemma 3.1 or [Los98] Lemma 3.10), and we claim that the
second one (cf. [GLS98c] Lemma 4.1 or [Los98] Lemma 3.11) can be treated
analogously.
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The proof uses an induction based on the reduction of a singularity scheme X
by a smooth curve L, that is, replacing X by X : L. Unfortunately, the class of
singularity schemes is not closed under reduction, it therefore becomes neces-
sary to consider a wider class of zero-dimensional schemes. We only give the
definitions and state the results, which are necessary for Theorem 4.5. For a
more thorough investigation of these schemes, including many examples, we
refer to [GLS98c] Section 2 or [Los98] Section 2.2.

4.1 Definition

Let (C,z) C (X,z) be a reduced plane curve singularity with complete em-
bedded resolution tree T(C, z), and let T*(C, z) denote the essential subtree of
T(C,z).

(a) If T* is a finite, connected subtree of T(C,z) containing the essential

subtree T*(C,z), we call the zero-dimensional scheme X(C, T*) defined
by the ideal sheaf with stalks

Ixcy5. = 1C, TY) = {9 € O0s,

g goes through the cluster C{ (C, T*)}

and Jxcr1/z» = Oz, whenever z' # z, a generalised singularity
scheme (with centre z).

We denote by GS the class of zero-dimensional schemes in ¥ which may
be obtained that way.

(b) The subclass of GS of zero-dimensional schemes of the form X(C,T*)
with centre z, where the plane curve singularity (C,z) has only smooth
branches, is denoted by GS;.

(c) The subclass of GS of zero-dimensional schemes of the form X(C, T*) with
centre z where T* = T*(C, z) is denote by S, and its members are called
singularity schemes.

We note that in this sense the singularity schemes X*(C) introduced in
Definition 1.2.7 are finite unions of singularity schemes. (See Remark
4.2.)

(d) By OS we denote the subclass of S of ordinary fat point schemes X(m;z).

(e) Since the support of a scheme X € GS consists of a unique point z, we
may define mult(X) = mult(X, z).

() Let X = X(C,T*) € GS and L C X be a curve which is smooth at z. We
then define T* N L = {q € T* | the strict transform of L goes through ¢},
that is, T* N L is the maximal subtree T of T* such that L goes through
the cluster CL(C, T).

(g) Two generalised singularity schemes X, X; € GS with centre z are called
isomorphic, if they are isomorphic as subschemes of £. We then write
Xo = Xj.
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(h) An equimultiple family of plane curve singularities over a (reduced) al-
gebraic scheme T over C is a flat family

C——SxT

%

of reduced plane curve singularities (Ct, G(t)) C X x {t} = X with section
o , which admits a simultaneous embedded resolution, together with
sections o4 through infinitely near points, defining a family 7* of finite
connected trees Ty with T*(Cy, 0(t)) C Ty C T(C, 0(t)), such that the
total transform of C is equimultiple along o, 04(t) € T;". (Cf. [GLS98c]
Definition 2.9, and [Los98] Definition 2.14.)

(i) Two generalised singularity schemes Xy, X; € GS with centre z are
called equivalent, if there exist germs (Cy,z) and (Cy, z) defining X, re-
spectively X;, and a T*-equimultiple family of plane curve singularities
over some (reduced) open connected subset T of A}, having (Cy, T) and
(Cy,T;y) as fibres. We then write X, ~ X;. (Cf. [GLS98c] Definition 2.9,
and [Los98] Definition 2.28.)

4.2 Remark

The classes GS, GS; and OS are closed with respect to the equivalence relation
~ and with respect to reduction by a smooth curve L. (Cf. [GLS98c] Proposi-
tion 2.11 and Lemma 2.13, or [Los98] Proposition 2.23 and Lemma 2.31.)

4.3 Remark

The concepts introduced so far immediately generalise to multigerms (C, z),
and also the remaining part of this section does not change in this situation
(cf. [GLS98c] p. 545). Moreover, the singularity schemes introduced in Def-
inition 1.2.7 then become precisely the elements of S. Just in order to save
some notation we will avoid the multigerms.

4.4 Definition
Let L C X be a smooth curve such that the corresponding divisor is very ample.

(a) Letfy,...,f.:Num(X) x Un21 Hilby — @ be some functions possibly de-
pending on the numerical class of L, and let £ C |J,,., Hilby be some
class of zero-dimensional schemes (not necessarily closed under reduc-

tion by L).
We then call (f;,...,f,) a tuple of L-reduction resistant conditions on K
if, whenever f;(D,X) > 0,1 =1,...,r, for some zero-dimensional scheme

X € K and some divisor class D € Num(Z) with D.L > L?, then also
f(D—-L,X:L)>0,i=1,...,r.

We say, an L-reduction resistant condition f is satisfied by some zero-
dimensional scheme X and some divisor class D, if (D, X) > 0.
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(b) We call a tuple (fq,...,f,) of L-reduction resistant conditions on OS suit-
able if for any ordinary fat point scheme X = X(m, z) C £ and any divisor
D, with D.L > L[?, satisfying f;, for i = 1,...,r, there exists a scheme

X" e OS with

(1) X'~X,

(2) deg(X'NL)=deg(XNL),and
(3) h'(Z,Jx,=(D)) =0.

Given a generalised singularity scheme X and a divisor D we would like to
know under which circumstances H' (Z, Jx /Z(D)) vanishes. However, it turns
out that this is hard to answer, and indeed, for the applications in the exis-
tence theorems (cf. [GLS98c]) we can do with less. There, we may replace
X by an equivalent scheme X’ for which the cohomology group vanishes, and
it is the aim of Theorem 4.5 to provide numerical conditions ensuring the
existence of X’. Well, actually the theorem reduces the problem to finding
conditions which guarantee the existence of X’ if X is an ordinary fat point
scheme (cf. (4.1)), which is much simpler to handle and where the geometry of
Y will come into play.

4.5 Theorem

Let L C X be a smooth curve of genus g = ¢g(L) such that the corresponding
divisor is very ample, and let D € Div(X) with D.L > L? and X € GS; such
that:

4.1) There is a suitable tuple of L-reduction resistent conditions on OS
which are satisfied by X and D.

(4.2) deg(X) < B - ((DL—-ZL —mult(X))® - 229 . %) and

(4.3) deg(XNL) < 2t — «L* . deg(X) — 2,

where x =1++\2and p=3—2-V2.
Then there is some X' € GS; with X' ~ X and deg(X'NL) = deg(XNL) such that
h1 (Z, jx//z(D)) - 0

Proof: We do the proof by induction on d = D.L, starting with d = L?. We
note that we may suppose that X is not an ordinary fat point scheme, since
the theorem holds for these by Assumption (4.1). This gives in particular the
induction basis, since for d = L? (4.2) can only be satisfied if X = (.

Setting I the subclass of GS; which are not ordinary fat point schemes, Con-
dition (4.2) and Condition (4.3) are L-reduction resistant on X by Lemma 4.7.
We then may replace X and D by X : L and D — L, satisfying now (4.1)-
(4.3). Thus, by induction there is a scheme Y’ ~ X : L in GS; such that
deg (Y NL) = deg((X : L)NL) and h'(Z, Jy/=(D — L)) = 0. Due to the
Semicontinuity Theorem for h'! (cf. [Har77] II1.12.8) and Lemma 4.8 (a) we
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then find a scheme X’ € GS such that X’ ~ X and deg (X' N L) = deg(XNL).
Moreover, in view of Remark 4.2 we have X’ € GS;, and by Lemma III.1.1 and
Condition (4.3) we find

h1 (Z) jX’/Z(D)) - O)

which finishes the proof. O

4.6 Remark

(a) We note that for an ordinary fat point scheme X(m;z) the cohomology

group H'(Z, Jx(my),=(D)) vanishes if and only if

(1)
(2)

h'(Z,05(D)) =0, and
H°(Z, 0x(D)) — HO(Z, Ox(miz)(D)) = Ox./mY, is surjective.

(b) We call a surface X~ regular with respect to L if for any d > 1 we have
h'(Z,0x(dL)) =0.
We then see that the examples which we are considering throughout this

thesis are all regular with respect to the obvious choices of very ample

divisors.

(1)

(2)

(3)

(4)

(5)

(6)

Complete intersections are regular with respect to hyperplane
sections by Proposition G.20. In particular P? and surfaces in P?
are so.

On a Hirzebruch surfaces F., e > 0, a divisor L = «Cy + BF is
very ample if and only if « > 0 and § > «e (cf. [Har77] V.2.18).
Then, however, IF. is regular with respect to L (cf. Remark G.4 and
Lemma G.6).

For a geometrically ruled surface X with invariant e over a curve
C of genus g = ¢g(C) > 1, we may choose a suitable integer 1 >
{2g—1, e4+2g—1}such that there is a very ample divisor L ~, Cy+1F.
By Lemma G.5 X is then regular with respect to L.

Let £ = C; x C, be a product of two smooth projective curves
of genera g; = ¢(C;) and denote by pr; : £ — C; the canonical
projection, i = 1,2. If L = prja ® prjb with a € Div(C;) of de-
gree a > 2g;+ 1 and b € Div(C,) of degree b > 2g; + 1, then L
is very ample by Lemma G.7, and since a and b are non-special
by Riemann-Roch (cf. [Har77] IV.1.3.4) the Kiinneth formula in
Lemma G.8 implies that h'(Z,L) = 0. But then I is regular with
respect to L.

If X is a product of two elliptic curves, then Kyz = 0, and thus by
the Kodaira Vanishing Theorem X is regular with respect to any
very ample divisor.

If X is a K3-surface, again the Kodaira Vanishing Theorem implies
that X is regular with respect to any very ample divisor L.
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(c)

(d)
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If L € Div(X) is very ample such that X is regular with respect to L and if
D = d-Lis a multiple of the very ample divisor L, then (4.1) just becomes
obsolete.

In this situation Condition (4.2) and Condition (4.3) take the form:

(429 deg(X) < (3-2-V2)- ((a-mult(X))’~ (2+v2) - g-a),
(4.3%) deg(XNL) < d— 142 deg(X) — 2g.

In the case of the Hirzebruch surface £ = Fy = B.1 x P! we would like
to use the chance to replace (4.1) by some condition, which applies to
arbitrary divisors D = aCy + bF on X rather than only to multiples of
L = Cy + F. We claim that (4.1) may be replaced by

DF=a>mult(X)—1 and D.Co=Db>mult(X)—1. 4.4)

Proof: (a) and (b) are obvious.

(c)

(d)

L is a hyperplane section of some embedding £ — PN, and we thus may
find two curves L,, L, € |L|; such that the germs L, ,and L, , at z are local
coordinates of (X,z), that is my, = (L., Ly ).

If X = X(m,;z) is an ordinary fat point scheme such that (4.2) and (4.3)
are satisfied by D and X. We then deduce from (4.11) below, which is an
immediate consequence of (4.2), that

m=multX < 2t < d.
But then the map in (a) is surjective.

The global sections of Os(D) may be identified with the polynomials
in C[xo, X1, Yo, Y1) which are bihomogenous of bidegree (a,b). Assuming
that z = ((O :1),(0: 1)) the map in (a) comes down to

HO(Z) aCO + bF) — OZ,Z/mgz = C[XO)UO]/(XO>yO)m . f = f(XO> 1 y Yo, 1 ))

which is surjective by Assumption (4.4).

It remains to show that the conditions are L-reduction resistant on OS.
However, if X(m;z) is an ordinary fat point scheme and L is smooth at z,
then mult (X(m;z) : L) = mult (X(m;z)) — 1, while D — L= (a—1) - Co +
(b —1) - F, which finishes the claim.

O

4.7 Lemma

Let K denote the subclass of GS; of schemes which are not ordinary fat point
schemes, let L C X be a smooth curve of genus g = ¢(L) such that the cor-
responding divisor is very ample, and let « = 1+ V2, = 3 —2 -2 and

’Y:

(e

We define two conditions fa, fg : Num(X) x Un21 Hilby — Q by

fA(D,X) = A(D,X) — deg(X) and fg(D,X)=B(D,X)— deg(XNL),
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where
A(D,X) = B - (B2 — mult(X))* —y - 2
and
B(D,X) = 2L — =L . deg(X) — 2g.

12
The tuple (fa,fg) is L-reduction resistant on K.

Proof: For X ¢ K and D € Num(Z) with D.L > L?, deg(X) < A(D, X) and
deg(XNL) < B(D, X) we have to show

deg(X:L) <A(D—L,X:L) (4.5)
and
deg ((X:L)NL) <B(D—L,X:L). (4.6)

For this we consider four different cases, where the first case shall illustrate
that the constants « and 3 are chosen optimal.

Step 1: Some useful considerations on «, 3 and vy.

We claim that « > 0 is minimal and 3 > 0 maximal such that
B-(a®+o)=0—1. 4.7
To see this we consider for a fixed b > 0 the equation
b-a’+(b—1)-a+1=0. (4.8)

The discriminant (b 1)? — 4b vanishes if and only if b = 3, and in this case

a= _Bz_(s = «, which proves the claim.

Furthermore, by the definition of «,  and v we have
(x+1)-p-vy=2g, (4.9)
T—af—2p=3vV2—4>0, (4.10)

and mult(X)? < 2 - deg(X) < 2-A(D,X) < 2B - (2L — mult(X))?, which implies

mult(X) < =28 mult(X) < D (4.11)
Step 2: Suppose that deg(XNL)=B(D,X).
Since B - («? + «) < « — 1 by (4.7), we have
(%)% (a? + ) - deg(X) < (L3)*- 51 A(D, X)
<(x—1)-(D.L)*—1%-(¢—1)-y-D.L
<(x—1)-(D.L)*+ (L*—2«g - L?) - D.L.
Taking the assumption of Step 2 into account, this implies

%—Lideg( )>1+DL Lz'(deg( ) B(D)X)) 5+DL 2 deg(X L)
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But then (4.6) follows:
deg ((X:L)NL) <deg(XNL) <B(D,X)<B(D-LX:L).

Due to (4.9)—(4.11) we have
C(D,X) :=(D.L)* (1 — «p —2B) + af - mult(X) - L*- (2- D.L — L* - mult(X))+
D.L-L%- (2 - mult(X) + B + (ex+ 1) - By — 2g) > 0.
In view of the assumption of Step 2 and (4.9) a tedious calculation shows
deg(X:L) =deg(X) —deg(XNL)=deg(X)—B(D,X)

= (1+ %) . deg(X) — 2 +2g < (1+ %2) - A(D,X) — 2 + 2g
=B+ (P51 — mult(x))* — y - D) - G2

<p- (PR
which gives (4.5).
Step 3: We now suppose that X = X(C, T*) satisfies the following conditions:

(X)* =y P ) <AD-L,X: 1),

(a) deg(XNL)<B(D,X).
(b) There exists an irreducible branch Q of (C,z) suchthat T"NL=T*N Q.
(c) There exists no irreducible branch Q' of (C, z) such that T*NL ; T™NnQ'.

Since X is not an ordinary fat point scheme, the tree T* has at least three
vertices, and due to (c) the tree T* N L, therefore, has at least two. But then
deg(X : L) < deg(X) and deg ((X : L) N L) < deg(XNL)— 2. Moreover, since
«f < 1 and by (4.11) we have
o - deg(X) < (2£ —mult(X))® < 2L (D.L—1?),
and thus, taking (a) into account, we get (4.6):
deg ((X:L)NL) <B(D,X)—2

—B(D—L,X:L)+ deg(X) —1<B(D—L,X:L).

m
By (b) and Lemma 4.8 (b) we know that mult(X : L) = mult(X) — 1. Therefore,
deg(X:L) <deg(X) <A(D,X)=A(D—-L,X:L)—
which implies (4.5).
Step 4: We now suppose that X = X(C, T*) satisfies the following conditions:
(a) deg(XNL)<B(D,X).

(b) There exists an irreducible branch Q of (C, z) such that
1) T'NQ={z=do<q1 <...<qu,

2 T"NlL={z=qo<q1<...<(qs)s<1l, and
(8) mult (C(q,,,), ds11) = m with deg(XNL) +m > B(D, X).
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Due to (4.10) and (4.11) we have
C'(D,X) := (1—aBp—2B) - (2L —mult(X)) + p + 2EMUMXIL (DL mylt(X)) > 0.
But then, taking (3) and (4.9) into account, a simple calculation shows

deg(X: L) =deg(X) —deg(XNL)<deg(X)—B(D,X) 4+ mult(X)
= (1+ %) . deg(X) — (2L — mult(X)) + 2g

(14 %) - A(D,X) — (2L — mult(X)) + 2g
B ((DL 2 mult(X))z - D.%z—LZ
B- ) v

)<
((DL L mult(X) .D{Z—LZ) <AD-L,X:L),

VAN

(D, X)

IA

which gives (4.5).

Consider next the concave function (p RoR:ix—p - (1+a) (2x— i - x%),

which takes its maximum at x = 2 and is thus concavely i 1ncreas1ng on the

interval [O, 14{\; '{'}] In particular, since the line {y = x} intersects the

graph of ¢ in x =0 and x = 1;/\%-?—'},@( ) >xforall 0 <x < 1& DL
D.L

Now consider a second function 1 : [O, # T ] — R given by

VB DL
f0r0§X§1+ BL—Z,

D.L 2 2 VB DL V2B DL
\/25'(7—") —x%, for o T <x < 0%
This function is concave as well and takes its maximum at x = 1;/\% . %,

where 1 and ¢ coincide. In particular, { is bounded from above by .

Note that by Lemma 4.8 (c) we have %W < deg(X) < p- ( —mult(X ))2,
and m < mult(X) anyway. We thus find

m < P (mult(X)) < @ (mult(X)),
since by (4.11) mult(X) takes its values in the domain of definition of 1.
Taking (4.8) and (4.9) into account, we deduce from this
C"(D,X) == 2L (o — 1)+ (1 — am — 20g) — £ - (a+ o) - deg(X)

> DL (a— 1)+ (1 — am—2ag) — &= - (4 o?) - A(D, X)
> o+ (@ (mult(X)) —m) > 0.

Moreover, we note that due to (3) we have

deg(X:L) =deg(X) —deg(XNL) <deg(X)—B(D,X)+m
But then
deg (X:L)NL) < deg(X NL) < B(D, X)
=D xS (deg(X) - B(D X)+m) —2g — 51 - C"(D, X)

< DL -deg(X:1)—2g =B(D—L,X:L),

z

DL L2
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which gives (4.6).

Step 5: We finally suppose that X = X(C, T*) satisfies the following condi-
tions:

(a) deg(XNL)<B(D,X).
(b) There exists an irreducible branch Q of (C, z) such that
1) T"NQ={z=qo<aq1 <...<qy,
2 T"NlL={z=qo<q1<...<(qs),s<1l, and
(8) mult (Cg,,,), ds11) = m with deg(XNL) +m < B(D, X).

As+1

Then by Lemma 4.8 (d) we may specialise the point q,,; onto the curve L and
consider the new scheme X; ~ X with deg(X; NL) = deg(XN L)+ m. (Note
that X; ~ X implies that X; € K.) By the Semicontinuity Theorem for h'
(cf. [Har77] II1.12.8) the vanishing of H' (X, 7x/s(D)) for some X” ~ X; with
deg (X”NL) = deg(X;NL) implies the vanishing of H'(Z, 7x,x(D)) itself. Thus,
specialising points to L we come down to the cases which we have already
studied. O

4.8 Lemma
Let X = X(C,T*) € GS, let Q be a smooth branch of (C,z) and let L C L be a
curve which is smooth at z. Then:

(a) Foralmostall Y ~X:Lin GS with deg (Y' NL) = deg ((X:L)NL) there
exists a generalised singularity scheme X' ~ X in GS such that Y =X’ : L
and deg (X' NL) = deg(XNL).

b) IfT*NQ CT*NL then mult(X: L) = mult(X) — 1.
(c) deg(X) = quT* W

d) IfT*NL CTC T NQ is a connected subtree, then there exists an an-
alytical isomorphism ¢ : (X,z) — (X,z) mapping (C,z) to a plane curve
singularity (Cy,z) such that the subtree T; corresponding to T* satisfies:

(1) X =X(Cy, T7) =X,

(2) Ty N Listhe subtree of T; corresponding to T, and
3) TyNL=T;yNQ,, where Q1 = @(Q) is a smooth branch of (Cy,z).
In particular, X; ~ X and deg(X; NL) =deg(XNL) + 3 (1-np) Mar

Proof: (a) Cf. [GLS98c] Proposition 2.18 or [LLos98] Proposition 2.32.
(b) Cf [GLS98c] Lemma 2.15 or [Los98] Lemma 2.26.

() Cf [GLS98c] Lemma 2.6 or [Los98] Lemma 2.8.

(d) Cf [GLS98c] Lemma 2.14 or [Los98] Lemma 2.25.
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5. Examples

We are now stating the results which we derive from Theorem 4.5 in view of
Remark 4.6. We leave it to the reader to exploit the possibilities, which (4.1)
offers, in a better way.

5.a. The Classical Case - & = P?
Choosing L as a line in P2, which has genus g = g(L) = 0, we get precisely the
same result as in [GLS98c].

4.5a Theorem
Let d > 1 be an integer and let X € GS; such that:

(4.2a) deg(X) < (3—2-+2) - (d — mult(X))?,
(4.32) deg(XNL) < d— Y2 deg(X).

Then there is some X' € GS; with X' ~ X and deg(X'NL) = deg(XNL) such that
h' (R;Z,jx'/z(dl—)) =0.

5.b. Hirzebruch Surfaces

Working now with the very ample divisor L = Cy+ (e+ 1) - L, which has genus
g = g(L) = 0, the theorem takes for divisors dL precisely the same form as in
the case of P2. We might as well work with any other very ample divisor L, of
possibly larger genus g = g(L). The Theorem then takes the same form as for
K3-surfaces.

For the Hirzebruch surface Iy = P! x P! we also get another, somewhat more
general version.

4.5b Theorem
Let a,b > 1 be two integers and let X € GS; such that:

(4.1b) a,b > mult(X) —1,
(4.2b) deg(X) < (3—2-v2) - (d — mult(X))?,
(4.3b) deg(XNL) <d— Y2 deg(X).

Then there is some X' € GS; with X' ~ X and deg(X'NL) = deg(XNL) such that
h1 (IE‘E X Eg,jx//z(aCo + bF)) =0.

5.c. Geometrically Ruled Surfaces

Using the notation of Section G.a w: £ — C is a geometrically ruled surface
with invariant e. As in Remark 4.6 we may choose some integer | > max{2g —
1,e +2g — 1} such that L = Cy + IF is very ample. Its genus is then just

g(L) = g(C).
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4.5¢ Theorem
Let d > 1 be an integer and let X € GS; such that

(4.20) deg(X) < (3—2-v2) - ((d—mult(X))*~ (2+v2) -9(C) - a),
(4.3¢) deg(XNL) < d— 142 . deg(X) — 29(C).
Then there is some X' € GS; with X' ~ X and deg(X'NL) = deg(XNL) such that

h1 (Z, jx//;:(dl_)) - O

5.d. Products of Curves

Let £ = C; x C, be a product of two smooth projective curves of genera g; and
g, respectively. Then we may choose some very ample divisor L ~, (2g,+ 1) -
Ci+(2g1+1)-C,of genus g = 89192 + g1 + ga.

4.5d Theorem
Let d > 1 be an integer and let X € GS; such that

(4.2d) deg(X) < (3—2-\/2)-((d—mult(X))z—(ZJr\/f)-(89192+91+gz)'d>,

(4.3d) deg(XNL)<d— ”—dﬁ -deg(X) —2- (89192 + g1 + g2).
Then there is some X' € GS; with X' ~ X and deg(X'NL) = deg(XNL) such that

n! (61 x Cqy Jxryr(d- (2024 1) - Cr+d- (201 +1) - Cz)) =0.

5.e. Surfaces in P?

For a surface in P? of degree n with L a hyperplane section, the formula for

the genus g = g(L) comes down to g = =42,

4.5e Theorem
Let d > 1 be an integer and let X € GS; such that

2

(4.2¢) deg(X) < (3—2-\f) ((a—mult(x))* =252 (n—1)- (n-2) - d),
(4.3e) deg(XNL) <d—Y2.deg(X) — (n—1)- (n—2).
Then there is some X' € GS; with X' ~ X and deg(X'NL) = deg(XNL) such that

h'(Z, Jxr/z(dL)) = 0.

If £ was a complete intersection of type (d;,...,dn_2) and L is a hyper-

plane section, then we just would have to replace the genus g = g¢g(L) =

di-dno-(ZN 2 di-N) 42
] .
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5.f. K3-Surfaces

If X is a K3-surface and L any very ample divisor of genus ¢g(L) = g, Theo-
rem 4.5 comes down to.

4.5f Theorem
Let d > 1 be an integer and let X € GS; such that

((d= mult(x)* = 2+ v2) - - d),

2. deg(X) — 2g.

(4.2) deg(X) < (3—2-V2

~—

S

(4.3f) deg(XNL) <d— 1=

Then there is some X' € GS; with X' ~ X and deg(X'NL) = deg(XNL) such that
h1 (Z, jx//;:(dl_)) - O
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CHAPTER III

Existence

The question whether there exist plane curves of given degree having singular
points of given types was already studied by the Italian geometers during the
last century. A very nice and inspiring result in this direction is that of Severi
(cf. [Sev21]) which says that there is an irreducible plane curve of degree d

(d-1)(a-2)
2

with r nodes as only singularities if and only if 0 < r < . In our

terminology this means
(d—1)-(d—2)
2 )

where H is a line in P2. Severi deduced this by showing that nodes on plane

WA #£0 &  0<r<

curves can be “smoothed” independently.

Looking for generalisations of this result one might concentrate on different
aspects such as

e looking at ordinary multiple points of higher multiplicities on plane
curves, or

¢ looking at arbitrary singularities on plane curves, or

¢ looking at nodal curves on arbitrary surfaces, or, finally,

e looking at arbitrary singularities on arbitrary surfaces.

All these generalisations have one problem in common — we may hardly ex-
pect criteria which are necessary and sufficient for the existence at the same
time. Already when replacing “nodes” by “cusps” on plane curves there is no
such complete answer known — except for small degrees d, d < 10 —, and
the existence of irreducible plane curves with more cusps than the number of
conditions imposed by them should allow shows that one may hardly expect
such a result (cf. [Hir92]). Similar problems arise in the other situations, and
the reason is mainly that in general the conditions which the singular points
impose are not independent.

The direction of looking at plane curves with ordinary multiple points of
arbitrary multiplicities was very much inspired by a conjecture of Nagata
who proposed in [Nag59] that /v - > [ ; m; should be a lower bound for
the degree of a plane curve passing through r general points with mul-
tiplicities my,..., m,, whenever v+ > 9. He himself gave a complete an-
swer for the case r < 8 and when r is a square. Many efforts have been
taken to fully prove the conjecture and much progress has been made —
cf. [Nag59, Seg62, ArC81, Hir85, Har86, Gim87, Hir89, Ran89, CiM98,
65
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Bru99, Eva99, Mig00, AIH00, Roé01, Mig01, Sei01]. However, a full proof
is still missing, though several special cases have been cracked and the gen-
erally known bounds have been improved largely. We refer to [Cil01] and
[Har01] for an overview on the state of the art for the Nagata Conjecture
and for the related conjectures of Segre [Seg62], Gimigliano [Gim87] and of
Harbourne-Hirschowitz [Har85a, Hir89].

Also for the existence of plane curves with one or with several singularities of
given topological singularity types there is a large number of results, giving
necessary or sufficient conditions for the existence or just giving strange ex-
amples — cf. [GTU66, ArC81, Bru81, ArC83, GuN83, Var83, Ura83, Tan84,
Ura84, GrMS85, Ivi85, Koe86, Hir86, Ura86, Deg90, Shu87a, GrMS8S,
Hir92, Bar93b, Sak93, Shu93, Deg00, Wal95, Wal96, GLS98c, Los98,
Shu98, Shu99, Mig01, Shu03]. For an overview on the results known
we refer to [Los98], [GrS99] or [GLS05]. Just recently the asymptotically
best known conditions for the existence of curves in the plane with arbitrary
topological singularities have been considerably improved using Castelnuovo
function arguments, and at the same time the first general conditions for an-
alytical singularities have been found (cf. [Shu03]). The existence of an irre-
ducible plane curve of degree d with topological singularity types Sq,...,S,,
among them k nodes, m cusps, t ordinary triple points and u singularities of
type A, with 1 > 2, as only singular points is ensured by

ek+10m+ 12 t+ 2. u+Z. Y 3(8)<d*-2d+3,
Si#A1,A2,Dy

where 6(S;) is the delta-invariant of S;, and similarly for analytical singularity

types
6k+10m+9- >  u(S)<d*—2d+3,
Si#A1,A2

suffices, where u(S;) is the Milnor number of S;. (Cf. [Shu03].) We will com-
pare this particular result to the corresponding special case of our general
results in Section 3.a and see that our results are weaker — which was to be
expected, since the techniques applied in [Shu03] are optimised for the plane
case.

In the past the question of the existence of curves with prescribed analytical
singularity types has attained much less attention, due to the lack of suitable
methods to tackle the problem. However, the Viro method which Shustin
uses in [Shu99] Section 6 on hypersurfaces in P* and which we also use here
allows to glue topological singularities as well as analytical ones, so that our
main results are valid for both kinds of singularity types. (See also [Shu03].)

The basic idea may be described as follows: suppose we have a “suitable” irre-
ducible curve C € |D|; with ordinary multiple points z4, ..., z, of multiplicities
m4,..., m, as singularities, and suppose we have “good” affine representa-
tives g1,..., g, for the singularity types S;,...,S,, then we may glue locally
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at the z; the equations g; into the curve C. In Definition 2.1 we define what
it precisely means that a representative is “good”; that the curve C then is
“suitable”, just means that the m;-jet of C at z; coincides with the m;-jet of g;,
where m; = deg(gi), and that V|p(m,,..., m,) is smooth at C of the expected
dimension. Finding general conditions for the existence thus comes down to
finding conditions for the existence of curves with ordinary multiple points
satisfying the T-smoothness property and to finding upper bounds for the de-
gree of a good representative. Section 1 is devoted to the first problem, and we
get satisfactory results in Theorem 1.2 and Corollary 1.3, while for the second
problem we are bound to known results (cf. [Shu03]).

The most restrictive among the sufficient conditions which we find in Corol-
lary 2.5 is (2.7) respectively (2.11) and could be characterised as a condition
of the type

Zé ) < aD?+ BD.K + v,

for topological singularlty types respectively for analytical ones as
Z“ ) < aD?+ BD.K +v,

where K is some fixed d1v1s0r class and «, 3 and y are some absolute constants.
(See also Remark I1.1.3.) However, it seems that this condition is of the right
type and with the right “exponents” for the invariants of the S; as well as for
the divisor D, since there are also necessary conditions of this type, e. g.

Z“ )<2- Za ) < D?+D.XKs+2,

which follows from the genus formula' If D is an irreducible curve with
prec1se1y r singular points of topological or analytical types Si,...,S, and
: D — D its normalisation, then po(D) = g(D) + §(D) > &(D), where
6(D) = dimg (v*(’)ﬁ/(’)D) is the delta invariant of D (cf. [BPV84] I1.11).
Moreover, by definition 5(D) = ZzESmg 5(D,z), and it is well known that
25(D,z) = u(D,z) +r(D,z) — 1 > u(D, z) (see Remark 1.2.2). Using now the
genus formula we get: D?+ D.Ks +2=2p,(D) >2-5 7 ,8(S) > Y i, u(Si)

1. Existence Theorem for Ordinary Fat Point Schemes

In order to be able to apply the existence theorem for ordinary fat point
schemes to the general case it is important that the existing curve has the
T-smoothness property, that is that some H' vanishes. This vanishing is en-
sured by reducing the problem to a “lower degree” and applying the following
lemma as a kind of induction step.

1.1 Lemma
Let L C X be a smooth curve and X C X a zero-dimensional scheme. If D €
Div(X) such that
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(1.1) h'(Z, Jxrs(D —1)) =0, and
(1.2) deg(XNL) <D.L+1—2g(L),
then

h'(Z, Jx/=(D)) = 0.

Proof: Condition (1.2) implies
2g(L) —2 < D.L —deg(XNL) = deg (O (D)) + deg (Jxni,1) = deg (Ix1,1(D)),
and thus by Riemann-Roch (cf. [Har77] IV.1.3.4)

h (I (D)) =0.

Consider now the exact sequence

0 — Jxi/z(D —1L) LN Ix/s(D) — Ixar (D) — 0.

The result then follows from the corresponding long exact cohomology se-
quence

0= ]"l1 (jX:L/Z(D — L)) — ]"l1 (jX/Z(D)) — H1 (jXﬁL/L(D)) =0.

1.2 Theorem
Given my,...,m, € N, not all zero, and z,...,z, € X, in very general position.
Let L € Div(X) be very ample over C, and let D € Div(X) be such that

(13) h1 (Z, jx(mg)/z(D — L)) = O, and
(1.4) DL—2g(L)>my+1foralli=1,... .

Then there exists an irreducible curve C € |D|, with ordinary singular points of
multiplicity m; at z; for i = 1,..., v and no other singular points. Furthermore,

h! (Zv jX(m;;]/Z(D)) =0,

and in particular, Vip(m) is T-smooth at C.

Addendum: Given local coordinates x;,y; in z; and open dense subsets U; C
C[Xj,yj]mj,l j=1,...,7, the curve C may be chosen such that the m;-jet at z; of
a section defining C belongs to U;.

Idea of the proof: For each z; find a curve Cj € |Tx(m,z),=(D) ]1 with an ordi-
nary singular point of multiplicity m; and show that this linear system has no
other base points than z,,...,z.. Then the generic element is smooth outside
z1,...,z,and has an ordinary singularity of multiplicity m;in z; forj =1,..., .

IFor the definition of C[x,ylq see Page 72.
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Proof: We may assume that ¥ C P is embedded via L, in particular the
elements of |L|; are the hyperplane sections. For i # j we denote by ziz; the
secant line joining z; and z;.

Let us choose z € £\ |J;ziz;. Then by Corollary E.8 for every point z* in the
open dense subset  \ B, of Z there is a smooth irreducible curve, say L.-, in
IL|; through z, and z* containing at most one of the z;, 1 = 1,...,r. If X is the
projective plane B, is empty, otherwise it consists of the finite union of secant
lines through z, completely contained in X.

If Z C ¥ is any zero-dimensional subscheme and z* € X is any point, we define
the zero-dimensional scheme Z U {z*} by the ideal sheaf

jZ/Z,Z) if z 7& Z’*>

mz)z* . jZ/Z,Z*) le =z*.

J20(z /5.2 =

Writing X for X(m; z) we introduce in particular the zero-dimensional schemes
Xj :XU{Zj}fOI'j :O,...,Y.

Step 1: h1 (jXOU{z*}/Z(D)) = h1 (jx)/z(D)) =0 forz*e X \ Bzo andj = 0, N
Since L, passes through z, z* and at most one z;, j € {1, ..., 1}, where z* might
be this z;, Condition (1.4) implies

Moreover, if z* = z; for some j € {1,...,1} or if L,- does not pass through any
z;,j €1{1,...,1}, then Xo U{z*} : L, = X, otherwise we get the exact sequence

m;—1 my
0 — Ix/x — Ixouizr i /s —> myg - /myp . —> 0,

but in any case we have by Condition (1.3) that
h' (Ixuiz L. £(D — L)) = 0. (1.6)

(1.5) and (1.6) allow us to apply Lemma 1.1 in order to obtain
h' (Fxuzry=(D)) = 0.

The inclusion Jx,uz1x — Jx 5 for j = 1,...,7, respectively the inclusion
Txoulzr/z = Jx, /5, for some z* # z,, then imply that for any j =0,...,r also

h'(Jx,/=(D)) = 0.

Step 2: For each j = 1,...,r there exists a curve C; € D[, with an ordinary
singular point of multiplicity m; at z; and with mult,, (C;) > m; for 1 <1i #j.

Consider the exact sequence

mj—H

0 — Ix /s — Ixyz — m?; /ms

_>O
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twisted by D and the corresponding long exact cohomology sequence

H°(Ix/=(D)) — m;;/m;jzj] — H'(Jx;2(D)) = H'(Ixe(D)) = 0. (1.7
||Step1

0

Thus we may choose the C; to be given by a section in H°(Jx,/z(D)) where the
m; tangent directions at z; are all different — indeed, we may choose the m;-jet
at z; of the section defining C; arbitrary!

Step 3: The base locus of | Jx,/s(D)|, is contained in {z,, ..., 2} UB,,.

Suppose z* € X was an additional base point of | 7x,,s(D)|,. By Step 1

h' (Ixury=(D)) =0,
and thus as in Step 2

h®(Jxe/z(D)) = h®(Ixeuizy/=(D)) + 1.
But by assumption z* is a base point, and thus
h®(Ixo /(D)) = h®(Ixuizry=(D)),

which gives us the desired contradiction.
Step 4: The base locus of |Jx/s(D)| is {z1,...,z}.

By Step 3 and since |Jx,/s(D)|, C |Jx/=(D)|, we know that the base locus is
contained in {z,,...,z,} U B,,. However, the intersection over the B, for all
admissible z, is empty, so that the base locus of | 7x/z(D)|, is just {z1, ..., z,}.

Step 5: There is an irreducible curve C € ]jx/;(D)
singular point of multiplicity m; at z; for i = 1,...,r and no other singular
points — indeed, there is an open and dense subset U of curves in ]jx/z(D) ’1
satisfying these requirements.

> Which has an ordinary

Because of Step 2 the general element in }jx/z(D) ]1 has an ordinary singu-
lar point of multiplicity m; at z; and is by Bertini’s Theorem (cf. [Har77]
I11.10.9.2) smooth outside its base locus. It remains to show that |7x/z(D)|,
contains an irreducible curve, then the generic curve is irreducible as well.

Suppose therefore that all curves in \jx (D) }1 are reducible. Then by a Theo-
rem of Bertini (cf. Theorem E.5) there is an irreducible one-dimensional fam-
ily F of curves such that the irreducible components of any curve in ]jx /5(D) ’1
belong to 7, and the base locus of F is {z4,...,z.}. Moreover, through a very
general point z, € I there is a unique, irreducible curve, say C,, in F. The
elements of |7x,,=(D)|, belong to | Jx,=(D)|, and pass through z,. Thus C., is
which implies that L is not the projective

a fixed component of |7x,,z(D)|,,
plane and C,, is one of the lines in B,,. But, z, being general, then there
are infinitely many lines in F, thus passing through z;, in contradiction to

Lemma E.7.
Step 6: h'(Jx/z(D)) = 0, which follows immediately from equation (1.7).
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Step 7: V|p/(m) is T-smooth at C.
By [GLS98c], Lemma 2.7, we have

Ix/z © Txes(c)/x,

and thus by Step 6
h! (Txes(c)z(D)) =0,

which proves the claim.
Step 8: Prove the addendum.

Fixing local coordinates x;, y; at z; we may consider the linear maps

®;: HO(Z,jX/z(D)) — Clxj, Yslm s jet ( $z),

where jet, ( sz, ) denotes the m;-jet of the section s in the local coordinates at
z;. Accordmg to the considerations in Step 2 we know that the ¢; are indeed
surjective. Thus the sets (pj_1(uj) are open dense subsets of H° (Z, jx/z(D)),
and if V C HO( , Ix/=(D )) denotes the open dense subset of sections corre-
sponding to the curves in the set U from Step 5, then W =V N ﬂ 195 "(Uy) is
non-empty and a curve defined by a section in W satisfies the requirements
of the addendum. O

1.3 Corollary
Let my,...,m,. € Ny, not all zero, and let L € Div(X) be very ample over C.
Suppose D € Div(X) such that

(1.8) (D—-L—Ks)2>2-> (mi+1)3
iz
(1.9) (D—L—Kg).B > max{m,,...,m,} foranyirreducible curve B C
with B = 0 and dim IBla > 1,

(1.10) D.L —2g(L) > max{my,..., m,}, and

(1.11) D — L — Kys is nef.
Then for z1,...,z. € X in very general position there exists an irreducible curve
C € |D|, with ordinary singular points of multiplicity m; at z; fori =1,...,r

and no other singular points. Furthermore,

(Z ij; ( )):O)

and in particular, Vip|(m) is T-smooth in C.

Addendum: Given local coordinates x;,y; in z; and open dense subsets U; C
Clx;,Yjlm;, i =1,...,71, the curve C may be chosen such that the mj-jet at z; of a
section defining C belongs to U,.

Proof: Follows from Theorem 1.2 and Corollary I1.1.2. O
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2. Existence Theorem for General Singularity Schemes

Notation

Througout this section we will be concerned with equisingular respectively
equianalytical families of curves. We are treating these two cases simultane-
ously, using the suffixes “es” in the equisingular case, that is whenever topo-
logical singularity types are considered, “ea” in the equanalytical case, that is

s

when analytical singularity types are considered, and finally, using when

both cases are considered at once.

In the following we will denote by C[x,yl4, respectively by C[x,yl<q the C-
vector spaces of polynomials of degree d, respectively of degree at most d. If
f € Clx,yl<q we denote by f, € Clx,ylx for k =0,...,d the homogeneous part
of degree k of f, and thus f = ZS:O fr. By a = (ax1/0 < k+1 < d) we will denote
the coordinates of C[x, yl<q with respect to the basis {x*y' [0 < k+1< d}.

For any f € Clx,yl<q4 the tautological family

ChxylcaxC* > |J {g}xg7'(0) — Clx,yl<a
geClx,yl<a
induces a deformation of the plane curve singularity (f“(O), O) whose base
space is the germ (C[x,yl<q,f) of Clx,yl<q at f. Given any deformation
(X,x) — (X,x) — (S,s) of a plane curve singularity (X, x), we will denote by
S§* = (S*,s) the germ of the equisingular respectively equianalytical stratum
of (S,s).2 Thus, fixed an f € Clx,yl<q, Clx,yltq = (Clx,yl%y, ) is the (local)
equisingular respectively equianalytical stratum of C[x,yl<4 at f.

2.1 Definition

(a) We say the family C[x,yl<q4 is topologically respectively analytically 7*
smooth at f € C[x,yl<q if for any e > d there exists a A C {(k,1) €
N3 |0 < k+1<d} with#A =t = t*(f71(0),0) such that Clx,yl%, is
given by equations

ak,l - (bk,l (g(])) Q(Z))) (k’) l‘) € A)

with ¢y € @{Q(WQ(Z)} where Q) = (arr | (k1) € A), amy = (a1 |0 <
k+1<d, (k1) gA),and g, = (a|d+1<k+1<e).

(b) A polynomial f € C[x, yl<4 is said to be a good representative of the topo-
logical respectively analytical singularity type S in C[x,yl<q4 if it meets
the following conditions:

(a) Sing (f~1(0)) = {p €C? ’ f(p) =0, 5:(p) =0, 55 (p) = 0} = {0},
(b) (f7'(0),0) ~ S respectively (f~'(0),0) ~c S,
(¢) Clx,yl<qis T-smooth at f, and

2That is, S* is the analytical space germ parametrising the subfamily of (X, x) — (S, s) of
singularities which are topologically respectively analytically equivalent to (X, x).
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(d) fq4 is a generic reduced d-form, that is, there is an open subset
U C CI[x,y]q of reduced d-forms such that for each g4 € U there is
an f € C[x, yl<q satisfying (a)-(c) and f4 = gq.

Given a topological respectively analytical singularity type S we define
e’(S) respectively e?(S) to be the minimal number d such that S has a
good representative of degree d.

Whenever we consider topological and analytical singularity types at
the same time, we will use e*(S) to denote e°(S) and e“(S) respectively.

2.2 Remark

(a)

(b)

(c)

(d)

The condition for T-smoothness just means that for any e > d the equi-
singular respectively equianalytical stratum C[x,ylZ, is smooth at the
point f of the expected codimension in (C[x, yl<e, f).

Note that for a polynomial of degree d the highest homogeneous part f4
defines the normal cone, i. e. the intersection of the curve {? = O} with
the line at infinity in P2, where fis the homogenisation of f. Thus the
condition “f4 reduced” just means that the line at infinity intersects the
curve transversally in d different points.

If f € C[x,y,z]q is an irreducible polynomial such that (0 : 0 : 1) is the
only singular point of the plane curve {f = 0} C P2, then a linear change
of coordinates of the type (x,y,z) — (x,y,z+ ax + by) will ensure that
the dehomogenisation f of f satisfies “fq reduced”. Note for this that
the coordinate change corresponds to choosing a line in P2, not passing
through (0:0: 1) and meeting the curve in d distinct points. Therefore,
the bounds for e*(S) and e%(S) given in [Shu03] do apply here.

In order to obtain good numerical conditions for the existence it is vital
to find good upper bounds for e*(S) and e“(S). We gather here the best
known results in this direction obtained by Eugenii Shustin in [Shu03]
(see also [GLS05] Chapter V.4).

If S is a simple singularity, then of course e*(S) = e?(S).

S es(S)=¢e%S) | S e’(S) =e%(S)
A 2 D, 3

Az 3 Ds 4
Anpr=3,...,7 4 D,u<6,...,10 5
Anpn=38,...,10 5 D,u<l11,...,13 6
App>1 <2-[Vu+5] [ Dyp>1 <2 [Vt 7] +1
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S [ef(S)=e?S)||S |e5(S)=e*S) || S | e*(S) =e*S)

Es 4 E; 4 Eg 5

For non-simple singularities the invariants for e5(S) and e%(S) differ in
general. If S ¢ {A1, A,} is a topological singularity type, then

e(S) < %

and if S ¢ {A1, A,} is an analytical singularity type, then

S)<3-/u(S) 1.

Finally, in Lemma V.3.10 we are going to show that for an arbitrary

d(S)—1,

topological or analytical singularity type we have the inequality
e’(S) <Tt"(8)+ 1.

(e) For refined results using the techniques of the following proof we refer

to [Shu99].
2.3 Theorem (Existence)
Let S, ...,S, be topological or analytical singularity types, and suppose there
exists an irreducible curve C € |D|, with Sing(C) = {z1,...,z,} such that in

local coordinates at z; the m;-jet of a section defining C coincides with the m;-
Jjet of a good representative of Si,® where m; = e%(S;) respectively m; = e%(S;),
i=1,...,7, and

h!(Z, Ixma)/£(D)) = 0.

Then there exists an irreducible curve C € |D|, with precisely r singular points
of types S1, ..., S, as its only singularities.

Idea of the proof: The basic idea is to glue locally at the z; equations of good
representatives for the S; into the curve C. Let us now explain more detailed
what we mean by this.

If gt = Y ioapi™xfyl, i =1,...,r, are good representatives of the S;, then
we are looking for a family F, t € (C,0), in H°(Z, Ox(D)) which in local coor-
dinates x;, y; at z; looks like

Z ™ aL (1) - Xy + Z a}ff" +t-ho.t.) xfyi + ho.t.,
K+1=0 Kt l=my
where the dj (t) should be convergent power series in t with a} (0) = apf™.
The curve defined by Fy will just be the curve C, while F! for t # 0 can be
transformed, by (xi,yi) — (txy, tyi), into a member of some family

m;—1
=) ag ) xyl+ ) (a4t -hot) xfyl+hot., teC,
K10 Kt lomy

3This implies in particular that C has an ordinary m;-fold point.
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with
Using now the T-smoothness property of gi, i = 1,...,r, we can choose
the aj (t) such that this family is equisingular respectively equianalytical.
Hence, for small t # 0, the curve given by F; will have the right singularities
at the z;. Finally, the knowledge on the singularities of C and the Conserva-

tion of Milnor numbers will ensure that the curve given by F; has no further
singularities, for t # 0 sufficiently small.

The proof will be done in several steps. First of all we are going to fix some no-
tation by choosing good representatives for the S; (Step 1.1) and by choosing a
basis of HO(Z, Os( D)) which reflects the “independence” of the coordinates at
the different z; ensured by h'(Z, Tx(mz),=(D)) = 0 (Step 1.1). In a second step
we are making an “Ansatz” for the family F;, and, for the local investigation
of the singularity type, we are switching to some other families Fi,i=1,... v
(Step 2.1). We, then, reduce the problem of F;, for t # 0 small, having the
right singularities to a question about the equisingular respectively equian-
alytical strata of some families of polynomials (Step 2.2), which in Step 2.3
will be solved. The final step serves to show that the curves F; have only the
singularities which we controlled in the previous steps.

Proof:
Step 1.1: By the definition of m; = e%(S;) respectively m; = e%(S;), we may
choose good representatives

my
R
9i = Z ag " x;7Yi € Clxi, Yil<m,
k+1=0
for the S;, i = 1,...,r. Let abfx = (alié,ffx } 0 < kil< mi) and af* —
] s .
(a fx o ,g*vﬁx)_

Step 1.2: Parametrise [D|; = P(H°(Ox(D))).

Consider the following exact sequence:

0 — Jx(mzys(D) — Os(D) — @ Ox ., /ms — 0.
i=1

Since h'(Jx(my)/=(D)) = 0, the long exact cohomology sequence gives

H(0x(D)) = @ Clxi, yi}/ (xi, y)™ @& H(Tx(me)/=(D)),

i=1
where x;, y; are local coordinates of (X, z;).

We, therefore, can find a basis {s}d,s]- ‘ i=1,...,e,i=1,...,1, 0<k+1<
m; — 1} of H(Ox(D)), with e = h®(Jx(myz)/=(D)), such that*

4Throughout this proof we will use the multi index notation o« = (x7, ;) € IN? and || =
X1 + x2.
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(1) Cis the curve defined by s;,

(2) (81)z = X\ om, BaXi"y{? fori=1,... v, with B} = aj;%s, when |« = m;,

X1,2

xui+ > Aocklx yi, ifi=j,
(3) (SLL)ZL = jodzms
> Aocklx v, ifi#j.
lod>m;
Let us now denote the coordinates of H’(Ox(D)) w. r. t. this basis by (a,b) =
(a',...,a"b) witha' = (a ;| |0<k+1<my—T)andb=(b;|j=1,...,e).

Thus the family
N ml—i—]
Frap) ZZaklskl—Fst,, (a,b) e C WlthN—e—l—Z ,
i=1 k+1=0

parametrises H(Ox(D)).

Step 2: We are going to glue the good representatives for the S; into the
curve C. More precisely, we are constructing a subfamily F,, t € (C,0), in
H°(Oz(D)) such that Fy = s; and locally in z;, i = 1,...,r, the F, for small
t # 0, can be transformed into members of a fixed S;-equisingular respectively
Si-equianalytical family.

Step 2.1: “Ansatz” and first reduction for a local investigation.

Let us make the following “Ansatz”:

b]:], b2:---:be:O,
a}{,l:tmi_k_l'a‘]i(,b fori:]’_..’r’ ng_i_lgml_].

This gives rise to a family

T mif1
Fira) = 1 +Z Z t™ a) (sh ) € HO(0x(D))

i=1 k+1=0
witht € Cand a = (a',...,a") where @' = (al, |0 <k+1<mi—1) e CN
with N; = (™,""). In particular, F(oq) = s1.
Fixing i € {1,...,r}, in local coordinates at z; the family looks like
mif1
Floa = (Fea), = D t™  laipdui+ D okt @) xMy®,
k+1=0 || >my
with
T mj,]
@u(t,a) = By + Z Z tmj_k_lai,tAjc:k,v
j=1 k+1=0
and thus
¢4(0,@) =B, =ab™ , for |« =m;.
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For t # 0 the transformation V! : (xi,y;) — (txi, ty;) is indeed a coordinate
transformation, and thus F1 , is contact equivalent to

my—1
F}t@ =t ™ -Fl a) (txi, tyi) Z aklx L Z tmiel (1, d) xy .
k+1=0 Jo|>my

Note that for this new family in C{x;, y;} we have

i,fix k. 1_
Oale Z Ayt Xi{Yi = Giy
k+1=0

and hence it gives rise to a deformation of (g{ 10), 0).

Step 2.2: Reduction to the investigation of the equisingular respectively equi-
analytical strata of certain families of polynomials.

It is basically our aim to verify the d as convergent power series in t such that
the corresponding family is equisingular respectively equianalytical. How-
ever, since the F1 , are power series in x; and y;, we cannot right away apply
the T—smoothness property of gi, but we rather have to reduce to polynomials.
For this let e; be the determinacy bound?® of S; and define

mif1 eq
= ) dppdul+ Y Ml E) Xy = Fy g (mod (xi, 1) ).
k+1=0 lo=mmy

Thus ?‘ 1s a family in C[x;, yil<e,, and still

i
?(O)Qle F O ale - gi-

We claim that it suffices to find @(t) € C{t} with a(0) = (ap™*[i=1,...,1, 0 <
k+1 < m; — 1), such that the families Fio= ?}t@t)), € (C,0), are in the
equisingular respectively equianalytical strata C[x;, yi]*gei, fori=1,...,m .

Since then we have, for small® t # 0,
gi = Fo ~e Pt~ Flua) ~e Fleaw) = (Frean) 4,

by the e;-determinacy and since ! is a coordinate change for t # 0, which
proves condition (2). Note that the singular points z; will move with t.

Step 2.3: Find d(t) € C{t}" with G(0) = (abf™,i=1,...,7, 0 <k+1<m;—1),
n=>" (mi“), such that the families Fi = ﬁt@t)), t € (C,0), are in the

i=1 2
equisingular respectively equianalytical strata Clx;,yil%,,fori=1,...7

®A power series f € O, = C{x,y} (respectively the singularity (V(f),0) defined by f) is
said to be finitely determined with respect to some equivalence relation ~ if there exists some
positive integer e such that f ~ g whenever f and g have the same e-jet. If f is finitely
determined, the smallest possible e is called the determinacy bound. Isolated singularities
are finitely determined with respect to analytical equivalence and hence as well with respect
to topological equivalence. C. f. [DeP00] Theorem 9.1.3 and Footnote 6.

6 Here f ~ g means f ~; g respectively f ~. g in the sense of Definition I.2.1. Note that if
f and g are contact equivalent, then there exists even an analytic coordinate change @, that
is, f ~c g implies f ~; g.
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In the sequel we adopt the notation of Definition 2.1 adding indices i in the
obvious way.

Since C[xi, Yil<m, is T-smooth at g;, fori =1,... 1, there exist A; C{(k,1) [0 <
k +1 < m;} and power series ¢}, € C{d};), af, }, for (k,1) € A;, such that the
equisingular respectively equianalytical stratum C[x;,yil%,. is given by the
i = v(S;) = #/\; equations

= dp (8, afy), for (k1) € As.

Setting A = [J_,{i} x A; we use the notation a, = (@lo),---,aly) =
(ak, | (i,k,1) € A) and, similarly &), &), ai*, affy, and af}y. Moreover,
setting @'(t, &0 = (™™ @l (t, &), al¥) | mi < |af < ei), we define an ana-
lytic map germ

O : (C X CT x - x O, (O)Q‘{é’)‘)) N (CTT Y CT?,O)
by
O (t,8) = i — q)]iq( af™, @it a ))) for (i,k, 1) € A,

and we consider the system of equations
O (t,8) =0, for (i, k1) € A.
We show in Step 2.4 that

ot . )
(a—fl (o, ﬂf&‘)) = iden .
RN (WD), G, AEA

Thus by the Inverse Function Theorem there exist aj ,(t) € C{t} with a (0) =
apt™* such that

au(t) = ok (ah™ 6 (6 a (1)), (LK EA.

Now, setting d)(t) = afly, the families F{ = F{ ., are in the equisingular

respectively equianalytical strata C[x;,yilt,,fori=1,... 1.
Step 2.4: Show that ( L (O a{})’f)) = id,.
(1,k,1),(,kA)EA

For this it suffices to show that

00%, (aH™, ¢'(t,d0))
aam

t:O»(;l( 0) :Q{ 5’;

for any (i,k,1), (j, k,A) € A, which is fulfilled since the map

0: (t,d10) — (affs, (t,d0) )
satisfies

00 0¢H(t, )

=] = ~J
aaK,?\ = Oa( 0) a{})’; aaK,)\

=0.

|t=0.8,0)=al}s
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For the latter notice that

06 (t,dp)) _ 094 (t, (o) afiy)

t\cx\—mi .

m; < || < e

~)
aaK))\ }t:O,Q(O):QHX

—0 A __fl
}t—o»ﬁm—ﬁ o) 0)

(0)
and for |&| = my
r mj—1
Pu(t, @) = ag'y, +t- Z Z tmj717kild{<,lA];;:k,l'
j=1 k+1=0
Step 3: It finally remains to show that F,, for small t # 0, has no other singu-
lar points than z;(t),...,z.(t).

C; € |D|, shall denote the curve defined by Fy, t € (C, 0), in particular Cy, = C.

Since for any i = 1,...,r the family F, t € (C,0), induces a deformation of
the singularity (Cy,z;) there are, by the Conservation of Milnor Numbers
(cf. [DePO00], Chapter 6), (Euclidean) open neighbourhoods U(z;) € X and
V(0) € C such that for any t € V(0)

(2.1) Sing(Cy) C U;_; U(zi), i. e. singular points of C; come from singu-
lar points of C,,
(2.2) w(Co,zi) = ZzeSing(Fi)mu(zd) n(Fhz), i=1,... 7
Leti € {1,...,r}. For t # 0 fixed we consider the transformation 1]){i defined

by the coordinate change 1,

c? > U(zy) — U(zy) C C?
Y w

(xi,yi) = (%Xi» %yi)»
and the transformed equations

Filxi, yi) =t ™Fi(txq, tyi) = 0.

Then obviously,
Filz) =0 < (Fiow)(z) =0,
and
Vll)GE%'d@z.
Thus we have
(mi—1)?=u(Coz)= Y  wfhz)= >  uf2).
zeSing(FH)NU(z;) 2€Sing(F)NUs (z:)

For t # 0 very small U,(z;) becomes very large, so that, by shrinking V(0) we
may suppose that for any 0 # t € V(0)

Sing(g;) C U(zi),
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and that for any z € Sing(g;) there is an open neighbourhood U(z) C U(z;)
such that
wonz)= > u(FL2).
2/€Sing(FH)NU(z)

If we now take into account that g; has precisely one critical point, z;, on its
zero level, and that the critical points on the zero level of Fi all contribute to
the Milnor number p(g;, z;), then we get the following sequence of inequali-
ties:”

(mi—12—wS)= Y wlguz)— Y wlowz)

z€Sing(gi ) z€Sing(g; ' (0))
< Y u(fo)- > u(Fi 2)
z€Sing(F} )NUe (z1) zeSing((F})~1(0)NUe(zi)
_ w(F, z) — > u(F, z)
z€Sing(FH)NU(z;) zeSing((Fi)~1(0))NU(z;)

< u(Cozi) — u(F} zi) = (my— 1) — p(Sy).

Hence all inequalities must have been equalities, and, in particular,
Sing(Cy) N U(z) = Sing ((F})(0)) NU(z;) ={z4},
which in view of condition (2.1) finishes the proof.

Note that C, being a small deformation of the irreducible reduced curve C =
Cy, will again be irreducible and reduced. O

Now applying the existence theorem of Section 1 for ordinary fat point
schemes we deduce the following corollary, giving explicit numerical criteria
for the existence of curves with prescribed topological respectively analytical
singularities on an arbitrary smooth projective surface.

2.4 Corollary

Let L € Div(X) be very ample over C. Suppose that D € Div(X) and Sq,...,S,
are topological respectively analytical singularity types with e*(S;) > ... >
e*(S,) satisfying

(2.3) (D—L—Kg)2>251, (e*(S)+1)%

(2.4) (D—-L—XKg).B>e*(Sy)
for any irreducible curve B with B? = 0 and dim [B|, > 0,

"Note, an ordinary plane curve singularity (X,x) of multiplicity m has Milnor number
n(X,x) = dime (C{x,y}/(x™',y™ ")) = (m — 1)2. And, for an affine plane curve given by
an equation g such that the equation has no critical point at infinity we have by Bézout’s

Theorem:
. (9g Og
—1? = -2 3.
m-11 = ¥ i (55 5w),
peA?
where by definition i(g—g, g—g;p) and p(g,p) are defined as the dimension of the same vector

spaces.
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(2.5) D.L —2g(L) > e*(S5;), and
(2.6) D — L —Ks is nef,

then there is an irreducible reduced curve C in |D|, with r singular points of
topological respectively analytical types Sy, ...,S, as its only singularities.

Proof: Due to the definition of a good representative there is an open dense
subset U; of m;-forms for which there exists a good representative of S;, where
m; = e*(S;). The above conditions then imply with the aid of Corollary 1.3 the
existence of an irreducible curve C € |D|, with Sing(C) = {z;, ..., z,} whose m;-
jet in local coordinates at z; coincides with the m;-jet of a good representative.
Moreover, h'!(Z, Jx(mz),z(D)) = 0 and thus Theorem 2.3 applies. O

In view of the bounds for m; in Remark 2.2 we get the following corollary.

2.5 Corollary
Let L € Div(X) be very ample over C and D € Div(L).

(a) Suppose that Si,...,S, are topological singularity types with 6(S;) >
.. > 8(S;), among them k nodes and m cusps, satisfying

2.7 (D—L—Kg)2> 18k +32m+27- 5 I ™5(Sy),
(2.8) (D—L—Kz).B>76- 0(851) —1
for any irreducible curve B with B> = 0 and dim |B|, > 0,
(2.9) D.L —2g(L) > \/@ 0(§1)—1, and
(2.10) D — L —Ks is nef,

then there is an irreducible reduced curve C in |D|, with r singular points
of topological types Sq,...,S, as its only singularities.

(b) Suppose that Sq,...,S, are analytical singularity types with w(S;) >
.. > u(S;), among them k nodes and m cusps, satisfying

(2.11) (D—L—Kg)?>18k+32m+ 18- 5 1 ™u(Sy),
(2.12) (D—L—Kz).B>3-/u(S) —
for any irreducible curve B with B> = 0 and dim |B|, > 0,
(2.13) D.L—2g(L) >3-/p(S1) — 1, and
(2.14) D — L —Ks is nef,
then there is an irreducible reduced curve C in |D|, with r singular points

of analytical types Sy, ...,S, as its only singularities.

2.6 Remark

Knowing something more about the singularity type one can achieve much
better results, applying the corresponding bounds for the e®(S;) respectively
e(Sy).
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3. Examples

In this section we are going to examine the conditions in the existence results
for various types of surfaces. m;,..., m, € N are positive integers.

3.a. The Classical Case - ¥ = P2

We note that in P? there are no irreducible curves of self-intersection number
zero, and we take L € IOPTZ (1)]; to be a generic line.

In the existence theorem Corollary 1.3 for ordinary fat point schemes, we,
of course, find that condition (1.9) is obsolete, and so is (1.11), taking into
account that (1.10) implies d > 0. But then conditions (1.10) becomes also
redundant in view of condition (1.8) and the assumption d > 3.

Thus Corollary 1.3 and Corollary 2.5 reduce to the following versions.

1.3a Corollary
Let H be a line in P, and d > 3 an integer satisfying

T
(1.8a) (d+2)2>2-Y (mi+1)%
i
then for z1,...,z, € X in very general position there is an irreducible reduced
curve C € |dH|, with ordinary singularities of multiplicities m; at the z; as only
singularities. Moreover, V gy (m) is T-smooth at C.

2.5a Corollary
Let H be a line in P2, Sy,. .., S, topological respectively analytical singularity
types, which are neither nodes nor cusps, and d > 3 an integer such that

(2.7a) (d+2)2>18k+32m+27-3 1 ,8(S)
respectively
(2.11a) (d+2)2>18k+32m+ 18- 1, u(Sy).

Then there is an irreducible reduced curve C in |D|, with r singular points of
topological respectively analytical types S1,...,S,, k nodes and m cusps as its
only singularities.

Our results for ordinary multiple points are weaker than those in [GLS98c]
(see also [Los98] Proposition 4.11), where the factor 2 is replaced by -2) which
use the Vanishing Theorem of Geng Xu (cf. [Xu95] Theorem 3), particularly
designed for P2. Similarly, our general conditions are weaker than the con-
ditions which recently have been found by Shustin applying the Castelnuovo
function (cf. [Shu03]). — Using L € |Os(1)|y with 1 > 1 instead of Os(1) in
Corollary 1.3 does not improve the conditions.
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3.b. Geometrically Ruled Surfaces

Throughout this section we use the notation of Section G.a.

With the choice of L = Cy + IF as indicated in Remark G.4 we have g(L) = g,
and hence the generic curve in |L|; is a smooth curve whose genus equals the
genus of the base curve.

In order to obtain nice formulae we considered D = (a—2)Cy+ (b—2+2g)F in
the formulation of the vanishing theorem (Corollary I1.1.2b). For the existence
theorems it turns out that the formulae look best if we work with the divisor
D =(a—1)Co+(b+1+2g—2—e)F instead. In the case of Hirzebruch surfaces
thisisjust D = (a—1)Co+ (b —1)F.

1.3b Corollary

Given integers a,b € Z satisfying

(1.8b) a(b—ge) >3 (mi+1)3

i=1

(1.9b.1) a>max{m;|i=1,...,71},

(1.9b.i1) b>max{m;|i=1,...,r}, ife=0,

(1.9biil) 2-(b—Se) >max{m;|i=1,...,7}, ife<0, and
(1.11b) b > ae ife>0,

then for z1,...,z, € X in very general position there is an irreducible reduced
curve C € |(a—1)Co+ (b + 1+ 2g — 2 — e)F|, with ordinary singularities of
multiplicities m; at the z; as only singularities. Moreover, V|c(m) is T-smooth
at C.

Proof: Note that by (1.8b) and (1.9b.i) b > Se > ae, if e < 0, and thus the
inequality

b > ae, (3.1)

is fulfilled no matter what e is.

Noting that D — L — Ky ~, aCy + bF, it is in view of Lemma G.2 clear, that the
conditions (1.8) and (1.9) take the form (1.8b) respectively (1.9b). It, therefore,
remains to show that (1.10) is obsolete, and that (1.11) takes the form (1.11b),
which in particular means that it is obsolete in the case £ = C x P,.

Step 1: (1.10) is obsolete.

If £ 2 P! x P!, then 1 > 2. Since, moreover, g(L) =gand D.L =a(l—e) +b +
2g — 2, condition (1.9b.i) and (3.1) imply (1.10), i. e. for all i,

a+b—2>my ifZ =P x P,
D.IL—-2¢g(L)=a(l—e)+b—-2>

2a+ (b—ae) —2 > my, else.
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Step 2: (1.11) takes the form (1.11b).

If e < 0, then by [Har77] V.2.20 and V.2.21 we find in view of (1.9b.i)-
(1.9b.iii) that D — L — Ky is even ample, while, if e > 0, the result follows
from Lemma G.1. U

2.5b Corollary
Given integers a and b.

(@) Let Sy,...,S, topological singularity types with 6(S;) > ... > &(S,),
among them k nodes and m cusps, such that

(2.7b) ab—%e) > 9k +16m+Z .y I ™5(S)),

(2.8b1)  a> - -\/8(81) 1
(2.8bi))  b>Z-\/8(&)—Tife=0,
(2.8b.ii)  2(b—Se) > \/g -\/8(81) —1ife<0, and
(2.10b) b > ae, if e > 0.
Then there is an irreducible reduced curve Cin|(a—1)Co+ (b+1+2g —

2 — e)F|, with r singular points of topological types Si,...,S, as its only
singularities.

(b) Let Sy,...,S, analytical singularity types with w(S;) > ... > u(S,),
among them k nodes and m cusps, such that

(2.11b) a(b—%e) > 9%k +16m—+9 ¥ "™ u(S),

(2.12bi) a>3-/u(S) -1

(2.12bii) b >3-/u(S) —Tife=0,

(2.12b.ii) 2(b—%e) >3- /u(S) —1ife<0, and
(2.14b) b >ae ife>0.

Then there is an irreducible reduced curve Cin|(a—1)Co+ (b+1+2g —
2 — e)F|q with r singular points of analytical types Si,...,S, as its only
singularities.

3.c. Products of Curves

As we have seen in Proposition G.12, for a generic choice of smooth projective
curves of genera g; > 1 and g, > 1 respectively the surface ¥ = C; x C,
has Picard number two. Furthermore, according to Remark G.11 the only
irreducible curves B C I with selfintersection B2 = 0 are the fibres C; and C,,
and for any irreducible curve B ~, aC; + bC; the coefficients a and b must be
non-negative.

Then choosing for the existence theorem Corollary 1.3 1 > 3 minimal such
that L = 1C;+1C; is very ample, we claim that the conditions (1.10) and (1.11)
become obsolete and the corollary takes the following form.
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1.3c Corollary

Let ¥ = Cy x C; for two smooth projective curves Cy and C, of genera g1,g> > 1
such that the Picard number is two, and let | > 0 be minimal such that 1C;+1C,
is very ample. Suppose that a,b € 7. are two integers satisfying

(1.8¢) (a—1—-2g,+2)- (b—1—2g1+2) > ZmI—H and
(1.9¢) (a—1—2g,+2),(b—1—2g7+2) >max{m;|i=1,...,r}
Then for zy,...,z. € X in very general position there is an irreducible reduced

curve C € |aCy + bCy|, with ordinary singularities of multiplicities m; at the z;
as only singularities. Moreover, V|c/(m) is T-smooth at C.

Proof: (1.11) becomes redundant in view of (1.9¢) and since an irreducible
curve B ~, a’C; + b’C; has non-negative coefficients a’ and b’.

It remains to show that D.L—2g(L) > m for all i, j. However, by the adjunction
formula g(L) = 1+3(L*+L.Kz) = 14+1-(14+91+9,—2), and by (1.9¢c) D.L—2g(L) >
1 ((a—=1-2g2+2)+(b—1—2g7+2)) > 6m; > m;. Thus the claim is proved. [

From these considerations we at once deduce the conditions for the existence
of an irreducible curve in [D|;, D ~, aC; + bC,, with prescribed singularities
of arbitrary type, i. e. the conditions in Corollary 2.5.

2.5¢ Corollary

Let ¥ = C; x C; for two smooth projective curves Cy and C; of genera g1,g2 > 1
such that the Picard number is two, and let 1 > 0 be minimal such that 1C;+1C,
is very ample.

(a) Suppose that a,b € Z are two integers and Sy, ...,S, topological singu-
larity types with 5(S;) > ... > 8(S;), among them k nodes and m cusps,
satisfying

(2.7¢) (a—1-2g,+2) - (b—1-2g;+2) > 9k+16m+Z. 3T T ™5(Sy),
(2.8¢) (@=1-292+2),(b—1-2g1+2) > % \/3(S) — 1.

Then there is an irreducible reduced curve C in |aC; + bCy|, with r sin-
gular points of topological types Sy, ..., S, as its only singularities.

(b) Let Sy,...,S, analytical singularity types with w(S;) > ... > u(S,),
among them k nodes and m cusps, such that

(2.11c) (a—1-2g,+2)-(b—1—2g;42) > 9k+16m—+9-5 I ™u(Sy),
(2.12¢) (a—1-2g,+2),(b—1—-2g7+2) >3-/u(S;) —

Then there is an irreducible reduced curve C in |aC; + bCy|, with v sin-
gular points of analytical types Sy, ..., S, as its only singularities.
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3.d. Products of Elliptic Curves

That C; and C, be “generic” in the above sense means elliptic curves for just
that they are non-isogenous. Working with the very ample divisor class [ =
3C; + 3C, the theorems in Section 3.c look as follows.

1.3d Corollary
Let £ = Cy x C; for two non-isogenous elliptic curves Cy and C,. Suppose that
a,b € Z are two integers satisfying

T

(1.8d) (a—3)-(b—3)>> (mi+1)% and

i=1

(1.9d) (a—3),(b—3) >max{m;|i=1,...,7h.

Then for zy,...,z. € X in very general position there is an irreducible reduced
curve C € |aCq + bC,|, with ordinary singularities of multiplicities m; at the z;
as only singularities. Moreover, V|c(m) is T-smooth at C.

2.5d Corollary
Let ¥ = C; x C; for two non-isogenous elliptic curves C;.

(a) Suppose that a,b € Z are two integers and Sy, ..., S, topological singu-
larity types with 5(S;) > ... > d(S,), among them k nodes and m cusps,
satisfying

(2.7d) (a—3)-(b—3)>%+16m+Z. .Y *¥™5S) and

(2.8d) a—3,b—3>%6-\/6(81)—1.

Then there is an irreducible reduced curve C in |aC; + bCy|, with v sin-
gular points of topological types Si, ..., S, as its only singularities.

(b) Let Sy,...,S, analytical singularity types with w(S;) > ... > u(S,),
among them k nodes and m cusps, such that

(2.11d) (a—3)-(b—3)>9%+16m+9 -5 I ™uS) and
(2.12d) a—-3,b-3>3-/p(S) 1.

Then there is an irreducible reduced curve C in |aC; + bCy|, with v sin-
gular points of analytical types Sy, ..., S, as its only singularities.

3.e. Surfaces in P}

Since we consider the case of rational surfaces separately the following con-
siderations thus give a full answer for the “general case” of a surface in P?.

1.3e Corollary
Let ¥ be a smooth projective surface of degree n in P? whose Picard group is
generated by a hyperplane section H, and let d > 3 be an integer such that

(1.8¢) no(d=n+32>2-3 (mi+1)>

i=1
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Then for zi,...,z. € X in very general position there is an irreducible reduced
curve C € |dH|, with ordinary singularities of multiplicities m; at the z; as
only singularities. Moreover, Vqy(m) is T-smooth at C.

Proof: The role of the very ample divisor L is filled by a hyperplane section,
and thus g(L) =1+ LZ*% = (™,"). Therefore, (1.8e) obviously implies (1.8),
and (1.10) takes the form

n-(d—m+3)>m;+2foralli=1,...,r. (3.2)

However, from (1.8e) we deduce for any i € {1,...,r}
n-(d=m+3)>vn-vV2-(mi+1)>m+2,

unless n = r = m; = 1, in which case we are done by the assumption d > 3.
Thus (1.10) is redundant.

Moreover, there are no curves of self-intersection zero on L, and it thus re-
mains to verify (1.11), which in this situation takes the form

d>n-—3,
and follows at once from (3.2). O

2.5e Corollary
Let T be a smooth projective surface of degree n in P> whose Picard group is
generated by a hyperplane section H.

(a) Let d be an integer and Si,...,S, topological singularity types with
3(8§1) > ... > 6(S,), among them k nodes and m cusps, satisfying

(2.7e) n(d—n+3)2> 18k +32m +27- 5 - ™8(S)).

Then there is an irreducible reduced curve C in |dH|, with v singular
points of topological types Sy, ..., S, as its only singularities.

(b) Let Sy,...,S, analytical singularity types with w(S;) > ... > u(S,),
among them k nodes and m cusps, such that

(2.11e) n-(d—n+3)2>18k+32m+18- 5 I ™ u(Sy).
Then there is an irreducible reduced curve C in |dH|, with r singular

points of analytical types Sy, ..., S, as its only singularities.

3.f. K3-Surfaces

3.fi. Generic K3-Surfaces. A generic K3-surface does not possess an ellip-
tic fibration, and hence it does not possess any irreducible curve of self-
intersection zero. (cf. [FrM94] 1.1.3.7)

Therefore, the conditions in Corollary 1.3 reduce to

(1.8f) D-112>2-3 (mi+1)

i=1
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(1.10f1) D.L —2g(L) > m; for all i, j, and
(1.11f3) D — L nef,

and, analogously, the conditions in Corollary 2.5 in the topological case reduce
to (2.9) and

(2.7£1) (D—1)2>18k+32m+27- 3 I"¥™5(S:), and
(2.10f.1) D — L nef,

and in the analytical case to (2.13) and

(2.11fi))  (D—1)2>18k+32m+18- 3 ¥ ™u(S), and
(2.14fi) D —L nef.

3.fii. K3-Surfaces with an Elliptic Structure. The conditions in Corollary 1.3
then reduce to (1.8f1), (1.11f.1), (1.10f.1), and

(1.9f.11) (D—L).B>max{mi|i=1,...,1}
for any irreducible curve B with B2 = 0.

Similarly, the conditions in Corollary 2.5 reduce to (2.7f.1) / (2.11f.1), (2.10f1) /
(2.14f1), (2.5), and

(2.12fi)  (D—1).B> % /5(8) 1
for any irreducible curve B with B2 =0,

respectively

(2.12fii) (D—L).B>3-yu(S1)—

for any irreducible curve B with B2 = 0.



CHAPTER IV

T-Smoothness

The varieties Vp(TA;) (respectively the open subvarieties V‘ig‘(rAﬂ) of re-
duced (respectively reduced and irreducible) nodal curves in a fixed linear
system |D|; on a smooth projective surface X are also called Severi varieties.
When £ = P? Severi showed that these varieties are smooth of the expected
dimension, whenever they are non-empty — that is, nodes always impose inde-
pendent conditions. It seems natural to study this question on other surfaces,
but it is not surprising that the situation becomes harder.

Tannenbaum showed in [Tan82] that also on K3-surfaces V|5 /(rA;) is always
smooth, that, however, the dimension is larger than the expected one and
thus V|p/(rA;) is not T-smooth in this situation. If we restrict our attention
to the subvariety VH(rAﬂ of irreducible curves with r nodes, then we gain T-
smoothness again whenever the variety is non-empty. That is, while on a K3-
surface the conditions which nodes impose on irreducible curves are always
independent, they impose dependent conditions on reducible curves.

On more complicated surfaces the situation becomes even worse. Chiantini
and Sernesi study in [ChS97] Severi varieties on surfaces in P?. They show
that on a generic quintic £ in P? with hyperplane section H the variety

vfg,q‘ (5‘1(272) -A1) has a non-smooth reduced component of the expected dimen-
sion, if d is even. They construct their examples by intersecting a general cone
over ¥ in P with a general complete intersection surface of type (2,9) in B!
and projecting the resulting curve to £ in P?. Moreover, Chiantini and Cilib-
erto give in [ChC99] examples showing that the Severi varieties Vlic{{_”(rAﬂ
on a surface in P? also may have components of dimension larger than the

expected one.

Hence, one can only ask for numerical conditions ensuring that \/‘g{”(rm) is
T-smooth, and Chiantini and Sernesi answer this question by showing that
on a surface of degree n > 5 the condition

dd—2n+8)n

<
4

implies that \/H{ﬂ (rA;) is T-smooth for d > 2n—8. Note that the above example
shows that this bound is even sharp. Actually Chiantini and Sernesi prove a

(0.1)

somewhat more general result for surfaces with ample canonical divisor Ky

and curves which are in [pKs|; for some p € Q. For their proof they suppose

that for some curve C € Vi, (rA;) the cohomology group H'(Z, Jxes(c)/=(D))

does not vanish and derive from this the existence of a Bogomolov unstable
89
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rank-two bundle E. This bundle in turn provides them with a divisor A, such
that they are able to find a lower and an upper bound for A,.Ks contradicting
each other.

This is basically the same approach which we use as well. However, we allow
arbitrary singularities rather than only nodes, we weaken the assumption of
Ks being ample to K2 > —3 and we study a wider range of divisors. Yet we still
get the same optimal condition (0.1) for the T-smoothness of nodal curves on
surfaces in P2 — see Corollary 2.6. We should like to point out that our general
result for the T-smoothness of VH(SL ..., S;) with the main condition

- 2
T*(Sl)‘f’] +D.Kz < T—}—K—% Z.DZ)
2 4

i=1

does apply to a wider range of surfaces than most of the previously known
results. E. g. we deduce in Section 4.d that on a product £ = C; x C; of elliptic

: : irr :
curves the Severi variety V¢ ¢, /(TA1) is T-smooth as soon as

2r < ab.

For the plane case there are of course better results like the condition

T

> (T(S) +1) < (d+3)

i=1
for T-smoothness (cf. [GLS00] or [Los98] Theorem 5.4), where d is the degree
of D. Note that the a series of irreducible plane curves of degree d with r
singularities of type A, p arbitrarily large, satisfying

ru? = Z T (A,)? = 9d? + terms of lower order
P

constructed by Shustin (cf. [Shu97]) shows that asymptotically we cannot ex-
pect to do essentially better in general. For a survey on other known results
on £ = P? we refer to [Los98] and [GLS00].

In [GLS98a] nodal curves on the projective plane blown up in m > 10 points
are considered. This is a case to which our theorem does not apply in general
since K = 9 —m < —3 for m > 13. Nodal curves on arbitrary rational sur-
faces were also studied by Tannenbaum in [Tan80]. There he gives for the
T-smoothness a condition which basically coincides with the only previously
known general condition for the T-smoothness of VH(SL e, SH)

Z T(Sy) — €7(S3) < —K:.D,
i1

where €*(S;) > 1 is the so-called isomorphism defect of S; (cf. [GrK89,
GrL96)). In [Fla01a] Flamini studies the case of Severi varieties on surfaces



1. -"SMOOTHNESS 91

of general type and he receives conditions for the T-smoothness of VH(rAﬂ of
the type

e D.(D —4H) + /D2 (D —4H)2’

8
where H is some hyperplane section (cf. [FlaOla] Theorem 5.1 and 5.3). For

a generalisation of the examples of Chiantini and Sernesi of families of nodal
curves which are not T-smooth to general non-degenerate complete intersec-
tion surfaces with ample canonical bundle we refer to [FIMO01]. These show
that the results of [Fla01a] are sharp, see [Fla01a] Remark 5.6.

The theorem which we here present in the following section and its proof are
a slight modification of Theorem 1 in [GLS97]. We sacrifice the sophisticated
examination of the zero-dimensional schemes involved in the proof for the
sake of simplified conditions. A somewhat stronger version may be found in
the book [GLSO05].

1. T-Smoothness

1.1 Theorem
Let Sq,...,S, be topological or analytical singularity types with t™(S;) > ... >
7(8,) and let D € Div(Z) be a divisor such that!

(1.1) D + Ky nef,
(1.2) D — Ky is big and nef,
(1.3) D2—2.DKy> OKVPDME | g irp Ky < —4,
(1.4) S T(8) < 1+ (D—Ks) and
1:13 ,
(1.5) <; (v(S) +1) + %) <(s+%)-D? foralls=1,...,n

Then either VH(SM ..., S;) is empty or T-smooth.

Idea of the Proof: T-smoothness at a point C € \/H(S], ..., S;) follows once
we know h'(Z, Jx-(c)=(D)) = 0. Supposing this is not the case we find a
Bogomolov unstable rank-two bundle E which provides us with some “nice”
divisor Ay. This means, we get an upper and a lower bound for D?- (D — K5 —
Ao)? which contradict each other due to Condition (1.5).

Proof: Let C ¢ VH(SL ..., S;) be arbitrary. We set X*(C) = X*(C) respec-
tively X*(C) = X°*(C), so that deg (X*(C)) = > {_, T*(S)).
We are going to show that

h'(Z, Jx-(c)/=(D)) =0,

Here t(S;) = 1°%(S;), the codimension of the p-constant stratum in the base of the
semi-universal deformation of S;, respectively t*(S;) = 7(Si), the Tjurina number of S;.
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which by Remark 1.2.15 implies the T-smoothness of VH(SM ...,Sy) at C.
Suppose the contrary, that is h'(Z, Jx-(c)/=(D)) > 0.

Step 1: Find a non-empty subscheme X, C X*(C) and a rank-two vector bun-
dle E satisfying the relations (1.6) and (1.7).

Choose Xo C X*(C) minimal such that still h'(Z, 7x,,=(D)) > 0. By (1.2) the
divisor D — Ky is big and nef, and thus h'(Z, Oz(D)) = 0 by the Kawamata—
Viehweg Vanishing Theorem. Hence X, cannot be empty.

Due to the Grothendieck-Serre duality (cf. [Har77] II1.7.6) we have 0 #
H'(Z, Jx,/z(D)) = Ext' (Jx,/5(D),O0s(Ks)), and thus, since Ox(Ky) is locally
free, (cf. [Har77] I11.6.7)

Ext' (Jx,/z(D —Ks),05) #0.
That is, there is an extension (cf. [Har77] Ex. I11.6.1)
0— O): —E— jxo/):(D — Kz) — 0. (16)

The minimality of X, implies that E is locally free (cf. [Laz97] Proposition 3.9).
Moreover, we have (cf. [Laz97] Exercise 4.3)

ci1(E) =D —Ks and c;,(E) =deg(Xo). (1.7)
Step 2: Find a divisor A, such that
(a) (2A0—D +Ky5)?>>c(E)>—4-c,(E) >0, and
(b) (2A0— D + Kg).H > 0 for all H € Div(X) ample.
By (1.4) and (1.7) we have
c1(E)*—4-cy(E) = (D — Kg)? — 4 - deg(Xo) > 0,

and thus E is Bogomolov unstable (cf. [Laz97] Theorem 4.2). This, however,
implies that there exists a divisor Ay € Div(XZ) and a zero-dimensional scheme
Z C X such that

0— Oz(Ao) —E — jz/):(D — KZ — Ao) — 0 (18)

is exact (cf. [Laz97] Theorem 4.2) and such that (a) and (b) are fulfilled.
Step 3: Find a curve A C X such that

() A+Ao~D—Kg,

(d) D.A > deg(Xo) + #X,, and

(e) deg(Xo) > Ap.A.

Tensoring (1.8) with Os(—A,) leads to the following exact sequence
0— OZ — E(—Ao) — jz/z (D — Ky — ZA()) — 0, (19)

and we deduce h°(Z, E(—Ao)) #0.
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Now tensoring (1.6) with Os(—A,) leads to

0 — Oz(—Ao) = E(—=Ap) = Txy/= (D — Kz —Ap) — 0. (1.10)
Let H be some ample divisor. By (b) and since D — K5 is nef by (1.2):

—ApH<—1-(D—Kz).H<O. (1.11)
Hence —A;, cannot be effective, that is H°(X, —~A;) = 0. But the long exact
cohomology sequence of (1.10) then implies
0 # H(Z,E(—Ag)) — H® (Z, Txy /= (D — Kz — Ap)) .
In particular we may choose a curve
A € |Tx,/c(D — Kz — Ag) |

Thus (c) is obviously fulfilled and it remains to show (d) and (e).

We note that C € |D|, is irreducible and that A cannot contain C as an ir-
reducible component: otherwise applying (b) with some ample divisor H we
would get the following contradiction, since D + Ky is nef by (1.1),

0<(A-C)H<—3-(D+Kg)H<O.

Since X, C X*(C), Lemma 1.3 applies? to the local ideals of X,, that is for the
points z € supp(Xo) we have i(C, A;z) > deg(Xy,z) + 1. Thus, since Xo C CNA
the Theorem of Bézout implies

DA=CA= ) iCAz)> )  (deg(Xo,z)+1)=deg(Xo) + #Xo.

zeCNA zesupp(Xo)

Finally, by (a), (c) and (1.7) we get
(Ao —A)* > ¢q1(E)> —4 - co(E) = (Ao + A)> — 4 - deg(Xo),

and thus deg(X,) > Aj.A.

Step 4: Find a lower and an upper bound for D?-(Ay—A)?, contradicting each
other.

From (a) we derive

(Ao — A)? > (D — Kx)? — 4deg(Xo). (1.12)

(1.1) and (1.2) imply that D is nef, and since the strict inequality for ample
divisors in (b) comes down to “>” for nef divisors, we get in view of (c)

0<D.(Ay—A)=D.(Av+A)—2-D.A

2We note that X¢$(C) C X¢9(C), i. e. if Xo € X®%(C) then X, € X¢%(C) as well.
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But then applying the Hodge Index Theorem E.4 to the divisors D and Ay — A,
taking (a) into account, we get

D?- (Ao —A)* < (D.(Ao— A))2 < (D.(D —Kz) —2deg(Xo) — 2 #xo)z. (1.14)

From (1.12) and (1.14) we deduce that
(D.(D —Ky) — 2deg(Xo) — 2 - #Xo)* > D2+ ((D — Ky)? — 4 deg(Xo)),

and hence
(2deg(Xo) + 2 - #Xo+ D.Ks)” > (4-#Xo + KE) - D2 > 0. (1.15)
Suppose first that —D.Kyz > 2deg(Xo) + 2 - #X, > 4, then by (1.5) and (1.3)

(2deg(XO)+2'#Xo+D.Kz)2< (4+D.Ky)? < (4—}—K§) .D*< (4'#X0+K§)-D2
(1.16)

in contradiction to (1.15).

Thus we must have 2deg(X,) + 2 - #Xo + D.Ks > 0, and since

#Xo
deg(Xo) < Z (C,z) < ZT*(Si)
z€supp(Xop) i=1

we find once more a contradiction to (1.15) with the aid of (1.5):

2
(2deg(Xo)+2-#Xo+D.Ks)” < <ZZ (T"(S) +1) +D.Kz> < (4-#Xo+K3) D%

i=1

O

In the following remark we replace (1.5) by a number of other conditions,
which partially may even be better in certain situations.
1.2 Remark

(a) For a surface with K% < —3 condition (1.5) will never be satisfied.
(b) IfKjy is nef, then (1.1) and (1.3) are superfluous.
(¢) IfD.Kyz <0, we can replace (1.5) by

T

Y (v(S)+1) < D?—2. DKy~ PRI (1.17)

i=1

Moreover, (1.3) is always fulfilled.
(d) IfD.Kg >0, we may replace (1.5) in Theorem 1.1 by

T

Y (T(S)+1) <D= DK (T(Sy) + 1) — BEEDTE T (118)

i=1
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For divisors D of the form D ~, pKs for some 0 # p € QQ the inequalities
(1.17) and (1.18) take the simpler forms

Y (v(S)+1)*<D*~2-DKg (1.19)

i=1

respectively

> (T(S)+ 1) <D?~DKz- (T(S1) +1). (1.20)
i=1
Moreover, (1.3) is always fulfilled.
If D is of the form D ~, pKs for some 0 # p € Q, Condition (1.5) can
only be fulfilled if T*(S;) + 1 < 2 foralli=1,...,r. Assuming this, the
inequality (1.5) may be replaced by

L (TS) ) )
D-. 1.21
2 7T0% (e 1) (1.21)

We could replace (1.5) by
iT*(Si)<\/1+KT%-\/§—’KZ—Z'D—I—”. (1.22)
i=1
If —Ky is ample and D ~, pK; for some p € Q withp < 1— /1 + Ki'% <0,
we could replace (1.5) in Theorem 1.1 by
iT*(Si)< 1+%.VD2-1.K.D—1. (1.23)
i—1

If D? > 8+ K§+4- /K2 + 4, then (1.22) respectively (1.23) replaces both
(1.4) and (1.5).

We note that always
4.3 T(S) <Y (T(S)+ 1) (1.24)
i=T i=T

Proof: (a) & (b) These are obvious.

(c)

We note that

S 2 S
(Z(T*(&)H)) <s- Y (T(S)+1)%
i=1 i=1

Thus the inequalities

S S

Y (v(S)+1) <D~ % Y (TS + 1) - PREDUE (q.95)
i=1 i=1

for s = 1,...,r will imply (1.5). However, by (1.1) and (1.2) D is nef
and thus D2 > 0 and by the Hodge Index Theorem E.4 (D-Ks )247D2'K§ > 0.
Moreover, D.Ks < 0 and we therefore get the desired result noting that
2 is a lower bound for the coefficient 1 - 3¢ ; (7*(8;) + 1) of D K.

Since T(S;) > 1, from (1.17) we have 4 < D?2—2-D.Ky — %,

which implies (1.3).
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It again suffices to verify (1.25) for s = 1,...,r. However, since this
2 2. K2
time D?, (D'Kﬂ# and D.Ky are all non-negative, (1.25) follows from

(1.18), once we note that T (S;) +1> 1.3 7 (t(S) +1).
If D ~, p - K, then (D.Ky)? — D?- Kz =0.
Once (1.5) is satisfied, we get from s = 1 that D.Kz - (7*(S8;) +1) < D2

Let us therefore suppose that t(S;) + 1 < % foreachi=1,...,v. We
note that then forany s =1,...,r

: (t(8) +1)* ! (v*(S) +1)*
Z]_%.(T*(Si)—i—]) SZ]_%. (T*(Si)—i-]).

i=1 D2 i=1 D2

The Cauchy-Schwartz Inequality thus shows

S 2 S 2
(Z (T*(&H‘)) - (Z o5 'W%ﬁz-(ﬂ(&m))
i=1 -

i=1 Dz (T (Si)+1)
S

S
(T*(Sy)+1)? ( D.K "
< .S (1= DK (v7(8;) + 1 )
; 1—%-(’(*(8 )+1) ; D ( 1 )

<s-D*=DXKg- ) (T(S)+1),

i
which is just (1.5), since (D.Ks)? = D?- KZ.

In the proof of Theorem 1.1 we could replace D.A in (1.13) by deg(X,) + 1
instead of deg(Xy) + #Xo. Then (1.15) would be replaced by

(2deg(Xo) + 2+ D.Ks)* > (4 +K%) - D> >0, (1.26)
and hence

2
(2deg(Xo) + 2+ D.Ksl)" > (4+KE) - D*> 0

which contradicts (1.22).

We have to derive from (1.26) a contradiction, replacing (1.22) by (1.23).
For this we consider the convex function

o [1,deg (X*(C))} SRt (2t 42+ D.Ks)2

Since ¢ is convex, it takes its maximum either in t* = 1 or in t* =
deg (X*(C)).
If t* =1, then we get from (1.26)

(4+p-K2)* > (2-deg(Xo) +2+D.Ks)”" > (4+K2) - p?- KE,

that is 4p?KZ — 8pK% — 16 < 0, which contradicts the assumptions on p.
If t* = deg (X*(C)), then we get from (1.26)

(2 -deg (X*(C)) +2+ D.Kz>2 > (4+K3) - D?,
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and, moreover, in this situation we must have 2-deg (X*(C )) +2+D.Ks >
0. But then we may take square roots on both sides and get

2-deg (X*(C)) > /4+K:-VD2—-D.Kz—2,
which is in contradiction to (1.22).

(i) By the above condition we know that
2
(D2~ (8+K3)) =16-Ki+64.
This, however, implies
(1+5) D < - (D*+K3)%
and thus finally

1+5 VD2 (B2 1] < (145 VD2 BE 1 <1 (DK
which finishes the proof.
G 0<Y i, (T(S)—1) =31, (v(S)+1)" —4- Y1 (5.

Throughout the proof of Theorem 1.1 we used the following lemma.

1.3 Lemma

Let (C,z) be a reduced plane curve singularity given by f € Oz, and let 1 C
my, C Oz, be an ideal containing the Tjurina ideal 1°“(C,z). Then for any
g € L we have

dim¢(Ox /1) < dimg (Ox./(f, 9)) = i(f, g;2).

Proof: Cf [Shu97] Lemma 4.1. O

2. Examples

Throughout this section for a topological respectively analytical singularity
type S we will denote by T*(S) = 1t°(S), the codimension of the p-constant
stratum in the base of the semi-universal deformation of S, respectively
T(S) = 1(S), the Tjurina number of S.

2.a. The Classical Case - = P?

In view of Remark 1.2 we get the following version of Theorem 1.1.

1.1a Theorem
Let Sy, ...,S, be topological or analytical singularity types, let d > 3 and sup-
pose that

T

Y (TS + 1) < d+6d. (1.5a)

i=1

Then either V!, (Sh, ..., S;) is empty or T-smooth.
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Proof: (1.1) and (1.2) are fulfilled since d > 3, while by Remark 1.2 (e) (1.3)
is redundant and (1.5) takes the form (1.5a). It remains to show that (1.5a)
implies (1.4), which follows at once from (1.24) in Remark 1.2 (j). O

2.1 Remark

(a)

(b)

(c)

The sufficient condition

> (T(S)+ 1) < (d+3)? (2.1)
i=1
in [Los98] Corollary 5.5 (see also [GLS00]) is always slightly better
than (1.5a).

Going back to the original equations in (1.5) we could replace them by

> (TS 1) < (1 2T a2, (2.2)
i=1
For a fixed r this condition is asymptotically better even than the one in
(2.1) — more precisely, d > 3./r suffices. However, in order to get rid of
(1.4) we then need some assumptions on the singularities —e. g. r > 18
and t(S;) > 6 for all i.

Working with condition (1.23) from Remark 1.2 (h) we could replace
(1.5a) by

> T(S)T < 0 a (2.3)
i=1

if we require d > 8. This result is better than (2.1) only for r < 9.

Proof: (a) This is obvious.

(b)

Since the derivative

af() =3 (2r+3V4r+9+9)
—(T) =
or 2. \4r +9 .12

of f : R = R : 1 — 22 ig negative for all + > 0, the function is
monotonously decreasing, that is

IWVar+9+9 < 3Va4s +9+9
2r - 2s
for alls =1,...,r, and therefore

S

Y (TS +N <Y ((S)+1)°
i=1

i1
V& V&
<(1+3 r;9+9)_d2§(1+3 32—29—1—9)_(12.
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But this implies

S 2 S
(Z <T*<Sa+1>) <s ) (C(S)+1)°
i=1

i=1
2
<(s+§~\/4s+9+§)~d2:( s+§+§) - d?,

and then

Y (TS)+T1) =3 -d<y/s+ 74,

i=1
which in turn gives (1.5), supposed that the left hand side is non-
negative. However, if it is negative, then

: * 3 : 9d2 9 2
2 (TS)+1)—3-d) << (s+§) &,

i=1
that is, (1.5) is still fulfilled.

If d > 3./7, then Y27 . 42 > 9d > 6d + 9. Thus (2.1) implies (2.2).
Furthermore, if r > 18, then 1 + @ < 2, and if moreover (S;) > 6
for all 1, then

Y TSy <Y (TSN <l d?
i=1 i=1

which implies (1.4).
(c) We note that (2.3) implies

T 2 T
(Zf‘(&)) <t ) T(S)P<10-dP< (@ d— 1)2,
i=1 i=1

once d > 8. This however is sufficient for the T-smoothness according to
Remark 1.2 (h) and (i).

O

For further results in the plane case see [Wah74a, GrK89, Lue87a, Lue87b,
Shu87b, Vas90, Shu91b, Shu94, GrL.96, Shu96b, Shu97, GLS98a, Los98,
GLS00].

2.b. Geometrically Ruled Surfaces

Throughout this section we use the notation of Section G.a, thus in particular
m: L — Cis a geometrically ruled surface with g = g(C) and K% = 8 — 8g.
Theorem 1.1 therefore only applies for Hirzebruch surfaces and if C is elliptic.
Below we state the theorem in its general version for the invariant e > 0, even
though the conditions look far too nasty to be of much use. We afterwards
consider the cases separately, so that the conditions take a nicer form, in
particular we consider the unique geometrically ruled surface with negative
invariant e and g = 1.
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Throughout the section it is convenient to set k = 2 + e — 2g, so that Kz ~;
—2Cy— kF. We note that for g < 1 and e > 0 we have k > 0. Thus —Kj5 is nefin
this situation and we may replace (1.5) by (1.17) in Remark 1.2.

1.1b Theorem

Let m: X — C be a geometrically ruled surface with invariant e > 0 and g €
{0,1}, let D = aCy + bF € Div(L), and let Sy, ..., S, be topological or analytical
singularity types.

Suppose that

(1.1b) a>2,b>e-(a—2)+«
(12b)  b>e-(a+2) —x
(1.5b) S (T(S)+1)% < (24 k) - ab+4b + (2k—4e)-a— (= +¢) - a?— b2

i
Then either V{5 (Sy, ..., S,) is empty or T-smooth.
Proof: The conditions (1.1) and (1.2) just come down to (1.1b) and (1.2b), and

(1.17) takes the form (1.5b). Moreover, by Remark 1.2 (¢) Condition (1.3) is
obsolete.

It thus remains to show that (1.5b) implies (1.4), which in this situation looks
like

ZT <1 (2-(a+2)-(b+k)—e-(a+2)?).
In view of (1.24) in Remark 1.2 (j) and by (1.5b) we know already that
ZT <1 ((24K)-ab+4b+ (2k —4e)-a— (5 +e)-a®—b?).
Since k —e =2 — 2g > 0, the claim follows from

(24«)-ab+4b+ (2k—4de) - a— (£ +e) - a® — b?
=2-(a+2)-(b+x) —e-(a+2?—(5-a—b) —4-(k—e)
<2-(a+2)-(b+k)—e-(a+2)>

We note that (1.5b) gives an obstruction on a and b, namely
(24 K)-ab+4b+ 2k —4e)-a (& +e)-a®+ b2 +4. (2.4)

Let us first consider Hirzebruch surfaces.

2.2 Corollary
Let ¥ =Ty = P! x P}, let D € Div(L) of type (a,b) with a,b > 2, and let
S1,..., S, be topological or analytical singularity types.
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Suppose that

Y ("(S) +1)” <4ab+4b +4a— a? — b2, (2.5)

i=1
Then either V(Sy, ..., S,) is empty or T-smooth.
We note that the obstruction (2.4) in this case reads

4ab +4b +4a > a® + b* + 4, (2.6)
which could be replaced by
a<2b+3 and b<2a+3. 2.7

If we consider the case a = b, that is, if D is a rational multiple of the canoni-
cal divisor, then (2.5) looks like
> ((S) +1)* < 2a% + 8a. (2.8)
i=1
In this situation we could even use (1.21) in Remark 1.2 instead and replace
(2.8) by the better inequality

< 2a’ (2.9)

— (T(S) +1)?
;1+§~(T*(&)+1)

Comparing these results with the conditions for irreducibility in Section V.4.b

the right hand side there differs by a factor of about ﬁ.

The only Hirzebruch surface, which is not minimal, is IF;. Since the obstruc-
tions for b there differ from the remaining cases we give the result separately.

2.3 Corollary
Let ¥ =T, let D = aCy + bF € Div(X) with a > 2and b > a+ 1, and let
Sy,..., S, be topological or analytical singularity types.

Suppose that

> (T(S)+ 1) <5ab+4b+2a— 1. a> b2 (2.10)

i=1
Then either VH(SM ..., Sy) is empty or T-smooth.

In contrast to the Hirzebruch surfaces with e > 2, the corollary here applies
to divisors, which are multiples of the canonical divisor, that is when b =
% - a. Then, however, we may in view of Remark 1.2 (f) replace (2.10) by the
inequality

T

(T*(S) +1)? ,
; T+2.(t(S)+1) <2a% (2.11)

For the Hirzebruch surfaces with e > 2 we have to study the conditions (1.2b)
and (2.4) a bit closer. We then see that they may be replaced by

b>ea+te—1 (2.12)
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and
Qae(b) = —(b— 2. a)" + (2ab —ea?) +4b+ (4 —2e) -a—4>0. (2.13)

For a > 2 fixed we therefore may consider ¢ . : [ea+e—1,00[— R as a concave
function, and we find that

Pae(d) >0 < b<(2+%)-a++V3a2+12a+2.

In particular, (2.12) and (2.13) cannot be satisfied both at the same time un-
less e < 7! And if e < 7, then we may replace condition (1.1b) and (1.2b)
by

a>2 and beleate—1,2+%) a+VBa2+12a+2l.  (214)
2.4 Corollary
Let L = F.with2 < e <7, let D = aCy+ bF € Div(X) with a > 2 and
be [ea+e—1, (2+ %) -a++v3a?+ 12a—|—2[, and let Sy, ...,S, be topological or
analytical singularity types.

Suppose that

Y (T(S)+1)° < (2ab—ea?) +4b+ (4—2¢)-a— (b— <2 - a)’.  (2.15)

i=1
Then either VH(SM ..., Sy) is empty or T-smooth.

Next we consider the case of an elliptic base curve. As in the case of Hirze-
bruch surfaces, we study Condition (1.2b) and Obstruction (2.4) a bit closer.
We then see that they may be replaced by

b>eate+1 (2.16)
and
2 2
Yoe(b):i=—(b—%-a)”+ (2ab—ea’) +4b+ —2ea—4 > 0. (2.17)

For a > 2 fixed we consider .. : [ea + e + 1,00[— R as a concave function,
and we find that

Paelb) >0 & b<a+35-a+vVa*+da+2.

Thus (2.16) and (2.17) will never be satisfied at the same time if e > 4, while
if 0 < e < 3 we may replace (1.1b) and (1.2b) by

a>2 and beleatetlats-atvai+da+2] (2.18)

2.5 Corollary

Let t: £ — C be a geometrically ruled surface with g(C) =1and 0 < e < 3, let
D = aCo+bF € Div(Z) with a > 2andb € [eat+e+1,a+ 5 a+Val+4a+2],
and let Sy, ..., S, be topological or analytical singularity types.

Suppose that

Z (T°(S:) + 1)2 < (2ab—ea®) +4b—2ea— (b—%- a)z. (2.19)

i=1
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Then either VH(SM ..., S;) is empty or T-smooth.

We note that in the most interesting case, namely when e = 0, which includes
the product C x P!, we just need

O<b<a++vVat+4a+2 (2.20)
and
Y (T(S)+1)" < 2ab+4b — b2, (2.21)

i=1
Finally we have to consider the unique case of a geometrically ruled surface
over an elliptic curve with negative invariant e. (1.1) and (1.2) come down to

a>2 and b> —%. (2.22)

Moreover, then (aCy + bF).Ks = —2b — a < 0, so that Remark 1.2 (c) still
applies, that is, (1.3) is redundant and (1.5) may be replaced by (1.17), which
takes the form

Y (T(S)+ 1) <3-a®+ab+2a+4b- b2

i=1

This, however, leads to the obstruction

Yo 1(b)=2-a’+ab+2a+4b—b*—4>0.

Thus, considering 1,1 now as a concave function o7 : | — $,00[ = R we
find that
Yo 1(b) >0 —% <242-y/a2f4a<b< 242+ Va +4a.

And we may therefore replace (1.1b)-(1.2b) by

a>2 and be]%+2—\/a2+4a,%+2+\/a2+4a[. (2.23)

2.6 Corollary

Let m: £ — C be a geometrically ruled surface with g(C) =1 and e = —1, let
D = aCo+bF € Div(Z) with a > 2and b € |$+2—+va? +4a, ¢ +2+VaZ +4a],
and let Sy, ..., S, be topological or analytical singularity types.

Suppose that

Y (v(S)+1)* <2 a’+ab+2a+4b— b2 (2.24)

i=1
Then either VH(SM ..., S;) is empty or T-smooth.

In the above corollary we could for instance let b = 5 + 2, in which case (2.19)
reads

T

Z (T°(S:) + 1)2 < (a+2)>

i=1
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2.c. Products of Curves

Throughout this section we use the notation of Section G.b. In particular,
Y = C; x C; where C; and C; are smooth projective curves over C of genera
g1 and g, respectively. Since X is geometrically ruled if some g; = 0, we may
restrict our attention to the case g1,g, > 1.

For a generic choice of C; and C; the Néron—Severi group NS(X) is two-
dimensional by Proposition G.12. Thus the following theorem answers the
general case completely.

1.1c Theorem

Let Cy and C, be two smooth projective curves of genera g, and g, respectively
with g1 > g, > 1.

Let D = aCy; + bC, € Div(X) with a > 2g2 — 2 and b > 2g; — 2, and let
Sy,..., S, be topological or analytical singularity types with t(S;) > v (S;) for

alli=1,...

Suppose that

(1L50) 3 (T(S)+1)°

i=1

<2ab=2-(v($1)+1)- ((91-1)a+(g2—1)b) — ((g1—T)a—(g2—1)b)".
Then either VH(SM ..., Sy) is empty or T-smooth.

Proof: We note that Ky = (2g,—2)-C1+(2g7—2)-C; is nef. Thus by Remark 1.2
(b) and (d) and due to the assumptions on a and b (1.1)-(1.3) are fulfilled,
while (1.5) may be replaced by (1.18), which in this case is just (1.5¢). It thus
remains to show that (1.4) is satisfied, which in this case takes the form

ZT*(SJ <1.(a+2-2g5) - (b+2—2g3).
i=1
This, however, follows from (1.24) in Remark 1.2 since

2ab—2- (t*(&1) + 1) - (g1 — Na+ (92— 1)b) — ((g1 — Na— (g2 — 1)b)*
<2ab—4-((g1—Da+(g2—1)b) <2-(a+2—2g7) - (b+2—2g).
]

Of course, if (g1 — 1) - a and (g, — 1) - b differ too much from each other, then
Condition (1.5¢) can never be satisfied, since then ((91 —1)-a—(g2—1)- b)2
becomes larger than 2ab —e. g.if g1, > 1and a > 4 - gf—j - b. Moreover, we
see that the largest 7(S;) should be considerably smaller than a or b.
Ifgi,g>Tandifa=p-(g2—1)and b=p-(g; — 1) for some p € Q, that is if
D is a multiple of the ample divisor Ky then (1.5¢) takes the simpler form

T

> (W) <2 (P20 (TSN 1)) (g1 =) (g2— 1), (2.25)

i=1
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In this case, however, we could replace (2.25) in view of Remark 1.2 (f) also by

T

(T°(S;) + 1)2
>

2. — . —
1—%-(T*(31)+1)<2p (g1 =1)-(g2—1). (2.26)

i=1
2.d. Products of Elliptic Curves

If in Section V.4.c the curves C; and C; are chosen to be both elliptic curves,
Theorem 1.1c looks much nicer, since Ky = 0.

1.1d Theorem
Let Cq and C; be two smooth elliptic curves, let D € Div(X) big and nef, and let
Sy,..., S, be topological or analytical singularity types.

Suppose that

(L5d) Y (v(S)+1)< D2

iz
Then either VH(SM ..., S;) is empty or T-smooth.

If C; and C, are non-isogenous, then any divisor of L is of the form D =
aC; 4+ bC;, and for such a divisor the condition “D big and nef” means that
a,b>0.

The Severi variety VII(. ., (TA;) is therefore T-smooth as soon as

r< @
_2>

and in the case of cusps and nodes the condition for the T-smoothness of
VL oc, (KA1 +mA,) thus just reads

4k 4+ 9m < 2ab.

2.e. Surfaces in P}

For a generic surface of degree n > 4 in P? any curve is a hypersurface section
by a Theorem of Noether (see Section G.d). Therefore the following result on
hypersurface sections answers the problem completely on a generic surface in
P3. We note that a hypersurface section is always a rational multiple of the
canonical bundle and thus we may use Remark 1.2 (b) and (1.20).

1.1e Theorem

Let £ C P3 be a smooth hypersurface of degree n > 4, H C X be a hyperplane
section, d > n— 4 and let S;,...,S; be topological or analytical singularity
types with ™ (Sy) > t(Sy) foralli=1,...,r. Suppose that

(1.4e) ;T*(si) < i ond
(L5e) 3 (T(S)+1) <dn—d-(n—4) n-(T(S) +1).

i=1

Then either V!, (Sh, ..., S,) is empty or T-smooth.
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If we suppose n > 4 and the 1°(S;) + 1 < =%;, which is necessary anyway in
order to have (1.5e), then in view of Remark 1.2 (f) we may replace (1.5¢) by
the better inequality

2

- (T(S)+1) 2
Z1_n_g4.(w(51)+1) <dmn. (2.27)

i=1
Let us consider the two cases of nodal curves and of curves with nodes and
cusps more closely.

2.6 Corollary
Let £ C P? be a smooth hypersurface of degree n > 4, H C X be a hyperplane

section and d > 2n — 8. Suppose that
r<d'(d_2;+8)'“. (2.28)

Then either Vi, (tA1) is empty or T-smooth.

Proof: In this situation (1.5e) is just (2.28), and (1.4e) is fulfilled as well in
view of
d-(d—2n+8)-n - d-(d—2n+8) n+4—m)n  (d+4—m)?-n

4 = 4 4

O

2.7 Corollary
Let £ C P3 be a smooth hypersurface of degree n > 4, H C X be a hyperplane
section and d > 3n — 12. Suppose that

dk+9m<d-(d—3n+12) -n. (2.29)

Then either V‘Hﬁ‘ (kA1, mA,) is empty or T-smooth.

Proof: In this situation (1.5e) is just (2.29), and (1.4e) is fulfilled in view of
4.(k+2m) <4k+9m<d-(d—=3n+12) - n<(d+4—n)*-n.

2.f. K3-Surfaces

By Remark 1.2 (b), (c) and (j) Theorem 1.1 for K3-surfaces takes the following
form.

1.1f Theorem

Let ¥ be a smooth K3-surface, D a big and nef divisor on ¥ and S,...,S, be
topological or analytical singularity types.

Suppose that

150 Y (v(S)+1)’< D2

i=1

Then either VH(SM ..., Sy) is empty or T-smooth.
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3. Another Criterion for T-Smoothness

In the proof of Theorem 1.1 we used the result of Lemma 1.3 in a crude way,
i. e. by replacing the difference i(f, g;z) — dim¢(Os ,/1) by its minimum pos-
sible value one. In the following we are more careful. Using the Cauchy-
Schwartz Inequality we derive conditions which involve new invariants for
which the above difference plays a crucial role. The proofs are an adaptation
of [GLSO00], replacing the Castelnuovo function arguments by Bogomolov in-
stability methods. In the case of the projective plane we reproduce their re-
sult (see Theorem 3.1 and Remark 3.2), but the results apply to much larger
classes of surfaces.

Compared with the results in Section 1 the new results have mainly two ad-
vantages - firstly they apply to surfaces to which the previous results did not
apply, and secondly the involved invariants are in many cases much better,
e. g. for ordinary multiple points. However, for families of nodal or cuspidal
curves the results of Section 1 better wherever they apply - apart from the
plane case.

3.1 Theorem
Let ¥ be a surface such that? NS(L) =1L-7Z,let D =d-L € Div(%), let Sy,..., S
be topological or analytical singularity types, and let Ky =k - L.

Suppose that d > max{k + 1, —«} and

(3.1)

1
max{1,1+k}"

D YalS) <a-(D—Kg)=a-(d—«)* 1> with =
i=1

Then either V{5(Sy, ..., S,) is empty or it is T-smooth.

Proof: Let C € VH(SM ..., S;). It suffices to show that the cohomology group
h'(Z, Jx=(c)/=(D)) vanishes.

Suppose this is not the case. Since for X, C X*(C) any local complete intersec-
tion scheme and z € supp(Xy) we have

1
4. < vt < _
deg(X,) 5 YalC,2) < O(

~ (T+ «)

Lemma 3.5 applies and there is curve A € [6 - L|; and a local complete in-
tersection scheme X, C X*(C) satisfying the assumptions (a)-(d) there and
Equation (3.9). That is, fixing the notation 1 = V12, supp(Xo) = {z1,...,2zs}
Xi = Xo, and ¢; = min{deg(X;),i(C, A;z;) —deg(Xi)} > 1, we have

(@) d-5-12>deg(Xo)+ > ;&

(b) deg(Xo) > (d—xk—198)-5-1%

3By Lemma E.1 we may assume w. 1. 0. g. that L is ample.
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and
5-1< 5 — \/(d_4 — deg(Xo) = p \/2 deg(;(du 4 deg(Xo)
But then together with (a) and (b) we deduce

s 2
JICELNRONG g%c ( 1+¢2 ief(f‘){z 4-deg(Xo)> . (3.3)

Applying the Cauchy inequality this leads to
s 2
Z deg(X;)? S deg(Xo)? L X (d—«k)%-1? ‘ (1 i 4-deg(Xo)) _

i1 €i D Y- 4 (@-xt-v
Setting
deg(X;)? deg(X;)?
- > S _ X e
a-(d—x)2- 120 77 & deg(Xo)

we thus have

le-(wm—%)z,

and hence, f > ( ) But then, applying the Cauchy inequality once more,

we find
(A= )P 1= S deg(Xo) < o (v+2+ %) - deg(Xo)
<Z(deg + 2acdeg(X; +oce) Zy“
in contradiction to Equation (3.1). O
3.2 Remark

If in Theorem 3.1 we have k > 0, i. e. « < 1, then the strict inequality in
Condition (3.1) may be replaced by “<”, since in (3.2) the second inequality is
strict, as is the second inequality in (3.3). This applies e. g. in the case of the
general surfaces in P2,

Similarly, if in Theorem 3.1 k < 0 and for some for some S; we have v%(S;) >
(1 + o)?1%,(S;), then the inequalities in (3.2) and (8.3) are strict, so that the
strict inequality in (3.1) may be replaced by “<”. This implies e. g. in the case
of P?, considering simple singularities or ordinary multiple points not all of
which are A;. We then get the same result as [GLS00] Theorem 1.

3.3 Theorem

Let Cq and C; be two smooth projective curves of genera g, and ¢,, such that
for L = C; x C, the Néron—Severi group is NS(L) = C1Z & C,Z.

Let D € Div(X) such that D ~, aCy 4+ bC, with a > max {2 — 295,29, — 1} and
b > max {2 —2g1,2g71—1 }, let Sy,...,S, be topological or analytical singularity
types.
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Suppose that

D YilS) < v-(D—Kg), (3.4)
i=1
where the constant y may be read off the following table with A = gjﬁgﬁg
g1 92 Y
1
0,110,1 3
. 1 1
Z 2 O, 1 min {H’ W}
. 1 A 1
22|22 mm{491+492—4» 79, 1) 4-(9171)-/\}

Then either VH(SM ..., S;) is empty or it is T-smooth.

Proof: Let C € VH(SM ..., Sy). It suffices to show that the cohomology group
h1 (Z, jX*(C)/Z(D)) vanishes.

Suppose this is not the case. Since for X, C X*(C) any local complete intersec-
tion scheme and z € supp(X) we have

deg(X,) <v;3(C,z),

and since y < }P Lemma 3.5 applies and there is curve A ~, - C; +p - C,
and a local complete intersection scheme X, C X*(C) satisfying the assump-
tions (a)-(d) there and Equation (3.9). That is, fixing the notation supp(Xy) =
(z1,...,2¢}, Xi = X0, and ¢; = min{deg(Xi),1(C, A;z;) —deg(X;)} > 1, we have
(@) ap +bo>deg(Xo) + Y ;e
(b) deg(Xo) >(a—2g2+2—«x)-B+(b—291+2—p)  «, and
(€) 0< o< &2ut2agndo<p<2at
The last inequalities follow from (d) in Lemma 3.5 replacing the ample divisor

H by the nef divisors C, respectively C;.

From (b) and (c) we deduce

-2 2 b-2 2
deg(xo)Zia 92+ 'f3+7g1+ -,
2 2
and thus
-2 2 b-2 2 D —Ks)?
deg(Xo)224.Cl 292+ . 31—'_ .06.527( 5 z) S B (8.5)

Considering now (a) and (b) we get

0< > & <A(A+Ksg)=2aB+(291—2) - a+(29:—2)- B < 5,

i=1
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where the last inequality holds only if « # 0 # . In particular, we see « # 0
if g2 < 1 and B # 0if g; < 1. But this together with (3.5) gives

: deg(Xo)?
i< — .
Ze ~ v (D —Kg)?

i=1

If « = 0, then from (a) and (b) we deduce again

4-(g1—1) deg(Xo)? deg(Xo)?
— < . <
O<Z€1— 20:=2)-B <=3 (D—Kg)? = v (D—Kg)?
and 51m11arly, if =0,

deg(Xo)* < deg(Xo)?
(D —Kg)? ~ v- (D —Kg)?

0<Z€1_ (2g7—2) - x<4-(g1—1)-A-

Applying the Cauchy inequality, we finally get

deg(X,)? deg|(
Y'(D—KZ)ZS%SZ glX <Zv0
i=1 &

in contradiction to Assumption (3.4). O

i=1

In the following theorem we use the notation of Section G.a.

3.4 Theorem
Let 1: £ — C be a geometrically ruled surface with e < 0 and g = g(C).

Let D € Div(X) such that D ~, aCo + bF with b > max{2g — 2,2 — 2g} + 5 and
a> 2, andlet Sy,...,S; be topological or analytical singularity types.

Suppose that

Zvo y- (D —Ks)?, (3.6)
where with A = ﬁ the constant vy satisfies
Lll) I’fg € {O) 1}>

’Y:
. 'I 1 .
mln{4—g,74_(gf1)_/\}, if g > 2.

Then either V5i(Sy, ..., S,) is empty or it is T-smooth.
Proof: Let C € VH(SM ..., Sy). It suffices to show that the cohomology group
h1 (Z, jX*(C)/Z(D)) vanishes.

Suppose this is not the case. Since for X, C X*(C) any local complete intersec-
tion scheme and z € supp(X) we have

deg(X,) <v3(C,z),

and since y < }1, Lemma 3.5 applies and there is curve A ~, & - Co+ 3 - F and
a local complete intersection scheme X, C X*(C) satisfying the assumptions
(a)-(d) there and Equation (3.9).
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Remember that the Néron—Severi group of X is generated by a section C, of
7 and a fibre F with intersection pairing given by ( 7¢/}). Then Ky ~q —2Co +
(2g —2—e) - F. Note that by Lemma G.1 we have

x>0 and PB'=p—-Sa>0.

Ifweset ki =a+2and k; =b+2—2g— %, we get
(D—Ks)?=—e-(a+2)?+2-(a+2)-(b+24+e—2g) =2k - Ka. 3.7

Fixing the notation supp(Xo) = {z1,...,z¢}, Xy = Xo., b’ =b - &, ' = p — &,

and ¢; = min{deg(X;),1(C, A;z;)—deg(X;)} > 1, the conditions on A and deg(X,)
take the form

(@) ap’+b'ax>deg(Xo)+ X i, e

(b) deg(Xo) > k1B’ +k2-x—2xp’, and

() 0<a<Sand0<B' <%

The last inequalities follow from (d) in Lemma 3.5 replacing the ample divisor
H by the nef divisors F respectively Co + 5 - F.

From (b) and (c) we deduce

K , K
doglo) = - p 4 2
and thus, taking (3.7) into account
2 Ki K2 ,  (D—=Ky)? /
>4. 2. 22 . -B’. .
deg(Xo)" 24~ = -3 § 5 x-p (3.8)

Considering now (a) and (b) we get
0< Z&SA.(A-I-K;) =20 +(29—2) - —2B' < ﬁ,
i=1 2y
where the last inequality holds if B’ # 0. We see, in particular, that p’ # 0 if
g < 1. But this together with (3.8) gives for 3’ # 0

- deg(Xo)?
< JeBRI
ZE ~ v (D—Kg)?

i=1
If B’ =0, then we deduce from (a) and (b)

deg(Xo)? < deg(Xo)?
(D—-Xs5)2 = v- (D —Kg)?

O<Z£1_ 2g—2)-ax<4-(g—1)-A-

Applying the Cauchy inequality, we finally get

deg(X,)? deg(
Y'(D—KZ)ZS%SZ glX <Zvo
i=1 €1

in contradiction to Assumption (3.6). O

i=1

The following Lemma is the technical key to the above results.
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3.5 Lemma
Let ¥ a smooth projective surface, and let D € Div(X) and X C X be a zero-
dimensional scheme satisfying

(0) D —Kgis big and nef, and D + Ky is nef,

(1) 3 C e |DJ|y irreducible : X C X*(C),

(2) h'(Z,Jx/=(D)) >0, and

(3) 4-deg(Xo) < (D—Kgx)? for all local complete intersection schemes Xy C X.

Then there exists a curve A C L and a zero-dimensional local complete inter-
section scheme Xo C X N A such that with the notation supp(Xo) = {z1,...,zs},
Xi = Xo ., and* ¢; = min{deg(X;),1(C, A;z;) — deg(X;)} > 1 we have

(a) D.A>deg(Xo)+ > i ¢

(b) deg(Xo) > (D —Kz—A).A,

(¢ (D—Ksz—2-A)>>0, and

(d (D—-Kz—2-A).H>0 forall He Div(I) ample.
Moreover, it follows

0<%+ (D—Kg)*—deg (Xo) < (3- (D —Kg) - 4)”. (3.9)

Proof: Choose X, C X minimal such that still h'(Z, Jx,,=(D)) > 0. By As-
sumption (0) the divisor D — Ky is big and nef, and thus h'(Z, Os(D)) = 0 by
the Kawamata—Viehweg Vanishing Theorem. Hence X, cannot be empty.

Due to the Grothendieck-Serre duality (cf. [Har77] 1I1.7.6) we have 0 #
H' (L, Jx,/=(D)) = Ext' (Jxy/(D), Os(Ks)), and thus, since Ox(Ky) is locally
free, (cf. [Har77] 111.6.7)

Ext' (Jx,/s(D —Ks), Ox) #0.
That is, there is an extension (cf. [Har77] Ex. I11.6.1)

0— 0z = E— Jx,=z(D—-Ksg) = 0. (3.10)

The minimality of X, implies that E is locally free and X, is a local complete in-
tersection scheme (cf. [Laz97] Proposition 3.9). Moreover, we have (cf. [Laz97]
Exercise 4.3)

ci1(E) =D —Ks and c;,(E) =deg(Xo). (3.11)
By Assumption (3) and (3.11) we have

c1(E)*—4 - cy(E) = (D — Kg)? — 4 - deg(Xo) > 0,

4Since Xo C X*(C) C X¢¢(C), Lemma 1.3 applies to the local ideals of X;, that is for the
points z € supp(Xo) we have i(C, A;z) > deg(Xo, z) + 1.



3. ANOTHER CRITERION FOR T-SMOOTHNESS 113

and thus E is Bogomolov unstable (cf. [Laz97] Theorem 4.2). This, however,
implies that there exists a divisor Ay € Div(X) and a zero-dimensional scheme
Z C X such that

0— 0x(Ap) = E—= Jz/5(D =Kz —Ap) =0 (3.12)
is exact (cf. [Laz97] Theorem 4.2), and such that
(2800 —D +Ks)?> > ¢c1(E)> —4-¢cy(E) >0 (3.13)
and
(2Ap— D +Ks).H>0 for all ample H € Div(LX). (3.14)
Tensoring (3.12) with Os(—A,) leads to the following exact sequence
0= Oz = E(—Ap) = Jz/5 (D — Kz —2A,) — 0, (3.15)

and we deduce h°(Z, E(—A)) #0.
Now tensoring (3.10) with Os(—A,) leads to

0— Oz(—Ao) — E(—Ao) — on/Z (D — K): — Ao) — 0. (316)

Let H be some ample divisor. By (3.14) and since D — Ky is nef by (0):
—ApH<—1-(D—Kz).H<O.

Hence —A, cannot be effective, that is H°(Z, Os(—A,)) = 0. But the long exact
cohomology sequence of (3.16) then implies

0 # H(Z,E(—Ag)) = H (Z, Tx, /s (D — Kz — Ap)) .
In particular we may choose a curve
A € |Tx, /(D =Kz — Ao)| .
Thus (c) and (d) follow from (3.13) and (3.14). It remains to show (a) and (b).

We note that C € |D|; is irreducible and that A cannot contain C as an irre-
ducible component: otherwise applying (3.14) with some ample divisor H we
would get the following contradiction, since D + Ky is nef by (0),

0<(A—C)H<—3 - (D+Kg)H<O.
Since Xy C C N A the Theorem of Bézout implies (a):

DA=CA= Y i(CA;z)>) (deg(Xi)+ei) =deg(Xo) +) e

zeCNA i=1 i=1

Finally, by (3.11) and (3.12) we get (b):
deg(Xo) = Cz(E) = Ao(D — Ky — Ao) + deg(Z) > (D — Ky — A)A

Equation (3.9) is just a reformulation of (b). O
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4. Examples

Throughout this section for a topological respectively analytical singularity
type S we will denote by v (S) = v&(S), respectively v (S) = v4(S).

4.a. The Classical Case - & = P?

In view of Remark 3.2 we get the following version of Theorem 3.1.

3.1a Theorem
Let Sy, ...,S, be topological or analytical singularity types, let d > 3 and sup-
pose that

Zy1 (d+3)> (3.1a)

Then either V31, (S1, ..., S;) is empty or T-smooth.

As soon as for one of the singularities we have v;(S;) > 4 - T,(Si), e. g. simple
singularities or ordinary multiple points which are not simple double points,
then the strict inequality in (3.1a) can be replaced by “<”, which then is the
same sufficient condition as in in [LLos98] Corollary 5.5 (see also [GLS00]),
and since v;(S) < (T°(S) + 1)2 it is better than the condition in Theorem 1.1a.
In particular, Vlic{{”(km ,MA2, My, ..., My, ), my > 3, is therefore T-smooth as
soon as

Ak+9m+ > 2-mi<(d+3)%

i=1
4.b. Geometrically Ruled Surfaces

Throughout this section we use the notation of Section G.a.

3.4b Theorem
Let t: £ — C be a geometrically ruled surface with g = g(C).

Let D € Div(X) such that D ~, aCo + bF with b > max{2g — 2,2 — 2g} + 5 and
a> 2, andlet Sy,...,S; be topological or analytical singularity types.

Suppose that

ZYO y- (D —Kg)?, (3.6b)
where with A = # the constant vy satisfies
‘I .
49 I’fg S {O) 1}>

’Y:
. 1 1 .
mln{fg,m}, LngZ

Then either V5i(Sy, ..., S,) is empty or it is T-smooth.
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In particular, VH(Mm] yor oy M, ), my > 3, is therefore T-smooth as soon as
> 2-(mi—1)<v-(D—Kg)
i=1

Note that, as for products of curves, the constant vy in Theorem 3.4 depends
on the ratio of a and b unless g is at most one. This means that in general an
asymptotical behaviour can only be examined if the ratio remains unchanged.
Let us write down the result explicitly for the Hirzebruch surfaces F..

4.1 Corollary
Let £ =T, let D be a divisor of type (a,b) with a > 3 and b > 2+ %, and let
Sy,..., S, be topological or analytical singularity types.

Suppose that

D YiS) < lat2). (2};’“_“). (4.1)
i=1

Then either VH(SM ..., S;) is empty or T-smooth.

The results in Subsection 2.b only applied to eight Hirzebruch surfaces and
a few classes of fibrations over elliptic curves, while our results apply to all
geometrically ruled surfaces. Moreover, the results are in general better, e. g.
for the Hirzebruch surface P! x P already the previous sufficient condition
for T-smoothness of families of curves with r cusps and b = 3a the condition

9r < 2a*+8a
has been replaced by the slightly better condition
8r < 3a’+8a+4.

For ordinary multiple points the difference will become more significant. Even
for families of nodal curves the new conditions would always be slightly better,
but for those families T-smoothness is guaranteed anyway by [Tan80].

4.c. Products of Curves

Throughout this section we use the notation of Section G.b. In particular,
Y = C; x C; where C; and C; are smooth projective curves over C of genera
g1 and g; respectively. Since X is geometrically ruled if some g; = 0, we may
restrict our attention to the case g1,g;, > 1.

For a generic choice of C; and C, the Néron—Severi group NS(X) is two-
dimensional by Proposition G.12. Thus the following theorem answers the
general case completely.

3.3c Theorem
Let Cq and C; be two smooth projective curves of genera g, and g,, such that
for L = Cq x C; the Néron—Severi group is NS(L) = C1Z & C,Z.
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Let D € Div(X) such that D ~, aCy 4+ bC, with a > max {2 —2g5,29,— 1} and
b > max {2 —2g1,2g71—1 }, let Sy,...,S, be topological or analytical singularity
types.

Suppose that

D Vi) < v+ (D—Kg) (3.4c)
i=1
where the constant y may be read off the following table with A = g:%gﬁ%
g1 92 Y
1
0,1]0,1 i
. 1 1
>210,1 mm{m,m}
. 1 A 1
> 2| > 2| min {491—0—49274’ 492 1) 4-(914)-/\}

Then either V5(Sy, ..., S,) is empty or it is T-smooth.

In particular, VH(Mml yoryMp, ), my > 3, is therefore T-smooth as soon as
D 2 (mi—1)?<y-(D—Kg)
i=1

Note that the constant y in Theorem 3.3 depends on the ratio of a and b unless
both g; and g, are at most one. This means that in general an asymptotical
behaviour can only be examined if the ratio remains unchanged.

4.d. Products of Elliptic Curves
If in Section V.4.c the curves C; and C, are chosen to be both elliptic curves,
Theorem 3.3 looks much nicer, since Ky = 0.

3.3d Theorem
Let Cy and C, be two smooth non-isogenous elliptic curves, a,b > 1, and
S1,..., S, be topological or analytical singularity types.

Suppose that
- b
> vilS) < 5 (3.4d)
i=1

Then either V&IE] o6y (81, -+, S) s empty or T-smooth.
In particular, on a product of non-isogenous elliptic curves for nodal curves
we reproduce the previous sufficient condition

T < ab,

for T-smoothness of Vit | (rA;), while the previous condition

T

5 (m2+2m; +5)°

£y < ab

i=1



4. EXAMPLES 117

for T-smoothness of Vljg +bcz|(Mm1 y.--yMm,), my > 3, has been replaced by

ZS 2 < ab,

the condition

which from m; > 7 is better.

4.e. Surfaces in P}

For a generic surface of degree n > 4 in P? any curve is a hypersurface section
by a Theorem of Noether (see Section G.d). Therefore the following result on
hypersurface sections answers the problem completely on a generic surface in
173

3.1e Theorem

Let ¥ C P? be a smooth hypersurface of degree n > 4 with Picard number one,
let H C L be a hyperplane section, d > n—3 and let S;,...,S; be topological or
analytical singularity types.

Suppose that

Z”y ’13 (d—n+4)2 (3.1e)

Then either VH(SM ..., S;) is empty or it is T-smooth.

In particular, Vlic{{”(l\/lmI yeooy M, ), my > 3, is therefore T-smooth as soon as
iz ( i 2)2< L (d—m 42
n—3 n—3
The condition N 3)
L I (d—n+4)%

which gives the T-smoothness of V 4;y(rA;) is weaker than the condition pro-
vided by Corollary 2.6, but for n =5 it reads r < 170 -(d —1)? and it comes still
close to the sharp bound 2 - (d — 1) provided by [ChS97].

4.f. K3-Surfaces

3.1f Theorem
Let ¥ be a smooth K3-surface with NS(X) =L -Z, L ample, and set n = L% Let
d>1,andlet Sy,...,S, be topological or analytical singularity types.

Suppose that
Zy1 )< d®n (3.1

Then either Vﬁiﬂ(&» ..., S;) is empty or it is T-smooth.

The condition in Theorem 1.1f for T-smoothness on K3-surfaces is thus com-
pletely replaced.
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CHAPTER V

Irreducibility
The question whether the variety V'™ = \/H (S,...,S;) of irreducible curves
in |D|{ having precisely r singular points of the given types Sy,..., S, is irre-

ducible seems to be much harder to answer suitably than that of existence or
smoothness. Even in the simplest case of nodal curves in P? the conjecture
of Severi that V'™ should be irreducible whenever it is non-empty resisted a
full proof until 1985 (cf. [Har85b]), while already Severi himself (cf. [Sev21])
gave a complete characterisation for the existence and showed that the va-
riety is always T-smooth. Moreover, while for the question of existence and
smoothness in the plane curve case there exist sufficient criteria showing
the same asymptotical behaviour as known necessary criteria, respectively
as known (series of) non-smooth families, the asymptotics for the sufficient
criteria for irreducibility seem to be worse (cf. [Los98] Chapter 6). To be more
precise there are conditions linear in certain invariants and quadratic in the
degree which guarantee the existence, while for the irreducibility (as for the
T-smoothness) the conditions are quadratic in the degree and the invariants
as well. Applying similar techniques our results carry the same stigma. How-
ever, apart from nodal curves on the blown up plane (cf. [Ran89, GLS98a])
we do not know at all of any criteria for the irreducibility—problem on surfaces
other than the plane. (See also Section 4.1).

The main condition for irreducibility which we get in the different cases looks
like

T

Y (T(S)+2) <y (D—Kg)?, (0.1)

i=1
where vy is some constant.

At this point we should like to point out that on more complicated surfaces
than P? we cannot expect the results to be as nice as in the plane case. Al-
ready Harris’ result for the variety of nodal curves does not extend to arbi-
trary surfaces L — more precisely, to our knowledge there is no surface known,
except the plane, where the result holds. In [ChC99] it is shown that on a
generic surface in P? of degree n > 8 the variety Vli({{_”(rAﬂ is reducible for all

(dz +(4—m) d+2) n

evend >0andr = >

as soon as

n—12n?+1In—6 _ dn—d -2
6 2 ’
119
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where the left hand side is the expected dimension of Vli({{_”(rAﬂ and the right
hand side is a lower bound for the actual dimension. This lower bound is
found by intersecting ~ with a family of cones with fixed vertex over plane
nodal curves of degree d with = nodes. The right hand side is the dimension
of the family of plane nodal curves, and we thus only have to note that cones
over different curves are different. The arguments given so far show that
\/f({{” (rA;) has a component which is not T-smooth and works for any surface of
degree n > 8 in P, however, in [ChC99] Theorem 3.1 Chiantini and Ciliberto
show that on a generic surface in I’ the variety Vi, (rA;) with d > n also
contains a T-smooth component whenever it is non-empty.

For an overview on the different approaches to the question of irreducibility
in the case of plane curves we refer to [GrS99] or [Los98] Chapter 6 — see
also [BrG81, Ura83, GD84, Ura84, Har85b, Dav86, Ura86, Deg90, GrK89,
Kan89a, Ran89, Shu91a, Bar93a, Shu94, Shu96b, Wal96, Bar98, Mig01].
The case of P? blown up in k generic points is treated in [Ran89], if k = 1,
and in [GLS98a] in the general case. Our proof proceeds along the lines of
an unpublished result of Greuel, Lossen and Shustin (cf. [GLS98b]). The
basic ideas are in some respect similar to the approach utilised in [GLS00],
replacing the “Castelnuovo-function” arguments by “Bogomolov unstability”.
We tackle the problem in three steps:

Step 1: We first show that the open subvariety V¥ of curves in VV'" with
h'(Z, Ix(c)/=(D)) = 0 is always irreducible, and hence so is its closure in V',
(Cf. Corollary 1.2.)

Step 2: Then we find conditions which ensure that the open subvariety V™ x
of curves in V""" with h'(Z, 7x:_(c)/z(D)) = 0 is dense in V', (Cf. Section 2.)
Step 3: And finally, we combine these conditions with conditions which
guarantee that V¥ is dense in V™ f* by showing that they share some
open dense subset V™ of curves with singularities in very general position
(cf. Lemma 3.9). But then V"9 is dense in V'™ and V' is irreducible by
Step 1.

The most difficult part is Step 2. For this one we consider the restriction of
the morphism (cf. Definition 1.2.16)

®:V—-Sym'(X) =B

to an irreducible component V* of V'™ not contained in the closure Vi fix in
VT Knowing, that the dimension of V* is at least the expected dimension
dim (V™) we deduce that the codimension of B* = ®(V*) in B is at most
h'(Z, Ix:, (c)/=(D)), where C € V* (cf. Lemma 3.7). It thus suffices to find con-
ditions which contradict this inequality, that is, we have to get our hands on
codimg(B*). However, on the surfaces, which we consider, the non-vanishing
of h!(Z, Jx:

fix
X% (C) is in special position. We may thus hope to realise large parts X? of

(c)/=(D)) means in some sense that the zero-dimensional scheme
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X*

fix

(C) on curves A; of “small degree” i = 1,...,m), which would impose
at least #X9 — dim |A;|; conditions on X% (C), giving rise to a lower bound
> o #X9—dim |Aif for codimg(B*).! The X? and the A; are found in Lemma 3.1
with the aid of certain Bogomolov unstable rank-two bundles. It thus finally

remains (cf. Lemma 3.3, 3.4 and 3.6) to give conditions which imply

> #X)—dim|Ai > h' (£, Jx:(c)/=(D)).

i=1
What are the obstructions by which our approach is restricted?

First, the Bogomolov unstability does not give us much information about the
curves A; apart from their existence and the fact that they are in some sense
“small” compared with the divisor D. It thus is obvious that we are bound
to the study of surfaces where we have a good knowledge of the dimension
of arbitrary complete linear systems. Second, in order to derive the above
inequality many nasty calculations are necessary which depend very much on
the particular structure of the Néron—Severi group of the surface, that is, we
are restricted to surfaces where the Néron—Severi group is not too large and
the intersection pairing is not too hard (cf. Lemma 3.3, 3.4 and 3.6). Finally,
in order to ensure the Bogomolov unstability of the vector bundle considered
throughout the proof of Lemma 3.1 we heavily use the fact that the surface
Y does not contain any curves of negative self-intersection, which excludes
e. g. general Hirzebruch surfaces.

In Section 1 we do not only prove that V"9 is irreducible, but that this
indeed remains true if we drop the requirement that the curves should be
irreducible, i. e. we show that V™9 is irreducible. However, unfortunately
our approach does not give conditions implying that V™9 is dense, and thus
we cannot say anything about the irreducibility of the variety of possibly re-
ducible curves in |D|, with prescribed singularities.? The reason for this is
that in the proof of Lemma 3.1 we use the Theorem of Bézout to estimate
D.A;. Since A; may be about “half” of D, we need an irreducible curve in |D|;
to be sure that at least for some curve in |D|; the curve A; is not a component.

1. Ve js irreducible

We are now showing that V™9 and V™9 are always irreducible. We do this
by showing that under ¥ : V — B (cf. Definition 1.2.16) every irreducible

ILet ki = dim|A;; and let H°(X,A;) be spanned by the linearly independent sections

$i.0,--+,Si,k;- Then for ki general points pi,...,px, in X the linear system of equations
aosio(pj)+...+ak,sik (p;) =0, =1,..., ki, has a one-dimensional solution set, hence there
is a unique curve C in |Ai; through p;,...,px,. But then for the remaining k! = #X‘i’ — ki

points which must lie on C as well there is only one degree of freedom left instead of two.

Hence the dimension of 3* is at most the dimension of 5B, which is 2r, lowered by > " ; k{.
2Note that e. g. the variety Vf{fﬂ (A7) of irreducible plane conics with one node is empty,

while V|3/(A1) is four-dimensional — even though the latter is of course irreducible.
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component of these is smooth and maps dominant to the irreducible variety B
with irreducible fibres.

1.1 Theorem
Let D € Div(X), Sy,...,S; be pairwise distinct topological or analytical singu-
larity types and k1, ..., k., € N\ {0}

If Vﬁ;‘g(lq&, ..., k:S;) is non-empty, then it is a T-smooth, irreducible, open

subset of Vip|(kiSy, . .., k:S;) of dimension dim Dy — Y1 ki - T(Si).

Proof: Let us consider the following maps from Definition 1.2.16
Y= WDUQS], ce ,kTSr) V= \/\m(k]S], ce ,kTSr) — B(k151, R ,krST)

and

11) = ﬂ)(k]S], ceey kTSr) . B(k1«51, . ,krST) — Hllb;:1
Step 1: Every irreducible component V* of V™9 is T-smooth of dimension
dim |D|1 — ZI:1 ki . T*(Si).
By [Los98] Proposition 2.1 (¢2) V* is T-smooth at any C € V* of dimension
d1m|D|1 — deg (X*(C)) = dim ’Dh — ZI:1 ki - T(Si), since h' (Z, jx*/):(D)) =0
according to Remark 1.2.9. (See also Remark 1.2.11.)
Step 2: V™9 is openin V.
Let C € V™9. By assumption h'(Z, Jxc),=(D)) = 0, and thus by Lemma F.1
there exists an open, dense neighbourhood U of X(C) in Hilby such that
h'(Z,Jy=(D)) = 0 for all Y € U. But then ¥~'({p~'(U)) C V™9 is an open
neighbourhood of X(C) in V, and hence V™9 is open in V.

Step 3: ¥ = ¥Yp(kSy,...,k,S;) restricted to any irreducible component V* of
V™9 is dominant.

Let V* be an irreducible component of V™9 and let C € V*. Since W' (‘P(C )) is
an open and dense subset of | Jx(c)/z(D)|, and since h'(Z, Jx(c)/=(D)) = 0, we
have

dimV¥~'(¥(C)) = h°(Z, Ix(c)y=(D)) — 1 = dim [Df — deg (X(C)).

By Step 1 we know the dimension of V* and by a remark in Definition 1.2.16
we also know the dimension of B. Thus we conclude

dimY¥(V*) = dimV*—dim¥Y~'(¥(C))
= (dim|D) —degX*(C)) — (dim D}, — deg X(C))
= deg (X(C)) —deg (X*(C)) = dimB.
Since B is irreducible, ‘P(V*) must be dense in B.
Step 4: V™9 is irreducible.

Let V* and V** be two irreducible components of V9. Then ¥ (V*)NW(V**) # 0,
and thus some fibre F of ¥ intersects both, V* and V**. However, the fibre
is irreducible and by Step 1 both V* and V** are smooth. Thus F must be
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completely contained in V* and V**, which, since both are smooth of the same
dimension, implies that V* = V**. That is V™ is irreducible. O

1.2 Corollary
Let D € Div(X), Sy,...,S; be pairwise distinct topological or analytical singu-
larity types and k1, ..., k. € IN\ {0}.

If VH’WQ(MSL ..., k:S;) is non-empty, then it is a T-smooth, irreducible, open

subset of Vip|(kiSy, . .., k:S;) of dimension dim Dy — Y"1 _; ki - T*(Si).

Proof: This follows from Theorem 1.1 since VH’WQ(MSL ..., k;S;) is an open
subset of the irreducible set V‘TDef(k]&, oo kS O

2. Conditions for the irreducibility of V'

Knowing that V™9 and hence its closure Virmred in VU is always irre-
ducible, the search for sufficient conditions for the irreducibility of V'™ may
be reduced to the search for conditions ensuring that V¥™9 is dense in V.
As indicated in the introduction (cf. p. 120) we achieve this aim by combining
conditions, which ensure that V™9 and V"™ * share some dense subset V™
(cf. Step 3 on page 120), with conditions which ensure that Vi™fx is dense in
VU (cf. Step 2 on page 120). For the latter problem we apply a reduction tech-
nique involving the Bogomolov unstability of certain rank-two vector bundles
on X. The main part of the work is carried out in Section 3, where we prove
several technical lemmata which partly are useful in their own respect.
Let us now reformulate Step 2 and Step 3 in a more precise way.
Step 2: We derive from Lemma 3.1-3.7 conditions which ensure that Vimfix
is dense in V',
Step 3: Taking Lemma 3.8 into account, we deduce from Lemma 3.9 condi-
tions which ensure that there exists a very general subset U C X" such that
the family V™ = V|| (S1, ..., S;), as defined there, satisfies

(@) V¢ isdensein V™™ and

(b) V™ Cvimres,

Thus in particular, V™" is dense in V™ fix,

Throughout the proof of the following theorem we will heavily rely on the
study of the zero-dimensional schemes X}, (C) for some curves C, and we

therefore would like to remind the reader that in view of Definition 1.2.11
for a topological respectively analytical singularity type S we have

deg (X7 (Si)) = T°(Si) + 2.

2.1 Theorem
Let ¥ be a surface such that®

3By Lemma E.1 we may assume w. 1. 0. g. that L is ample.
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(i) NS(Z)=L-7Z,

(i) h'(Z,C) =0, whenever C is effective.
Let D € Div(X), let S4,...,S, be topological or analytical singularity types.
Suppose that

(2.1) D — Ky is big and nef,
(2.2) D + Ky is nef,

23) 3 (v(S)+2) <B-(D—Ks)? forsome0<p <2 and

i=1

2
r N 2 14+/1—43) 12
(2.4) > (T(S)+2)" <v-(D—XKy)% wherey = 4-X((9>:()+max{0,2-)Kz L1612
i
Then either \/H(S], ..., S;) is empty or it is irreducible of the expected dimen-
sion.

Proof: We may assume that V' = VI'(Sy, ..., S;) is non-empty. As indicated
above it suffices to show that:

Step 2: V' = Vimfix where V™™ = VI™X(S,, ..., S;), and
Step 3: the conditions of Lemma 3.9 are fulfilled.
For Step 3 we note that v*(S;) < 7(S;). Thus (2.4) implies that

Y (viS)+2)7 <Y (T(S)+2) <y (DK< (D-Kp)?

i=1 i=1

which gives the first condition in Lemma 3.9. Since a surface with Picard
number one has no curves of selfintersection zero, the second condition in
Lemma 3.9 is void, while the last condition is satisfied by (2.1).

It remains to show Step 2, i. e. VI'" = Vimfix, Suppose the contrary, that is,
there is an irreducible curve Co € V™ \ Virnfix in particular h'(Z, Jx,,=(D)) >
0 for Xo = X, (Co). Since deg(Xo) = Y [_; (t*(S)) +2) and ), (deg(Xo)Z))2 =

_Z (T*(Si) +2)2 the assumptions (0)-(3) of Lemma 3.1 and (4) of Lemma 3.3 are

i=1
fulfilled. Thus Lemma 3.3 implies that C, satisfies Condition (3.28) in Lemma
3.7, which it cannot satisfy by the same Lemma. Thus we have derived a

contradiction. ]
2.2 Remark
If we set
6o with o — 4.%(05) +max{0,2-Ks.L} +6- 12
YT Bat 42 - 2 !

then a simple calculation shows that (2.3) becomes redundant. For this we
have to take into account that t(S) > 1 for any singularity type S. The claim
then follows with p = 1.y < 1.
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2.3 Theorem

Let Cy and C, be two smooth projective curves of genera g, and g, respectively
with g1 > g, > 0, such that for £ = Cy x C;, the Néron—Severi group is NS(XZ) =
C1Z @ C,Z.

Let D € Div(X) such that D ~, aC1+bC, with a > max {3—292, 2g,+Vv*(Si) ‘ i=
1,...,r} and b > max {3 — 297,21 +Vv*(S) | i = 1,...,v}, let &,...,S; be
topological or analytical singularity types.

Suppose that

T

2
D (T(8)+2)" < v-(D—Ky)?, (2.5)
i=1
where vy may be taken from the following table with « = gjgfg = 0.
g1 02 2% v, if o =1
| 1
0 0 u X
1 1
ho TrEs &
1 1
>2| 0 max{24+16g; 491 o} 47760,
1 1 % %2
max {32,20(,&}
>2>1 1 1
= - max{24+1 6914169 491 a,%} 24+16g7+169;
Then V[(S,...,S,) is empty or it is irreducible of the expected dimension.

Proof: The assumptions on a and b ensure that D — Ky is big and nef and
that D + Ky is nef. Thus, once we know that (2.5) implies Condition (3) in
Lemma 3.1, Step 2 in the proof of Theorem 2.1 follows in the same way, just
replacing Lemma 3.3 by Lemma 3.4.

For Condition (3) we note that

Y (TIS)+2) <) (T(S)+2) < 4 (D—Ks)*< ] (D—Kg)

i=1 i=1

Also Step 3 in the proof of Theorem 2.1 follows in the same way, except that
Condition (b) in Lemma 3.9 is not void this time, but is fullfilled by the as-
sumptions on a and b, since the only irreducible curves of selfintersection
zero are linearly equivalent either to C; or to C,. O

In the following theorem we use the notation of Section G.a.

2.4 Theorem

Let 1: £ — C be a geometrically ruled surface with e < 0 and g = g(C).

Let D € Div(Z) such that D ~; aCo + bF with a > max {2,v*(S) [i=1,...,7},
b>29—14+%+max{v'(S) |i=1,....,v}, and if g = 0 then b > 2. Let
S1,..., S, be topological or analytical singularity types.
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Suppose that

T

Y (T(S)+2)" < v (D-Kg)? (2.6)
i1
where vy may be taken from the following table with «x = ﬁ > 0.
40772
g | e Y Y, if =1
0| 0 = =
1| 0 — 1 1
max{24,2x} 24

11 =1 1 1
. 16 13
max { min {30—!—; +40c,40+9oc} T oc}

1 1
2 2 0 max{24+16g,4gc} 244169
>2|<0 ! 1
max { min {24+16979ecx,18+16979eo¢76—i} ,4goc79eoc}
Then VH(&, ..., S;) is empty or it is irreducible of the expected dimension.

Proof: The proofis identical to that of Theorem 2.3, just replacing Lemma 3.4
by Lemma 3.6 and applying Lemma G.2 for the irreducible curves of selfinter-
section zero. O

3. The Main Technical Lemmata

The following lemma is the heart of the proof. Given a curve C € |D|; such that
the scheme X, = X§ (C) respectively Xo = X% (C) is special with respect to D
in the sense that h'(Z, Jx,,=(D)) > 0, it provides a “small” curve A; through
a subscheme X9 of X,, so that we can reduce the problem by replacing X, and
D by X, : Ay and D — A; respectively. We can of course proceed inductively as
long as the new zero-dimensional scheme is again special with respect to the

new divisor.

In order to find A; we choose a subscheme X? C Xo which is minimal among
those subschemes special with respect to D. By Grothendieck-Serre duality

H'(Z, Jxo/x(D)) = Ext' (Jxo/5(D —Ks), Ox)
and a non-trivial element of the latter group gives rise to an extension
0— Oz% E1 HJX?/Z(D_KZ) — 0.

We then show that the rank-two bundle E; is Bogomolov unstable and deduce
the existence of a divisor A such that

H(Z, Jg/z (D —Ke = A9) ) £0,

that is, we find a curve A; € }jxg/z(D — Kz —A9) }1.
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3.1 Lemma
Let ¥ be a surface such that
(*) any curve C C X is nef.

Let D € Div(X) and X, C L a zero-dimensional scheme satisfying

(0) D —Kgis big and nef, and D + Ky is nef,

(1) 3 Co € |D|y irreducible : Xy C Co,

(2) h1 (Z) on/Z(D)) > O) and

(3) deg(Xo) < B - (D —Ks)?for some 0 < B < 1.
Then there exist curves Aq,...,A,, C L and zero-dimensional locally complete

intersections X{ C X; 1NAifori=1,...,m, where X; = X;_1: Aifori=1,...,m,
such that

(@ N (I, Jx,z(D- L 4)) =0,
andfori=1,...,m

(b) h' (z, Txos(D— Y1 Ak)) —1

(¢) D.A; >deg(Xi_1NA;) >deg(X?) > (D—Ks— Y}, A).A>A?>0
d (D—Ks—3Yi Ac—A)’ >0,

(e) (D—Ksz— S A — A;).H >0 forall H € Div(X) ample, and

(f) D—Ks— Z}(ﬂ Ay is big and nef.

Moreover, it follows
0< 3(D—Kz)? Zdeg (X9) < <%D Kr) — ZA1> : (3.1)

Proof: We are going to find the A; and X? recursively. Let us therefore sup-
pose that we have already found Ay, ...,A; jand X§, ..., X9 ; satisfying (b)-(f),

and suppose that still h' (Z, Ix. 1 /e(D — b Ak)> > 0.

We choose X9 C X;_; minimal such that h' (Z, Txe 2(D— };11 Ak)> > 0.

Step 1: h! (Z,jxg (DY) Ak)> —1,1. e. (b) is fulfilled.

Suppose it was strictly larger than one. By (0) respectively (f), and the Kawa-
mata—Viehweg Vanishing Theorem we have h' (Z, Os(D — St Ak)> =0.

Thus X{ cannot be empty, that is deg (X?) > 1 and we may choose a sub-
scheme Y C X{ of degree deg(Y) = deg (X?) — 1. The inclusion Txe — Ty
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implies h°(£, Tz (D — L1y Ax) ) < h®(Z, Fy=(D— ) Ax) ) and the struc-
ture sequences of Y and X? thus lead to

h! (Z» Fvs(D =33 Ak))

= (L, Fyx(D— £ A1) — (£, 05(D — £ A) ) + deg(V)

> hO(%, T e(D = TihAw) ) = h0(Z,05(D — X1 Ax) ) + deg (X9) — 1

= W(5,Jer(D- i A0) ~1>0
in contradiction to the minimality of X.
Step 2: deg (X?) < deg(Xo) — ¥ 1 deg(Xi_1 N Ay).
The case i = 1 follows from the fact that X? C Xy, and for 1 > 1 the inclusion
X% C Xi_1 =X 2:A;; implies

deg (X{) < deg(Xi2: A1) = deg(Xio) — deg(Xi2 NAi).

It thus suffices to show, that

1

deg(Xi_) —deg(Xi_>» N A1) = deg(Xo) — Z deg(Xy—1 N Ay).
—

If i = 2, there is nothing to show. Otherwise X; ; = X;_3: A; > implies
deg(Xi 2) —deg(Xi 2N A1)
= deg(Xi3:Aiz) —deg(Xi2NAi)
= deg(Xi_3) —deg(Xi3NAi,) —deg(XixNA)

and we are done by induction.

Step 3: There exists a “suitable” locally free rank-two vector bundle E;.

By the Grothendieck-Serre duality (cf. [Har77] II1.7.6) we have 0 #
H'(Z, o/x(D — T &) = Ext' (e x(D — i) Aw), Ox(Ks) ), and thus,
since Ox(Ky) is locally free, (cf. [Har77] I11.6.7)

Ext' (Jo,x(D —Ks — LiZ) A, O ) #0.
That is, there is an extension (cf. [Har77] Ex. I11.6.1)

0— 0z = Ei— Jxoyx (D —Kyg— Y] Ak) — 0. (3.2)

The minimality of X? implies that E; is locally free (cf. [Laz97] Proposition 3.9)
and hence that X? is a locally complete intersection (cf. [Laz97] p. 175). More-
over, we have (cf. [Laz97] Exercise 4.3)

i—1
ci(Ey) =D — KZ—ZAk and c(E;) = deg (X?). (3.3)
=1

Step 4: E; is Bogomolov unstable.
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According to the Theorem of Bogomolov we only have to show c;(E;)? > 4c,(E;)
(cf. [Bog79] or [Laz97] Theorem 4.2). In order to show this we note that

23 A (D =K — Y 5, A)
= 2 ( 11;11 Ak) (D—=Kg)+2 Z]i;]] Z}{:1 A.A; (3.4)
i - . 2
= 2 ( b Ak) (D—Ksg)+ Y\ AL+ ( o Ak) _
Since (4 —1)- (D — KZ)Z < 0 by (3) and since Ai > 0 by (*) we deduce:
4B(D—Kg)2—2Y ;1A (D—Ke— Y X, A) =25 | A2
i 14\ e
g WP —Ke)* =2 ( k=1 Ak) (D —Kg) + ( k=T Ak) EPRYLY:
. 2 _
= (D—Kz— L_;]Ak) +(4B_]).(D_KZ)2_ 11<_:11A£
i1 2 5
< (D — Ky — Zk:1 Ak) = c¢1(Ep~.

Step 5: Find A;.

<
(3)/(c)

Since E; is Bogomolov unstable there exists a zero-dimensional scheme Z; C X
and a divisor AY € Div(Z) such that

0— Oz(AS) — Ei — jzi/z (D — KZ — ]i::]] Ak — A?) —0 (35)
is exact (cf. [Laz97] Theorem 4.2) and that

(@) (289D +Kr+ Y j A" > ci(E)? —4- cx(E) >0, and
) (2A°—-D+Ks+Y | A).H>0 forall He Div(Z) ample.

We note that (¢’) implies h° (Z, Os(D — Kz — }:1 Ay — 2A?)> = 0 and the
inclusion Jz, ;r — Oy thus gives

ho(Z, Tz/5(D — Ks = L0} Ax—247) ) =o. (3.6)
Tensoring (3.5) with Oz( — Ag) leads to the following exact sequence
0 O = Ei( = A9) = Tzx (D — Kz = X0 Ax—248) -0, (3.7)
and we deduce with (3.6) h° <Z, Ei(— A‘f)) =ho(Z, 05) =1.
Now tensoring (3.2) with Ox ( — A?) leads to
0 0 i1 0
0 Ox(— A9 = Ei( =A%) = Foyr (D—Ke = L Ac—AY) 0. (3.8)

By (¢’), and (0) respectively (f)
~AMH < —3(D Kz = Y1 A)H<O
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for an ample divisor H, hence —A? cannot be effective, that is HO(Z, —A?) = 0.
But the long exact cohomology sequence of (3.8) then implies

0 £ H(L,E(~A9)) < HO (L, Jrgx (D~ Ke = X1 Ax—A%)).

In particular the linear system |Jyo z(D — Kz — A - A?)|, is non-empty,

A
and we may choose

A € ’jxg/z(D —Kr— Y A= A

-
Step 6: A; satisfies (d)-(f).

We note that by the choice of A; we have the following linear equivalences
A~ D—Ks—3 1 A (3.9)
A=A~ 2A° D+ K+ Y A D =K — Y1 A —As (3.10)

Thus (d) and (e) is a reformulation of (d’) and (&’).

Moreover, (A? — A;).H > 0 for any ample H, implies (A? — A;).H > 0 for any H
in the closure of the ample cone, in particular

(AY —A{).H>0 for all H nef. (3.11)
But then
AH > A H >0 for all H nef, (3.12)

since A; is effective. And finally, since by assumption (*) any effective divisor
is nef, we deduce that A?.C > 0 for any curve C, that is, A? is nef. In view of
(3.9) for (f) it remains to show that (A?)z > 0. Taking once more into account
that A; is nef by (*) we have by (d’), (3.10), (3.11) and (3.12)

(A9 = (A — A + (A9 — A). A+ ADA > 0.
Step 7: A; satisfies (c).

We would like to apply the Theorem of Bézout to Cy and A;. Thus suppose that
the irreducible curve C, is a component of A; and let H be any ample divisor.
Applying (d) and the fact that D + Ky is nef by (0), we derive the contradiction

i1
1 1
< (A; — . —. H< —. H <0.
0<(Ai—Cp).H< 3 <D—|—Kz—i—]§_1Ak>H_ > (D+Ksg)H<O

Since X;_; C Xo C Co the Theorem of Bézout therefore implies
D.A; = Co.A; > deg(Xi 1 NAY).
By definition X? C X; ; and X¢ C A, thus
deg(Xi_1NA;) > deg (Xg)-



3. THE MAIN TECHNICAL LEMMATA 131
By assumption (*) the curve A; is nef and thus (3.12) gives
(D —Kz— Y1, A).Ar=ALA > A2 > 0.
Finally from (d’) and by (3.3) it follows that
(A9 = A)" > c1(E)? =4+ caE) = (A0 + A)" — 4~ deg (X9),
and thus
deg (X{) > A{.A..

Step 8: After a finite number m of steps h' (Z,jxm/z(D - > Ai)> = 0,
i. e. (a) is fulfilled.

As we have mentioned in Step 1 deg (x‘g) > 0. This ensures that
deg(X;) = deg(Xi_1) — deg(Xi_1 N A;) < deg(Xi_1) —deg (X{) < deg(Xi_1),

i. e. the degree of X; is strictly diminished each time. Thus the procedure
must stop after a finite number m of steps, which is equivalent to the fact

that h' (I, Jx,./z(D — L% A1) ) =0,
Step 9: It remains to show (3.1).

By assumption (*) the curves A; are nef, in particular A;.A; > 0 for all 1i,j.
Thus (c) implies
Y ihdeg(X)) > X (D—Ks— Zli:] Ax).A
m m 2 m
= (D—Kg). 2 5 A - % (( 2 i Ai) +2 i A%)
> (D —Ksg). ZIL Ai— (ZIL Ai)z-

But then, taking condition (3) into account,

0 < (D —Ks)? — deg(Xo)

IN

A~ A= A=

(D —Kg)?— 3, deg (X?)
(D—Ks)2— (D —Ks). X1 At (Z0 A
5(D—Kg)— X1, Ai)z'

1
1

IN

O

It is our overall aim to compare the dimension of a cohomology group of the
form H'(Z, Jx,,=(D)) with some invariants of the X{ and A;. The following
lemma will be vital for the necessary estimations.

3.2 Lemma
Let D € Div(X) and let Xo C X be a zero-dimensional scheme such that there
exist curves Ay, ...,An C L and zero-dimensional schemes X{ C X; ; for i =
1,...,m, where X; = Xi_1 : A for i = 1,..., m, such that (a)-(f) in Lemma 3.1
are fulfilled.
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Then:

h' (L, Jx,/c(D)) < i

i=1

Y86 s (D = iAW)

h
< i(ﬂrdeg 11ﬁAi)—deg(X?))

i=1

< i( (Ks+Zi 80 +1).

Proof: Throughout the proof we use the following notation
Gi = Ix._1nA /A (D — Z]ij]Ak) and G = Ixo /a; (D— 211;11 Ay)
fori=1,...,m, and
Fi=Ix,/x (D — Z]i:]Ak> ,
fori=0,...,m.
Since Xi.1 = X : Ai;1 we have the following short exact sequence

At

0 > St > Fi > Gin >0 (3.13)

fori=0,...,m— 1 and the corresponding long exact cohomology sequence

0 —— HO(Z, Fiq) — HO(Z, ) — HO(Z,Giq) = H'(Z, Fiir)
(314
0 = H3(Z, Gi1) <— HA(Z, Fy) <= HA(Z, Figq) < HY(Z, Giq) < HY(Z, F)

Step 1: h'(£, /) <> ™ h(E£,G) fori=0,...,m—1.

j=i+1

We prove the claim by descending induction on i. From (3.14) we deduce
0= H1(Z)fm) — H1(Z)fm—1) — H1(Z)gm))

which implies h'(Z, Fio1) < h'(Z,Gm) and thus proves the case i = m — 1.

We may therefore assume that T < i < m — 2. Once more from (3.14) we
deduce
=h°(%, Fipr) —hO(E, F) + hO(Z,Giyr) > 0
and
b= hz(zyfi+1) - hz(zvfi) Z O)
and finally
h1(zvfi) - h1(zvgi+1)+h1(zvfi+1)_a_b
< h'(Z,Gi1) + hWY(E, Fip)
Slnd. (Z gl—H +Z _1+2 Z- g))

= Z) =i+1 (Z gl)

Step 2: h'(Aq, Gi) = h%(A, Gi) — X (O, (D = LiT) Ax) ) + deg(Xi 1 N A).
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We consider the exact sequence
i i
0—>Gi— OAi (D - Zk:1 Ak) — OXi—lmAi/Ai (D - Zk:1 Ak) — 0.

The result then follows from the long exact cohomology sequence.
Step 3: h°(4;,G9) —x(Oa (D — T} A1) ) = (4, G7) — deg(X?).
This follows analogously, replacing X;_; by X?, since X% = X? N A,.
Step 4: 1'(4,G9) <h! (L, F,z(D— L AW)) = 1.

Note that X? : A; = (), and hence Ixo.a,x = Oz. We thus have the following
short exact sequence

0— 05 (D= T M) == Tox (D - ZiiA) — G0 —0. (3.15)

By assumption (f) the divisor D — Kz — Y ., Ay is big and nef and hence

0 =h*(L,05(~ D +Ks+ YiA) ) = h2(L,05(D — ZiA0)).

Thus the long exact cohomology sequence of (3.15) gives

H1 (Z) jX?/Z(D _ L_;] Ak)) — H1 (Ai, Q?) —0

)

and
h' (A, gio) <h! (Z,jxg/z(D - ;11Ak)> :
However, by assumption (b) the latter is just one.
Step 5: h'(A;, Gi) <1+ deg(Xi_1 N A —deg (X?).
We note that G; — G?, and thus
ho(A;, Gi) < h%(A, GY).
But then

h'(As, Gi) h'(Ai, G0) — deg (X?) + deg(Xi1 NAY)

<
~ Step 2/3

1 —deg (X?) + deg(Xi_1 NAy).

<
~ Step 4

Step 6: Finish the proof.

Taking into account, that h'(Z,G;) = h'(A;, G;), since G; is concentrated on
A; (cf. [Har77] 1I1.2.10), the first inequality follows from Step 1, while the
second inequality is a consequence of Step 5 and the last inequality follows
from assumption (c). O

In the Lemmata 3.3, 3.4 and 3.6 we consider special classes of surfaces which
allow us to do the necessary estimations in order to finally derive

m

> (#X?—dim|A{h) > h'(£, Ix,/x(D)).

i=1

We first consider surfaces with Picard number one.
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3.3 Lemma
Let ¥ be a surface such that*

i) NS(Z)=L-7Z
(i) h'(Z,C) =0, whenever C is effective.

Let D € Div(X) and Xy C X a zero-dimensional scheme satisfying (0)—(3) from
Lemma 3.1 and
(1+v7=aB) " 12

2
(4) Z%): (deg(XO‘z)) <Y (D — Kz)z’ where Y = IO a0 K T

Then, using the notation of Lemma 3.1 and setting Xs = |Ji"; X,

R (L, Fxo/s(D)) + > (RO(E, 05(A) — 1) < #Xs.
i=1

Proof: We note that by Lemma E.1 we may assume that L is ample. We fix
the following notation:

D~qd-L, Ke~ak-L, Ai~gd;i-L, andl=+VI12>0.

Furthermore, we set

x(0x) K+3 .
_ 4x(Os )+max{02Ks L4612 7 557, ifk=0,
X = 4.12 - Os) .
X@) 3 ifk<0,
(1+\/m)2
and thus y = ~——_—.

Step 1: X satisfies the assumption (*) of Lemma 3.1.

Ifc-L ~, C C Xis effective, then in particular ¢ = le -C.L > 0, and thus C is
ample, in particular nef. Hence (*) in Lemma 3.1 is fulfilled.

Step2: > 7, 5;-1< (d}K)'l — \/(d*'ffz'lz — deg(Xs), by (3.1).
Step 3: 1'(E, 7, (D) < (k- £, 6 - 12+ (£ 67 + £ 5) - m,

By Lemma 3.2 we know:

h1 (Z) on(D)) S ZT;] (Al . (KZ + Z]z:] Ak) + 1)
= 22151'(K+Z;:15k)'12+m
= (kX8 P (X0 g 8- 8i) - P m
= (- X0 0) B 3((I0 87+ 0 8) B m.
Step 4: > ", (hO(Z, (’)z(Ai)) — 1) <m- (X(Oz) — 1) + % Y6 — K_zlz DISEJIE

“By Lemma E.1 we may assume w. 1. 0. g. that L is ample. — Remember that #Xs is the
number of points in the support of Xs.
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Since A; is effective by (i), h'(Z, A;) = 0. Hence by Riemann-Roch

A? — Ks.Aq
ho(Z,A) < x(0:(A)) = % +x(Ox).
This implies
ZE] (hO(Z,OZ(AJ)—]> < —m+m-¥x O;: ZZI 1 ( ZA)

= m- (x(0g) = 1) + 5 - T & - T b
Step 5: Finish the proof.

In the following consideration we use the facts that

m < (Z 5i> ;) &< <Z 51) , Z1 52 < (Z 6i> , (3.16)
i=1 i=1 i=1 i=

i=1

and that
deg(Xs) < deg(Xo) < B - (d—«k)*- 1% (3.17)
We thus get:
h(Z, I (D) + 1% (hO(E, 05(a) —1)
m K m 2 m 2
~Step3/4 m-x(Ox) +12- 21 15% z12 'Zi:1 0y +- 17 ’ (Zi:1 51)
< .(L.Zm 5.)2 < . (d—K)'l_\/(d le_d (Xs)
16 & =170 —gtep 2 x 2 4 €8l As
< o (a— K)z 12 ((d K4)21 —deg(Xs)) 2 _ z-deg(Xg)) 2
- (d—x) +\/ 40212 geg(Xs) (d—K)-1+y/(d—K)2-12—4-deg(Xs)

o 2 2
§(3-17) (1+\/T4) K212 (deg(XS)) - v-(DliKz)z'(Zzezdeg(XS,z))

2

< v~(l§>—<i§<z) Zzezdeg(XSZ) < 'y-(gff(z] ZZGZdeg(XOZ) <(4) #Xs.

O

The second class of surfaces which we consider, are products of curves. We
use the notation of Section G.b.

3.4 Lemma
Let C; and C; be two smooth projective curves of genera g, and g, respectively
with g1 > g, > 0, such that for £ = Cy x C;, the Néron—Severi group is NS(XZ) =
C1Z & CyZ, and let D € Div(X) such that D ~, aCy + bC, with a > max{2g; —
2,2 —2g>} and b > max{2g; — 2,2 — 2g;}. Suppose moreover that Xo C Lis a
zero-dimensional scheme satisfying (1)—(3) from Lemma 3.1 and

4) ¥ (deg(Xo2)* < v-(D—Kg)?

zeXx
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a—2gp+2

b—2g71+2 > 0.

where y may be taken from the following table with « =
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a1 g2 Y
0| 0 %
1
1 0 max{32,2x}
>21 0 !

max{24+16g; ,4g7 o}

1
1 1 max {32,20(,%‘}

22| =1 : 49,

max{ 24+16g7+1692 ,497 OC,T}

Then, using the notation of Lemma 3.1 and setting® Xs = | Ji", X¢,

R (%, 5% (D)) + Y (h°(Z, 05(A0) ~ 1) < #Xs.
i=1

Proof: Then Ky ~, (29, —2) - C; 4+ (297 — 2) - C, and we fix the notation:
A; ~q 0;Cq + b;Cs.

Step 1: X satisfies the assumption (*) of Lemma 3.1 by Lemma G.7. Moreover,
due to the assumptions on a and b we know that D — K5 is ample and D + Kgx
is nef, i. e. (0) in Lemma 3.1 is fulfilled as well.

Step 2a: (¢22+2). 5 ™ b4 (229E2) . 3 " a; < deg(Xs).
Let us notice first that the strict inequality “<” in Lemma 3.1 (e) for ample

divisors H comes down to “<” for nef divisors H. We may apply this for H = C;
and H = C, and deduce the following inequalities:

Og(D—KZ—ZAk—Ai> Ci=b—-291+2—) br—by (3.18)
k=1 k=1
and
Og(D—KZ—ZAk—Ai> Co=a—2g,+2-) ax—a. (3.19)
k=1 k=1
For the following consideration we choose iy,jo € {1,..., m} such that a;, > a;

foralli=1,...,mand b;, > b;forallj=1,..., m. Then

io

a—202+2> ) ar+ai, >2a;, > 20 (3.20)
k=1
and
jo
b—2g1+2> Y bi+bj, >2b; > 2b; (3.21)
k=1

5Remember that #Xs is the number of points in the support of Xs.
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for alli,j =1,..., m, and we finally get

deg(XS) = 221 deg (X?) 2 Lemma 3.1 () 221 (D — KZ — ZL:1 Ak).Ai
= (D—Kg). X% A - Z1§k§i§1 ADRAN
m m m 2

= (D—Kg). X% A= 3 X A - 3 (25 A

= (a—202+2) Yy M bi+(b—2g1+2) )y M ai— Y Myabi— Y Ma )y by
a—2gp+2 m . b—2g1+2 m ) 1 m ) . m .

2(3.18)/(3.19) 2 Zi:1 by + 2 21:1 ai + 2(21:1 ai + am) Zi:1 b

+% ( 2 bit bm) =y tabi—3 Maiy by

= “_232“ 221 bi + b_zg] 2 221 ai + aTm 221 b; + bTm 221 ai— 221 aiby
a—2gy+2 m . 1 m . b—2g1+2 m

Z(3.20)/(3.21) 4 Zi:1 by + 4 21:1 2a;b; + 4 Zi:] ai+z Z 2611

+o Y b+ M a - 3 aiby

a—2g,+2 < m b—2g;+2 v m
> 4 21:1 b; + 4 21:1 ai.

Step 2b: > " ai-) b < ﬁ : (deg(Xg))z.
Using Step 2a we deduce
2
(deg(Xs))z > (W Y e ey bi)

4-(a—2g2+2)-(b—2g1 +2) mo_ m o
> 16 2 iait ) by

D—Ks )2
= ! 82) '221%‘221})1-

o (deg(Xs))?, if I bi=
S (deg(Xs))", else.

(D—Kz)?

Step 2¢: ) ", a; <

If ", b; = 0, then the same consideration as in Step 2a shows

deg(Xs) > (b—2g; +2) - Za1>0

i=1

and thus

2
Z a; < (b—2g:1+2)? (Z al> (deg( Xg))z.

If 3, bi # 0, then by Step 2b

m

Zalgzal Zblg D—Ks )2 K (deg(XS)) .

W (deg(Xg)) y if Zln;'l a; = O,

Step 2d: } ", b; <
W (deg(Xg)) . else.
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This is proved in the same way as Step 2c.

Step 3: h1 (Z,jXO(D)) < ZZ CliZ b1—|- (291 —2) Z a; + (292—2) Z bl—i—m
i=1  i=1

i=1 i1
The following sequence of inequalities is due to Lemma 3.2 and the fact that
Ai.A; > 0 for any i,j € {1,...,m}:

h(Z,J%(D) < ¥ 1( C(Ke+ Y8, A +1)
= Ko 3 5 A+ Y gcicm DB+ m
< Ko YA+ (I A) +m
= (201 -2)- Y &ai+(292-2)- X4 bi+2- 3 M Y b+ m

Step 4: We find the estimation ) ", (hO(Z, Os(Ay) — 1) < B, where

(

2itais iy b+ YN by ifgr=1,92=0,
Zi";]ayzin;bi—m, ifg1:1,92:1,5|io : aiobio >O,
Yriai+ Y M bi—m, ifgy=1,g2=1Vi: ab;=0,
Yay b+ Yy iai+ Y N by, else.

\

In general by Corollary G.9 h°(Z, Oz(A;)) < aibi + a; + by + 1, while if g; =
1,9, = 0 by Lemma G.5 we have h°(Z, Ox(A;)) = a;b; + by + 1. It thus only
remains to consider the case g1 =g, = 1.

Applying Lemma G.15 we get
ZhO(Z,OZ(Ai)) = Z aibi—k Z bi‘f— Z ai.
i=1 ai,bi >0 Qi =0 bi =0

If always either a; or b; is zero, we are done. Otherwise there exists some
ip € {1,...,m} such that a;, # 0 # b;,. Then looking at the right hand side we
see

ZhOZOZ )< ) abitay,- ) bitbg Zaigiai-ibi.
by =0 i=1 i=1

ai,b; >0 a;=0
Step 5: Finish the proof.

Using Step 3 and Step 4, and taking m < ) ™, a; + b; into account, we get
h' (L, J% (D)) + X, (hO(Z Os(Ay)) — 1) < B’, where 3’ may be chosen as

3221 ai'ZE] by, 1fg1 :0»92:0>
B'=9 3 - I a- X Mbit+ XM a, ifg1=1,0,=0,
3.y Mai- Yy Mbi+2g1- Y Mai+2g2- ) by, ifgr >2,9,>0.
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For the case gy = g» = 1 we take a closer look. We find at once the following
upper bounds p” for h'(Z, 7x, (D)) + > T, (hO(Z Os(Ay)) — 1)

3 Z —1 Qi Zl1b if;lioiaiobio%o,
Z-Zi:1ai~Zi:1bi—|—Zin;ai+Zin;bi, 1fV1a1b1:O
Considering now the cases > ", ai #0# Y " by, > "ya;=0and > ", b; =0,
we can replace these by

4.3 Tra X by if N ai #£0#£ 3 T by
B"<B' =4 X" a if 3 " bi=0,

Zz] bi) if Zi:1 ai — O.

BI/:

Applying now the results of Step 2 in all cases we get

h(Z, I (D) + 2% (hO(5,05(40) = 1) < B < sty - (deg(Xs)’
= st (Laesdeg(Xs2) < % L er deg(Xs,.)?

#X
W Zze): deg(XO z) <(4) #XS

IN

3.5 Remark
Lemma 3.4, and hence Theorem 2.3 could easily be generalised to other sur-
faces L with irreducible curves C;, C, C Z such that

NS(Z) = C4Z @ C,Z with intersection matrix (/) (3.22)
once we have an estimation similar to
h(Z,aC; +bCy) < ab+a+b+1

for an effective divisor aC; + bC,.

With a number of small modifications we are even able to adapt it in the
following lemma in the case of geometrically ruled surfaces with non-positive
invariant e although the intersection pairing looks more complicated.

The problem with arbitrary geometrically ruled surfaces is the existence of
the section with negative self-intersection, once the invariant e > 0, since
then the proof of Lemma 3.1 no longer works.

In the following lemma we use the notation of Section G.a.

3.6 Lemma

Let m : £ — C be a geometrically ruled surface with invariant e < 0 and
g = 9(C), and let D € Div(Z) such that D ~, aCo+bFwitha > 2,b > 2g—-2+5,
and if g = 0 then b > 2. Suppose moreover that X, C X is a zero-dimensional
scheme satisfying (1)—(3) from Lemma 3.1 and
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4) Y (deg(Xo.)? < v-(D—Ks)?

zex
where v may be taken from the following table with « = ﬁ > 0.
)
9 € Y
o o »
:
1 0 max{24,2x}

[l 161 13
max { min {30—!—; +4oc,40+9oc} 7 oc}

>21 0 !

max{24+16g,4g«}
1

max { min {24+16979ecx,18+16979eo¢7£} ,4goc79eoc}

Then, using the notation of Lemma 3.1 and setting® Xs = Ji", X5,

R (L, 5% (D)) + 3 (h°(Z, 05(A0) ~ 1) < #Xs.
i=1

Proof: Remember that the Néron—Severi group of X is generated by a section
Co of  and a fibre F with intersection pairing given by ( 7¢}). Then Ky ~4
—2Cy+ (2g — 2 —e) - F and we fix the notation:

Ai ~a CliCO + blF
Note that by Lemma G.1 we have
aiZO and b{ = bi—gaiZO.

Finally we set k; =a+2and k; =b +2—2g — 5 and get

(D—Ksg)?=—e-(a+2)*+2-(a+2)- (b+2+e—2g)=2-Kk-k2. (3.23)

Step 1: By Lemma G.1 X satisfies the assumption (*) of Lemma 3.1, and by
the assumptions on a and b we know that D — Ky is ample and D + Ky is nef,
that is, (0) in Lemma 3.1 is fulfilled.

Step 2a: & -y ™ b/ + 2.y ™ a; < deg(Xs).

Let us notice first that the strict inequality “<” in Lemma 3.1 (e) for ample
divisors H comes down to “<” for nef divisors H. We may apply this for H =
Co+ 5 -Fand H = F and deduce the following inequalities:

Og<D—KZ—ZAK—A1>.(Co+§F):Kz—Zb{<—b{, (3.24)
k=1

k=1

6Remember that #Xs is the number of points in the support of Xs.
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and
O§<D—KZ—ZAk—Ai> F=x—) a—a (3.25)
k=1 k=1
For the following consideration we choose iy,jo € {1,..., m} such that a;, > a;

foralli=1,...,mandb; >b/forallj=1,...,m. Then

1o
K1 > Z A + Ay, > Zaio > 2ai (326)
k=1
and
jo
k2> ) bi+bj >2b] >2b (3.27)
k=1

for alli,j =1,..., m, and we finally get
deg(Xs) = X {ydeg(XP) > - T (D—Kr— ¥ Au)A
= (D —Ks). 221 Ai— Z1§k§i§1 JAVANS
m 2
= (D —Kg). 21:1 Ay — %ZIL Aiz - %(221 Ai)
= K- igbitke- Y Mag— Y Miabi =3 a3 by
K K. m 1 m m
Z(3‘24)/(3_25) 71 ’ Z?;] b{ + 72 ' Zi:1 ai + 7 (Zi:1 a; + Clm) . Zi:1 b{
""% (X bi+bn) Y M ai— Y N abi =Y M a Y b
= YN+ I e I b Y a— X ab]
K 1 K. m 1 m
Z(:_3,.26)/(3'27) 71 ) 221 b{ + 4 221 Zaib{ + TZ ’ Zi:] ai + 4 Zi:] Zaibi/
+o .y bl 4 bTm 2 ai— 3 Y ab]
> %‘Z?;]b{+%'221 ai.

Step 2b: Y " ai- Y bl < 58 - (deg(Xs))”.
Using Step 2a and taking (3.23) into account, we deduce

(deg(Xs))22<% Z 4 Zb> ZL Z Zb’.

i=1

N2
Step 2c: (Z ai) < iy (deg(Xs) ) and (Z b/ ) < MD%ZKZ)Z(deg(XS))Z.

i=1

This follows from the following inequality with the aid of Step 2a and (3.23),

(deg(Xs))" > (% L Ma)*+ (8- b))
Z 2.3,2—;:2 . (Zinl]ai)z"" 2K1 Kz x (Z‘L 1b)
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m 2x . de X 2) lf nl b’:
Step 2d: ) a; < (D—Kz)? ( 8l s)) >

: 2
i=1 ﬁ - (deg(Xs))", else.
Ify ", b{=0,i.e.b{=0foralli=1,...,m, then the same consideration as

in Step 2a shows

deg(Xs) > k2 - Z ai,

i=1

and thus

2
i < Kz <Z a1> deg XS)) .

If 3 ", bl #0, then by Step 2b

m

Zal<Zal Zb;g oz - (deg(Xs))™.

Step 3: h'(Z, Jx, (D)) §2~£ai-ib{+(29—2)~£a1—2'£b{+m-

i=1 i=1 i=1 i=1

By Lemma 3.2 and since A;.A; > 0 for any i,j € {1,..., m} we have:

h(Z, 7x(D) < X ( Kzt Yo A) + 1)
< Ko X5 A+ (X Ai) +m
= (20-2)- Y %ai—2- 30 bi+2- 3 Na- 3 N bi+m.
Step 4a: If e = 0, we find the estimation

;
m m

m
>oai-Y bl+> bl—m, ifg=1,>",b/#0,
iz io

i=1

> (hO(Z»OZ(AJ)—1) <4 S a-yb+3bi=0  ifg=13Y"bl=0,
i=1 i=1 i=1

> ai-)_b{+ > ai+ > b{, forgarbitrary.
i i= =

[ im1
We note that in this case b; = b/ and that b = 0 thus implies a; > 0. By
Corollary G.5 we have
a;b{ + b, ifg=1b{>0,
ho(Z,05(A)) << abl+bl+1=1, ifg=1b/=0,
aib +a;+bi+1, else.

The results for g arbitrary respectively g = 1and )} ", b{ = 0 thus follow right
away. If, however, some b{ > 0, then

D abj>by, Y ai > #{b{|b{ =0}

iA iFlo
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and hence

h(Z,05(A <Zalb +Zb +#{b{| b{ =0}

m m

_Zal Zb{+Zb +#{b{|b{ =0} — > aib] <Za1 Zb +Zb’

i

Step 4b: If e < 0, we give several upper bounds for § = 5_ (hO(Z, Os(Ay))—1 ):

i=1

i=1

( m m m 2 m 2 m m
%ZaiZbH%(Zb{) +%(Zai) 1 e 1T by ifg =1,
: ~ ~ i i

m m m m 2
B<q > a; > bi+ Z a; + Z bl — % <Z ai) , for g arbitrary.

' im
4ZaIZb +Zal+Zb’ e(z ai) —zie(Zb{) , g arbitrary.
im

i=1

\

If g is arbitrary, the claim follows since by Corollary G.5 we have
ho(Z,05(Ay) < a4+ a;+b{+1— % af
and
ho(Z,05(Ay)) < % aibl+ai+bl+1—-2.a2—L.p2

If g=1,thene = —1and b’ = b + 5. We may once more apply Corollary G.5
and see that in any case

hO(Z,05(A) < aiby + by + 1+ el 4 bulbl)
=1 abl+1- v+l a2+l i+ 1bi4,
which finishes the case g = 1.

Step 5: In this last step we gather the information from the previous inves-
tigations and finish the proof considering a bunch of different cases.

Using Step 3 and Step 4 and taking } ", a; + b/ < m into account, we get the
following upper bounds for 8’ = h'(Z, Jx, (D)) + >, (hO(Z Os(Ay)) — 1)

m m m
3) ai) bi+2g) ay ife=0,
i—1
m m m m 2
3ZaiZb{—|—2gZai—§—§(Za1), ife <0,
A S O
ZZalsz—ZgZal——(Zai) —zie(Zb{) , ife<0,
B/ < T 1 i= i=
- m m m
3> ai) b ife=0,g=1,> bl#0,
T i
m m
m<) aj ife=0,g=1,) b{=
i=1 i=1
§Za12b{+;(2b) +13(Zai) +25 a ife<0,g=1.
\ i=1 i=1 i=1 i=1
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Applying now the results of Step 2b-2d we get

24, lfg =0,
24, ifg=1e=0,5 b/ #£0,
i=1
2«x, ifg=1e=0,) b{=0,
i=1
min {30 + 1° +4«,40 + 9«}, ifg=1,e<0,3 b{#0,
i=1
By, ifg=1,e<0,)> b/=0,
B"-(D—Kz)* =l
(deg(xs)) 24 + 16g, ifg>2e=0,Y bl #£0,
i=1
4gax, ifg>2,e=0,) b{=0,

i=1

min {24 + 16g — Yea, 18 + 16g — Yeax — 181

ex

ifg>2e<0,3 b/#0,
i=1

4gx — ex, ifg>2e<0,) b{=0.
\ i=1
Hence we have
24, if g =0,
max{24, 2«/}, ifg=1,e=0,

BLD K _ max{min{30+‘;6+4oc,40+9oc},‘—23’oc}, ifg=1e<0,
2

(degxs))” max{24 + 16g,4gu} ifg>2e=0,
max{min {24—i— 16g — 9ex, 18 + 16g — %ex — g},llgoc— 9eoc},

ifg>2e<0.

\

We thus finally get

hwz¢&JDn-gzgﬂOpg;0ﬂAgy_g — B < ol (deglXs))
= sy (Lerdeg(Xs2)” < 58 - L ep deg(Xs.2)?

#X 2
S y(?liz)z ’ Zze): deg(XO,z) <(4) #XS

O

It remains to show, that the inequality which we derived in the above cases
cannot hold.

3.7 Lemma
Let D € Div(X), Sq,...,S; be topological or analytical singularity types. Sup-
pose that Vi ™(Sy, ..., S;) is non-empty.
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Then there exists no curve’ C € V{y(Sy,...,S)\ VI ™(Sy, ..., S;) such that for

the zero-dimensional scheme X, = X§ (C) respectively Xo = X§¢5.(C) there ex-

fix
ist curves Aq,...,An C L and zero-dimensional locally complete intersections

X0 C Xigfori=1,...,m, where X; = Xi_1 : Ai for i = 1,...,m such that
Xs = U, XY satisfies

m

R (5, 5 (D) + Y (h(Z, 0(A0) — 1) < #Xs. (3.28)

i=1

Proof: Throughout the proof we use the notation V""" = V{Ii(S;, ..., S,) and
Virr,ﬁx — VI%T,ﬁx(Sh . )‘Sr)-

Suppose there exists a curve C € V' \ Vimfix gatisfying the assumption of
the Lemma, and let V* be the irreducible component of V'™ containing C.
Moreover, let Cy € Vimfix,

We consider in the following the morphism
O =0p(Sy,...,S) : Vp(St,y...,S) = Sym'(X) = B
from Definition 1.2.16.
Step 1: h°(Z, Tx:. (co)/=(D)) = h(Z, Ix:, (c)=(D)) —h'(Z, Tx:, (c)=(D)).
By the choice of Cy we have
0=H'(Z, Jx:,_(co)y=(D)) — H'(E,05(D)) — H'(L, Ox, (cy)(D)) =0,

and thus D is non-special, i. e. h'(£,Ox(D)) = 0. But then

hO(Z, I, (co)/x(D)) = hO(L,0x(D)) — deg (X, (Co))
= h%(%,0%(D)) — deg( £ (C))
= hO(Z, T, D)) —h'(Z, Ix:_(c)=(D)).

Step 2: h'(Z, Jx:,_(c)(D)) > codimy <<D (V*))

Suppose the contrary, that is dim ((D (V*)) < dim(B) — h'(Z, Ix:,_(c)/=(D)),
then by Step 1, Remark 1.2.15 and Equation (I.2.3) in Remark 1.2.17

dim (V) < dim (@(V)) +dim (@'((C)))
< dim(B) —h'(Z, Ix, (c)/=(D)) + ho(Z, Ix:, (c)/=(D)) — 1
= 2T+h ( jx (Co) /Z(D)) — 1 =dim (Virr,ﬁx).

However, any irreducible component of V¥ has at least the expected dimen-
sion dim (V™) which gives a contradiction.

Step 3: codimp (CD (V*)) > #Xs — Y i, dim |Aih.

"For a subset U C V of a topological space V we denote by U the closure of U in V.
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The existence of the subschemes X C X% (C) N A; imposes at least #X? —
dim |A;|; conditions on X3, (C) and increases thus the codimension of ® (V*) by

the same number. To see this, let k; = dim|A;; and let H°(Z, A;) be spanned

by the linearly independent sections s;,...,sik. Then for k; general points
P1,..., Pk in I the linear system of equations aosio(p;) + ... + axsik (p;) =0,
j=1,...,ki, has a one-dimensional solution set, hence there is a unique curve

C in |A{}; through p;,...,py,. But then for the remaining k{ = #X¢ — k; points
which must lie on C as well there is only one degree of freedom left instead
of two. Hence the dimension of B* is at most the dimension of B, which is 2r,
lowered by > ™, ki.

Step 4: Derive a contradiction.

Collecting the results we derive the following contradiction:

h'(Z, I, (D)) >

fix ~ Step 2

codimpg ((D (V*))

m g 1
Zsteps RS 2 iz dim [Ady > ez ¥ (X, Ix;, (0)(D)).

O

The following two lemmata provide conditions which ensure that V™9 and
ViTfix share some dense subset V™", and thus that V™9 is dense in V™ x,

3.8 Lemma

Let S,,...,S, be topological or analytical singularity types, let D € Div(X) and
let V™ = VI (S, S,).

There exists a very general subset U C I" such that® V™ = VoS, ., Sn) =
{CeVi|ze U, (Cz)~S;,i=1,...,1}isdensein VIEr™(Si, ..., S

Proof: This follows from Remark 1.2.17 (b). O

3.9 Lemma
With the notation of Lemma 3.8 we assume that

(@ (D—Kg)?2>2-Y5, (v(8)+2)°

(b) (D—Kg).B>max{v*(S)+1|i=1,...,v} for any irreducible curve B
with B = 0 and dim |B|, > 0, and

(¢) D —Kgisnef

Then there exists a very general subset U C X" such that V" C
VIS, )

Proof: By Theorem II.1.1 we know that there is a very general subset U C "
such that forz € Uand v = (v*(S1) + 1,...,v*(S;) + 1) we have

h(Z, Ixivz)=(D)) = 0.

8Here ~ means either topological equivalence ~; or contact equivalence ~..
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However, if C € V' and z € U with (C, z;) ~ S;, then by the definition of v*(S;)
we have

Ix(vz)/z = Ix(c)/s,

and hence the vanishing of H'(Z, Jx(v.),=(D)) implies h'(Z, Jx(c)=(D)) = 0,
i.e. CeVvimreg, O

In Section 4 we would like to combine the irreducibility results with the ex-
istence results from Chapter III. Due to the following lemma this basically
comes down to show that for a suitable very ample line bundle L we have

(cf. Corollary I11.2.4)
y-(D—Ks)?*< 31 (D-K:z—L)~ (3.29)

3.10 Lemma
Let S be a topological or analytical singularity type, then

(e"(S)+ 1) < (v(S) +2)".
Proof: Let us first consider the case that S is a simple singularity. Then
e’(S) =e*(S) =e%(S), ulS) =1(S) =1%(8) =T1(5), r(S) <mult(S) <3
and thus
25(8)=w(S)+7(S)—1<u(8)+2=1(8S) + 2.
But then, once t(S) > 5, we have
(e (S)+1)2 <88 .5(8) < 2. - (t°(8) +2)* < (T°(8) + 2)°,

while for t(S) < 4, that is for S € {A;, A3, A3, Ay, D4} we know e*(S) precisely
and the inequality is fulfilled as well. (Cf. Remark II1.2.2.)
We may thus suppose that S is not simple, i. e. mod(S) > 1.

Let us first consider the case of a topological singularity type. A simple calcu-
lation shows that for 1°¢(S;) > 9 we always have

B . 12(8)) < (19(8) +2)°

Moreover, from Remark II1.2.2 and Remark 1.2.3 we thus deduce
(e5(S) +1)° < €8.5(8) < & .1%5(8,) < (1%(S) +2)°.

However, there is only one non-simple topological singularity type with
T¢(S;) < 8, namely Xo, that is four lines through one point (cf. Remark 1.2.5).
But then

and thus again
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We, therefore may turn to the case of non-simple analytical singularity types.
Since S is not simple, we know that mult(S) > 3 and u(S) > 1(S) > 9. More-
over, we have

27(8) > 27°(S) > k(S) = u(S) + mult(S) — 1,

and thus
w(S) < 21(8) —mult(S) +1 < 21(8S) — 2.

Thus, once T(S) > 13, we have due to Remark I11.2.2
(e9(S) +1)% < 9u(S) < 187(S) — 18 < (7(S) +2)°,
and we may suppose that 9 < t(S) < 12.
Let us first consider the case that mod(S) € {1, 2}. Then
1(S) < 1(8) + mod(S) < 1(8S) + 2,
and hence
(e4(S) +1)* < 9u(S) < 9- (T(S) +2) < ((S) +2)°.

It thus remains to consider the case mod(S) > 3, and therefore we also have
w(S) > 16 (cf. Remark 1.2.5). If mod(S) = 3, then t(S) > u(S) — mod(S) >
16 — 3 = 13 and we are done. Thus indeed mod(S) > 4.

We do the remaining part be considering the cases mult(S) > 5, mult(S) = 4
and mult(S) = 3 seperately.

If mult(S) > 5, then

(S) > w(S) +m;11t(8) —1 > 162571 10,
and therefore
(e9(S)+1)7 < 9u(S) < 9- (21(S) —4) < (t(S) +2)°.

If mult(S) = 4, then by Remark 1.2.5 u(S) > 22 and therefore we are done by
the following inequality:

(s) > MO AMUS) =T ey _

— 2 — 2 2
If, finally mult(S) = 3, then u(S) > 28 and by the same reasoning we see that
T(S) > 15 and this finishes the proof. O

4. Examples

4.a. The Classical Case - £ = P?

Since any curve in P2 is non-special and since the Picard number is of course
one, the assumptions of Theorem 2.1 are fulfilled. In view of Remark 2.2 the
theorem thus reads in this situation.
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2.1a Theorem
Let d > 3, L C P? a line, and let Sy, ..., S, be topological or analytical singu-
larity types.

Suppose that
Y (T(S)+2) < X (d+3)2 (2.42)
i=1

Then Vlic{{l(&, ..., S;) is non-empty, irreducible and T-smooth.

Proof: It remains to show that Vli({{l(&, ..., 8;) is not empty and T-smooth.

However, since d > 3 we have

X(d+3)<T-(d+2)<d*+6d

and, in view of Lemma 3.10, Corollary III.2.4 applies, as does Theo-
rem IV.1.1a. O

Many authors were concerned with the question in the case of nodes and
cusps, or of nodes and one more complicated singularity, or simply of ordi-
nary multiple points — cf. e. g. [Sev21, BrG81, ArC83, Har85b, Kan89a,
Kan89b, Ran89, Shu91lb, Shu9la, Bar93a, Shu94, Shu96b, Shu96a,
Wal96, GLS98a, GLS98b, Los98, Bru99, GLS00]. Using particularly de-
signed techniques they get of course better results than we may expect to.

The best general results in this case can be found in [GLS00] (see also [Los98]
Corollary 6.1). Given a plane curve of degree d, omitting nodes and cusps,
they get

Y (T(S)+2) <y d?

i=1

as main irreducibility condition. The coefficients differ by a factor of about 3.

4.b. Geometrically Ruled Surfaces

Throughout this section we use the notation of Section G.a. In particular,
m: X — Cis geometrically ruled surface with g = g(C).

In [Ran89] and in [GLS98a] the case of nodal curves on the Hirzebruch sur-
face I, is treated, since this is just PZ blown up in one point. [F; is an example
of a geometrically ruled surface with invariant e = 1 > 0, a case which we can-
not treat with the above methods, due to the section with self-intersection —1.

So far, we are only able to give a general result for geometrically ruled sur-
faces with invariant e < 0 — see Theorem 2.4. In the case where g = 0,
i. e. where I is rational, Fy = P! x P is the only surface for which we get any
result; and if g = 1, by [Har77] V.2.15 we get apart form the product C x P!
precisely two other surfaces — one with invariant e = 0 and one with e = —1.
For g > 2 the classes become larger.
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2.4b Theorem
Let 1: £ — C be a geometrically ruled surface with e < 0.

Let Sq,...,S; be topological or analytical singularity types, and let D € Div(X)
such that D ~, aCo 4+ bF with a > max {2,v*(S;) |i=1,...,v}, and, if g =0,
b>max{2,v*(S;) |i=1,...,v}, whileif g > 0,b > 29— 2+ <.

Suppose that

T

> (T(S)+2)" < v (D—Kg)? (2.6b)
i=1
where v may be taken from the following table with « = bzaz#“e > 0.
2
g | e Y Y, ifa=1
0| 0 % %
1 0 1 1
max{24, 2} 24

1 1

1] -1 1 1 7
max { min {30—!—;6 +40c,40+9oc} ,73 oc}

>2 0 — !

max{24+16g,4gc} 244169

2|<0 L
max { min {24+16979ecx,18+16979eo¢7£} ,4goc79eoc}

Then either VH(SM ..., S;) is empty or irreducible of the expected dimension.

Addendum 1: If we moreover suppose that a > e*(S;) and b > max {Zg — 2+
L4323 (1-9,20-2+%+(1+%) +e*(S)+1}, 1=1,ifg=0,andelse 1 > 2
such that such that L = Cy+1F is very ample, then VH(SL ..., Sy) is non-empty.

Addendum 2: Ifg=0,e=0,2-a<b< ¥ -aqorifg=1,e=0b< 3.a+%,

then ViIi(Sr, ..., S,) is also T-smooth.

Proof: First of all we note that for g > 0 we have
(T(S) +2)" < 2% - (D—Kg)? = (b+2—2g — %),
and thus
b+2-29—-F>1(85) +2>v(S) + 1.
Therefore, the conditions of Theorem 2.4 are fulfilled.

Addendum 2 follows from Corollary IV.2.2 and Corollary IV.2.5, since by the
assumptions on a and b we have forg=0=-¢e

L (D—Kg)=-5-(a+2)-(b+2) <4ab+4a+4b—a’*—b*
respectively forg=1and e =0 we have b € [1 ,a++vat+4da+ 2[ and

5 (D —Kg) =55 - (ab 4 2b) < 2ab +4b — b*,

It remains to prove Addendum 1 with the aid of Corollary I11.2.4.
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The assumptions on b can be reformulated as

b—-2g+2-9%>3.(1-¢) (4.1)

Nle

and
Since moreover (D — L —Ks).F=a+ 1 > e*(S;), Condition (ITI.2.4) is satisfied,
and at the same time

(D—L—Ksg)L=(D—-L—-Ks).Co+1-(D—-L—Ks).F
>e"(S)+T+1-(e%(S)+1) >2-e"(S) +2> e (S) + 2,
which implies Condition (II1.2.5). From (4.1) we deduce that
b—2g+2+e—1>2l. ¢

and hence, since also a+1 > 0, D—L—Kjs is nef. It remains to verify Condition
(IT1.2.3), which in view of Lemma 3.10 and y < 2i4 comes down to

7i- (D —Ky)? < 3(D - Kz — L)%
We note that due to a > 2 we have
b—2g+2—% <2 (b—29+4+2—9) =1.(D—Ky)?
and by (4.1) we get
(a+1)-(1—%)<Z-(a+1)-(b—2g+2—%) <1 . (D-—Ky)

These two results then give
D—Kg—L)? = %(D—Kz)z—(b—29+2—“{ (a+1)-(1—g)) > 1. (D—Kp)
which finishes the proof. O

In the case g = 0, that is when & = P! x P!, we are in the lucky situation that
the constant vy does not at all depend on the chosen divisor D, while in the case
g > 1 the ratio of a and b is involved in y. This means that an asymptotical
behaviour can only be examined if the ratio remains unchanged.

If £ is a product C x P/ the constant y here is the same as in Section 4.c.

Because of the importance of the case P! x P! we would like to formulate the
result for this surface separatly once more in a slightly weaker form, replacing
v*(S;) and e*(S;) by t™(S;) + 1, which is an upper bound for both of them.

4.1 Corollary
Let £ =Ty =P! x P, Sy,...,8, be topological or analytical singularity types
and D € Div(X) such that D ~, aCy + bF with a,b > t*(S;)) + 1 fori=1,...,r.

Suppose that

Y (TS)+2)" < 4 (D-Ks)?=L (a+2)(b+2). (2.6b)

i=1
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Then VH(&, ..., S;) is non-empty, irreducible and of the expected dimension.
Addendum: If, moreover, 421_;1 ca<b< ‘2‘—1 - a, then VH(SM ..., Sy) is T-smooth.

4.c. Products of Curves

Throughout this section we use the notation of Section G.b. In particular,
Y = C; x C; where C; and C, are smooth projective curves over C of genera g,
and g, respectively.

For a generic choice of C; and C, the Néron—Severi group NS(X) is two-
dimensional by Proposition G.12. Thus Theorem 2.3 gives the following result
for a generic product surface.

2.3¢c Theorem

Let Cy and C, be two smooth projective curves of genera g, and g, respectively
with g1 > g, > 0, such that for £ = Cy x C;, the Néron—Severi group is NS(XZ) =
C1Z @ C,Z.

Let S,,...,S; be topological or analytical singularity types, and let D € Div(X)
such that D ~, aC; + bC, with

max {2,v*(S) [1=1,...,r}, ifg2=0

az>
2g,— 1, else,
and
max {2, v*(S;)) [i=1,...,1}, 1 =0
2g1—1, else.
Suppose that
> (v(S)+2)" < v (D—Kg)? (2.5¢)

i=1

where 'y may be taken from the following table with « = g:%gfg > 0.

g1 | 92 Y Y, if =1
1 1
0 0 o o
1 1
1 0 max{32,2x} 32
1 1
Z 2 0 max{24+16g7 ,497 &} 244169,

T —— e
max {32,2&,&}

>21>1 ! !
max{ 24+16g7+169g2,497 a,%} 24416914169

Then either VH(S], ..., S;) is empty or irreducible of the expected dimension.
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Addendum 1: If we moreover suppose that

max {e*(S;)) =2 |i=1,...,r}, ifg2=0
a >
29, -2+ 3 else,

and

maxi{e*(S;)—2(i=1,...,r¢, & =0

b= { (Si) ’ } f g1
291 —2+ 3, else,

where 1 is a positive integer such that L = 1C; 4 1C; respectively L = C; + 1C,,
if g2 =0, is very ample, then \/H(Sh ..., Sy) is non-empty.

Addendum 2: If g, > 2, a=p-(g2—1),b=p-(gi—1),i.e. D~. 5 -Kg, and
if we suppose that p > 2 . (1*(8;) + 1), then Vi5i(Si, ..., Sy) is also T-smooth.

Proof: First we note that for g; > 0 we have
(T(8) +2)* < L - (D —Ks)2 = (b +2—2g1)%,
and thus
b+2—-2g9;>1(85) +2>v*(S) + 2.

Similarly, if g, > 0, then a + 2 — 2g, > v*(S;) 4+ 2. Therefore, the conditions of
Theorem 2.4 are fulfilled.

For Addendum 2 we may apply Theorem IV.1.1c and the fact that
_ 2 .
Y o S P-22< 497 <2 <p2—2.p. (T*(S) + 1)>'

It remains to prove Addendum 1 with the aid of Corollary II1.2.4. For this
we note that by Lemma 3.10 we have e*(S;) < t™(S;) + 2. But then Due to the
assumptions on a and b and the above considerations, we have that D — L — Ky
is nef and that the intersection of D — L — Ky with any irreducible curve of self-
intersection zero, that is with the fibres C; and C,, is greater than e*(S;).
Moreover,

DL—-2g(L)4+2=(D—L—Kg)L >3 (a—2g,+2+b—2g1+2) >e*(S) +2.

It therefore remains to show that Condition (I11.2.3) is satisfied, which in view
of Lemma 3.10 and y < 2i4 amounts to showing

5 (a=292+2)-(b—2g1+2) < (a—2g:+2—-1)-(b—2g1+2—1).
This, however, is again fulfilled due to the assumptions on a and b. O
Once more, only in the case £ = P! x P! we get a constant vy which does not
depend on the chosen divisor D, while in the remaining cases the ratio of a

and b is involved in y. This means that an asymptotical behaviour can only
be examined if the ratio remains unchanged.
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4.d. Products of Elliptic Curves

If in Section 4.c the curves C; and C, are chosen to be both elliptic curves,
then “C; and C, are generic” means precisely that they are not isogenous
(cf. p. 194). We thus get the following theorem.

2.3d Theorem

Let £ = Cy x Cy, where Cy and C, are two non-isogenous elliptic curves, let
Sy,..., S, be topological or analytical singularity types, and let D € Div(XL)
such that D ~, aC; + bC, with a,b > 5.

Suppose that

Y (T(S)+2)* < min{L, & 2}.D2 (2.5d)

i=1

Then VH(SL ..., S;) is non-empty, irreducible and T-smooth.

Proof: We note that due to Theorem IV.1.1d VH(&, ..., S;y) 1s T-smooth, and
thus we are done by Theorem 2.3c. O

4.e. Complete Intersection Surfaces

Throughout this section we use the notations of Section G.d.

In Proposition G.20 we show that a smooth complete intersection surface, al-
ways satisfies Condition (ii) of Theorem 2.1 for hypersurface-sections. Thus,
a complete intersection with Picard number one satisfies the assumptions of
Theorem 2.1.

2.1e Theorem

Let P? 2 £ C PN be a smooth complete intersection of type (di,...,dn_2), let
H C X be a hyperplane section and suppose that the Picard number of L is one.
Letd>«x=3"7?di—~N—-1>0n=H2=d;---dyand let S,...,S, be
topological or analytical singularity types.

Suppose that

T

Z (T* (Si) + 2)2 < 18'((K+3)‘TI+2X(OZ]);LZ S(d— K)Z. (2.4e)
(Be+11)nr6x(0x))

i=1

Then either Vlic{{”(&, ..., S;) is empty or irreducible of the expected dimension.

Proof: It remains to show k = —N — 1+ Y N*d; > 0, then in particular
dH — Kz = (d — k) - His ample and dH + Kz = (d + k) - H is nef.

Since k > 2N —4 — N — 1 = N — 5 anyway, the critical situations are N = 3
with d; < 3, and N =4 with d; = d;, = 2. In these cases the surface L is either
P? or rational with a Picard number larger than one (see p. 200 and [Har77]
Ex. V.4.13). This finishes the claim. O
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By Proposition G.20 we even do know a formula for x(Os), however, the for-
mula would just become nastier.

4.f. Surfaces in P}

For a generic surface in P} we know that the Picard number is one, since
then any curve is a hypersurface section by a Theorem of Noether (see Sec-
tion G.d). Being a complete intersection, the results of Section 4.e apply for
generic hypersurfaces in P?. However, in this case the invariants involved in
the formulation are much simpler.

2.1f Theorem
Let ¥ C P3 be a smooth hypersurface of degree n > 4, let H C X be a hyperplane
section, and suppose that the Picard number of X is one.

Let d > n+ 6 andlet Sy,...,S; be topological or analytical singularity types.
Suppose that

T

Z (T* (81) +2)2 < 6 (n3—3n2+8n—6)'n2 ) (d 44 _n)Z. (24f)

(n3 —3n2+1 On76) :

i=1

Then Vlic{{”(&, ..., S;) is non-empty and irreducible of the expected dimension.
Addendum: If we, moreover, assume that d > n - (T°(S;) + 1), then
Vi (S, ..., Sy) is T-smooth.

6 (n3 —3n? +8n—6) n?
Proof: For the Addendum we note that — < 2forn > 4, and

(n3 —3n2+1 Onf6)

hence

6 (n3 —3n? +8nf6) n2 ‘

nd>—d-(m—4)-n- (&) +1) > 4d* > (d+4—n)?

2
(n3 —3n2+1 On76)
and the result thus follows from Theorem IV.1.1e.

It remains to show that vfg,q‘(&, ..., S;) is non-empty, using Corollary I11.2.4.
With L = Hwe have D—L—Ksz = (d—n+3)-H, and since d > n+ 6 the divisor
D — L — Ks is nef. We thus have to verify the Conditions (II1.2.3) and (II1.2.5)
in Corollary II1.2.4. However, once (II1.2.3) is fulfilled, then

e*(S)+1 < vn-(d—n+4) < 2-v/n-(d—n+3)—1 < n-(d—nm+3)—1 = D.L—-2g(L)+1
fori=1,...,r, that is, (I1.2.5) is satisfied as well.

Taking Lemma 3.10 into account (II1.2.3) comes down to showing that

6 (n?—3n2+8n-6)n n-(d—m+4)*<

(n3—3n2+10n—6) ’

We claim that the function

v [4) oo) SR xoe 6-(x373x2+8x76)-x

(x3—3x2 +10x—6) :
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is monotonously decreasing. In order to see this, it suffices to show that the
derivative

”Y/( x) = —6.(2x6?z§igi;f1gii>§)3+36x—36) <0
for all x € [4, 00), or equivalently that 2x®—9x>+21x* —24x34-36x—36 is strictly
positive in the interval [4, o). However, since x > 4 we get

(2x° — 9% + 6x*) + (15x* — 24x%) + (36x — 36) > 0
since each summand is strictly positive.

It follows that y(n) < y(4) = 22 for all n > 4, and it remains to show that

2
22.(d— n+4)?2< 3. (d—n+3)7

which is a fairly easy calculation, since d —n +3 > 9. O
Note that a slightly more sophisticated investigation would have allowed to
replace the restriction d > n+ 6 by d > max{n —1,10}.

Calculating the invariants in (2.4f) for the examples of reducible families of ir-
reducible nodal curves on surfaces in P given in the introduction on page 119
we end up with

6 (n3 —3n2 +8n—6) n?

2
(n3_3n2+10n—6)2 (d+4-m)

<35 d+d-n)P < (d+(4-n)-d+2)
< (4 (@d-n)-d+2)=9r=) (T(A)+2)",

i=1

that is, our result fits with these families.

4.g. Generic K3-Surfaces

A generic K3-surface has Picard number one (cf. Section G.e). Moreover, if
Y is a K3-surface with NS(X) = L- X and if C ~; dL is a curve in X, then by
Lemma E.1 C is ample. Thus by the Kodaira Vanishing Theorem we have
h'(Z,C) = h'(Z,Ks + C) = 0. Hence the surface satisfies the assumptions of
Theorem 2.1.

2.1g Theorem

Let ¥ be a smooth K3-surface with NS(X) =L -7Z and set n = L%

Let d > 19, D ~, dL and let S4,...,S, be topological or analytical singularity
types.

Suppose that

N (TS +2)" < Fntarin g2 (2.4g)

i=1

Then VH(&, ..., Sy) is irreducible and T-smooth.




158 V. IRREDUCIBILITY

Proof: Apart from T-smoothness, it remains to prove that Vlg{l(&, .o, Sy) is
non-empty and as in the case of surfaces in P? for this it suffices to show that
(IT1.2.3) and (II1.2.5) in Corollary II1.2.4 are satisfied, where once again the
first condition implies the latter one due to

S)+1<vn-d<2-yn-(d—1)—1<n-(d—1)—1=D.L—2g(L)+1.

Taking Lemma 3.10 into account it thus remains to show

54n+72n 2 1 2
G dn<5-(d=1)"mn

We consider the function

54x2 +72x
(11x+12)2>

v:[0,00) 5 R:x+—

which converges to % for x — oo and is actually bounded from above by this
number. It thus suffices to show

2 2
121 -d S%'(d_1)>

which is satisfied, since d > 19.

T-smoothness follows from Theorem IV.1.1f, since (5141“ :1722721 <1. O




Appendix

A. Very General Position

It is our first aim to show that if there is a curve passing through points
z1,...,2y € L in very general position with multiplicities ny, ..., n,, then it can
be equimultiply deformed in its algebraic system in a good way - i. e. suitable
for Lemma I1.2.3.

For the convenience of the reader we recall the definition of a very general
subset from the Introduction.

A.1 Definition
Let X be any Zariski topological space.

We say a subset U C X is very general if it is an at most countable intersection
of open dense subsets of X.

Some statement is said to hold for points z,...,z, € X (or z € X") in very
general position if there is a suitable very general subset U C X", contained in
the complement of the closed subvariety (J; ,;{z € X" | zi = z;} of X", such that
the statement holds for all z € U.

In the following we suppose that ¥ C P is an embedded smooth projective
surface. We will denote by Hilbs the Hilbert scheme of curves on X, and for
h € Q[x] by Hilb! the Hilbert scheme of curves on X with Hilbert polynomial
h. The latter is a projective variety, and has in particular only finitely many
connected components. If B C X is a curve with Hilbert polynomial h, then
we denote |B|, the connected component of the reduction of Hilb; containing
B. (Cf. [Mum66] Chapter 15.)

A.2 Lemma
Let B C X be a curve, and n € Ni. Then

Ven={z€ L |3CE€Bla: mult,(C) >n;Vi=1,... 7}

is a closed subset of X",

Proof:
Step 1: Show first that for n € IN

Xgn:={(C,z) € H x £| mult,(C) >n}

is a closed subset of H x X, where H := |B|,.

Being the reduction of a connected component of the Hilbert scheme Hilbys, H
is a projective variety endowed with a universal family of curves, giving rise
159
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to the following diagram of morphisms

C:UCEH{C}XCC—”‘IXXE»Z
\lprH
H,

where C is an effective Cartier divisor on H x £ with Cjc)xx = C.2

Let s € H°(H x I, O«=(C)) be a global section defining C. Then'?

Xgn={n=(C,z) eHx L |sy€ (mE, +myc) Onxsn}-

We may consider a finite open affine covering of H x X of the form {H; x U; |1 €
I,j €]}, Hi € Hand U; C X open, such that C is locally on H; x U; given by one
polynomial equation, say'!

sij(a,b) =0, fora € Hi, b € U;.
It suffices to show that Xg,, N (H; x U;) is closed in H; x U, for all i, j.
However, forn = (C,z) = (a,b) € Hi x U; we have
sn € (Mm%, +mpc) - Orxrp

if and only if
sij(a,b) =0 and
0%sy ;
ob*
where « is a multi index. Thus,

(a,b) =0, for all [l <n —1,

9%,
Xgn N (Hy x Wj) = {(Q,b) € Hy x Uj | sij(a,b) =0= abSO‘J (a,b), V]| <m— 1}
is a closed subvariety of H; x U, since s;; and the agg;’j (a,b) are polynomial

expressions in a and b.
Step 2: Vg, is a closed subset of X'.

By Step 1 fori=1,...,r the set
XB,LI,i = {(;, C) eX"xH ‘ multzL(C) > TLi} = ZT_1 X XB,ni

is a closed subset of 2" x H = £ x H x Z. Considering now

XB,T_l = ﬂ XB,T_l,i C———J3Y"xH

BN

DI

9For the definition of an algebraic family of curves see [Har77] Ex. V.1.7.

Omi = (m},+mu.c) Onxzn/mh,c-Onxznand C = Cjcxs is locally in z given by the
image ofsn in Oz,z = OHsz/mH,C . OHXZ,n-

HThe a and b denote coordinates on the affine ambient spaces of H; C AN: respectively
Uj - AM;
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we find that Vg, = p(Xg.), being the image of a closed subset under a
morphism between projective varieties, is a closed subset of X" (cf. [Har77]
Ex. I1.4.4). O

A.3 Corollary
Then the complement of the set

v=U U U Vea

BeHilbs ’(_IEIN(T) VB,E?&Z]-
in X" is very general, where Hilby is the Hilbert scheme of curves on X.

In particular, there is a very general subset U C X" such that if for some z € U
there is a curve B C L with mult, (B) =nifori=1,...,7, then forany z' ¢ U
there is a curve B’ € |B|, with multz{(B’) >Ny

Proof: Fixing some embedding X C P and h € Q[x], Hilb;L is a projective va-
riety and has thus only finitely many connected components. Thus the Hilbert
scheme Hilbs has only a countable number of connected components, and we
have only a countable number of different V3, where B runs through Hilbs
and n through INj. By Lemma A.2 the sets Vg, are closed, hence their com-
plements X"\ Vg, are open. But then

U=z\v= (1 (] ] (Z'\Ven)

BEHﬂbZ LLEINB Vg ,E#Z"

is an at most countable intersection of open dense subsets of X7, and is hence
very general. O

If L is regular, i. e. the irregularity q(X) = h'(Z, Os) = 0, algebraic and linear
equivalence coincide, and thus Hilb? = |D|, if D is any divisor with Hilbert
polynomial h. This makes the proofs given above a bit simpler.

A.4 Lemma
Given n € Njand D € Pic(X), the set

Vbon={z€ L |3Ce Dl : mult,(C) >n;}

is a closed subset of L.

Proof: Fix an affine covering £ = U; U...U Uy of £, and a basis sy,...,s, of
HO(Z, 05(D)).

It suffices to show that Vp, N (U, x ... x U;,) is closed in U;, x ... x U, for all
j=01,...,ir) €{1,...,k}7, since those sets form an open covering of Vp .

Consider the set

Vaij = {(za) € Uj, x ... x Uj, x B | ap(D%so)(zi) + . .. + an(D%sy)(zi) = 0},
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where « is a multi index and D denotes the corresponding differential op-
erator. This is a closed subvariety of U;, x ... x U;, x P™!2 Thus, also the

=N Ve

is a closed subset of U, x ... x U,-T x P. Considering now the projection to
Uh X ... x W

set

Jro

Vi e— U, x ... x Wy, x BM

oy

Uh . x W

)]

we find that Im(p) = VN (Uj, x...x U;,) is closed in Uy, x ... x U;, (cf. [Har92]
Theorem 3.12). O

A.5 Corollary
Let ¥ be regular. Then the complement of the set

v= U U U vou

DePic(E) nENy Vp n#A57
in X" is very general.

In particular, there is a very general subset U C X" such that if for some z € U
there is a curve B C X with mult, (B) =nyfori=1,...,1, then forany z’ ¢ U
there is a curve B’ € |B|, with multZ{(B’) >Ny

Proof: By Lemma A.4 the sets Vp,, are closed, hence their complement X"\
Vpn is open. Since I is regular, Pic(X) = NS(X) is a finitely generated abelian
group, hence countable.'® But then

u=x\v= (1 () [ (E\ Vo)

DePic(X) neINT Vp n#AX"

is an at most countable intersection of open dense subsets of X" and is hence
very general. O

In the proof of Theorem II.1.1 we use at some place the result of Corollary
A.6. We could instead use Corollary A.3. However, since the results are quite
nice and simple to prove we just give them.

A.6 Corollary

(a) The number of curves B in £ with dim |B|, = 0 is at most countable.

120n U the s; are given as quotients of polynomials where the denominator is not van-
ishing on U;. Thus we may assume w. 1. 0. g. that s; is represented by a polynomial, and hence
the above equation is polynomial in z; and even linear in the a;.

13See [IsS96] Chapters 3.2 and 3.3. From the exponential sequence it follows that
NS(Z) = Pic(£)/Pic®(Z) with Pic®(£) = €9/729, q = q(£). Thus, Pic(Z) is countable if
and only if ¥ is regular.
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(b) The number of exceptional curves in L (i. e. curves with negative self
intersection) is at most countable.

(c) There is a very general subset U of X", r > 1, such that for z € U no z;
belongs to a curve B C X with dim |B|, = 0, in particular to no exceptional
curve.

Proof:

(a) By definition |B|, is a connected component of Hilby, whose number is
at most countable (see proof of Lemma A.3). If in addition dim [B|, = 0,
then |B|, = {B} which proves the claim.

(b) Curves of negative self-intersection are not algebraically equivalent to
any other curve (cf. [IsS96] . p. 153)

(¢) Follows from (a).

[
A.7 Example (Kodaira)
Let z1,...,zo € P? be in very general position'* and let £ = Bl, (B?) be the
blow up of P? in z = (z1,...,2¢). Then I contains infinitely many irreducible

smooth rational —1-curves, i. e. exceptional curves of the first kind.

Proof: It suffices to find an infinite number of irreducible curves C in P2 such
that

d*— > mi=-1, (A1)
and

pa(c)—y mlmizl o (A.2)

where m; = mult,, (C) and d = deg(C), since the expression in (A.1) is the self
intersection of the strict transform C = BL,(C) of C and (A.2) gives its arith-
metical genus.’® In particular C cannot contain any singularities, since they

would contribute to the arithmetical genus, and, being irreducible anyway, C
is an exceptional curve of the first kind.

14To be precise, no three of the nine points should be collinear, and after any finite number
of quadratic Cremona transformations centred at the z; (respectively the newly obtained
centres) still no three should be collinear. Thus the admissible tuples in (P?)” form a very

general set, cf. [Har77] Ex. V.4.15.
15

pa(é) = 1+ @ 1+ (K]%erZ Ei).(C—Z “211E1)+(C—Z miEi)

K,,.C+C? e o
= ]+ ¢ 5 _Z ml(n'zll 1) :pa(c)_zml(nzll ])‘
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We are going to deduce the existence of these curves with the aid of quadratic
Cremona transformations.

Claim: If for some d > 0 and m4,..., mo > 0 with 3d — Z; m; = 1 there
is an irreducible curve C € |Jxmz)(d)|, then T(C) € |Txmz)(d + a)|, is an
irreducible curve, where

e {i,j,k} C{1,...,9} are such that m; + m; + my < d,

e T:P?--s P?is the quadratic Cremona transformation at z;, z;, zy,
ZV) if’v % i’) j ) k)

oz =

T(Zazy), if{v, A i ={i,j, ki,

my, if v 7£ i’) j) k)
m, + a, else, and
o a=d— (my+m+my).
Note that, 3- (d + a) — Z; m{ = 1, 1. e. we may iterate the process since the
hypothesis of the claim will be preserved.
Since 3d > Z; my, there must be a triple (i,j, k) such that d > m; +m; + m,.

Let us now consider the following diagram

L =Bl , . (P} Blz{)zj/)zﬁ(IBDZ)

and let us denote the exceptional divisors of by E; and those of 7’ by E!.
Moreover, let C = Bl., ; . (C) be the strict transform of C under 7 and let
f(\C/) =Bl 22 (T(C)) be the strict transform of T(C) under 7t’. Then of course
C= f(\C/), and T(C), being the projection 7[’(6) of the strict transform C of the
irreducible curve C, is of course an irreducible curve. Note that the condition
d > m;+m;+ my ensures that C is not one of the curves which are contracted.
It thus suffices to verify
deg (T(C)) =d+q,
and

M .f .")k)
m! =mult, (T(C)) ={ "~ 7 7 L)

m, + a, else.
Since outside the lines ziz;, zizy, and z,z; the transformation T is an isomor-
phism and since by hypothesis none of the remaining z, belongs to one of
these lines we clearly have m! = m, for v # i, j, k. Moreover, we have

—_~—

m/ = T(C).E{=C.BL,, .. (Zz)
= (T[*C — Z‘v:i,j,k mlEl)(ﬂ*m - E] o Ek)

= C.z,-zk—mj—mk:d—mj—mk:mi—l—a.
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Analogously for m{ and m;.

Finally we find
deg (T(C)) = T(C).zfz] =" T(C).m""z/z]
= (ﬁ(:/) + 2 i MEL) . (Ex+E{+ E)
= C.Ex+ Y, i mLELEx
= Mmt+m{+m{=d+a.
This proves the claim.

Let us now show by induction that for any d > 0 there is an irreducible curve C
of degree d’ > d satisfying (A.1) and (A.2). For d = 1 the line C = z;z; through
z7 and z; gives the induction start. Given some suitable curve of degree d’ > d
the above claim then ensures that through points in very general position
there is an irreducible curve of higher degree satisfying (A.1) and (A.2), since
a=d— (my +m;+ m3) > 0. Thus the induction step is done. O

The example shows that a smooth projective surface ~ may indeed carry an
infinite number of exceptional curves - even of the first kind. According to
Nagata ([Nag60] Theorem 4a, p. 283) the example is due to Kodaira. For
further references on the example see [Har77] Ex. V.4.15, [BeS95] Example
4.2.7, or [Fra41]. [IsS96] p. 198 Example 3 shows that also P2 blown up in
the nine intersection points of two plane cubics carries infinitely many excep-
tional curves of the first kind.

B. Curves of Self-Intersection Zero

B.1 Proposition
Suppose that B C L is an irreducible curve with B> = 0 and dim |B|, > 1, then

(B.1) |Bla is an irreducible reduced projective curve, and

(B.2) there is a fibration f : ¥ — H whose fibres are just the elements of
|B|o, and H is the normalisation of |B|..

We are proving the proposition in several steps.

B.2 Proposition

Let f : Y — Y be a finite flat morphism of noetherian schemes with Y ir-
reducible such that for some point yo € Y the fibre Y = f(yo) = Y xv
Spec (k(yo)) is a single reduced point.'®

Then the structure map f* : Oy — f,Oy: is an isomorphism, and hence so is f.

16The assumption “reduced” is necessary, since finite flat morphisms may very well have
only non-reduced fibres. Consider the ring homomorphism ¢ : A = C[x] — C[x,yl/(y?) =B :
x — x, making B = A @y - A into a free and hence flat A-module with only non-reduced fibres
(= double-points).
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Proof: Since there is at least one connected reduced fibre Y, , semicontinuity
of flat, proper!” morphisms in the version [GrD67] IV.12.2.4 (vi) implies that
there is an open dense subset U C Y such that Y] is connected and reduced,
hence a single reduced point, V y € U. (U dense in Y is due to the fact that Y
is irreducible.)

Thus the assumptions are stable under restriction to open subschemes of Y,
and since the claim that we have to show is local on Y, we may assume that
Y = Spec(A) is affine. Moreover, f being finite, thus affine, we have Y' =
Spec(B) is also affine.

Since f is flat it is open and hence dominates the irreducible affine variety Y
and, therefore, induces an inclusion of rings A — B. It now suffices to show:

Claim: A — B is an isomorphism.

By assumption there exists a y = P € Spec(A) = Y such that Y/, = f'(y) =
Spec(Bp/PBp) is a single point with reduced structure. In particular we have
for the multiplicity of Y|, = Spec(Bp/PBp) over {y} = Spec(Ap/PAp)

1 =u(Yy) =length,, pa, (Bp/PBp),
(cf. [Har77] p. 51 for the definition of the multiplicity) which implies that
Ap/PAp — Bp/PBp
is an isomorphism. Hence by Nakayama’s Lemma also
Ap — Bp

is an isomorphism, that is, Bp is free of rank 1 over Ap. B being locally free'®
over A, with A/+/0 an integral domain, thus fulfils

AQ — BQ
is an isomorphism for all Q € Spec(A), and hence the claim follows
(cf. [AtM69] Proposition 3.9). O
B.3 Remark

Some comments from Bernd KreuBler.

(a) LetY’bethe standard example of a non-separated variety, the affine line
over k with the origin doubled, and let f: Y/ — Y = A] be the projection
to Y. Then f is quasi-finite, but NOT finite, since the preimage of the
affine Y is not affine. However, f.Oy: = Oy (see [Har77] 11.2.3.5/6), but f
is certainly not an isomorphism.

(b) By [Har77] III.11.3 for f : Y’ — Y projective between noetherian
schemes the condition f,0Oy, = Oy implies that the fibres of f are con-
nected. The converse is also true, if the fibres are connected, the
f.Oy = Oy.

"By [Har77] Ex. I1.4.1 f is proper, since f is finite.
18Since A — B is flat!
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(c) See (a) for an example, that the condition “projective” for the morphism
is not obsolete.

(d) Let f:Y" — Y be the blow up of a point of PZ, then the fibres are con-
nected, and hence .0y, = Oy. f is generically finite, but not finite and
certainly no isomorphism.

(e) If f: X — Spec(A) is a morphism such that f¥ : A — T'(X,Ox) is an
isomorphism, then f need not be an isomorphism - despite the fact that
Hom (X, Spec(A)) and Hom (A, I'(X, Ox)) are naturally bijective. E. g. P|
and f the constant map to Spec(k). Then I'(X, Ox) = k and thus f* = id is
an isomorphism, but f is certainly not! If X is also affine, then however
f is an isomorphism if and only if f* is so.

(f) If A — B is a ring homomorphism and B is locally free of rank 1 as
an A-module, and if for some P € Spec(A) the localisation Ap — Bp is
an isomorphism, then the homomorphism itself is an isomorphism. If,
however, A — B is only an A-module homomorphism, this need not be
true. E. g. let X be a smooth curve, e. g. P', and x € X a point; let
Jx/x = Ox(—x) be the ideal sheaf of x, in the case of P! it’s just OIPC‘ (—1).
This is a locally free sheaf, and x is a divisor on the smooth curve X. This
gives an exact sequence 0 — J,/,x — Ox — Ox — 0. For the stalks over
y # x the map from L — Oy is of course an isomorphism, but not for
y=x.

(g) LetT = A, X; = V(x* — txy) C P] with homogeneous coordinates x,y
on P}. Then for t, = 0 the fibre X,, is connected, namely a non-reduced
fat point, while for t # 0 the fibre X; consists of two single points, and
is thus not connected. The condition X, reduced in the Corollary B.5 is
hence vital.

B.4 Proposition (Principle of Connectedness)

Let X and Y be noetherian schemes, Y connected, and let t: X — Y be a flat pro-
Jective morphism such that for some yo € Y the fibre X, = ' (yo) is reduced
and connected.

Then for all y €Y the fibre X, = n'(y) is connected.

Proof: Stein Factorisation (cf. [GrD67] I11.4.3.3 or [Har77] I11.11.5) gives a
factorisation of 7t of the form

X ey = Spec(m,Ox) SR Y,
with

(1) 7’ connected (i. e. its fibres are connected),

(2) f finite,

3) .0y = m,Ox locally free over Oy, since 7 is flat, and
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(4) Y, = f~1(yo) is connected and reduced, i. e. a single reduced point.

Because of (1) it suffices to show that f is connected; and we claim, moreover,
that the fibres of f are reduced as well.

Considering points in the intersections of the finite number of irreducible com-
ponents of Y we can reduce to the case Y irreducible. Since f is finite (3) is
equivalent to saying that f is flat (cf. [AtM69] Proposition 3.10). Hence f ful-
fils the assumptions of Proposition B.2, and we conclude that Oy = f,Oy, and
the proposition follows from [Har77] I11.11.3.%°

Alternatively, from [GrD67] IV.15.5.9 (ii) it follows that there is an open dense
subset U C Y such that X, is connected for all y € U. Since, moreover, by the
same theorem the number of connected components of the fibres is a lower
semi-continuous function on Y the special fibres cannot have more connected
components than the general ones, that is, all fibres are connected. O

B.5 Corollary (Principle of Connectedness)

Let {Xi}iet be a flat family of closed subschemes X, C Py, where T is a con-
nected noetherian scheme. Suppose that X, is connected and reduced for some
point to € T. Then X, is connected for all t € T.

Proof: The X, are the fibres of a flat projective morphism

X P}

T,
where X is a closed subscheme of P}. The result thus follows from Proposi-
tion B.4.20 O

B.6 Lemma
Under the hypotheses of Proposition B.1 let C € |B|, then C is connected.

Proof: Consider the universal family

{ClxC=S
BloxZ +— U (B.3)

\ \LTE flat
Prig|q

Bla

over the connected projective scheme |B|, C Hilbsy.

YCompare the result with [GrD67] 111.4.3.10, which deals with the case of X also being
integral, but weakens the hypothesis on 7t to proper and universally open. Also the assump-
tion on the fibre is reduced to R(Y) being algebraically closed in R(X) - in the case where the
characteristic of R(Y) is zero. Compare also [GrD67] IV.12.2.4 (vi) and II1.15.5.9, which both
deal with an arbitrary number of connected components.

20Compare the result with [Har77] Ex. I11.11.4.
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Since the projection 7t is a flat projective morphism, and since the fibre
7 '(B) = {B} x B is connected and reduced, the result follows from Proposi-
tion B.4. O

B.7 Lemma
Under the hypotheses of Proposition B.1 let C € |B|, with B C C, then C = B.

Proof: Suppose B & C, then the Hilbert polynomials of B and C are different
in contradiction to B ~, C. O

B.8 Lemma
Under the hypotheses of Proposition B.1 let C € |B|, with C # B, then CNB = (.

Proof: Since B is irreducible by Lemma B.7 B and C do not have a common
component. Suppose BN C = {py,...,p.}, then B> = B.C > r > 0 in contradic-
tion to B? = 0. O

B.9 Proposition (Zariski’s Lemma)
Under the hypotheses of Proposition B.1let C =Y [ ;nC; € |B|q, where the C;
are pairwise different irreducible curves and ny >0fori=1,... 1.

Then the intersection matrix Q = (Ci.Cj)ij=1..._r iS negative semi-definite, and,

-----

moreover, C, considered as an element of the vector space @;_, Q - C;, generates
the annihilator of Q.

In particular, D? < 0 for all curves D C C, and, moreover, D? = 0 if and only if
D =C.

Proof: By Lemma B.6 C is connected. We are going to apply [BPV84] 1.2.10,
and thus we have to verify three conditions.

(@) C.C;=B.Ci=0foralli=1,...,r by Lemma B.8. Thus C is an element
of the annihilator of Q withn; >0 foralli=1,... r.
(b) Ci.Cj Z 0 fOI‘ 3.11 i 7& ]
(c) Since C is connected there is no non-trivial partition IU]J of {1,...r} such
that C;.C;=0foralliclandj€].
Thus [BPV84] 1.2.10 implies that —Q is positive semi-definite. O

B.10 Lemma
Under the hypotheses of Proposition B.1 let C,C’ € |B|, be two distinct curves,
then CNC' = 0.

Proof: Suppose C = A + D and C' = A + D’ such that D and D’ have no
common component.
We have

0=B’=(A+D)??=(A+D')?>=(A+D).(A+D'),
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and thus
(A+ D)2+ (A+D)2=2(A+D).(A+D),
which implies that
D?+D"”=2D.D/,
where each summand on the left hand side is less than or equal to zero by

Proposition B.9, and the right hand side is greater than or equal to zero, since
the curves D and D’ have no common component. We thus conclude

D2=D"”=D.D'=0.

But then again Proposition B.9 implies that D = C and D’ = C’, that is, C and
C’ have no common component.

Suppose CNC’ ={p1,...,p+}, then B2 = C.C’ > r > 0 would be a contradiction
to B2 =0. Hence, CNC’ = 0. O

B.11 Lemma
Under the hypotheses of Proposition B.1 consider once more the universal fam-
ily (B.3) together with its projection onto X,

pry

Bl x & F\ (B.4)

SLZ

124):1 ln

Bla.

Then S is an irreducible projective surface, |B|, is an irreducible curve, and '
LS surjective.

Proof:

Step 1: S is an irreducible projective surface and 7’ is surjective.

The universal property of |B|, implies that S is an effective Cartier divisor of
|Bla x Z, and thus in particular projective of dimension at least 2 < dim |B|, +
dim(X) — 1. Since 7’ is projective, its image is closed in £ and of dimension 2,
hence it is the whole of X, since X is irreducible.

By Lemma B.10 the fibres of 7’ are all single points, and thus, by [Har92]
Theorem 11.14, S is irreducible. Moreover, dim(S) = dim(X) + dim(fibre) = 2.
Step 2: dim [B|, = dim(|B|, x L) —dim(X) = dim(S) +1—-2=1.

Step 3: |B|, is irreducible.

Let V be any irreducible component of |B|, of dimension one, then we have
a universal family over V and the analogue of Step 1 for V shows that the
curves in V cover L. But then by Lemma B.10 there can be no further curve in
|Bl4, since any further curve would necessarily have a non-empty intersection
with one of the curves in V. O



B. CURVES OF SELF-INTERSECTION ZERO 171

B.12 Lemma
Let’s consider the following commutative diagram of projective morphisms

g™ o (B.5)

AN H

|B|a <T Sred

The map @' : Syeqa — X is birational.?!

Proof: Since S,.q and X are irreducible and reduced, and since ¢’ is surjec-
tive, we may apply [Har77] II1.10.5, and thus there is an open dense subset
U C Syeq such that ¢';: U — X is smooth. Hence, in particular ¢’ is flat and
the fibres are single reduced points.?? Since ¢’,: U — ¢’(U) is projective and
quasi-finite, it is finite (cf. [Har77] Ex. 1I1.11.2), and it follows from Proposi-
tion B.2 that ¢’| is an isomorphism onto its image, i. e. ¢’ is birational. O

B.13 Lemma
If{ : £ --5 S,.q denotes the rational inverse of the map ¢’ in (B.5), then \{ is
indeed a morphism, i. e. ¢’ is an isomorphism.

Proof: By Lemma B.10 the fibres of ¢’ over the possible points of inde-
terminacy of ¢’ are just points, and thus the result follows from [Bea83]
Lemma II.9. O

B.14 Lemma

The map g : £ — |B|, assigning to each point p € X the unique curve C € B,
with p € C is a morphism, and is thus a fibration whose fibres are the curves
in |Bl.

Proof: We just have g = ¢ o . O

Proof of Proposition B.1: Let v : H — |B|, be the normalisation of the irre-
ducible curve |B|,. Then H is a smooth irreducible curve.

Moreover, since L is irreducible and smooth, and since g : © — |B|, is surjec-
tive, g factorises over H, i. e. we have the following commutative diagram

5 — Bl
afl /
H.
Then f is the desired fibration. O

2LThe proof uses that the characteristic of the ground field is zero, even though one might
perhaps avoid this.

22By definition ¢’ is étale, and hence the completed local rings of the fibres are isomor-
phic to the completed local rings of their base points and hence regular. But then the local
rings themselves are regular and thus reduced.
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C. Some Facts used for the Proof of the Lemma of Geng Xu

In this section we are, in particular, writing down some identifications of cer-
tain sheaves respectively of their global sections. Doing this we try to be very

formal. However, in a situation of the kind X(—i> Y -5 7 we do not distin-
guish between Ox and i,0x, or between 7 and the restriction of 7t to X.
C.1 Lemma

Let ¢(x,y,t) = Y 25 @ilx,y) - t' € C{x,y,t} with ¢(x,y,t) € (x,y)™ for every
fixed t in some small disc A around 0. Then ¢;i(x,y) € (x,y)™ for every i € N,.

Proof: We write the power series as @ =3 7, s o (22 Capi- t!) - x*yP.
©(x,y,t) € (x,y)™ for every t € A implies

D capit'=0Va+p<mandtecA.
0

The identity theorem for power series in C then implies that

Capi=0 Va+pB<mandi>0.

C.2 Lemma
Let X be a noetherian scheme, 1 : C — X a closed subscheme, F a sheaf of
modules on C, and G a sheaf of modules on X. Then

(C.1) LF =1.F ®oy Oc,

(C.2) HO(C)f) = HO(Xyl*:’r oy OC))

(C.3) G ®oy Oc =1,1*(G ®o, Oc), and

(C.4) HO(C,i*(g R0y (’)C)) =H°(X, G ®0, Oc).
Proof:

(C.1) For U C X open, we define
Fru,if”F) — T(ULF) @ruon TNU,0c) € T(U1LF ®o, Oc)
S — s® 1.
This morphism induces on the stalks the isomorphism
Fy, (fx e C) = F®oy, Oxx/lcx
i*JTx - Ox * / © = 1*fx ®OX,X OC,X)
O, (else) = 0 Q@Ox,X OX,X/IC,X

where ¢, is the ideal defining C in X locally at x.
(C.2) The identification (C.1) together with [Har77] I11.2.10 gives:

HO(C, F) = H°(X,1.F) = HY(X,1.F ®0, Oc).
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(C.3) The adjoint property of i, and i* together with i*i, = id gives rise to the
following isomorphisms:

End (i.i*(G ® O¢)) = Hom (i*i.i*(G ® O¢),1*(G ® O¢))

=End (i"(§ ® Oc)) = Hom (G ® Oc,1.i*(G ® Oc¢)).
That means, that the identity morphism on 1,i*(G®O¢) must correspond

to an isomorphism from G ® O¢ to 1,i*(G ® O¢) via these identifications.
(C.4) follows from (C.3) and once more [Har77] I11.2.10.

O

C.3 Corollary
In the situation of Lemma I1.2.4 we have:

(C.5) HO(C, m.O&(E) @0, Oc(C)) = H(L, m.Ox(E) @0, Oc(C)), and
(C.6) H®(C, .03(E) ®0, Oc(C)) = H°(L, m,0%(E) @0, Oc(C)).
Proof: We denote by j : CoXandi:C— X respectively the given embed-
dings.
(C.5) By (C.2) in Lemma C.2 we have:
H°(C, .0&(E) ®0. Oc(C)) = HO(Z,i* (71.0&(E) ®o. Oc(C)) ®oy Oc)-
By the projection formula this is just equal to:
HO(Z, (1..0z(E) ®o, O5(C)) ®o, Oc) = H°(L, m.j. O(E) ®o, Oc(C))
=def H°(Z, .O&(E) @0, Oc(C)).
(C.6) Using (C.4) in Lemma C.2 we get:
H°(C, .05 (E) ®0; Oc(C)) =gef HO(Qi* (7. 05(E) ®o, OC(C))) =

H®(Z, m.05(E) ®o, Oc(C)).

C.4 Lemma
Let F be any coherent sheaf on L. Then the kernel of the natural map

o
Qi1 Ix(misz)/z @ F — Ixmazy/z - F

has support contained in {z4, ...,z
Moreover, if F is locally free, then b is an isomorphism.
Proof: We have Ker(d), = Ker(6,) and for z & {z,...,z,} the map b, is given

by
®{:1 OZ»Z & JTZ 7 OZ,Z . fz

f1®...®fr®g|_>f1...fr.g)

and is thus an isomorphism.
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Suppose now that F is locally free and that z € {z4,...,z,}. Then 8, is given by
Oz,zi®"'®m;izi®"'®ol,zi®02,li 4>m;‘zl

f1®...®fr®g; >f1"'fr'9,

which again is an isomorphism. O

C.5 Lemma
With the notation of Lemma I1.2.4 we show that supp (Ker(y)) C{z1,...,z:

Proof: Since 7: £\ (Ui_;E)) — Z\{z1,...,z,} is an isomorphism, we have
for any sheaf F of Oz-modules and y € X\ (U;_, E¢):

(T F)npy) = lim F(n (V) =lim F(U) = F,.

m(y)eVv yeu
In particular,
(H*OE(E) ®oy OC(C))ﬂ(y) = Oi,y ®Oz,n(y) OC,TE(U) = OZ»W(U) ®Oz,n(y) OC,TE(y))

and

(m.0&(E) ®o; Oc(C)) ) = Oy @05 iy Ocinty) = Ocinty) @05 ) Ocmty)-

Moreover, the morphism <y, becomes under these identifications just the
morphism givenby a®b =1® ab — a® b = 1 ® ab, which is injective. Thus,
0 = Ker(yn(y)) = Ker(y) ), and 7t(y) ¢ supp(Ker(y)). 0

C.6 Lemma
Let X be an irreducible noetherian scheme, F a coherent sheaf on X, and s €
HO(X, F) such that dim (supp(s)) < dim(X). Then s € H°(X, Tor(F)).

Proof: The multiplication by s gives rise to the following exact sequence:
0 — Ker(-s) — Ox —> F.

Since Ox and F are coherent, so is Ker(-s), and hence supp (Ker(-s)) is closed
in X. Now,

supp(Ker(-s)) ={ze X[d0#1,€ Ox,:1,-5, =0}

={z € X|s, € Tor(F,)}

But then the complement {z € X | s, ¢ Tor(F,)} is open and is contained in
supp(s) (since s, = 0 implies that s, € Tor(F,)), and is thus empty since X is
irreducible and supp(s) of lower dimension. O
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D. Some Facts on Divisors on Curves

D.1 Remark

Let C = C;U...UCy be areduced curve on a smooth projective surface X over
C, where the C; are irreducible, and let £ be a line bundle on C. Then we
define the degree of £ with the aid of the normalisation v : C’ — C. We have
H2(C,7) = @Y , H3(C,Z) = Z¥, and thus the image of £ in H?(C, Z), which is
the first Chern class of £, can be viewed as a vector (1y,..., ;) of integers, and
we may define the degree of £ by

deg(L) =11+ - -+ L.
In particular, if C is irreducible, we get:
deg(L) =deg(v'L) =c1(Vv'L).

Since H°(C, £) # 0 implies that H°(C’,v*£) # 0, and since the existence of a
non-vanishing global section of v*£ on the smooth curve C’ implies that the
corresponding divisor is effective, we get the following lemma. (cf. [BPV84]
Section I1.2)

D.2 Lemma
Let C be an irreducible reduced curve on a smooth projective surface L, and let
L be a line bundle on C. If H°(C, L) # 0, then deg(L) > 0.

When studying divisors on geometrically ruled surfaces or on products of
curves, we need the following estimation of the number of independent sec-
tions of a divisor on a curve.

D.3 Lemma
Let C be a smooth projective curve over C of genus g and let ¢ € Div(C) with
deg(c) > 0. Then h°(C,¢) < deg(c) + 1.

Proof: Let us suppose that ¢ is effective, since otherwise h°(C, ¢) < 1 anyway.
Then the inclusion

Oc(Ke — ) Oc(Kc)
implies that h°(C, K¢ —¢) < h®(C,K¢) = g. Hence by the Riemann-Roch For-

mula we get

ho(C,¢) =deg(c)+1—g+h%C,Kec—¢) < deg(c) +1.

E. Some Facts on Divisors on Surfaces

In this section we gather some simple facts on divisors on smooth surfaces
which are used throughout the paper.

E.1 Lemma
IfNS(L) =L - Z, then either L or —L is ample.
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Proof: Since X is projective, there exists some very ample divisor H, and by
assumption H ~, h- L for some 0 #h € Z. W. 1. 0. g. h > 0. Thus

L= H*>0,
and for any irreducible curve C C X
1
LC=4 -HC>0.
Therefore, by the Nakai-Moishezon Criterion L is ample. O

E.2 Lemma
Let ¥ be any smooth projective surface and let A, B € Div(X) be such that A is
effective, reduced and —A? > A.B > 0. Then

(a) h°Z,A+B)="hoZ% B).
() If(B—Kz).A >0, then h'(£,A + B) = h!(L, B).

Proof:

(a) We note that the divisor OA(A + B) has degree A.(A +B) < 0 and is thus
not effective, i. e. h°(A, OaA(A 4+ B)) =0.
Considering the exact sequence

0 — O3(B) =25 O5(A + B) — OA(A +B) — 0, (E.1)
the statement is implied by its long exact cohomology sequence

0 — Ho(L,B) — HO(L,A +B) — H°(A, OA(A +B)) =0.

(b) By assumption 0 > A.(Kz — B) = deg (Oa(Kz — B)) = deg (Oa(Ka) ®
Oa(—A —B)). Hence

0 =h°%(A, Oa(KA) ® Oa(—A —B)) =h'(A, Oa(A + B)).

Hence once more the long exact cohomology sequence of (E.1) finishes
the proof:

0 — H'(Z,B) — H'(£,A + B) — H'(A, OA(A + B)) =0.

[
E.3 Remark
Note, that the condition reduced in Lemma E.2 is necessary.
First of all, if E C £ is a smooth rational curve with E> = —1, then the restric-

tion sequence
0— OE(—E) — OZE — OE — 0

tensored by E shows that
h°(2E, Oz (E)) = hO(E, O) =1

even though deg (O (E)) = 2E.E = —2 < 0. Therefore, the argument given in
the proof does not work.
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Moreover, suppose the I is the blow-up of P? in a single point with E the
exceptional divisor and H the strict transform of a line. Let A = 2E and
B =H—E, then —A2 =4 > 2 = A.B. That is, the prerequisites of part a. of the
lemma are fulfilled. However,

ho(Z,A+B)=h%Z,H+E)=h°X H)=3+#2=h%Z,H-E)=nh'ZB).

Note also, that if A = nC for some irreducible curve C such that —C? > C.B
then part a. of Lemma E.2 still holds true. O

We reformulate the Hodge Index Theorem from [BPV84] in the following well
known equivalent form which suits our purposes better.

E.4 Theorem (Hodge Index Theorem)

Let H,D € Div(Z) ® Q be Q-divisors with H> > 0. Then H? - D? < (H.D)? with
equality if and only if D ~,, «H for some « € Q.

Proof: We set « = —2 ¢ (). Then H.(D + aH) = 0 and by the standard

H2

Hodge Index Theorem (cf. [BPV84] Corollary 2.15) we have
0> (D+aH)?=H?-«*+2-H.D- - «+ D2
We define a polynomial function
o R-R:t—H* - t*+2-H.D- -t+D?

Since the leading term H? is positive, there is some value B € R such that
©(p) > 0. However, ¢(«) < 0, and thus by the Intermediate Value Theorem
@ has at least one zero. This, in turn, implies that the discriminant of the
polynomial ¢ is non-negative, i. e.

4.(D.H)?*—4-D?-H?*>0.

Moreover, equality holds precisely if ¢ has just one zero and is thus always
non-negative, in particular we must have 0 = ¢(«) = H.(D 4+ «H). But then
by the standard Hodge Index Theorem we get D+aH ~,, 0,i.e. D ~,, —aH. [

Finally we state the Theorem of Bertini in a version which is suitable for our
purposes and which can be found in [Wae73] § 47, Satz 3 and Satz 4, and we
deduce some corollaries.

E.5 Theorem (Bertini)
Let X be a smooth projective surface, D € Div(X) a divisor and D C |D|, a linear
system without fixed part. Suppose that every curve in D is reducible.

(a) Two general curves in D intersect only in the base points of D.

(b) There exists an irreducible one-dimensional algebraic family F of curves
in X, whose general element is irreducible, such that the irreducible com-
ponents of any curve in D belong to F.

(c) There is a very general subset U of = such that through every point of U
there passes a unique curve in F.
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(d) The base locus of F and D coincide. In particular, if the base locus is
non-empty, the elements of D are all singular.

Proof: Part (a), (b) and (c) are just Satz 3 and Satz 4 in § 47 of [Wae73]. For
Part (d) we note that if p is in the base locus of F, then every curve in F
passes through p and thus by Part (b) also every curve in D passes through
p, i. e. p belongs to the base locus of D. Now suppose that p was a point in
the base locus of D which does not belong to every curve in F. The set F,, of
curves in F passing through p is a strict, closed subvariety of 7, and since F
is irreducible of dimension one, 7, = {C;, ..., C,} is a finite set. Since D has no
fixed component and is irreducible as a linear system, the subsystem D, of
curves in D having C; as component is a closed subsystem of lower dimension.
But then the union | J;_; D¢, is not all of D, in particular there is a curve C € D
containing none of the C;. By Part (b) C is composed of curves in F, and thus
C does not contain the point p in contradiction to p being a basepoint of D.
Thus, every base point of D is also a base point of F.

If the base locus is non-empty and every element of D has at least two irre-
ducible components, then they will intersect in the base locus and the element
of D is thus singular. H

E.6 Remark

Let £ C P be a (not necessarily) smooth projective surface and let z € ¥ be
fixed. We consider the Fano variety F;(X) of lines in P* contained in X. This
is a closed subvariety of the Grassmannian G(1,n). (Cf. [Har92] Ex. 6.19.)

Now, let’s restrict to the closed subvariety of lines in F;(XZ) containing z and
consider the associated universal family

FE={lpeh@xI|zpell— Z:(Lp)—p.

The image, say F,, in X is closed since the projection is a projective morphism.
Thus it is either all of Z, or a finite union of lines — possibly none.

F, is all of X if ¥ is linear in P*, and it might happen when z is a singular
point,e. g. L ={xox; —x3=0}CPPandz=(0:0:0:1).

E.7 Lemma

Let ¥ C P a non-linear projective surface. If z € L is not singular, then a
general secant line through z is not contained in X. In particular, F, is a finite
union of lines.

Proof: Since z € ¥ is regular, Oy, = Opr ./(f1,...,fn2), where (fy,...,f )
is a regular sequence in Orpp 2- For generic linear forms 1,1 € C[xo,...,Xnl1
through the point z, the sequence (fy,...,f, 2,1,1’') will then be regular. This
in particular means that the linear n — 2-space H = V(1,1’) intersects X in z
transversally, i. e. with intersection multiplicity 1 and z is an isolated point of
H N Z. Since X is not linear H intersects X in at least one more point z’ by the
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Theorem of Bézout, and then zz’ ¢ X. This proves the first assertion, and by

Remark E.6 we also know that F, is a finite union of lines. O

E.8 Corollary
Let ¥ C P be a smooth projective surface embedded via the very ample divisor
L. For z € £ we denote by B, the set F, if L is not P? and the empty set otherwise.

(a)

(b)

For z € ¥ and z* € L\ B, then a general hyperplane section through z
and z* is smooth and irreducible.

Given distinct points z1,...,z, € X, the set U of points z € X such that for
a point z* € ¥\ B, there is a smooth and irreducible hyperplane section
through z and z* containing at most one of the z; for j = 1,...,7is open
and dense in L.

Proof: If £ = P? then in Part (a) and (b) a line through z and z* will do. We
may thus assume that X~ is not the projective plane and is thus not a linear

subspace of P

(a)

(b)

Consider the linear system L, .- of hyperplane sections in |L|; which pass
through z and z*. The only base points of the linear system are the points
on the line zz*, which by assumption is a finite number of points.

By the Theorem of Bertini (cf. [Har77] 11.8.18 and I11.10.9.2) the general
element of £, ,- will be smooth outside the base locus. However, since
the local rings of X at the finite number of base points are regular, i. e.
Ogn .» modulo some regular sequence (f1, ..., f,, 2), a general linear form
1 € Clxp,...,xnl7 will be a regular element in all of them. That means a
general hyperplane section will also be smooth in the finite number of
base points.

It remains to show that the general hyperplane section will also be ir-
reducible. Suppose the contrary, that is that all hyperplane sections are
reducible. By the Theorem of Bertini E.5 then all elements of £, .- would
be singular, since the base locus is non-empty.

Let U =X\ {J;,ziz;. Then forz € U and z* € £\B, a general hyperplane
section through z and z* will be irreducible and smooth. However, by the
choice of z the points z; and z; do not both belong to the line zz*, hence a
general hyperplane section through z and z* will not contain both z; and
z;.

O

E.9 Corollary
Let L be very ample over C on the smooth projective surface X.

(a)

There is a general subset U C £ x X such that for (z, z*) € U, thereis a
smooth connected curve through z and z* in |L|.. Indeed, a general curve
in |L|, through z and z* will be so.
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(b) Given distinct points z,,...,z, € L, the set U of points z € ~ such that for
a general point z* € L there is a smooth connected curve through z and
z*in |L| containing at most one of the z; for j =1,...,1is open and dense
in X.

Proof: Considering the embedding X C P defined by L the curves in [L|, are
in one-to-one correspondence with the hyperplane sections. The result thus
follows from Lemma E.8. O

E.10 Remark

To be more precise, for two points z, z* € X~ the linear system |L|; in Lemma E.9
does not contain a smooth and irreducible curve C trough z and z* if and only
if the linear system has a fix component through z and z*. Having embedded
the surface X into B via L this means that the secant line through z and z*
liesin X.

If we consider e. g. £ = P! x P! with L = Ox(1,1), then for two points on the
lines {p} x P! respectively on P x {p} there is no smooth curve in |L|; through
the two points.

F. The Hilbert Scheme Hilby

Hilby denotes the Hilbert scheme of zero-dimensional schemes of degree n.

F.1 Lemma

Let D € Div(X) be a divisor and X C X be a zero-dimensional scheme of degree
n with h' (Z,jx/z(D)) = 0. Then there is an open, dense, irreducible neigh-
bourhood U = U(X) C Hilby of X such that h'(Z, Jy/s(D)) =0 for any Y € L.

Proof: We consider the universal family of Hilby:

X Hilb} xX 455 5, (F.1)
nl /
Hilb}

where pr and pry denote the canonical projections. In particular 7w and pr are
flat, that is Oy «x and Oy are flat Oy -modules via pr and 7 respectively.
From the exact sequence

0 — Jx — Onig xz = Ox — 0

it thus follows that the ideal sheaf Jx of X' is flat over Og,r. Moreover, by
Lemma F.3 also the sheaf Jx(D) := Jx ®oyyn ,» Prs O=(D) is flat over Oy .
The Semicontinuity Theorem (cf. [Har77] IIL. 12.8) therefore implies that the
function

o : Hilby — Z: Y — dimyy) H' (pr' (Y), Jx(D)y)

is upper semi continuous.
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Now, for Y € Hilby the restriction pry : pr'(Y) = {Y} x £ — X is an isomor-
phism, and this isomorphism induces

Y=Z{V)xY=nm'Y)spr'(Y)={VIxZ=X
and Jyy = pry, Jxy = Jy/z. With the aid of the projection formula we deduce
(jX(D))Y = pry, (Jx DOy xx pry Oz (D)) = pry, Jx ®o, Ox(D) = Jv/=(D).

Thus dimyy,H'(pr~'(Y), Jx(D)y) = h'(Z, Jy=(D)), and the upper semicon-
tinuity of « implies that the set U = {Y € Hilby | h'(Z, Jyz(D)) = 0} is a
non-empty open subset of Hilby. Since the latter is smooth and connected,
hence irreducible, U is dense and irreducible. O

F.2 Lemma
Let ¢ : B — A and 1\ : C — A be morphisms of rings. If the A-module M is flat
over B and if N is a free C-module, then M ®c N is a flat B-module.

Proof: Let 0 —» K’ - K — K” — 0 be an exact sequence of B-modules. Since
M is flat over B, we have
02K @M —=2K@gM = K'"@gM — 0

is an exact sequence of B-modules, and thus via ¢ also of A-modules, but then
via 1\ of C-modules. Since N is free, hence flat, over C we moreover have

O%KI(X)BM@CN%K@BM@)CN%K”@BM@CN%O

is an exact sequence of C-modules, and thus it is exact as a sequence of B-
modules. O

F.3 Lemma

Let f: X = Yand g : X — Z be two morphisms of schemes. If the Ox-module
F is flat over Oy and if G is a locally free Oz-module, then F @0, g*G is a flat
Oy-module.

Proof: Let x € X be given. We set y = f(x), z = g(x), A = Oxx, B = Oyy,
C=0z,90=f":BoA,v=g":C— A, M =F,and N = G,. By assumption
M is flat over B and N is free over C. Moreover,

(F @0y 9°G), = (F @0y Ox @y 10, 97'G) . = Fx @0, G- = M &c N.

Thus the statement follows from Lemma F.2 O
G. Examples of Surfaces

G.a. Geometrically Ruled Surfaces

Let £ =P(£) =5 C be a geometrically ruled surface with normalised bundle
£ (in the sense of [Har77] V.2.8.1). The Néron—Severi group of X is

NS(Z) = CoZ @ FZ,
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with intersection matrix

—e 1
10/
where F = P/ is a fibre of 7, Cy a section of 7t with Ox(Co) = Opg)(1), g = g(C)
the genus of C, ¢ = A’ and e = —deg(¢) > —g.2% For the canonical divisor we

have
Ks~q—2Co+(2g—2—¢)-F
where g = g(C) is the genus of the base curve C.
In [Har77] V.2.18, V.2.20 and V.2.21 there one finds numerical criteria for an
algebraic divisor class aCy+ bF to be ample respectively to contain irreducible

curves. The following lemma on the nefness of aCy + bF is an easy deduction
of these statements.

G.1 Lemma

Let C ~, aCy + bF be given.
(@) Ife >0, then Cisnefifandonlyifa>0andb > ae.
(b) Ife <0, then Cisnefifandonlyifa>0andb > 5.

(¢) Ife <0, then any curve C C L is nef.

Proof: For (a) and (b) we note that a divisor is nef if and only if it belongs to
the closure of the ample cone in NS(X) ® R (cf. [IsS96] p. 162 and p. 175). The
results thus follow from [Har77] V.2.20 b. and V.2.21 b.

It suffices to show (c) for irreducible curves, since the sum of nef divisors is
nef. If, however, C is irreducible, then by [Har77] V.2.20 a. and V.2.21 a. the
divisor is nef in view of (a) and (b).

O

In Chapter II we have to examine special irreducible curves on £. Thus the
following Lemma is of interest.

G.2 Lemma
Let B € |aCy + bF|, be an irreducible curve with B> = 0 and dim |B|, > 1. Then
we are in one of the following cases

(G.1) a=0,b=1and B~.F,
(G.2) e=0,a>1,b=0, and B~, aCy, or
(G.3) e<0,a>2b=5F<0,andB~,aCo+ 5 -F.

Moreover, if a =1, then £ = Cy x P

23By [Nag70] Theorem 1 there is some section D ~, Co + bF with g > D? = 2b — e. Since
D is irreducible, by [Har77] V.2.20/21 b > 0, and thus —g < e.
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Proof: Since B is irreducible, we have
0<BF=a and 0<B.Co=b-—ae. (G.4)

If a = 0, then |B|, = |bF|, but since the general element of |B|, is irreducible,
b has to be one, and we are in case (G.1).

We, therefore, may assume that a > 1. Since BZ = 0 we have
0=B*=2a(b— %), hence b=2<. (G.5)

Combining this with (G.4) we get e < 0.

Moreover, if e = 0, then of course b = 0, while, if e < 0, then a > 2 by [Har77]
V.2.21, since otherwise b would have to be non-negative. This brings us down
to the cases (G.2) and (G.3).

It remains to show, that B.F = a = 1 implies £ = Cy x P!. But by assump-
tion the elements of |B|, are disjoint sections of the fibration . Thus, by
Lemma G.3, £ = C x P/ O

G.3 Lemma

If t: £ — C has three disjoint sections, then ¥ is isomorphic to Cx P, as a ruled
surface, i. e. there is an isomorphism « : £ — C x P! such that the following
diagram is commutative:

24>C><IP1

e

Proof: 7 is a locally trivial P-bundle, thus C is covered by a finite number of
open affine subsets U; C C with trivialisations

s %U x P

which are linear on the fibres.

The three disjoint sections on X, say Sy, Sy, and S, give rise to three sections
Si, Si, and St on U; x P]. For each point z € U; there is a unique linear
projectivity on the fibre {z} x P! mapping the three points po. = S§n ({z} x B),
p1-=SiN({z}xR'), and ps . = SL, N ({z} x ) to the standard basis 0 = (z, (1:
O)), 1= (z, (1: 1)), and co = (z, (0: 1)) of P! = {z} x P]. If py, = (z, (xo: yo)),
Pz = (z,(x1 : y1)), and pw - = (2, (X : Us)), the projectivity is given by the
matrix

(oY1 —YoX1)Yco (oY1 —yox1 )xoo
A — | You1Eo—YoxiXoo Yoo —X0U1Xo0 Yoo +X0X1 Yoo YoY1XBo —YoX1 Xoo Yoo ~X0 Y1 Xo0 Yoo +X0 X1 Yoo

Yo X0
X0 Yoo —Y0 Xoo X0 Yoo —Y0 Xoo
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whose entries are rational functions in the coordinates of po ., p1 ., and pe ..
Inserting for the coordinates local equations of the sections, A finally gives
rise to an isomorphism of P'-bundles, i. e. a morphism which is a linear iso-
morphism on the fibres,

o U x P) = Uy x P!
mapping the sections S§, S}, and S!_ to the trivial sections.

The transition maps
oG @y @51 |
Uy x Pl —— Uy x P! —— w1 (Uy) —— Uy x B —— Uy x B,
with U;; = U; N Uj, are linear on the fibres and fix the three trivial sections.
Thus they must be the identity maps, which implies that the «; o @i, i =
1,...,7, glue together to an isomorphism of ruled surfaces:

Z—>C><]P1

N

See also [IsS96] p. 229. O

Knowing the algebraic equivalence classes of irreducible curves in X which
satisfy the assumptions in Condition (I1.1.5) we can give a better formulation
of the vanishing theorem in the case of geometrically ruled surfaces.

In order to do the same for the existence theorems, we have to study very
ample divisors on X. These, however, depend very much on the structure of
the base curve C,2* and the general results which we give may be not the best
possible. Only in the case C = P! we can give a complete investigation.

G.4 Remark
The geometrically ruled surfaces with base curve P, are, up to isomorphism,
just the Hirzebruch surfaces F. = P(Op @ Opi(—e)), e > 0. Note that
Pic(F.) = NS(F.), that is, algebraic equivalence and linear equivalence co-
incide. Moreover, by [Har77] V.2.18 a divisor class L = «Cy+ BF is very ample
over C if and only if ® > 0 and > xe. The conditions throughout the exis-
tence theorems turn out to be optimal if we work with L = Co+ (e+1)-F, while
for other choices of L they become more restrictive.?’
24Cf. [Har77] V.2.22.2, Ex. V.2.11 and Ex. V.2.12.
% Let L’ = aCo+ BF,thenD — L' —Kp, = (a+1—a)-Co+ (b+1+e—p)-F, and thus
the optimality of the conditions follows from
(IIL.1.8b)  (D—L1'—Kp,)2=(a+T—a)- (2-(b+T4+e—Pp)—(a+1—a)-e) <a((2b—
ae) + (ae+e+2—2B)) <a-(2b—ae)=(D—L—Kp,)?,
(I11.1.9b) (D—L'—Kp,).F=a+1—ax < a = (D—L—Kg,).F,and fore =0, (D—L'—Kp,).Co =
b+1—-pf<b=(D-L-Kyg,).Cop, and

(IT1.1.11b) b+l1+e—pP>e(a+1—«)impliesb>b+ex+1—p > ae.



G. EXAMPLES OF SURFACES 185

In the case C % P!, we may choose an integer | > max{e + 1,2} such that the
algebraic equivalence class |Cy + 1F|, contains a very ample divisor L, e. g. | =
e + 3 will do, if C is an elliptic curve.?® In particular, 1 > 2 as soon as L #
B! xR/

With the above choice of L we have g(L) = 1+L2+% = 14 {et2UHe2iled) _ g
and hence the generic curve in |L|; is a smooth curve whose genus equals the

genus of the base curve.

Finally, in several situations we need a thorough knowledge on the cohomol-
ogy groups of a divisor on a surface. We therefore prove the following lem-
mata.

G.5 Lemma

Let D ~, aCy + bF with b € Div(C) of degree b = deg(b), let a’ = max{k | a
k>0,b>ke}l, a” =min{fk |a >k >0,b>ke}, a* =min{k | a >k >0,b
ke +2g—2land a** =max{k |a >k > 0,b < ke +2g — 2.7

(a) Let a<0,then h°(L,D)=0.
(b) Leta>0.Ife>0, then

h%(£,D) =h%(L,a’Co+bF) < Y h°(C,Oc(k-e+b))
k=0
<ab+a+b+1—e- a/(“f”,

while if e <0, then

h%(Z,D) < Y h%(C,Oc(k-e+b))

k=a"
<(ab+atbti—c 50) (a4 a” e <lan),
(c) Let a>0.1Ife >0, then

h1(z,D)g§ h'(C,Oc(k - e+ b)),
k=a*
while if e <0, then

a**

h'(£,D) < ) h!(C,Oc(k-e+b)).
k=0
(d) If €& is decomposable and a > 0, then forany i€ Z and a > 0

/

h'(Z,D) =Y h'(C,0Oc(k-e+b)).
k=0

261 will be the degree of a suitable very ample divisor d on C. Now ? defines an embedding
of C into some PN such that the degree of the image C’ is just deg(d). Therefore, deg(d) > 2,

unless C’ is linear (cf. [Har77] Ex. 1.7.6), which implies C = P'.
27If a minimum does not exist, we set its value to a + 1, and likewise we set a non-existing

maximum to —1.
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(e) Ife=0and D nef, then a’ = aand a” =0.
(f) Let g(C)=1and a>0. Ife >0, then
ho(£,D) < a'b+b+1—e- L&

and if in addition b > a’e, then even
a’(a’+1)

0
ho(L,D)<ab+b—e- 212

If?® e = —1, then

a(a+1) .
ab+b+=5—, if b >0,
ab + 4@t 4 bt ifO>b>—%andb4b-e,
h°(£,D) < z 2 fozbz-3andbA
ab+ 1+ 28t L PO 0 >b > —Sand b~ b e,
\O, if —5>0.
(g) Ife<Oand a >0, then setting b’ =b — 5
)
ho(L,D)<ab’+a+b +1—5 - (b+1+%)"
Moreover, if D is effective, then
eaz
h(L,D)<ab'+a+b +1—L (b +%2)
and
h(E,D)<ab’+a+b +1—-%£.a%
Proof:

(a) Ifa<0,then 0> a=D.F, which is impossible for any curve.

(b) We consider the exact sequence
0 — Ox((a—1)Co+ bF) — Ox(aCo+ bF) = Oc, (aCo + bF) — 0. (G.6)
Taking into account that O¢,(aCy + bF) = Oc(ae + b) the long exact
cohomology sequence of (G.6) gives
h°(Z,aCo+ bF) < hO(L, (a —1)Co + bF) + h%(C, Oc(ae + b)).

By induction on a, starting with a = 0, we thus get

h°(Z,D) < ihO(C,OC(k- e+b)).

k=0
For the induction basis a = 0 we note that by [Har77] Ex. II1.8.3 and

Ex. I11.8.4 and by the projection formula we have for all i > 0

R'7, (bF) = R, (O @ b)) = R\, O5r ® b = 0,

and thus by [Har77] Ex. II1.8.1,

h'(Z,bF) = h'(C,b) forall i>0. (G.7)

BIfg=1and e <0, thene=—1.
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If e > 0 and k > a’ respectively if e < 0 and k < a”, then deg(ke + b) =
—ke +b < 0 and

h®(Co, Oc, (kCo + bF)) = h°(C,Oc(ke + b)) = 0.

Thus, if e > 0 we have

a/

ho(L,D) < ) h%(C,Oc(k- ¢+ b)),

k=0

andife <0

hO(£,D) < } h%(C,Oclk-e+b)).
k=a’
By Lemma D.3 for e > 0 and k < a’ respectively e < 0 and k > a” we
have h°(C,Oc(k-e+ b)) <b—ke+ 1. Thusife >0

/

3 h(C, Ol ¢4+ b)) < a'b o'+ b4 1—e- 1ol

k=0

and

i ho(C,Oc(k - e+ b))

k=a’

< (ab +a+b+1—e- —“(“;”) — (a”b +a"—e- a,,(azu_”).
It remains to show that for e > 0 and a > a’,
h°(L,aCo + bF) = h%(L,a’Co + bF).

Since a > a’, deg(ae + b) = —ae + b < 0, the long exact cohomology
sequence of (G.6) implies

h°(Z,aCo+ bF) = h°(Z, (a—1)Co + bF).
The result thus follows by descending induction on a for a > a’.
The long exact cohomology sequence of (G.6) gives
H'(Z, (a—1)Co+ bF) — H'(Z, aCo + bF) — H'(Co, Oc,(aCo + bF)).
We thus get
h'(Z,aCo+ bF) <h'(Z,(a—1)Co + bF) + h'(C,Oc(ae + b)),

and by induction on a, starting with a = 0 — see (G.7) —, we find

h'(Z,D) < > h'(C,Oc(k-e+b)).

k=0

However, if e > 0 and k < a* respectively if e < 0 and k > a**, then
deg(ke + b) =b — ke > 2g — 2 and thus h'(C, ke + b) = 0.



188

(d)

(e)

®

(g)

APPENDIX

See [FuP00] Lemma 2.10. Replacing the section Cy, by a section in
|Co — ¢F|q, which only exists in the decomposable case, they do basically
the same considerations as in (a) — however, they get surjectivity at the
important positions in the long exact cohomology sequence.

If e = 0 and D nef, then by Lemma G.1 we know that a,b > 0 and thus
a’=aand a” =0.

Let us consider the case e > 0 first. By part (a) we know h°(Z, D) <
Z{Z;O h(C,Oc(k - ¢ + b)). Moreover, we have

>0, ifk=0,...,a" —1,
deg(k-e+b) =b—ke andifk =a’and b > d’e,
>0, ifk=adad.

By Lemma G.14 we thus get

b — ke, ifk=0,...,a’ —1,
ho(C,Oc(k-e+b)) < andifk = a’ and b > a’e,
b—ke+1, ifk=ad'

Thus the claim for e > 0 follows. Let now e = —1. The claim then is
implied by the following considerations.
If b > 0, then obviously b > —k = ek for all k =0,...,a and thus a” = 0.

Moreover, as above we see deg(k-¢+b)=b+k>0forallk=0,...,ain
this case, and thus h°(C,Oc(k- ¢+ b)) = b + k for all k.
If0O>b > —a,thena” = —b and deg(k-e+b) =b+k > 0 for k =

—b+1,...,a. Therefore we get h°(C,Oc(k- ¢+ b)) = b+ k for all k =
—b+1,...,a. If, moreover, b —b - ¢ 4 0, then h®(C,Oc(—b-e+b)) =0,
while if b — b - ¢ ~ 0, then h%(C,Oc(—b-e+b)) = 1.

Finally, if —5 > b then |D|; is empty by [Har77] V.2.21.

Since e is negative, any of the expressions —5-- (b+1+ %)2, —5 - (b'+29) 2
and —z—j - a? is non-negative. Moreover, for b > 0 we have a” = 0 and
thus h°(Z, D) = ab’ + a + b’ + 1. The inequalities are thus fulfilled for
b > 0.

It remains to verify them for b < 0, that is, for b < 0 we have to show
that —(a”b +a’"—e- %) is bounded from above by any of these
three expressions.

Let b < 0 be given, and consider the function

(p:IR—)R:’U—)%-tZ—(b—i—]-i-%)-t.
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The derivative 92(t) = e-t — (b + 1+ ) has its unique zero at t =
1.(b+1+%) and ¢ thus takes its maximum there. That is,

o (a”b—i—a”—e- a -(3 71)> _ (p(a//)
S(p(le-(b+1 +§)) =L (b+1+9)7"
This proves the first inequality.

If D is effective and b < 0, then by [Har77] V.2.21 a>2and 0 > b > 5.
But then b’ + 3£ =b + <2 < b+ 1+ £ < 0 and therefore

2
—% (149 <% (04 32),
which gives the second inequality. And finally, since b’ =b — % > 0 in

this situation, we get 3¢ < b’ + 3¢ < 0 and thus

2
_1 . (p’ 4 3ea _ % . 42
2¢ (b+4> < —3-an

G.6 Lemma
Let ¥ = F.and let D = aCy+ bF, a’ = max{k | a > k,b > ke} and a* =
max{k| —a—2>k,b+2+e < kel

;

0, ifa=—lor(a>0andb>ae—1)
or(a<—-2andb<—(a+1)-e—1),
e-@—ab—a—b—17é0, ifa>0and b <0
(@) h(ID)— and (a,b) # (0,—1),
e- " 1. (k+1)#0, ifa>0and
0<b=(a—1)-e+k<ae—2
withl1 <1<a,0<k<e,
kW(Z,K):—D), if a < -2
(O, ifa<0orb<0,
(b) ho(Z,D)= ab+a+b+1—e-@, if0<aand ae<b,
\a’b+a’+b+1—e-a/(a2/+”, if0<aand 0<b < ae.
0 ifa>—2o0rb>-2—ce,
(© hL.D)— ab+a+b+1—e~@ ifa<—-2b+2+e<ae,
a*b+a*+b+1—e-“*(“2*+” if a < —-2and
ae<b+2+e<0.

Proof:
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(a) By the Theorem of Riemann-Roch we have

D2- DK e
X(D):%+x(oz):ab+a+b+1—e-%.

The result is thus an application of part (b) and (c).

(b) This follows from Lemma G.5 (d) taking into account that for a divisor
Op; (d) on F! of non-negative degree we have h°(E], Op(d)) = d + 1.

(c) By Serre duality we have
h*(£,D)=h%%L, Kz —D)=h%Z,(—a—2)-Co+ (-b—2—¢) - F).

The result thus follows by simple calculations from part (b).

G.b. Products of Curves

Let C; and C, be two smooth projective curves of genera g; > 0 and g, > 0
respectively. The surface ~ = C; x C; is naturally equipped with two fibrations
pr; : £ — Ci, i = 1,2, and by abuse of notation we denote two generic fibres

pr; ' (p2) = Cy x {p2) resp. pr; ' (p1) = {p1} x C, again by C; resp. C,.
G.7 Lemma
Let D € Div(X) be a divisor such that D ~ pr5a + prj b with a € Div(C;) of
degree a and b € Div(Cy) of degree b.
(@ D~qaCy+bCy

(b) If ais very ample on C, and b is very ample on C,, then pria ® prib is
very ample on L.

(¢) Ifa>2g,+1andb > 2g;+1, then pria ® prj b is very ample on .
(d) Disampleifandonlyifa,b>0.
(e) Disnefifandonlyifa,b>0.
(f) D is effective if and only if a,b > 0 and (a,b) # (0,0).
(8) Kz =pr;Ke, +priKe, ~a (292 —2)Cy + (291 — 2)Ca.
Proof:

(a) Obviously D ~ pria+ prib~, a’C; + b’C; for some a’,b’ € Z. But then
a’ = D.C; = deg (Oc,(D)) = deg(a) and b’ = D.Cy = deg (O, (D)) =
deg(b).

(b) aand b induce embeddings of C, and C; into some projective spaces P*
and B™ respectively. Thus prja ® prj b induces the embedding into the
product of these spaces and is the pullback of the very ample line bundle
Opn (1) ® Opy (1) which induces the Segre embedding of )" x I,™.

(c) By [Har77] IV.3.2 then a and b are very ample, and we are done with
(b).
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(d) If D is ample, then a = D.C; > 0 and b = D.C; > 0. On the other
hand, if a,b > 0 we may choose some n > 0 such that na > 2g, + 1 and
nb > 2g; + 1, and thus nD is very ample, which implies that D itself is
ample.

(e) IfDisnef,thena=D.C;>0andb=D.C; > 0.
Now let a,b > 0. Since any irreducible curve which is not a fibre of pr; is
intersected by some fibre of pr;, the fibres of pr; are nef, i = 1,2. Hence,
D is nefif a = 0 or b = 0. If, however, both are strictly positive, then D
is even ample, hence in particular nef.

(f) If D is effective, then 0 < D.(nC; + mC;) = ma + nb for all n,m > 0.
Hence, neither a nor b can be negative. The converse is obvious.

(g) See [Har77] Exercise 11.8.3 and Example 1V.1.3.3.
0]

In many situations we are interested in the cohomology groups of a divisor
of the type prja + pr3b. The Kiinneth-Formula implies the following useful
results.

G.8 Lemma
Let a € Div(C,) and b € Div(Cq) and let 1 € Z, then

hY(Z,pria+prib) = > h¥(Cza)-h"5(Cy,b).
k=0

In particular, h°(Z, prya+ prib) = h®(Cz,a) - h°(Cq, b).

Proof: The Kiinneth-Formula (cf. [Dan96] 1.1.7) gives

HY(Z, pria+prib) = > HNCsa) ® H¥(Cy, b),
k=0

and thus the result follows. O

G.9 Corollary
Let D € Div(X) be a divisor such that D ~ aC;+bC, with a € Div(C,) of degree
a> 0and b € Div(C,) of degree b > 0. Then:

ho(Z,pria+prib) < (a+1)-(b+1).

Proof: By Lemma G.8 it suffices to show that for a divisor ¢ € Div(C) on a
smooth projective curve C we have h°(C, ¢) < deg(c)+1. This, however, follows
from Lemma D.3. U

(.10 Corollary
Suppose that g, = 0 and g7 = 1, and let D € Div(X) be a divisor such that
D ~ pria+ prib with a € Div(C;) of degree a > 0 and b € Div(C,) of degree
b > 1. Then:

ho(Z,pria+prib) = (a+1)-b.
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Proof: This follows by Lemma G.8, taking into account that h®(C,,a) = a + 1
(cf. Lemma G.6) and h°(C;,b) = b (cf. Lemma G.14). O

G.11 Remark
We are going to show that for a generic choice of the curves C; and C; the
Néron—Severi group NS(X) = C;Z @ C,Z of L is two-dimensional?® with inter-
section matrix

0 1

10

(Ci-Cj )i,j =

Thus, the only irreducible curves B C I with selfintersection B2 = 0 are the
fibres C; and C,, and for any irreducible curve B ~, aC; + bC; the coefficients
a and b must be non-negative.

Supposed that one of the curves is rational, the surface is geometrically ruled
and the Picard number of X~ is two. Whereas, if both C; and C; are of strictly
positive genus, this need no longer be the case as we will see in Remark G.18.
Thus the following proposition is the best we may expect.

G.12 Proposition
For a generic choice of smooth projective curves Cy; and C, the Néron—Severi
group of ¥ = Cy x C2is NS(X) = C1Z @ CyZ.

More precisely, fixing g1 and g, there is a very general subset U C Mg, x Mg,
such that for any (Cy, C;) € U the Picard number of C; x C, is two, where M,
denotes the moduli space of smooth projective curves of genus g, i =1, 2.

Proof: As already mentioned, if either g; or g, is zero, then we may take
U=M, x M,,.

Suppose that g1 = g, = 1. Given an elliptic curve C; there is a countable
union V of proper subvarieties of M; such that for any C, € M;\ V the Picard
number of C; x C; is two - namely, if t; and 1, denote the periods as in Section
G.c, then we have to require that there exists no invertible integer matrix
(%1 ) such that T, = 2==7_ (Compare also [GrH94] p. 286.)

Z)—2Z1T
We, therefore, may assume that g; > 2 and g, > 1. The claim then follows
from Lemma G.13, which is due to Denis Gaitsgory. O

G.13 Lemma (Denis Gaitsgory)

Let C, be any smooth projective curve of genus g, > 1. Then for any g; > 2
there is a very general subset U of the moduli space My, of smooth projective
curves of genus g, such that the Picard number of Cyx C, is two for any C; € U.

Proof: We note that a curve B ¢ £ = C; x C; with C; 4, B #, C; induces a
non-trivial morphism pg : C; — Pic(C3) : p — pr,, (pri(p)). It thus makes

29In the case that C; and C; are elliptic curves, generic means precisely, that they are not
isogenous - see Section G.c.
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sense to study the moduli problem of (non-trivial) maps from curves of genus
g1 into Pic(C,).

More precisely, let k € N and let 0 # p € H,(Pick(C,),7Z) = 7?9 be given,
where Pic,(C;) is the Picard variety of divisors of degree k on C,. Following
the notation of [FuP97] we denote by M, ,o( Picy (C,), [3) the moduli space of
pairs (C;, i), where C; is a smooth projective curve of genus g; and p: C; —
Pic(C;,) a morphism with p, ([C1]) = (. We then have the canonical morphism

Fip : Mg, o(Pic(C2), B) = Mg, : (Cy, 1) — Cy,

just forgetting the map p, and the proposition reduces to the following claim.

Claim: For no choice of k € N and 0 # p € H;(Pick(C,), Z) the morphism Fy g
is dominant.

Let u : C; — Pic(C;) be any morphism with u*([Cﬂ) = B. Then pu is not a
contraction and the image of C; is a projective curve in the abelian variety
Pic(C,). Moreover, we have the following exact sequence of sheaves

d
0 s Te, — Wpig () = O —— N, := coker(du) — 0. (G.8)

Since du is a non-zero inclusion, its dual
A" s (Wpie, (c,))Y = OF — Qc, = we,
is not zero on global sections, that is

Ho(d}lv) . HO(C1,O(912]) E— HO(C1, CUCI)
I Il
Homp. (0Z,0¢,) Homo, (7c,,Oc,)

is not the zero map.

Since g; > 2 we have h°(Cq,wc,) = 2971 — 2 > 0, and thus w¢, has global
sections. Therefore, the induced map H°(Cy, w¢, ® Ogﬁ) — HO(Cy, we, ® we,)
is not the zero map, which by Serre duality gives that the map

H'(dp) : H'(Cy,T¢,) — H'(Cy, 0 Tpic, (cy))

from the long exact cohomology sequence of (G.8) is not zero. Hence the
coboundary map

5:HO(Cy,NV,) — H'(Cy,7T¢,)
cannot be surjective. According to [Har98] p. 96 we have

8 = dFip : Ta,, o(Picy (C2),8) = HO(C1, M) — T, = H'(Cy, 7)),

But if the differential of Fy g is not surjective, then F, ; itself cannot be domi-
nant. -



194 APPENDIX

G.c. Products of Elliptic Curves

Let C; = C/A; and C, = C/A; be two elliptic curves, where Ay =7Z & 1,7 C C
is a lattice and T; is in the upper half plane of C. We denote the natural group
structure on each of the C; by + and the neutral element by 0.

Our interest lies in the study of the surface ¥ = C; x C,. This surface is
naturally equipped with two fibrations pr; : ¥ — C;, 1 = 1,2, and by abuse of
notation we denote the fibres pr;'(0) = C; x {0} resp. pr;'(0) = {0} x C, again
by C; resp. C;. The group structures on C; and C, extend to X so that X itself
is an abelian variety. Moreover, for p = (p;,p2) € £ the mapping 7,: £ — X :
(a,b) — (a+7pi,b+p2) is an automorphism of abelian varieties. Due to these
translation morphisms we know that for any curve B C X the algebraic family
of curves |B|, covers the whole of X, and in particular dim |B|, > 1. This also
implies B2 > 0.

Since L is an abelian surface, NS(X) = Num(X), Kz = 0, and the Picard num-
ber p = p(X) <4 (cf. [LaB92] 4.11.2 and Ex. 2.5). But the Néron—Severi group
of £ contains the two independent elements C; and C,, so that p > 2. The
general case®® is indeed p = 2, however p might also be larger (see Exam-
ple G.17), in which case the additional generators may be chosen to be graphs
of surjective morphisms from C; to C; (cf. [IsS96] 3.2 Example 3). This shows:

p(X) =2 if and only if C; and C; are not isogenous.

The following lemma provides a better knowledge on the dimension of the
global sections of a divisor on an elliptic curve, and leads to better results in
the irreduciblity and smoothness theorems, when products of elliptic curves
are studied.

G.14 Lemma
Let C be a smooth elliptic curve over C and let a be a divisor on C of degree
a = deg(a). Then:

(a) ho(C,a) =x(a) =deg(a) and h'(C,a) =0, if a > 0.

(b) h°(C,a) =h'(C,a)=0,ifa=0and a ¥ Oc.

(¢) h°(C,a)=h'(C,a)=1,ifa=0and a~ Oc.

Proof:

(a) Since deg(—a) = —a < 0 and since K¢ is trivial, h'(C,a) = h°(C, —a) = 0.
Thus the Theorem of Riemann-Roch gives

h°(C,a) = x(a) = deg(a) + g(C) — 1 = deg(a).

30The abelian surfaces with p > 2 possessing a principle polarisation are parametrised by
a countable number of surfaces in a three-dimensional space, and the Picard number of such
an abelian surface is two unless it is contained in the intersection of two or three of these
surfaces (cf. [IsS96] 11.2). See also [GrH94] p. 286, and Proposition G.12.
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(b) and (c¢) follow from [Har77] IV.1.2. O

G.15 Lemma
Let D C X be an effective divisor such that D ~ pr; a+ pr3 b, where a € Div(C;)
with a = deg(a) > 0 and b € Div(C,) with b = deg(b) > 0.
(a) Ifa,b>0,then h°(L,D)=aband h'(L,D)=0.
a, ifa>0,b=0
(b) h%(Z,D)=h!(Z,D) <
b, ifa=0,b>0.

(¢) h?(L,D)=0.
Proof: We first of all note, that a,b > 0 and (a,b) # (0,0) by Lemma G.7.
Since D is effective, 0 = h°(Z,—D) = h?*(X,Ks + D) = h?(Z, D).
By Lemma G.8 we know that
h°(Z,D) = h%(Cz,a) - h°(Cy, b)

and

h1 (Zv D) — h1 (CZ) a) . hO(C1) b) + hO(CZ) a) . h1 (C1> b)
The result thus follows from Lemma G.14. O
G.16 Lemma

Let B C X be an irreducible curve, B 4, Ci, k =1,2, and {i,j} ={1, 2}.
(a) IfB? =0, then B is smooth, g(B) = 1, and pry : B — Ci is an unramified
covering of degree B.C;.

(b) IfB* =0, then #(BN1,(C;)) = B.C; forany p € £, and if q,q’ € B, then
’Tq,q/(B) = B.

(¢c) If B2 =0, then the base curve H in the fibration 7 : £ — H with fibre B,
which exists according to Proposition B.1, is an elliptic curve.

(d) IfBC1 = ], then Bz =0and Cj = B.
(e) IfB.Ci=1=B.Cj, then C; = C,.
(f) If B is the graph of a morphism o : C; — Cj, then B.C; = 1 and B% = 0.

Proof:

(a) The adjunction formula gives

B?+ Ks.B
pa(B):]‘i'%

Since |C;|, covers the whole of X and B +, C;, the two irreducible curves

=1.

B and C, must intersect properly, that is, B is not a fibre of pr,. But
then the mapping pr; : B — C; is a finite surjective morphism of degree
B.C,. If B was a singular curve its normalisation would have to have
arithmetical genus 0 and the composition of the normalisation with pr;,
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would give rise to a surjective morphism from P! to an elliptic curve,
contradicting Hurwitz’s formula. Hence, B is smooth and g(B) = p4(B) =
1. We thus may apply the formula of Hurwitz to pr; and the degree of
the ramification divisor R turns out to be

deg(R) = 2- (9(B) — 1+ (9(C1) — 1) - deglpry) ) = 0.

The remaining case is treated analogously.

(b) W.lo.g i=2. Forp = (p1,ps) € L we have 1,(C,) = pr; ' (p;) is a fibre
of pr;, and since pr, is unramified, #(B N t,(C;)) = deg (pr; ) = B.C..
Suppose q,q’ € B with t14_4/(B) # B. Then q = 14_¢/(q’) € BN T4_q(B),
and hence B? = B.t,_o/(B) > 0, which contradicts the assumption B? = 0.

(¢) Since x(X) =0, [FrM94] Lemma 1.3.18 and Proposition 1.3.22 imply that
g(H) = py(Z) = h(Z,Ks) = 1.

(d W.lo. g B.C;=1. Let 0 # p € C,. We claim that BN t,(B) = (), and
hence B> = B.1,(B) = 0.
Suppose (a,b) € BNT,(B), then thereis an (a’,b’) € B such that (a,b) =
Tp(a’,b’) = (a’,b’+p),i.e. a=a’and b = b’ + p. Hence, (0,b),(0,b’) €
T_o(B) N Cy. But, T_((B).C; = B.C; = 1,and thus b’ = b = b’ + p in
contradiction to the choice of p.
Cq = B via pry, follows from (a).

(e) By (d) we have C; =B = C..

(f) pry:B — Ciis anisomorphism (cf. [GrD67]1.5.1.4), and has thus degree
one. But deg(pr;) = B.C;. Thus we are done with (d).

G.17 Example

(@ LetCi =Co, =C=C/Awith A =Z®1Z,and L = C; x C; = C x
C. The Picard number p(X) is then either three or four, depending on
whether the group Endy(C) of endomorphisms of C fixing 0 is just Z or
larger. Using [Har77] Theorem IV.4.19 and Exercise IV.4.11 we find the
following classification.

Case 1: 3d € N such that T € Q[v—d], i. e. Z S Endy(C).

Then p(X) = 4 and NS(X) = CiZ & C,Z & C37Z & C47Z where C; is the
diagonal in X, i. e. the graph of the identity map from C to C, and C4
is the graph of the morphism « : C — C : p — (b7) - p of degree |bT|?,
where 0 # b € N minimal with b - (T +T) € Z and b1t € Z. Setting



G. EXAMPLES OF SURFACES 197

a:= C3.C4 > 1, the intersection matrix is

0 1 1 |br)?
1 0 1 1
(Ci-Ck); k=1,...4
1 1 0 a
bt? 1 a 0

Ife.g. T =1, then C4 = {(c,ic) | c € C} and

01 11
10 11
11 01
1110

—1,...y

Case 2: 3d € N such that T € Q[v/—d], i. e. Z = End,(C).
Then p(X) = 3 and NS(X) = C1Z & C,Z & C37Z where again Cj3 is the
diagonal in X. The intersection matrix in this case is

011
(Cj-Ck)j‘k:1 23 1 01
110

(b) Let C; = C/A; and C, = C/A, with Ay = Z d 77, 11 = 1, and A, =
Z & 1,Z, T, = 3i. Then Cy # C,.3!
We consider the surjective morphisms «; : C; — C,, j = 3,4, induced by
multiplication with the complex numbers x; = 1 and «4 = 1 respectively.
Denoting by C; the graph of «;, we claim, C;.C3; = deg(x3) = 2 and
C;.C4 = deg(as) = 2. «; being an unramified covering, we can calculate
its degree by counting the preimages of 0. If p = [a + ib] € C/A; = C;4
with 0 < a,b < 1, then

x3(p)=0& a+ib=oa3-(a+1ib) € A,
&S3InseZ:a=randb=1-s
Sa=0andbe {0,1}.
and
oup)=051ia—b=o4-(a+1ib) € A,
&3Irs€Z: —b=randa=17"s
&b=0andac {0,1}.

31Suppose C; = C,, then there are integers a,b,c,d € Z with ad — bc = +1 such that
Ji = 4P (cf. [Har77] Theorem IV.15B). But this leads to ai+b = 3di— 1c,i. e. 2a = d

ci+d
and —2b = c. Inserting these relations in the determinant equation we get +1 = 2a? + 2b? =

2(a? + b?) which would say that two divides one.
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Moreover, the graphs C3 and C, intersect only in the point (0,0) and the
intersection is obviously transversal, so C3.C4 = 1.

Thus X = C; x C; is an example for a product of non-isomorphic elliptic
curves with p(X) =4, NS(X) = C1Z @& CoZ & C37Z & C47, and intersection
matrix

01 22
10 11

(Ci'Ck)j,k:1 ..... 4=
21 01

2110

See [HuR98] p. 4 for examples ¥ = C; x C, with p(X) = 3 and intersec-
tion matrix

01 a
101 ], a#1
al 0

G.18 Remark

(a)

(b)

If C; and C; are isogenous, then there are irreducible curves B C £ with
B.C; arbitrarily large.

For this just note, that we have a curve I' C £ which is the graph of an
isogeny « : C; — C,. Denoting by nc¢, : C; — C;, the morphism induced
by the multiplication with n € IN, we have a morphism n¢, o « whose
degree is just n? - deg(«x). But the degree is the intersection number
of the graph with C;. The dual morphism of nc, o « has the the same
degree, which then is the intersection multiplicity of its graph with C,.
(Cf. [Har77] Ex. IV.4.7.)

If C; and C; are isogenous, then X might very well contain smooth irre-
ducible elliptic curves B which are neither isomorphic to C; nor to C,,
and hence cannot be the graph of an isogeny between C; and C,. But
being an elliptic curve we have B2 = 0 by the adjunction formula. If now
NS(X) = f;? C;iZ, where the additional generators are graphs, then
B ~¢ ¥_ " n,C; with some n; < 0. (Cf. [LaB92] Ex. 10.6.)

Throughout the remaining part of the subsection we will restrict our attention

to the general case, that is that C; and C; are not isogenous. This makes the
formulae look much nicer, since then NS(X) = C;Z & C,Z.

G.19 Lemma
Let Cy and C; be non-isogenous elliptic curves, D € Div(X) with D ~, aC;4+bC,.

(a)
(b)
(c)

D is nef if and only if a,b > 0.
D is ample if and only if a,b > 0.
D is very ample if and only if a,b > 3.
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(d D?=0ifandonlyifa=00rb=0.

(e) IfD isan irreducible curve, then we are in one of the following cases:
(1) a=0andb=1,

(2) a=1landb=0,

3) a,b>0.
Moreover if we are in one of the cases (1), (2), or
3) a,b>1,

then there is an irreducible curve algebraically equivalent to D.

() IfD is an irreducible curve and D? = 0, then either D ~o C1 or D ~4 Ca.

Proof: (a) and (b) follow from Lemma G.7.

(¢) In Lemma G.7 we proved that if a,b > 3 then D is very ample.
Conversely, if a < 3, then D N C; is a divisor of degree D.C; = a < 3
on the elliptic curve C; and hence not very ample (cf. [Har77] Exam-
ple IV.3.3.3). But then D is not very ample. Analogously if b < 3.

(d 0=D?=2abifandonlyifa=0o0rb =0.

(e) Let us first consider the case that D is irreducible.
If a =0o0rb =0, then D is algebraically equivalent to a multiple of a
fibre of one of the projections pr;, i = 1,2. In this situation D? = 0 and
thus the irreducible curve D does not intersect any of the fibres properly.
Hence it must be a union of several fibres, and being irreducible it must
be a fibre. That is we are in one of the first two cases.
Suppose now that a,b # 0. Thus D intersects C; properly, and 0 <
D.C;=band 0< D.C, = a.
It now remains to show that the mentioned algebraic systems contain
irreducible curves, which is clear for the first two of them. Let therefore
a and b be at least two. Then the linear system |aC; + bC,|; contains
no fixed component, and being ample by (v) its general element is irre-
ducible according to [LaB92] Theorem 4.3.5.

() Follows from (d) and (e).

G.d. Surfaces in P? and Complete Intersections

A smooth projective surface £ in P? is given by a single equation f = 0 with
f € Clw, x,y, z] homogeneous, and by definition the degree of X, say n, is just
the degree of f —forn =1, L =P forn=2,X = P! x P]; and forn = 3, L is
isomorphic to P? blown up in six points in general position. Thus the Picard
number p(X), i. e. the rank of the Néron—Severi group, in these cases is 1, 2,
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and 7 respectively.?? Note that these are also precisely the cases where I is
rational.

In general the Picard number p(X) of a surface in P? may be arbitrarily
large,3? but the Néron—Severi group always contains a very special member,
namely the class H € NS(Z) of a hyperplane section with H*> = n. And the
class of the canonical divisor is then just (n —4) - H. Moreover, if the degree of
Y is at least four, that is, if Z is not rational, then it is likely that NS(X) = HZ.
More precisely, if n > 4, Noether’s Theorem says that {X | p(X) = 1,deg(X) =n}
is a very general subset of the projective space of smooth projective surfaces
in P? of fixed degree n, i. e. it’s complement is an at most countable union of
lower dimensional subvarieties (cf. [Har75] Corollary 3.5 or [IsS96] p. 146).

In Chapter V we need to know that hypersurface sections on surfaces in P?,
or more generally on complete intersections, are always non-special. If £ =
H;N...NHx_2 € PN is a complete intersection of hypersurfaces H; C PN of
degree di, 1 =1,...,N—2, with d; > ... > dny_2 > 1, we say L is a complete
intersection of type (ds, ..., dn_2).

G.20 Proposition
Let ¥ = HyN...NHy2 C PN be a smooth complete intersection of type
(dy,...,dn_2), and let H C X be a hyperplane section.

Then Ky~ (=N —1+YN7%d)) - H, H2=dy---dnand* ford € Z
(a) h'(Z,dH) =0,

(b) hO(Z,dH) = (") + Sy (e (Md_lek:] djl) , and

N
k=1 1< <. <ji <N=-2

- N—2 N-2 43 sk 3
© x(O05)=1+(T"EY) 4y p (e (TER )
k=1 1<j1 <...<jr<N-2
Proof: Denoting by H! a hyperplane sectionin £; = H;N...NH;,i=0,...,N—
2, we claim that we have indeed Ky, ~ (- N—1+ ), _;dy) -H'andfor d € Z

(@) h*(Z;dHY) =0forall0 <k <N-—1i.

(b) h(L;, dHY) = hO(O]PGN (d)) + i > =1k hO(O]PGN (d— PE djl))

k=110 <. <Gk <t

i .
= (N E x e (vegha),
k=110 << <i
We do the proof by induction on i, where for i = 0 we are in the case £, = PN
with Kpn ~1 (=N — 1)H° and (a’) follows from [Har77] II1.5.1, while (b’) is
obvious. We may thus assume that i > 1.

32See e. g. [Har77] Example 11.8.20.3 and Remark V.4.7.1.

33E. g. the n-th Fermat surface, given by w™ + x™ + y™ + z"* = 0 has Picard number
p>3-n—1)-(n—2)+ 1, with equality if ged(n,6) = 1 (cf. [Shi82] Theorem 7, see also
[AoS83] pp. 1f. and [IsS96] p. 146).

34If m < n, we set the binomial coefficient () = 0.
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The inclusion X; — X; ; gives rise to the exact sequence

1

0— Oz, (—dH™) LN Os, | > O, >0, (G.9)

and by [Har77] I1.8.20 wy, = wy, , ® Oy, (d;H'). But then by induction

Ky, = (—N—1 +de> -HL
k=1

The long exact cohomology sequence of (G.9) twisted by dH'"! then gives

0= H(Ziy, (d—d)H"") - HO(Zy, dH" ") —— HO(Z;, dHY) (G.10)

!

H'(Zi g, (d—d)H")
and for any k > 1
H*(Ziq, dH" ") — H*(Z;, dHY) — H*(Z, (d— dy)HY').  (G.1D)
(@) If0<k<N-—1,then h¥(Z_;,dH"") = 0 = K*1(L,_y, (d— dy) - H") for
any d by induction. Thus by G.11 also h*(Z;, dH') = 0.
(b") Since h'(Z;, dH') =0, by (G.10) and induction we get

ho(Zi, dHY) = ho(Zi,dH"") + hO(Ziy, (d—dy) - HY)

= WOp@)+ Y T (10 (a- T 4y)

k=1 1< <...<jx <i—1

i1

NOOp(d—d)) - T F (1 (O (d-di- T, dy)).

k=1 1<j7 <...<jr <i—1

- ho(]RnN» O]PCN (d)) +2 > ho(]RanochN (d - Z]f:1 djl))'
k=1 1<) <..<ji <i
Knowing that for any § € Z the dimension h°(EN, Opn(8)) = (&%) we
have proved (b’).
(c) This follows immediately by (a), (b) and Serre duality, since
x(0sg) =14 h%(L,Ks).

Finally, we note that H? is just the degree of £ C PN, which is just d;---dn_2
by the Theorem of Bézout (cf. [Har77] 1.7.7.). O

We note that complete intersections of type (4), (3,2) and (2,2,2) are the only
smooth complete intersection surfaces which are K3-surfaces, since for no
other choice of the d; and N we can achieve that 3 " *d; — N —1=0.

Since a smooth hypersurface in P? is a complete intersection, we get the fol-
lowing corollary.
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G.21 Corollary
Let © C P? be a smooth hypersurface of degree n in P2, and let H C B3 be any
hyperplane section.

Then Kz ~, (n—4) -Hand? for d € Z
(a) h'(Z,dH) =0,

(b) h°(L,dH) = () — (* 3%, and

© x(05)=1+(%").
G.e. K3-Surfaces

We note that if £ is a K3-surface then the Néron—Severi group NS(Z) and
the Picard group Pic(X) of X coincide, i. e. |D|, = |D|; for every divisor D on
Y. The Picard number p(X) of a K3-surface may take values between 1 and
20, and there are K3-surfaces ~ with p(X) = p for each p € {1,...,20}. The
generic case is p(X) = 1 — more precisely, the K3-surfaces with p(X) = p are
parametrised by points of an at most countable union of irreducible varieties
of dimension 20 — p (cf. [IsS96] 12.5 Corollary 4). Moreover, if NS(X) =L - Z,
then 7ty = % - 12 may be any even positive number (cf. [IsS96] 12.5 Corollary
2). In general, we denote by 7tz = min {D?|D € NS(%),D* > 0. E. g.if Lis a
double cover of P? branched along a sextic, then ny = 1; if £ is quartic in P2,
then 7y = 2; if £ is a complete intersection of type (3,2) in P}, then nty = 3;
if £ is a complete intersection of type (2,2,2) in P?, then 7ty = 4 (cf. [IsS96]
p- 219). Moreover, the surfaces of this these types are each parametrised by a
19-dimensional variety (cf. [Mér85] 5.4), and thus by [IsS96] 12.5 Corollary
2 a generic member must have Picard number one.

An irreducible curve B has self-intersection B? = 0 if and only if the arith-
metical genus of B is one. In that case |B|; is a pencil of elliptic curves with-
out base points endowing X with the structure of an elliptic fibration over
P! (cf. [Mér85] or Proposition B.1). However, a generic K3-surface does not
possess an elliptic fibration.

%If m < n, we set the binomial coefficient () = 0.
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