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Introduction

The Hopf fibration was introduced by Heinz Hopf in 1931 in order

to show that the third homotopy group of the 2−dimensional sphere is

non-trivial. It is taken as an important example not only in topology

but in geometry, too. For example, it is well-known that the Hopf fi-

bration is the only submersion of S3 to S2 up to diffeomorphisms, and

it is also a non-trivial example of a Riemannian submersion. Later on,

it was shown that the Hopf map is the only Harmonic morphism up

to isometries of the round 3−sphere and up to Möbius transformations

on the 2−sphere.

The aim of this work is to show the uniqueness of the Hopf fibra-

tion under weaker geometrical conditions. It is assumed to be the only

conformal submersion of S3. We are going to prove this conjecture un-

der the restriction that the fibers are circles. Moreover, we are going

to show that it is the only submersive harmonic morphism of a con-

formally flat 3−sphere if the curvature of its horizontal distribution is

nowhere vanishing. A further result is the classification of conformally

flat circle bundles over compact oriented surfaces. In case of S3 as total

space it gives us another uniqueness theorem for the Hopf fibration.

We start this work with a discussion of the Hopf fibration and give

some well-known geometrical and topological properties with proofs.

In the second chapter we investigate conformal fibrations whose

fibers are circles. We give a new description of the space of possibly

degenerated, oriented circles as a complex quadric. It is used to show

that the map, which assigns every base point to its fiber in the space

of circles, is a holomorphic curve. As a corollary the fibration on hand

is the Hopf map.

vii



viii INTRODUCTION

The third chapter is devoted to the theory of Riemannian submer-

sions. We collect formulas for the Levi-Civita connection and for the

Riemannian curvature tensor. We decompose the curvature tensor in

order to give obstructions for the 3−space being conformally flat. We

apply this to the case of Riemannian fibrations of 3−dimensional mani-

folds.

The topic of the fourth chapter are conformally flat circle bundles

over compact, oriented surfaces. We use the results of the previous

chapter to obtain partial differential equations, which must be satisfied

on the surface. Under the conditions on hand these equations are re-

duced to an ordinary differential equation. Using topological invariants

we solve it and classify conformally flat circle bundles.

In the last chapter we discuss the Chern-Simons functional for con-

formal 3-spaces, which is a global invariant. We recall basic facts about

harmonic morphisms. We apply Chern-Simons theory to the case of

a conformally flat 3−sphere admitting a harmonic morphism to com-

pute certain integrals of curvature functions. With these integrals we

can prove that the horizontal gradient of the curvature function of the

horizontal distribution vanishes. It is the key step to the classification

of submersive harmonic morphisms on conformally flat 3−spheres with

a nowhere vanishing curvature of its horizontal distribution.



CHAPTER I

The Hopf Fibration

We start with some topological and geometrical properties of the

Hopf fibration.

1. The Hopf Map

The Hopf fibration is a map from the 3−dimensional sphere onto

the 2−sphere. It was introduced by Hopf [H] in order to show that the

third homotopy group of the 2−sphere is non-trivial.

Definition. The Hopf fibration π : S3 → S2 is the restriction of

the projection C2 \ {0} → CP1 to the sphere S3 = {(z, w) ∈ C2 || z |2

+ | w |2= 1} :

(z, w) ∈ S3 ⊂ C2 7→ [z : w] ∈ CP1 ∼= S2.

We identify the complex projective space CP1 with the 2−sphere

in the standard way, i.e.

[z : w] ∈ CP1 7→ 1

| z |2 + | w |2
(| w |2 − | z |2, 2zw̄) ∈ S2 ⊂ R×C.

Obviously, the orientation of the complex space CP1 is consistent with

the one of the sphere induced by the outer normal. A formula for the

Hopf fibration, considered as a map to S2 ⊂ R×C, is given by

π(z, w) = (| w |2 − | z |2, 2zw̄).

It follows from the first definition that the fibers of the Hopf map

are the circles given by

π−1([z, w]) = {eiϕ(z, w) | eiϕ ∈ S1}.

As the kernel of π : C2 \ {0} → CP1 at p = (z, w) is given by

ker dp π = {λ(z, w) | λ ∈ C} ⊂ C2 ∼= TpC
2,

1



2 I. THE HOPF FIBRATION

the kernel of π : S3 → S2 at p = (z, w) ∈ S3 is given by

ker dp π = {λi(z, w) | λ ∈ R} ⊂ (z, w)⊥ ∼= TpS
3.

Therefore, a result of Ehresman implies that π is a fiber bundle as

a submersion of a compact space. One can see it also more directly:

Consider the action

S3 × S1 → S3; (z, w) · eiϕ 7→ (zeiϕ, weiϕ).

The orbits of this action are the fibers of the Hopf fibration, thus the

Hopf fibration becomes a principal S1−bundle, see 7.2 for a definition.

Trivializations of this bundle over the affine sets CP1 \{[1 : 0]} and

CP1 \{[0 : 1]} are given by

([z : 1], eiϕ) 7→ eiϕ√
1+ | z |2

(z, 1)

and

([1 : w], eiϕ) 7→ eiϕ√
1+ | w |2

(1, w).

The 3−dimensional sphere is a Lie group, as one might see as fol-

lows: Consider S3 ⊂ H as the subset of quaternions of length 1. The Eu-

clidean scalar product on H is given by < x, y >= Re (xȳ) = Re (x̄y),

where x̄ is the conjugate quaternion of x ∈ H. Since | xy |=| x || y |
the sphere S3 ⊂ H is closed under multiplication in H. The identity is

1, and the inverse of x is given by x−1 = 1
|x|2 x̄. The tangent space at

1 can be identified with ImH. We trivialize the tangent bundle of the

Lie group S3 via left translation, i.e.

µ ∈ ImH 7→ xµ ∈ TxS3 = x⊥ ⊂ H.

Then the integral curves of the vector field Ī ∈ Γ(TS3) = Γ(S3, ImH)

given by Īx = x−1ix ∈ ImH are exactly the fibers of the Hopf fibration,

because of xx−1ix = ix and the description of the kernel of the Hopf

fibration above. Obviously, this vector field is right invariant.

On the other hand, by considering integral curves of the left in-

variant vector field I with Ix = xi, one obtains the conjugate Hopf

fibration given by π̃(z0, z1) = [z0 : z̄1]. Both maps, the Hopf and the
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conjugate Hopf fibration, differ only by the orientation reversing map

¯: CP1 → ¯CP1; [z0 : z1] 7→ [z0 : z̄1]

of the target spaces. We will show in the next section that each fibra-

tion of S3 is homotopic to one of these two maps.

We give another description of the Hopf fibration. Consider the

map ρ : S3 → SO(3) which is defined by its action

ρ(x)(µ) = xµx−1

on µ ∈ Im(H) ∼= R3. It is well-known that this is the universal covering

of SO(3), therefore S3 is the spin group Spin(3), see [Fr] for definitions.

If one takes µ = i, one obtains a map

f : S3 → S2 ⊂ ImH;x 7→ xix−1.

The differential of f at x ∈ S3 is given by

dx f(v) = xvix̄+ xiv̄x̄,

so the left invariant vector field I spans the kernel ker dp f at any point

p ∈ S3. Now it is easy to compute that

f ◦ −1 : S3 → S2;x 7→ x−1ix

differs from the Hopf fibration only by a constant transformation of the

2−sphere. For the same reasons f is the conjugate Hopf fibration up

to an element of SO(3) acting on S2. As their geometric properties are

equal we regard them as the same and we call f ◦ −1 and f the Hopf

and the conjugate Hopf fibration, too.

2. The Topology of the Hopf Fibration

In this section we describe how to classify submersions π : S3 →M

from S3 onto a manifold M of strictly lower dimension. Of course, M

must be compact and connected.

Proposition. There is no submersion from the 3−sphere onto a

manifold M with dimension 1.

Proof. Since M is compact and connected we have M ∼= S1. Fur-

ther, one can lift every map f : S3 → S1 to a function f̂ : S3 → R



4 I. THE HOPF FIBRATION

with eif̂ = f, because the 3−dimensional sphere is simply connected.

Therefore f has critical values and cannot be a submersion. �

We now consider surfaces as target space for submersions. First we

show that M is diffeomorphic to a quotient of the sphere S2.

2.1. Lemma. If π : S3 → M is a submersion to a connected

2−manifold then M is diffeomorphic to S2 or RP 2. The later case

occurs if and only if the fibers are not connected.

Proof. The fibers of π are closed 1−dimensional submanifolds.

Let M̃ be the space of the connected components of all fibers. It

is evident that M̃ has an unique structure as a manifold such that

the map c : M̃ → M, which assigns each component of a fiber to the

fiber, is a smooth covering map, and there exists an unique submersion

π̃ : S3 → M̃ with c ◦ π̃ = π.

If S2 covers a surface M, then M has a finite fundamental group.

The only two compact surfaces with a finite fundamental group are S2

and RP 2.

It remains to be proven that in the case that π has connected fibers,

the base is the 2−sphere. Let p ∈ S3 with π(p) = q ∈ M and F =

π−1(q) the fiber through p. Then, by taking p as base point in F and

S3, and q as base point in M, one gets the following exact sequence for

the Homotopy groups

... −→πn(F ) −→ πn(S3) −→ πn(M) −→ πn−1(F )...

... −→π1(M) −→ π0(F ) −→ π0(S3) −→ π0(M).

A proof can be found in [Br]. With F = S1 we deduce from π1(S3) = 0

and π0(S1) = 0 that π1(M) = 0, but the only compact surface with

trivial fundamental group is the 2−sphere. �

In the following we restrict ourselves to fibrations of S3 with con-

nected fibers. We will show that they are homotopic to the Hopf or

the conjugate Hopf fibration.

Let π : S3 → S2 be a submersion, and equip S3 with a Riemannian

metric such that the length of each fiber is 2π. Note that the fibers
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are oriented, so there exists an unique vector field T in positive fiber

direction of length 1. We consider the following action of S1 on S3 :

Let Φ: R× S3 → S3 be the flow of T, then

S3 × S1 → S3; (q, eiϕ) 7→ Φϕ(q)

is a well defined group action. The quotient map is π and S1 → S3 →
S2 becomes a principal S1−bundle.

We consider the 1−dimensional complex representation ρ : S1 →
GL(C1) and the associated complex line bundle L = S3 ×ρ C, see

7.2 for a definition. The complex line bundles over compact oriented

surfaces are characterized by their degree which is given by

i

2π

∫
M

Ω,

where [Ω] is the first Chern character of L or more elementary, Ω is the

(Im(C)−valued) curvature of any metric connection on L. A proof can

be found in [Pe].

It is well-known that the line bundle associated to the Hopf fibration

has degree −1. In fact it is the tautological bundle over CP1, as we will

show below. The bundle associated to the conjugate Hopf fibration has

degree 1.

2.2. Theorem. Let L → M be a complex hermitian line bundle

over a compact oriented surface and denote by S(L) → M the asso-

ciated unitary frame bundle of L. Then the total space S(L) is diffeo-

morphic to S3 if and only if M = S2 and the degree of L is ±1.

Proof. Clearly, the total space S(L) is a compact oriented mani-

fold of dimension 3. If it is diffeomorphic to S3 we obtain from 2.1 that

M = S2, because S(L) → M is a fibration with connected fibers. We

can choose two points N 6= S ∈ S2, and trivializations

A = S(L)| S2\{N} ∼=Ψ C× S1

and

B = S(L)|S2\{S} ∼=Φ C× S1
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of S(L) such that the transition function is like

Φ ◦Ψ−1 : C \ {0}× S1 → C \ {0}× S1; (z, eiϕ) 7→ (1/z, (z/ | z |)−neiϕ),

where n is the degree of the associated line bundle L. We compute

the first fundamental group via the Seifert-Van Kampen Theorem, see

[Br]: We have π1(A) = π1(B) = Z and π1(A∩B) = Z2. Let pi : Z
2 → Z

denote the projections onto the factors. For the embeddings ı : A∩B →
A and j : A∩B → B and the induced maps on the fundamental groups

one obtains:

ı∗ = p2 : π1(A ∩B) = Z2 → π1(A) = Z

and

j∗ = −np1 + p2 : π1(A ∩B) = Z2 → π1(A) = Z.

The free product of π1(A) and π1(B) with amalgation π1(A ∩B) is

Z ∗Z2 Z = Z \ (deg(L)Z),

which is by Seifert-Van Kampen the first fundamental group π1(S(L).

Therefore S(L) is simply connected, and consequently it is diffeomor-

phic to the 3−sphere, if and only if the degree is deg(L) = ±1. �

2.3. Corollary. The space of fibrations S3 → S2 has exactly two

components. Any two fibrations π0, π1 in the same component are ho-

motopically equivalent in the following sense: There is a smooth path

πt : S
3× [0; 1]→ S2, which is a fibration for all t ∈ [0; 1] connecting π0

and π1.

Proof. For the proof note that any two hermitian metrics on a

line bundle over a surface can be deformed smoothly into each other,

and that any two line bundles of the same degree are isomorphic. �

2.4. The linking number of the Fibers. We are going to in-

vestigate whether the fibers are linked with each other.

Definition. Let α, β : S1 → R3 be oriented, embedded, closed and

disjoint curves in the Euclidean 3−space. The linking number {α, β}
of α and β is defined as the mapping degree of

fα,β : S1 × S1 7→ S2; (s, t) 7→ α(s)− β(t)

| α(s)− β(t) |
.
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By the definition of the mapping degree, we can compute the linking

number as

{α, β} =
1

4π

∫
S1×S1

f ∗α,β volS2 =
1

4π

∫
S1×S1

1

| α− β |3
det(α− β, α′, β̇),

where ′ denotes the derivative with respect to s and ˙ the derivative

with respect to t. This formula was already known to Gauss. Note that

the mapping degree does not depend on the order of the curves, i.e.

{α, β} = {β, α}.

There is another way to describe the linking number for more gen-

eral ambient spaces: Again, let α, β : S1 → M be oriented, embedded,

closed and disjoint curves in a simply connected 3−space. The linking

number {α, β} of α and β is defined as follows. Choose an embedding

of the unit disc

f : {z ∈ C || z |≤ 1} →M

such that the oriented curve α is given by the boundary map f|S1 = α

and such that β intersects f transversely. The intersection number of

f and β only depend on fS1 = α, and not on the embedding of f.

We only sketch why both definitions coincide: Choose a local ori-

entation preserving diffeomorphism x : U ⊂ M → R3 such that α and

β lie in U. We assume that α and f are the circle and the disc of radius

1 around 0 in the x − y plane. Whenever β intersects f at ti, there

is an unique point si on the circle such that fα,β(si, ti) = e1 ∈ S2,

and the intersection is positive orientated if and only if the differential

d fα,β(si, ti) is orientation preserving. Therefore, the assertion easily

follows from the description of the mapping degree by counting the

signed preimages of a regular point.

Obviously, the linking number of any two fibers of the Hopf map

is the same. By taking the fibers π−1([1 : 0]) and π−1([1 : 1]), and the

stereographic projection S3 \ {(0, 0, 0, 1)} → R3, the linking numbers

are determined to be 1.
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3. The Geometry of the Hopf Fibration

We briefly discuss the geometry of the Hopf fibration. We are going

to introduce many pretty properties of the Hopf fibration that makes

it so special.

The first observation is that the fibers of the Hopf map are great

circles, i.e. they are intersections of S3 with 2−dimensional linear sub-

spaces. In fact, the first definition of the Hopf fibration shows that the

fiber through (z, w) ∈ S3 ⊂ C2 is exactly the intersection of S3 with

the complex linear subspace spanned by (z, w). Evidently, this shows

that the fibers are geodesics in the round sphere.

Next, we consider the map

f : S3 → S2;x 7→ xix−1

which differs from the conjugate Hopf fibration only by a isometry of

S2. We have dx f(v) = x(vi− iv)x−1 and it follows that

1

2
dx f|i⊥ : i⊥ ⊂ TxS

3 → Tf(x)S
2

is an isometry for each x ∈ S3. Therefore, if S2 is equipped with the

metric of constant sectional curvature 4, the conjugate Hopf fibration

becomes a Riemannian submersion, see III for a definition. The same

is valid for the Hopf fibration.

Instead of investigating the fibers of the Hopf fibration one can

study the preimages of closed curves in S2. Topologically they are tori,

but their geometry is much more interesting. The preimages of great

circles in S2 are Clifford tori, which are believed to be the absolute

minimizers of the Willmore functional for tori. Moreover, Pinkall [Pi]

used this method to show that every compact Riemannian surface of

genus one can be conformally embedded in S3, such that after a stere-

ographic projection, the embedding is an algebraic surface in R3 of

degree eight at most.

Another nice feature of the Hopf fibration is obtained by considering

a locally defined harmonic functions f on S2. Its pull-back f ◦ π on S3
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is harmonic, too. That means that the Hopf fibration is a so called

harmonic morphism. It follows from a result in V, or more directly,

from the formulas in chapter III.

3.1. The associated bundle. We are going to prove that the line

bundle associated to the Hopf fibration, i.e. the tautological bundle, is

a spin bundle of the Riemannian surface CP1 . This will be done in a

different manner than usual in Riemannian geometry, see [Fr].

We recall the notation for holomorphic structures very briefly: The

canonical bundle of a Riemannian surface (M,J) consists of complex

valued and complex linear 1−forms

Kp = {ω : TpM → C | iω = ω ◦ J},

and similarly for the anti-canonical bundle

K̄p = {ω : TpM → C | iω = −ω ◦ J}.

A complex linear first order differential operator

∂̄ : Γ(L)→ Γ(K̄ ⊗ L)

is called holomorphic structure on L if it satisfies the Leibniz rule

∂̄(fs) = ∂̄(f)⊗ s+ f ⊗ ∂̄s

for all functions f : M → C and sections s ∈ Γ(L). Here

∂̄(f) =
1

2
(d f + i d f ◦ J)

denotes the complex anti-linear part of d f. In fact, ∂̄ : Γ(C) → Γ(K̄)

defines the standard holomorphic structure on the trivial bundle C→
M. The use of holomorphic structures is due to the fact that the ker-

nel of ∂̄ can be considered as the space of holomorphic sections in L.

Therefore we call (L, ∂̄) a holomorphic line bundle.

One of the most important examples of a holomorphic bundle is

the canonical bundle K → M equipped with the exterior differential

operator d as holomorphic structure: It is easy to show that

d: Γ(K)→ Ω2(M ;C) ∼= Γ(K̄ ⊗K)
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satisfies the Leibniz rule, and that the holomorphic sections are exactly

the 1−forms ω which can be locally written as ω = f d z, where f is

holomorphic, and z is a holomorphic coordinate.

Definition. A holomorphic line bundle (L, ∂̄) over a Riemannian

surface M is called spin bundle if the square (L⊗L, ∂̄⊗∂̄) is isomorphic

to the canonical bundle (K, d) as a holomorphic bundle.

Proposition. The complex line bundle L = S3 ×ρ C associated

to the Hopf fibration, where ρ is the standard representation ρ : S1 →
GL(C1) of S1, is isomorphic to the tautological bundle. Equipped with

its standard holomorphic structure, it is a spin bundle.

Proof. The tautological bundle Σ is given by

{λ(z, w) ∈ C2 | λ ∈ C; [z : w] ∈ CP1} → CP1,

so the fiber of the tautological bundle over [z : w] ∈ CP1 is equivalent

to the complex line [z : w] ⊂ C2. The (locally defined) holomorphic

sections of the tautological bundle are given by the (locally defined)

holomorphic maps f : CP1 → C2 with [f ] = Id: CP1 → CP1 . We

define

Φ: Σ⊗ Σ→ K

by Φ((z, 1) ⊗ (z, 1)) = d z and Φ((1, w) ⊗ (1, w)) = − dw. Clearly, it

is well-defined. The holomorphic sections are mapped to holomorphic

1−forms.

It remains to show that L ∼= Σ. A linear isomorphism is given by

(3.1) L = S3 ×ρ C→ Σ; [(z, w), λ] 7→ λ(z, w).

�

Remark. We will see in the next chapter (4.3), that there exist a

holomorphic structure on L induced by the canonical CR holomorphic

structure on S3. It will be proved that this holomorphic structure is

equivalent to the one induced via 3.1.



CHAPTER II

Conformal Fibrations and Complex Geometry

In this chapter we show how to study conformal fibrations on mani-

folds of dimension 3 by using complex methods.

4. CR Manifolds

We start with a short introduction of CR (Cauchy-Riemann) mani-

folds. Many ideas in the theory of CR manifolds, and in fact the subject

of CR manifolds, are influenced by complex manifolds. We recall some

facts.

4.1. Complex Manifolds. A complex manifold (M,A) is given

by a even dimensional real manifold M with an sub-atlas A, such that

all transition functions V ⊂ R2n ∼= Cn → U ⊂ R2n ∼= Cn of A are

holomorphic. The most important example of a complex manifold is

the complex projective space CPn . The affine coordinates provide an

atlas of holomorphic charts.

On complex manifolds one has the notation of holomorphic func-

tions, complex tangent vectors and so on. The definitions of the first

is clear. The definition of the second is technically the same as in the

real case, too. A complex linear derivative on the space of germs of

holomorphic functions is called a complex tangent vector. For each

point p ∈ M this is a complex n−dimensional vector space which will

be denoted by T
(1,0)
p M. The relationship to the tangent space of the un-

derlying real manifold M can be described as follows: The complexified

tangent space TpM ⊗C is the set of complex linear derivatives on the

space of germs of complex-valued functions. Clearly, the complexified

tangent space also acts on germs of holomorphic functions. We denote

the kernel of this action by T
(0,1)
p M. We do the same with the space of

anti-holomorphic functions, i.e. functions f : U ⊂M → C such that f̄

is holomorphic, and we obtain that the kernel of the action of TpM⊗C
11
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on the space of anti-holomorphic functions can be identified with the

complex tangent space T
(1,0)
p M. Moreover we get the decomposition

TpM ⊗C = T (1,0)
p M ⊕ T (0,1)

p M,

and there is an unique operator

J : TM ⊗C→ TM ⊗C

such that the complexified tangent space splits into the ±i eigenspaces

of J . In fact, J is even defined on TM, and with any holomorphic

chart ψ = (xk + iyk)k=1,..n it is given by J ( ∂
∂xk

) = i ∂
∂yk
. Note that

(TM,J ) and (T (1,0)M, i) are complex isomorphic.

This leads us directly to the following definition: An almost complex

structure J is an endomorphism J ∈ End(TM) with J 2 = − Id .

A complex function is said to be holomorphic (with respect to J ) if

d f ◦J = i d f. A deep result of Newlaender and Nirenberg is that on a

manifold with an almost complex structure there is an atlas consisting

of holomorphic functions if and only if the Nijenhuis tensor N given by

N(X, Y ) = [X, Y ] + J [JX, Y ] + J [X,J Y ]− [JX,J Y ]

vanishes. Thus a complex manifold is obtained as the transition func-

tions are obviously holomorphic.

It would be tedious to discuss the geometry of complex manifolds

here. Whenever its methods or results are needed below, we will review

them shortly. As an introduction we refer to [GriHa].

4.2. CR manifolds. Before defining an abstract CR manifold we

shall consider an important example. Let M ↪→ E be a real hyper-

surface of a n−dimensional complex manifold E. We define the Levi

distribution Hp of M at p as

Hp := TpM ∩ J (TpM),

where J is the complex structure of E. The restriction of J is a com-

plex structure on that space. We also consider the complex n − 1

dimensional spaces

T (1,0)M = TM ⊗C ∩ T (1,0)E
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and

T (0,1)M = TM ⊗C ∩ T (0,1)E.

Then there is the complex linear isomorphism

H → T (1,0)M ;X 7→ 1

2
(X − iJ (X))

as in the case of complex manifolds. Note that T (1,0)M is an integrable

sub-bundle of TM ⊗C.

Negating the question whether any two real hypersurfaces of C2

are (at least locally) biholomorphically equivalent was probably the

first result in CR geometry. Cartan [Ca1] found invariants of CR

manifolds, which determine whether CR submanifolds are equivalent

via a holomorphic diffeomorphism. We only consider an invariant which

is easy to handle and plays a major role in the whole subject of CR

manifolds. The Levi form L is given by the curvature of the Levi

distribution H :

L : H ×H → TM/H; (X, Y ) 7→ [X, Y ] mod H.

This is a skew-symmetric complex bilinear form, and, in the case of ori-

ented M, its index is an invariant of the CR structure. A CR structure

is called strictly pseudoconvex if the index is extremal, i.e. ±(n− 1).

We give the definition of an abstract CR manifold.

Definition. A CR structure (of hypersurface type) on a manifold

M of dimension 2n− 1 is a complex sub-bundle

T (1,0) ⊂ TM ⊗C

of complex dimension n− 1 which is (formally) integrable and satisfies

T (1,0) ∩ T (1,0)M = {0}.

Here we used

T (0,1) := T (1,0)M = {v̄ | v ∈ T (1,0)M},

where x⊗ z := x⊗ z̄ for all x⊗ z ∈ TM ⊗C. Note that CR hypersur-

faces satisfy the integrability conditions automatically.
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As in the case of complex manifolds, there is another way to define

a CR manifold. Consider the 2n− 2 dimensional bundle

H := Re{T (1,0)M ⊕ T (0,1)M} ⊂ TM

called the Levi distribution with the complex structure

J : H → H;J (v + v̄) = i(v − v̄).

Then the integrability of T (1,0)M can be written as

[JX, Y ] + [X,J Y ] ∈ Γ(H)

and

[X, Y ]− [JX,J Y ] + J [JX, Y ] + J [X,J Y ] = 0.

The Levi form is defined as in the case of CR hypersurfaces. A function

f : M → C is called CR function or CR holomorphic if

d f(JX) = i d f(X)

for all X ∈ H. Similarly, a map ψ : (M,H) → (N, H̃) between CR

manifolds is called a CR map or CR holomorphic if

dψ(JX) = J̃ dψ(X).

This is equivalent to

dψ(T (1,0)M) ⊂ T (1,0)N.

The question whether every abstract CR manifold of hypersurface

type can be embedded as a hypersurface into a complex space can only

be answered in the affirmative in case of analytic CR structures, or

in case of strictly pseudo-convex CR structures with dimensions ≥ 9.

A counterexample was given by Nirenberg in dimension 3. For more

details and references see [Bo] or [DT].

4.3. Example. The round 3−sphere S3 ⊂ C2 is obviously a CR

hypersurface of C2. We consider functions f : S3 → C with the prop-

erty that f(peiϕ) = e−iϕf(p) for all p ∈ S3 and eiϕ ∈ S1 ⊂ C. Such

functions are exactly the sections of the associated bundle L = S3×ρC
which gives us the tautological bundle of CP1, compare 3.1. Every

such function can be extended to a function f̂ : C2 \ {0} → C via
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f̂(zp) = z−1f(p) for p ∈ S3 and 0 6= z ∈ C. Obviously f̂ is holomor-

phic if and only if f is CR holomorphic. One can obtain the associated

section sf of f of the tautological bundle
∑
→ CP1 of CP1 via

sf ([z : w]) = f̂(z, w)(z, w).

That shows that sf is holomorphic if and only if f is CR holomorphic.

4.4. The Tangent Sphere Bundle. We end this section by illus-

trating the canonical CR structure of the tangent sphere bundle of an

oriented conformal 3−space (M, [g]). Note that the CR structure here

differs from the natural CR structure on the tangent sphere bundle of

a Riemannian manifold of arbitrary dimension.

For a metric g ∈ [g] in the conformal class of M, the unit sphere

bundle of (M, g) is

SgM := {v ∈ TM | g(v, v) = 1}.

We identify the unit sphere bundles of two metric SgM ∼ Se2λgM via

v ∈ SgM ∼ e−λv ∈ Se2λgM.

This gives us the tangent sphere bundle p : SM → M of the confor-

mal space (M, [g]). As an alternative it could have been defined as the

bundle of oriented lines in the tangent spaces. Note that it can be

considered as a (non-linear) sub-bundle of TM if and only if we fix a

metric g ∈ [g]. We denote the elements of the tangent sphere bundle by

[v] ∈ SM. Any two representatives v and ṽ of [v] are positive multiples

of each other.

The Levi distribution of the tangent sphere bundle is defined by

H[v] := {X ∈ T[v]SM | d[v] p(X) ⊥ v}.

At [v] ∈ SM, the complex structure J on H is given as follows: Let

g ∈ [g] be a metric in the conformal class and let v ∈ TpM be a vector

of length 1 with respect to g. Consider the subspace V := v⊥ ⊂ TpM.

The tangent space of TpM can be canonically identified with TpM. By

using g one obtains an exact sequence

0→ V → H ⊂ T[v]SM →p∗ V → 0.
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On V there is the canonical complex structure given by the cross-

product J (w) = v × w with respect to the orientation and g. Due

to the Levi-Civita connection ∇g there is an unique decomposition

TvTM = V ⊕ H, where the parts are isomorphic to Tp(v)M, such that

the covariant derivative ∇s for each section s ∈ Γ(TM) is given by

the vertical part πV d s of the derivative d s : TM → TTM, see 7.2 or

[SW] for details. Of course, this splitting induces a decomposition of

the sequence above, so there exists an unique complex structure J on

H compatible with J on V and the sequence above. Note that the

vertical part of H and the complex structure restricted to it do not

depend on the choice of the splitting. To see that J is well-defined we

use the formula

∇̃X(e−λY ) = e−λ(∇XY + Y · λX)

for the Levi Civita connection ∇̃ of g̃ = e2λg and X ⊥ Y ∈ Γ(TM).

Therefore, the horizontal part Hv ∩Hg̃
v of the Levi distribution Hv for

the new metric g̃ can be identified with

{v · e−λp∗X ⊕X | X ∈ Hv ∩Hg
v},

where p∗X ∈ Vv ∼= Tp(v)M. The complex structure defined on H via g̃

is compatible to the one on H defined by g, as

J̃ (v · e−λp∗X ⊕X) = v · e−λJ (p∗X)⊕ J (X).

4.5. The Tangent Sphere Bundle of S3. Instead of proving

that the CR structure J satisfies the integrability conditions on every

tangent sphere bundle, we consider the special case of the conformally

flat S3, and verify that its tangent sphere bundle is in fact a CR hy-

persurface.

We need to recall some facts of the twistor projection π : CP3 → S4,

first. In general the twistor space P of a four dimensional Riemannian

manifold M is the bundle of almost complex structures compatible with

the metric. The total space of the twistor projection inherits a canon-

ical complex structure as follows: The fibers are round two spheres, as

for a fixed vector N of length 1 any almost complex hermitian structure
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J is determined by the unit vector J (N) of length 1 in N⊥. Although

the identification with a 2-sphere is not canonical but rather depends

on the choice of N, the induced complex structure on the vertical space

V is well-defined. Using the embedding of the space of complex her-

mitian structures P into End(TM) and the connection induced by the

Levi-Civita connection on End(TM), one obtains the horizontal bun-

dle as the tangents to parallel curves of complex structures, see 7 for

more detailed [SW]. This horizontal space projects isomorphic onto

the tangent space of M. The complex structure J lifts to the horizontal

space HJ at J . Combined with the complex structure on V it defines

the canonical almost complex structure on the twistor space.

There is a lovely description in case of the round S4. For details

of the quaternionic part consult [BFLPP02]. Consider H2 as a right

vector space. Via the complex structure given by right multiplication

with i we can identify H2 ∼= C4. The twistor projection is given by

π : CP3 → S4 ∼= HP1; e ∈ CP3 7→ l = eH ∈ HP1,

which maps complex lines e to quaternionic lines eH = e⊕ej. It matches

with the definition of the twistor fibration, as we describe now. Like in

the real or complex case, it is TlHP1 ∼= HomH(l,H2/l) via dx p(v) ∼=
(x 7→ v + xH), where p : H2 \ {0} → HP1 is the canonical projection.

The round metric g on HP1 is given by

g(dx p(v), dx p(w)) =
2

〈〈x, x〉〉
Re〈〈v, w〉〉,

where 〈〈, 〉〉 is the standard quaternionic hermitian inner product on

H2. Thus it is easy to see that every hermitian complex structure on

TlHP1 ∼= HomH(l,H2/l) is given by post-composition with a quater-

nionic linear complex structure J̃ ∈ EndH(H2/l) or, as l and H2/l are

both quaternionic 1−dimensional, by pre-composition with a quater-

nionic linear complex structure J ∈ EndH(l). Hence the almost com-

plex hermitian structures on TlHP1 are exactly the quaternionic linear

complex structures on l. We can identify the complex line e ∈ CP3

with hermitian structure on TeHHP1 given by pre-composition with

the unique complex structure J : l→ l such that

e = {v ∈ l | J (v) = vi}
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is the i eigenspace of J .

The round S3 ⊂ HP1 is the space of isotropic lines of the indefinite

hermitian metric 〈, 〉 given by

〈v, w〉 = v̄1w1 − v̄2w2.

Then the real quadric Q := π−1(S3) ⊂ CP3 is the set of isotropic lines

of

(, ) : C4 ×C4 → C; (z, w) = z̄1w1 + z̄2w2 − z̄3w3 − z̄4w4

in C4. Evidently that is a CR hypersurface of CP3 . Let N be the

oriented unit normal vector field of S3 ↪→ S4 ∼= HP1 . There is an one-

to-one correspondence between almost complex hermitian structures

and elements of the unit sphere bundle via

(4.1) J ∈ End(TlHP1) 7→ [J (N)] ∈ SlS3.

We need a better understanding of the map above. Fix the embedding

x ∈ S3 ⊂ H 7→ [x : 1] ∈ HP1 . Using 〈〈, 〉〉 we can identify

T[x:1]HP1 ∼= HomH([x : 1];H2/[x : 1]) = Hom([x : 1], [x : 1]⊥)

and obtain for the oriented unit normal vector Nx at x ∈ S3 ↪→ HP1

the quaternionic homomorphism which maps (x, 1) to 1
2
(x,−1). The

tangent bundle of S3 is given by TS3 ∼= S3× ImH via left translation.

The tangent vector µ ∈ ImH at x ∈ S3 corresponds to quaternionic lin-

ear mapping which assigns 1
2
(x,−1)µ to (x, 1). Therefore, the almost

complex hermitian structure of T[x:1]HP1 ∼= Hom([x : 1], [x : 1]⊥),

which maps N to the vector given by µ ∈ ImH, is the complex struc-

ture J ∈ End([x : 1]) with J (x, 1) = (x, 1)µ via pre-composition.

The complex line e corresponding to the tangential vector µ at x is

determined to be

(4.2) e = {(x, 1)λ | J (x, 1)λ = (x, 1)λi} = {(x, 1)λ | µλ = λi}.

It remains to show that the mapping in 4.1 is CR holomorphic. Note

that the vertical spaces of both bundles are contained in the respective

Levi distributions, and the complex structures restricted to them are

clearly the same by the description of the complex structure on the

vertical space of the twistor space. The intersection of the Levi dis-

tribution and the horizontal space of Q is given by J (N̂)⊥, where N̂
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is the (horizontal lift of the) oriented unit normal field of S3 ↪→ HP1 .

The complex structure on it is defined by J (v) = J (N)× v. Therefore

it remains to show that the horizontal bundles correspond, where the

horizontal bundle of SS3 is given by the Levi-Civita connection of the

round metric of S3. It is easily deduced by the definition together with

∇X(J (N)) = (∇XJ )(N)+J (∇XN) and the fact that the unit normal

field N of S3 in S4 is parallel.

5. Conformal Submersions

Conformal submersions are generalizations of Riemannian submer-

sions as conformal immersions to isometric ones:

Definition. A submersion π : P →M between Riemannian mani-

folds (P, g) and (M,h) is called conformal if for each p ∈ P the restric-

tion of the differential to the complement of its kernel

dp π : ker dp π
⊥ → Tπ(p)M

is conformal.

Of course, the definition does not depend on the representative of

a conformal class. The Hopf fibration is a basic example. We call V =

ker d π the vertical space and its orthogonal complement H = ker d π⊥

the horizontal space.

5.1. Proposition. A submersion between Riemannian manifolds

is conformal if and only if the differential at a point, restricted to the

horizontal space, is conformal and the Lie derivative of any vertical

field on the metric restricted to the horizontal space is conformal, that

means for all V ∈ Γ(ker d π) and X, Y ∈ ker d π⊥

LV g(X, Y ) = v(V )g(X, Y ),

where v(V ) does only depend on V.

Proof. We only show that the condition is satisfied for the Lie

derivative, the other direction follows by backtracking the proof below.

Let X̂, Ŷ ∈ Γ(H) be the horizontal lifts of vector fields X, Y ∈ Γ(TM).

Then [X̂, V ] ∈ V and [Ŷ , V ] ∈ V for any vertical field V, and we
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compute

v(V )g(X̂, Ŷ ) = V · (g(X̂, Ŷ ))

= V · (g(X̂, Ŷ ))− g([V, X̂], Ŷ )− g(X̂, [V, Ŷ ])

= LV g(X̂, Ŷ ).

We used that g(X̂, Ŷ ) = Λh(X, Y ) and v(V ) = V · Λ for the first

equality. �

5.2. The CR structure of a fibered conformal 3−manifold.

Let π : P → M a submersion of a conformal oriented 3−space to an

oriented surface. We define a CR structure on P as follows: We set

H := H = ker d π⊥ and define J : H → H to be the rotation by
π
2

in positive direction. We extend J to TP by setting J (T ) = 0

for T ∈ ker d π and call J ∈ End(TP ) the CR structure on P. Note

that J can be computed as follows: Fix a metric in the conformal

class and the unit length vector field T in positive fiber direction, then

J (X) = T ×X.

Since conformal and complex structures correspond on oriented sur-

faces, one obtains:

Proposition. There exist local defined, non-constant holomorphic

functions on (P,H) which are constant along the fibers if and only if π

is a conformal submersion for a suitable conformal structure on M.

We come to a characterization of conformal submersions due to

Pinkall, which gives the opportunity to study them by using methods

of complex geometry. Another approach is done by [BaWo2].

Proposition. A submersion π : P →M between an oriented con-

formal 3−space to an oriented surface is conformal for a suitable com-

plex structure on M if and only if the map Ψ, through which each point

in P is assigned to the oriented fiber direction [T ] ∈ SP, is CR holo-

morphic.

Proof. We fix a Riemannian metric g ∈ [g] on P. By definition of

the CR structure of SP, d Ψ maps the Levi distribution of M into that

of SP. Moreover it is obvious that the composition of the projection

onto the horizontal part of the Levi distribution, which depends on the
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choice of g, and d Ψ commute with the J ′s. But the vertical part of

d Ψ, which again is depending on g ∈ [g], is given by ∇T, where T is

the unique vector field in positive fiber direction of length 1. It remains

to show that π is conformal if and only if

J∇XT = T ×∇XT = ∇T×XT = ∇JXT

for all X ⊥ T. But this equation is clearly equivalent to the character-

ization of 5.1. �

In the case of P = S3 we have seen that SS3 is a CR hypersurface

of Q ↪→ CP3, hence Ψ is a CR immersion of S3 with the induced

CR structure into complex projective space. One might conjecture

that the image of Ψ is at least locally the intersection of Q with a

suitable complex surface . We were not able to prove this in general.

A counterexample may be found on subsets of S3.

Proposition. Let π : S3 → S2 be an analytic conformal submer-

sion. Then the image of the oriented fiber tangent map Ψ is the inter-

section of a complex surface A ⊂ CP3 and SS3 ∼= Q ⊂ CP3 .

Proof. In the case of an analytic submersion the CR structure

and the map Ψ are analytic, too. According to the real analytic em-

bedding theorem, see [Bo], S3 can be locally CR embedded into C2.

Using the analyticity again, the map Ψ can be extended uniquely to a

holomorphic map on a neighborhood of S3 ⊂ C2. It remains to prove

that the images of the extensions do match to a complex surface. This

follows easily by the uniqueness of the extensions. �

Conversely, the intersection of a surface A ⊂ CP3 with Q defines

an oriented 1−dimensional distribution (locally) which gives rise to

conformal foliations or, if one restricts oneself to small open subsets,

to conformal submersions.

Example. The easiest examples of surface in CP3 are complex

planes. Consider the one given by A := {[z] ∈ CP3 | z4 = 0}. As A

intersects each tangent sphere Qp
∼= CP1 over a point p ∈ S3 exactly

once, it defines a distribution on the whole S3. In fact the integral

curves of this distribution are the fibers of the conjugate Hopf fibration.
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To prove this note that

A ∩Q = {[z1 : z2 : 1 : 0] | | z1 |2 + | z2 |2= 1}.

That set corresponds to the complex structure which maps 1 = N ∈
TS3⊥ to i ∈ ImH = TS3, compare with 4.2.

6. Conformal Fibrations by Circles

We are going to prove that each conformal fibration of S3 is, up

to conformal transformations, the Hopf fibration. First we shortly de-

scribe the group of conformal transformations of spheres, for more de-

tails and proofs one should consult [KP].

6.1. Conformal transformations of spheres. The easiest way

to obtain the group of conformal transformations is to use the light-

cone model: Consider the Minkowski space (Rn+2, (, )) for n ≥ 3 with

symmetric bilinear form

(, ) = − dx0 ⊗ dx0 +
∑

i=1..n+1

dxi ⊗ dxi.

The n−dimensional null-quadric {l ∈ RP n+1 | q(x) = 0 ∀ x ∈ l} can

be identified with the sphere Sn in the following way: Obviously, each

null-line l intersects the affine hyperplane

A := {x ∈ Rn+2 | (x, e0) = −1}

in exactly one point, but the set of these points is given by

{x = (1, v) | v ∈ Rn+1, ‖ v ‖= 1} ∼= Sn.

The conformal structure is given via this identification from the stan-

dard round sphere. Hyperspheres are given as the intersection of hy-

perplanes with the space of null-lines.

We denote by O((, )) the group of linear isometries of (Rn+2, (, )),

and by M(n) the subgroup which preserves the half-space {x ∈ Rn+2 |
x0 ≥ 0}. Clearly, M(n) acts on Sn, and it maps hyperspheres into

hyperspheres. By the theorem of Liouville M(n) must be a subgroup

of the space of conformal transformations of Sn. It can be shown that

this is already the whole group, see [KP]. We call the elements Möbius
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transformations.

Like one embeds Rn+1 ↪→ Rn+2 isometrically in the canonical way,

one easily gets that any Möbius transformation on Sn−1 ↪→ Sn can be

extended to a Möbius transformation on Sn. This, together with the

fact that the Möbius group of S4 ∼= HP1 is given by GL(2,H)/{r Id |
r ∈ R} verifies that the Möbius group of S3, which is given as the set

of isotropic lines in H2 with respect to q with q(v) = v1v̄1 − v2v̄2, can

be considered as the subgroup of GL(2,H), which leave q invariant,

modulo its kernel, see [BFLPP02] for details.

6.2. The space of circles in S3. We are interested in submer-

sions of S3 where the fibers are circles. Thus we need a good description

of the space of circles in S3 first. The following goes back to Laguerre,

see also [Ba] for more details.

Definition. A circle in S3 ⊂ R4 is the (nonempty) intersection of

S3 with an affine 2−plane A. It is oriented if the 2−plane A is oriented.

To get a better understanding of the space of circles we consider

S3 again as the space of null lines in RP 4 with respect to the bilinear

form (, ) = − dx0 ⊗ dx0 +
∑

i=1..4 dxi ⊗ dxi on R5 :

S3 = {l ∈ RP 4 | (x, x) = 0 ∀x ∈ l}.

Then every affine (oriented) 2−plane A ⊂ {x ∈ R5 | (x, e0) = −1}
gives rise to an (oriented) 3−dimensional subspace VA ⊂ R5. If A is

given by A = {e0+λv+µw | λ, µ ∈ R}, where v∧w is positive oriented,

then the orientation of VA = span{e0, v, w} is given by e0 ∧ v ∧ w. We

observe

Lemma. Let V ⊂ R5 be a 3−dimensional subspace. Then the

intersection PV ∩ S3 6= ∅ if and only if there exist v ∈ V \ {0} such

that (v, v) = 0.

Consider the subset G−3 : = {V ∈ G3 | ∃v ∈ V : (v, v) < 0} of the

Grasmannians G3 of oriented 3−dimensional subspaces, and for V ∈ G−3
the space V ⊥ ⊂ R5. In consequence of Sylvester’s law of inertia the bi-

linear form (, )|V ⊥ , restricted to V ⊥, is positive definite. Let X, Y be

an positive oriented orthonormal basis of V ⊥. Then [X − iY ] ∈ CP 4 is
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independent of the choice of X and Y.

We consider the complexification (C5, (, )) of (R5, (, )) with its bi-

linear form (, ) = −dz2
0 + dz2

1 + ..+ dz2
4 , the 3−quadric

Q3 = {l ∈ CP 4 | (x, x) = 0 ∀x ∈ l}

and the induced embedding S3 ↪→ Q3, i.e. S3 is the set of real points

in Q3.

Lemma. There is a natural bijection between G−3 and Q3\S3 given

by

V ∈ G−3 7→ [X − iY ] ∈ Q3.

Proof. For any V ∈ G−3 and any orthonormal basis X, Y of V ⊥

we get

(X − iY,X − iY ) = (X,X)− (Y, Y )− 2i(X, Y ) = 0,

therefore [X − iY ] ∈ Q3. Since X, Y 6= 0 we have [X − iY ] /∈ S3 ⊂ Q3.

Conversely let v 6= 0 with [v] ∈ Q3 \ S3. We write v = X − iY

where X, Y ∈ R5. Since [v] /∈ RP 4, we know that X and Y are linearly

independent. Then

(X − iY,X − iY ) = (X,X)− (Y, Y )− 2i(X, Y ) = 0

implies that (X, Y ) = 0 and (X,X) = (Y, Y ). We have to show that

(X,X) = (Y, Y ) > 0. Assume (X,X) = (Y, Y ) ≤ 0. After some

normalization X and Y satisfy X = e0 + v, Y = λe0 + w, where

v, w ∈ e⊥0 , λ > 0. Then we obtain the following system

0 = (X, Y ) = (e0 + v, λe0 + w) = −λ+ (v, w)

0 ≥ (X,X) = (e0 + v, e0 + v) = −1 + (v, v)

0 ≥ (Y, Y ) = (λe0 + v, λe0 + v) = −λ2 + (w,w).

A solution can only be found if w = λv, contradicting our assumption

that X and Y are linearly independent. Therefore (X,X) = (Y, Y ) > 0

and V = span(X, Y )⊥ contains a timelike direction. �

If we regard the points of S3 as degenerated circles of radius 0 we

obtain
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Proposition. The space of (possibly degenerated) oriented circles

in S3 is given by Q3.

In order to illustrate the geometric meaning of such a description

of the space of circles see the lemma below

6.3. Lemma. The set of points of a (oriented) circle k = [v] ∈ Q3

is given by

{[X] ∈ S3 ⊂ RP 4 ⊂ CP4 | (X, v) = 0}.

Proof. If [v] ∈ S3, i.e. k is degenerated, we can write v = e0 + w

with w ∈ e⊥0 ⊂ R5, and one easily gets that

{[X] ∈ S3 ⊂ RP 4 | (X, e0 + w) = 0} = {[v]}.

If k is non-degenerated, we have k = [X − iY ] and the set of points in

k is given by S3 ∩ V, where V = span(X, Y )⊥. �

We fix the metric of curvature 1 on S3, which is equivalent as regard-

ing S3 as the unit sphere in the affine hyperplane {e0+v | v ∈ e⊥0 } ⊂ R5

instead of the space of null lines, then the geodesics are exactly the great

circles in S3. In our notion they are equivalent to

6.4. Lemma. The space of great circles is given as Q3 ∩ Pe⊥0 .

Proof. A great circle [X] ∈ Q3 is characterized by the fact that

for every point [e0 +v] ∈ [X] ⊂ S3 we get [e0−v] ∈ [X] ⊂ S3. Therefore

6.3 implies that (X, e0) = 0. �

There is a way to parametrize the space of (non-degenerated) ori-

ented circles, which do not contain a given point N ∈ S3, by C3 \R3

holomorphically, such that the real part is the center of the circle in

R3 and the imaginary part is the oriented radius, where one identifies

R3 with S3 \ {N} via a suitable stereographic projection. Baird [Ba]

did it in order to show that conformal fibrations of subsets of S3 by

circles are given by holomorphic curves. Another way to obtain this

result is to embed the space of oriented circles holomorphically into the

infinite dimensional almost complex manifold of oriented, closed and

non-intersecting curves. Every conformal fibration of S3 gives rise to

a holomorphic curve of the complex space of fibers into the space of

curves, i.e. into the space of all possible fibers.
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We will state a new proof of this, which is based on another de-

scription of the space of circles. First we introduce a 2−form Ω. Let

Q ⊂ CP3 be the tangent sphere bundle of S3 ⊂ HP1, and consider the

indefinite metric 〈, 〉 on H2 as in 4.5. We decompose 〈, 〉 into (1, i)−
and (j,k)− parts

〈, 〉 = (, ) + Ωj,

where we regard (, ) as a hermitian form on C4 and Ω as a complex

2−form on C4. Note that Ω is non-degenerated and Ω ∧ Ω 6= 0 in the

complex 1−dimensional space Λ4C4.

Lemma. Let Ω be as described above, and [T ], [S] ∈ Q ⊂ CP3

lying over different points in S3. Then there exists an oriented circle

such that [T ] and [S] are tangent to it in positive direction if and only

if Ω(T, S) = 0.

Proof. We are only going to prove that Ω(T, S) = 0 is a necessary

condition. The reverse direction follows in analogous manner. As we

have seen above, every conformal transformation of S3 is given by a

quaternionic linear map Φ ∈ GL(2,H) with Φ∗〈, 〉 = 〈, 〉. Then Φ acts

on Q ⊂ CP3, too. Clearly, this can be regarded as the differential of

the conformal transformation Φ acting on the tangent sphere bundle.

Therefore we can assume that [T ], [S] ∈ Q are tangent in positive

direction to the circle given by {[z : 1] ∈ HP1 | z ∈ S1 ⊂ span(1, i)}
with positive oriented tangents given by the set

{[z : 0 : 1 : 0] ∈ CP3 | z ∈ S1 ⊂ C},

but this is the intersection of Q with the projectivation of the null-plane

span(e0, e3) with respect to Ω. �

6.5. Remark. The proof of the lemma above shows that every

circle is given by the intersection of Q with a contact line in CP3, i.e.

the projectivation of a 2−plane on which Ω vanishes. This intersection

already determines the contact line. Conversely, the intersection of a

contact line with Q is the set of tangents of a circle or, in the case of

a plane spanned by v, vj, the tangent sphere over a point vH ∈ S3 ⊂
HP1 .

The space of contact lines inCP3 is given by the complex 3−quadric

Q3 via Klein correspondence, see also [Bry] for more details: Consider



6. CONFORMAL FIBRATIONS BY CIRCLES 27

the 5−dimensional subspace W of Λ2(C4) defined as

W := {ω ∈ Λ2(C4) | Ω(ω) = 0}.

It is easy to verify that 1
2
Ω ∧ Ω is non-degenerated on W, thus the

space of null-lines with respect to 1
2
Ω ∧ Ω is projectively equivalent to

the 3−dimensional quadric Q3. It is an easy computation that every

null-line in W has the shape [v∧w], hence it corresponds to the contact

line P span(v, w) in CP3 . Conversely, the contact line P span(v, w) in

CP3 determines the null-line [v ∧ w] as an element of Q3 ⊂ W.

Instead of showing that the equivalence of the 3−quadrics in CP4

and PW can be chosen such that corresponding points give the same

circles, we prove an analogon of 6.3. To do so we introduce the real

structure

σ : Λ2(C4)→ Λ2(C4); v ∧ w = (vj) ∧ (wj)

on Λ2(C4). This is a real linear map with σ2 = Id . In fact, σ can be

restricted to the space of Ω−null 2−vectors: σ : W → W. Moreover,

the real points [ω] ∈ Q3 ∩ PW, i.e. σ(ω) = ω, have exactly the shape

ω = v ∧ vj, which means that they can be regarded as quaternionic

lines vH or points in S3 ⊂ HP1, compare 6.5.

6.6. Proposition. A point p = vH ∈ S3 ⊂ HP1 represented by

the null-line [ω] = [v ∧ vj] ∈ Q3 ⊂ PW lies on an oriented circle k

represented by [η] ∈ Q3 ⊂ PW if and only if

1

2
Ω ∧ Ω(ω ∧ η) = 0.

Proof. If p lies on the circle k we could choose [v], [w] ∈ CP3

tangent to k, i.e. k is given by [η] = [v ∧ w] ∈ Q3, with p is given by

[ω] = [v ∧ vj] ∈ Q3. Then

1

2
Ω ∧ Ω(ω ∧ η) =

1

2
Ω ∧ Ω(v ∧ vj ∧ v ∧ w) = 0.

Conversely, let ω = v∧vj and η = w∧ w̃ representing p and k in Q3

with 1
2
Ω∧Ω(ω∧η) = 0. As 1

2
Ω∧Ω 6= 0 ∈ Λ4(C4) we deduce that v, vj, w

and w̃ are linear dependent. If η = w∧ w̃ would represent a degenerate

circle, we could assume w̃ = wj, and v, vj, w, wj are (complex) linear

dependent if and only if they lie on the same quaternionic line. That

means vH = wH ∈ S3 ⊂ HP1 and p = k. Otherwise, the complex
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plane span(w, w̃) would intersect the complex plane span(v, vj). For an

element ŵ ∈ span(w, w̃)∩ span(v, vj), [ŵ] ∈ Q ⊂ CP3 is tangent to the

circle k at p. �

We will only work with the second model below. If π : S3 → CP1

is a conformal fibration, the fibers have following induced orientation:

Let T be tangent to the fiber and A,B ⊥ T such that π∗A ∧ π∗B > 0

represents the orientation of the Riemannian surface CP1 . We say T

is in positive direction to the fiber if T ∧A ∧B > 0, i.e. (T,A,B) is a

positive orientated basis of S3.

6.7. Theorem. Let π : S3 → CP1 be a conformal fibration such

that all fibers are circles with the induced orientation. Then the curve

γ : CP1 → Q3 which maps each p ∈ CP1 to the oriented circle π−1(p),

given by an element in Q3 ⊂ PW, is holomorphic.

Proof. We fix a metric on S3 and let T be the unit length tan-

gent vector in positive fiber direction. The fibers of π are the closed

integral curves of the flow Φ of T. There exists an s > 0 such that

for all φ := Φs : S3 → S3 is a fixpoint free diffeomorphism. As an

example, one could take any s with s < length(π−1(p)) for all p ∈ S2.

Let A,B be the horizontal lifts of vector fields defined on the base

space such that (T,A,B) is an oriented orthonormal frame field. Be-

cause of π∗[A, T ] = 0 = π∗[B, T ] there exists functions λ, µ such that

φ∗A = A+ λT and φ∗B = B + µT.

We have already seen that the tangent map Ψ: S3 → Q ⊂ CP3

is CR-holomorphic. Let ψ be a local CR holomorphic lift to C4. We

define χ = ψ ◦φ. Using the second model for the space of circles we see

that γ is given by

γ(π(p)) = [ψ(p) ∧ χ(p)] = [ψ(p) ∧ T · ψ(p)] ∈ Q3 ⊂ PW.

We set γ̂ = ψ ∧ χ : U ⊂ S3 → W ⊂ Λ2(C4) and compute

A · γ̂ = A · ψ ∧ χ+ ψ ∧ A · χ

= A · ψ ∧ χ+ ψ ∧ (A · ψ) ◦ φ+ ψ ∧ (λT · ψ) ◦ φ

B · γ̂ = B · ψ ∧ χ+ ψ ∧B · χ

= B · ψ ∧ χ+ ψ ∧ (B · ψ) ◦ φ+ ψ ∧ (µT · ψ) ◦ φ.
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With JA = B and from the fact that Ψ is CR holomorphic we deduce

that

iA · ψ = B · ψ mod Ψ.

As [γ̂] = [ψ ∧ T · ψ] we have

(JA) · (γ ◦ π) = i(A · (γ ◦ π)),

which means that γ ◦ π is CR holomorphic. As d π maps the Levi

distribution of S3 CR holomorphically onto the tangent space of CP1

and γ ◦π is CR holomorphic, it is evident that γ must be holomorphic.

�

Obviously, all results above can be rephrased for conformal sub-

mersions defined on subsets of S3. If one considers a globally defined

conformal fibration of S3 one can use the fact that every point in S3

lies in exactly one fiber to obtain global information of the curve γ :

6.8. Lemma. Let π : S3 → S2 be a conformal fibration with circles

as fibers. Then the holomorphic curve γ : CP1 → Q3 given by 6.7 has

degree 1.

Proof. Let n be the degree of γ : CP1 → Q3 ⊂ PW. We take a

basis (e0, .., e4) of W consisting of real points, i.e. σ(ei) = ei, such that

(, ) :=
1

2
Ω ∧ Ω = −e∗0 ⊗ e∗0 + e∗1 ⊗ e∗1 + ..+ e∗4 ⊗ e∗4,

and such that we have γ(0) = [e3 + ie4] for a suitable holomorphic

coordinate z on CP1 . By changing the holomorphic coordinate z we

can assume that the point [e0 + e3] ∈ S3 ⊂ Q3 lies on the circle γ(∞).

We take a holomorphic lift

γ̂(z) = v0 + zv1 + ..+ znvn

of γ to W with v0 = e3 + ie4. Since every point p ∈ S3 lies on exactly

one circle, namely γ(π(p)), it results from 6.6 that γ intersects each

hyperplane Pv⊥ ∩ Q3 in exactly one point, where [v] ∈ S3 ⊂ RP 4 ⊂
PW. But every hyperplane must intersected n−times by γ counted with

multiplicities, hence we know that γ intersects each such hyperplane

Pv⊥ in exactly one point with order n. Therefore

Pv⊥0 ∩ S3 = ∪ϕ∈[0,2π][e0 + cosϕe1 + sinϕe2]



30 II. CONFORMAL FIBRATIONS AND COMPLEX GEOMETRY

proves

v1, v2, .., vn−1 ∈ ∩ϕ∈[0,2π](e0 + cosϕe1 + sinϕe2)⊥ = span{e3, e4}.

Using (γ̂(z), γ̂(z)) = 0 this implies inductively

v1 = µ1v0, .., vn−1 = µn−1v0

for suitable µi ∈ C, and

(v0, vn) = (vn, vn) = 0.

As (vn, e0 + e3) = 0 we see

vn = ae0 + be1 + ce2 + a(e3 + ie4)

with a2 = b2 + c2 and bc 6= 0. For the holomorphic coordinate ω = 1/z

we obtain another holomorphic lift

γ̃(ω) = (ae0 + be1 + ce2 + a(e3 + ie4)) + (ωµn−1 + ..+ ωn)v0

of γ, thus γ intersects the hyperplane P (e0 + e3)⊥ in z = ∞ n−times

if and only if µ1 = .. = µn−1 = 0.

First we consider the case a = 0, i.e. vn = be1 +ce2 with b2 +c2 = 0.

After a change of the coordinate z on CP1 we obtain the form

γ̂(z) = e3 + ie4 + zn(e1 + ce2)

where c2 = −1, so the circle γ(1) contains the point [e0 + 1√
2
(e1−e3)] ∈

S3. The intersection of γ and the hyperplane P (e0 + 1√
2
(e1 − e3))⊥ is

at z = 1 only of order 1 because

(γ̂′(1), e0 +
1√
2

(e1 − e3)) =
n√
2
6= 0.

Since γ must intersect (e0 + 1√
2
(e1− e3))⊥ at z = 1 with order n we see

that n = 1 in case of a = 0.

If a 6= 0 we can change the coordinate z by a factor such that

[e0 − e3] lies on γ(1). This implies 0 = (γ̂(1), e0 − e3) = −a − (a + 1).

The curve γ intersects P (e0 − e3)⊥ at z = 1 with multiplicity n, which

implies for n > 1 that 0 = (γ̂′(1), e0− e3) = −a− (a+n) contradicting

0 = −2a+ 1. Thus n = 1. �
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With this result it is easy to prove the following theorem of the

uniqueness of conformal fibrations with circles as fibers:

6.9. Theorem. Up to conformal transformations of S2 and S3,

every conformal fibration of S3 by circles is the Hopf fibration.

Proof. We will show that for each curve λ : CP1 → Q3 which is

given by a conformal submersion via 6.7 there is a projective isomor-

phism Q3 → Q3 resulting from a conformal transformation of S3, such

that λ is mapped to the curve γ : CP1 → Q3 given by

γ([z : w]) = [z(e1 + ie2) + w(e3 + ie4)],

where e0, .., e4 is a basis of W as in the proof of 6.8. Using this ba-

sis, S3 ⊂ Q3 and the sphere in the light-cone model can be identified,

and we see that the real orthogonal transformations Φ: W → W, i.e.

σ ◦ Φ = Φ ◦ σ, and Φ∗(, ) = (, ), with (Φ(e0), e0) < 0 are exactly the

conformal transformations of S3.

As in the proof of 6.8 we can take a holomorphic coordinate z on

CP1 such that, after a conformal transformation of S3 and the induced

transformation of W we have λ(0) = [e3 + ie4], and [e0 + e3] lies on

λ(∞). Thus λ̂(z) = e3+ie4+zb(e1±ie2), where b ∈ C. The curves λ and

γ coincide after applying the conformal transformation z̃ = 1/bz on S2

and the conformal transformation on S3 given by the linear isometry

of W with

e2 7→ ±e2; ei 7→ ei, i 6= 2.

�





CHAPTER III

Riemannian Submersions on 3−Manifolds

In this chapter we develop the general theory of Riemannian sub-

mersions from 3−manifolds onto surfaces. It will be shown that the

geometry is determined by the geometry of the surface, the (mean)

curvature of the fibers, and by the curvature of the horizontal distri-

bution, which can be identified with a function. We compute the cur-

vature of the 3−manifold in these quantities explicitly. All the spaces

are assumed to be oriented.

7. Connections and Curvature

First we will discuss connections on submersions in general. Af-

terwards we will have a glance at principal connections on principal

bundles. We will see that the curvature of the (non-linear) connection

canonical associated to a Riemannian submersion, or more general to a

conformal submersion, play an important role for the geometry of the

submersion.

7.1. Connections on submersions. Let π : P → M be a sub-

mersion. The vertical bundle is given in a natural way, i.e. V = ker d π,

in contrast to the complementary bundles. Sometimes there are canon-

ical complements. For example if there is a Riemannian metric P on g

one can take the orthonormal complement. But in general, the choice

of a horizontal bundle is a geometric structure on its own.

Definition. A section of a submersion π : P →M is a map s : M →
P such that π ◦ s = Id .

A connection ∇ on a submersion π : P →M is a decomposition TP =

V ⊕H of the tangent bundle into vertical and horizontal parts.

A connection ∇ on a submersion π : P →M defines the vertical deriv-

ative ∇s = πV ◦ d s of a section, which is the projection on the vertical

part of the derivative of s.

33
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Given a connection ∇, the fibers can be identified in the following

manner: If γ : I →M is a curve one defines the horizontal lift γ̂ : I → P

through a point p ∈ π−1(γ(I)) as a curve through p such that π ◦ γ̂ = γ

and γ̂′ ∈ H. It is clear that such a curve always exists, at least locally,

and is unique. The horizontal curves define the parallel transport of

the connection: One maps the points of the fiber over p ∈ M to the

points in the fiber over q ∈ M via the horizontal lifts of a fixed curve

in M from p to q.

The question on hand is whether every map f : N → M provides

a horizontal lift. For example in case of Id : M → M a horizontal lift

is a section s such that ∇s = 0. The answer is given by the Frobenius

theorem.

Definition. The curvature of a connection ∇ on a submersion is

given by the vertical valued two form

Ω ∈ Ω2(P ;V), Ω(X, Y ) = −πV([πHX̂, πHŶ ]),

where X̂, Ŷ are arbitrary continuations of X and Y.

Theorem (Frobenius). Let π : P →M be a submersion with con-

nection ∇. A necessary and sufficient condition for the existence of

horizontal sections through every p ∈ P is that the curvature vanishes,

i.e. Ω = 0.

There are many ways to generalize the theorem. For example, for

horizontal lifts of submanifolds ı : N → M into a bundle P → M. To

do so, one has to consider the so-called pullback connection ı∗∇ on the

pullback bundle ı∗P → N given by

ı∗P = {(n, p) | ı(n) = π(p)} → N,

see [SW] for details.

Remark. One can restrict oneself to submersions with extra struc-

ture, as to principal or vector bundles. It is common that only connec-

tions which respect the additional structure are considered. In the case

of principal bundles one requires that the decomposition is invariant

under the group action, and in the case of vector bundles the parallel

transport should be linear for each curve.
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7.2. Principal Bundles. For the general theory of principal bun-

dles one can consult [KN], or more briefly [Fr]. A principal G−bundle

π : P →M with structure group G is given by a right action of P×G→
P such that there exist local trivializations P|U → U ×G, which com-

mute with the action of G. A principal connection on π : P → M

is a G−invariant decomposition TP = VP ⊕ HP. The vertical space

VP = ker d π can be identified with M × g, where g is the Lie algebra

of G : Let ξ ∈ g. A vertical G−invariant vector field ξ̂ with the values

ξ̂p can be defined by differentiating the curve t 7→ p · exp(tξ) at t = 0.

A global trivialization is

(p, ξ) ∈M × (g) 7→ ξ̂p ∈ Vp.

Note that any connection is given by its projection on the vertical

bundle. In case of a principal bundle, this projection can be considered

as a g−valued 1−form ω ∈ Ω1(P ; g).

Definition. A principal connection is a 1−form ω ∈ Ω1(P ; g) with

the properties:

• for all ξ ∈ g : ω(ξ̂) = ξ;

• for all g ∈ G and X ∈ TP we have R∗gω(X) = Adg−1(ω(X)),

where Ad is the Adjoint action of G on g.

The first property says that ω is a projection, and the second that

the decomposition is G−invariant.

By definition, the curvature of a connection is given by the vertical

valued horizontal 2−form Ω with Ω(X, Y ) = −πV([πHX, πHY ]), which

can identified with a g−valued 2−form.

7.3. Proposition. The curvature Ω ∈ Γ2(P ; g) of a connection ∇
is a g−valued Ad−equivariant horizontal 2−form, that is

R∗gΩ(X, Y ) = Adg−1Ω(X, Y ).

It is

Ω = dω +
1

2
[ω ∧ ω],

where [ω∧η] is defined by [ω∧η](X, Y ) := [ω(X)∧η(Y )]−[ω(Y )∧η(X)].
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Proof. Since [Rg∗π
HX,Rg∗π

HY ] = Rg∗ [π
HX, πHY ] is valid for all

g ∈ G one obtains

R∗gΩ(X, Y ) =− ω([Rg∗π
HX,Rg∗π

HY ])

=− ω(Rg∗ [π
HX, πHY ]) = Adg−1(ω([πHX, πHY ])

=Adg−1Ω(X, Y ).

We state Ω = dω + 1
2
[ω ∧ ω]. To prove it take the horizontal lifts

X̂, Ŷ of X, Y and Killing fields ξ̂, χ̂, and compute

(dω +
1

2
[ω ∧ ω])(X̂, Ŷ ) = −ω([X̂, Ŷ ]) = Ω(X̂, Ŷ ),

(dω +
1

2
[ω ∧ ω])(X̂, ξ̂) = X̂ · ξ − ω([X̂, ξ̂]) = 0 = Ω(X̂, ξ̂),

(dω +
1

2
[ω ∧ ω])(ξ̂, χ̂) = −ω([ξ̂, χ̂]) + [ξ, χ] = 0 = Ω(ξ̂, χ̂).

�

Principal bundles and vector bundles and their connections are re-

lated as follows. Consider a representation ρ : G → GL(V ) of G on a

vector space V. Let π : P →M be a principal bundle, then there exists

a vector bundle with typical fiber V :

P ×ρ V := P × V/ ∼

with (p, v) ∼ (p̃, ṽ), if and only if there exists a g ∈ G such that p̃ = p·g
and ṽ = ρ(g−1)(v). This vector bundle is called the associated vector

bundle to (P, ρ). Vice versa, given a vector bundle V →M with typical

fiber F , one can define the principal GL(F )−bundle P →M as

P = {(m, f) | m ∈M, f : F → Vm linear isomorphism}.

Elements of P are called frames. If one has a geometric structure on

V, which is invariant under some group G, one can define a principal

G−bundle as the set of frames which respect this structure.

There is a relationship between connections on principal and its

associated vector bundles, too. Every linear connection defines the

parallel transport between the fibers which are connected by curves.

The parallel transport is a linear isomorphism between the fibers re-

specting the geometric structure, which is defined on the vector bundle.

Thus there is a natural way to obtain the frames of one fiber from the
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frames of another fiber via parallel transport. It can be shown that

this parallelism is due to a principal connection on the frame bundle.

This procedure could be done the other way round, hence a covariant

derivative on the associated bundles is defined by a principal connec-

tion.

8. Riemannian Submersions and Curvature

In this section we collect the basics of Riemannian submersions.

For definitions and proofs see [B].

Let π : (P, g) → (M,h) be a Riemannian submersion between ori-

ented Riemannian manifolds, that means that the differential d π|ker dπ⊥ ,

restricted to the orthogonal complement of its kernel, is an isometry at

every point. We consider the vertical distribution V = ker(dπ) and the

horizontal distribution which is defined as its orthogonal complement

H = V⊥. This decomposition defines a connection in the sense of 7.

We denote vertical vector fields by U, V, .. and vector fields on the

base by A, B, ... . Their horizontal lifts are denoted by Â, B̂, ... . If one

studies Riemannian submersions one has to deal with three different

Levi-Civita Connections: Denote by ∇M , ∇ and D the connection on

the base, on the total space and on the fibers.

The fibers of a Riemannian submersion π : P → M are closed

submanifolds, thus it is natural to consider their second fundamental

forms:

8.1. Proposition. The second fundamental forms of the fibers

gives rise to a tensor field S ∈ T 2,1(P ):

S(X, Y ) = πH∇πVXπ
VY + πV∇πVXπ

HY.

It satisfies

S(U, V ) = ∇UV −DUV,

S(U, V ) = S(V, U),

S(A,B) = S(A,U) = 0,

g(S(U, V ), A) = −g(U,S(V,A)).
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The fibers of the submersion can be identified with each other via

parallel transport with respect to the connection TP = V ⊕ V⊥. Then

the Lie derivative of g|V is determined as

(LÂgV)(U, V ) = g(∇U Â, V ) + g(∇V Â, U) = 2g(Â,S(U, V )).

This shows that the fibers are isometric to each other via parallel trans-

port if and only if S = 0, which is proved by a theorem of R. Hermann,

see [B]. Moreover, the derivative of the volume V of the fibers is given

by

(8.1) d log Vp(A) =

∫
π−1(p)

tr g(S, Â) dvol,

see [GLP]. This is not surprising since 1
dimπ−1(p)

trS is the mean cur-

vature vector of the fiber which is 0 if and only if the fibers are minimal.

There is a equivalent definition for the Tensor field introduced in

7.1.

8.2. Proposition. The tensor field T given by

T (X, Y ) = πH∇πHXπ
VY + πV∇πHXπ

HY

satisfies

T (U,A) = T (U, V ) = 0,

T (A,B) = −T (B,A) = −1

2
Ω(A,B),

g(T (A,U), B) = −g(T (A,B), U).

Proof. We only do prove that T (A,B) = 1
2
Ω(A,B). We state that

πV∇ÂÂ = 0, for every vertical field U, as

g(U,∇ÂÂ) = −g(∇ÂU, Â) = −g(∇U Â, Â) = −1

2
U · g(Â, Â) = 0.

We used that [U, Â] is vertical for horizontally lifted fields Â. The for-

mula follows from

πV [Â, B̂] = πV(∇ÂB̂ −∇B̂Â).

�

The tensor field T vanishes if and only if the horizontal distribution

is integrable. Notice that in this case the second fundamental form of
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the leaves of the horizontal distribution also vanishes.

We are now able to give formulas for the Levi-Civita connection of

(P, g) explicitly.

8.3. Proposition. The Levi-Civita connection of the total space

of a Riemannian submersion is computed as follows:

∇UV = DUV + S(U, V )

∇UX = S(U,X) + πH∇UX

∇XU = πV∇XU + T (X,U)

∇XY = T (X, Y ) + πH∇XY,

where X, Y are horizontal and U, V are vertical vector fields. In case

of basic vector fields Â, B̂ one obtains

∇ÂB̂ = T (Â, B̂) + ∇̂M
A B.

These formulas can be used to compute the Riemannian curvature.

As an example, the sectional curvature of a horizontal plane spanned

by orthonormal Â, B̂ is given by

(8.2) K(Â ∧ B̂) = K(A ∧B)− 3

4
Ω(Â ∧ B̂)2,

where K(A∧B) is the sectional curvature of corresponding plane A∧B
on the base.

9. Curvature on Fibered 3−manifolds

We first collect some basic facts of curvature tensors on Riemannian

3−manifolds and show how they are to be transformed after conformal

changes of the metric.

Afterwards we specify the results of the previous section for the case

of 3−spaces fibered by curves.

9.1. Curvature on 3−manifolds. We will not present a detailed

study of the decomposition of the Riemannian curvature tensor, since

we are only interested in 3−manifolds. We will not distinguish between

endomorphisms and bilinear forms, but for better reading we denote

the first by capital and the latter by small letters.
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On manifolds of dimension 1 there is no Riemannian curvature. On

surfaces it is determined by the scalar curvature. With 3 dimensions it

is determined by the Ricci or the Schouten curvature, respectively:

Proposition. The Riemannian curvature tensor r ∈ Γ(T (4,0)M)

on 3−manifolds with Riemannian metric g is given by

r = −s · g,

where the Schouten tensor is s = ric−1
4

scal g and the Kulkarni-Nomizu

product is given by

h · k(x, y, z, t) =h(x, z)k(y, t) + h(y, t)k(x, z)

− h(x, t)k(y, z)− h(y, z)k(x, t).

Proof. Let x, y, z be a orthonormal basis of TpM, p ∈ M. Using

the basic symmetries of the Riemannian curvature it is obvious that

r(x, z, z, y) = ric(x, y) = s(x, y) = −s · g(x, z, z, y)

and

2r(x, y, y, x) = ric(x, x) + ric(y, y)− ric(z, z)

= s(x, x) + s(y, y)− s(z, z) +
1

4
scal

= 2s(x, x) + 2s(y, y) = −2s · g(x, z, z, x).

Other cases are followed by permuting x, y and z. �

We consider a conformal change of the metric g̃ = e2λg. The Levi-

Civita connection of g̃ is

∇̃XY = ∇XY +X · λY + Y · λX − g(X, Y ) gradλ.

Proposition. The Schouten tensor S̃ of the conformally changed

metric g̃ = e2λg is

(9.1) S̃ = S −Bλ,

where S is the Schouten tensor of g and

Bλ = Hessλ− dλ⊗ gradλ+
1

2
‖ gradλ ‖2 Id .
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Proof. We choose orthonormal vector fields X, Y, Z such that

their commutators at p ∈M vanish. We compute

s̃(X, Y ) =r̃(X, e−λZ, e−λZ, Y ) = g(R̃(X,Z)Z, Y )

=g(∇̃X∇̃ZZ − ∇̃Z∇̃XZ, Y )

=g(∇̃X(∇ZZ + 2Z · λZ − gradλ)

− ∇̃Z(∇XZ +X · λZ + Z · λX), Y )

=r(X,Z, Z, Y ) +X · λY · λ− hessλ(X, Y )

=s(X, Y )− bλ(X, Y ),

and similarly for the other cases. �

In contrast to surfaces, there exist 3−spaces with metrics, where,

even locally, no conformal transformation to a flat metric can be found.

Hence the question on hand is what the obstructions of being confor-

mally flat are. The answer was given by Schouten, see [HJ].

9.2. Theorem. A Riemannian 3−manifold is conformally flat if

and only if the covariant derivative of the Schouten tensor is totally

symmetric.

Proof. A locally defined function λ is to be found, such that S =

Bλ. With v = gradλ, this is equivalent to

∇v = S + g(v, .)v − 1

2
g(v, v) Id .

Note that any vector field which solves the equation above is the

gradient of a function automatically, because its covariant derivative

is symmetric. We define the vector valued horizontal 1−form η ∈
Ω1(TM ; p∗TM) by

η|v(X) := S(p∗X) + g(v, p∗X)v − 1

2
g(v, v)p∗X,

where p : TM → M is the projection. Using r = −s · g, one easily

computes for horizontal vectors X, Y ∈ HTM ⊂ TTM and for the

pullback connection on p∗TM :

d∇η(X, Y ) = ∇X(η(Y ))−∇Y (η(X))− η([X, Y ])

= (∇XS)(Y )− (∇Y S)(X)s+R(X, Y )v.

Therefore, the theorem is a corollary of the following Lemma. �
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Lemma. Let ∇ be a connection on a vector bundle π : V → M,

and Ω ∈ Ω2(End(V )) its curvature. The equation

∇v = ωv

for v ∈ Γ(V ) and ω ∈ Ω1(V ; π∗V ) has a local solution around each

point if and only if

d∇ω(X, Y ) = Ω(π∗X, π∗Y )v

for horizontal vectors X, Y ∈ HV ⊂ TV.

Proof. In order to furnish the proof the Frobenius theorem is

applied. On TV, the connection ∇ induces a decomposition TV =

VV ⊕HV. We define the distribution

Dv := {ω|v(π∗X)⊕X | X ∈ HV } ⊂ TV.

An integral manifold of D gives rise to a locally defined section v ∈
Γ(V ) with ∇v = ωv. Thus it remains to show that D is integrable. Let

X̂, Ŷ be lifted horizontal fields in HV of X, Y ∈ Γ(TM). We compute

[ω|v(X)⊕ X̂, ω|v(Y )⊕ Ŷ ] =[ω|v(X), ω|v(Y )] + [ω|v(X), Ŷ ] + [X̂, ω|v(Y )]

+ [X̂, Ŷ ]

=∇X(ω|v(Y ))−∇Y (ω|v(X))

+ (−Ω(X, Y )(v)⊕ ˆ[X, Y ])

=ω|v([X, Y ])⊕ ˆ[X, Y ] ∈ D,

see [SW] for more details. �

9.3. Remark. Regarding S as a TM−valued 1−form such that

d∇S(X, Y ) = ∇X(S(Y ))−∇Y (S(X))− S([X, Y ])

= ∇X(S(Y ))− S(∇XY )−∇Y (S(X)) + S(∇YX)

= (∇XS)(Y )− (∇Y S)(X),

the condition that the covariant derivative of the Schouten tensor is

totally symmetric is equivalent to the fact that its absolute exterior

derivative vanishes.

Remark. The decomposition of the Riemannian curvature ten-

sor can be generalized to higher dimensions as follows: Defining the

Schouten tensor for n ≥ 3 as S := 1
n−2

(Ric− scal
2n−2

Id), we get r =
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s · g + w, where w is the Weyl tensor. It was proven that w vanishes

for dimension 3. In general, the Schouten tensor changes under confor-

mal transformation as shown above, and the Weyl tensor (as a bilinear

form) is invariant under these transformations of the metric. Thus the

condition that w = 0 is necessary for being conformally flat. For n ≥ 4

w = 0 implies d∇S = 0, and therefore this condition is also sufficient.

9.4. Levi-Civita Connection on Fibered 3−manifolds. To

obtain the formulas below, we will use orthonormal vector fields A, B

defined on an open subset U ⊂ S2 such that eλ(A+iB) is a holomorphic

vector field on the surface for some function λ : U → R. This condition

is equivalent to [eλA, eλB] = 0. Note that the Gaussian curvature is

given by K = ∆λ. We denote by Â, B̂ ∈ Γ(H) the horizontal lifts of A

and B.

There exists an unique positive oriented vertical vector field T of

length 1. Of course, we have DTT = 0, and the second fundamental

form is equal to the mean curvature, thus we have ∇TT = S(T, T ).

The curvature Ω of the horizontal distribution can be identified with a

real valued 2−form Ω := g(Ω, T ). Using the metric and the orientation,

we define the curvature function of the horizontal distribution by

(9.2) H := Ω(X̂ ∧ Ŷ ) = −g(T, [X̂, Ŷ ]),

where X̂, Ŷ are locally defined positive oriented basis fields of H. Let

J ∈ End(TP ) be the CR structure of the Riemannian submersion π,

i.e. J (Â) = B̂, J (B̂) = −Â and J (T ) = 0. Using 8.3 one obtains

9.5. Proposition. The Levi-Civita connection on a fibered 3−space

is given by

∇T =
1

2
HJ +∇TT ⊗ g(., T )

∇X =πH∇πH(.)X + T (., X) + S(., X)

=πH∇πH(.)X +
1

2
HT ⊗ g(.,JX)

+ (
1

2
HJX − g(∇TT,X)T )⊗ g(., T ),
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where X is horizontal and of length 1. For the lifted vector fields Â, B̂

one obtains

∇Â = B̂ ⊗ g(.,
1

2
HT + J gradλ) + T ⊗ g(.,

1

2
HB̂ − g(∇TT, Â)T )

∇B̂ = −Â⊗ g(.,
1

2
HT + J gradλ)− T ⊗ g(.,

1

2
HÂ+ g(∇TT, B̂)T ).

We only cite the formulas for the Schouten tensor, which can be

computed easily.

9.6. Proposition. The Schouten tensor on a fibered 3−manifold

is given by

s(T, T ) =(−1

2
K +

5

8
H2 +

1

2
div∇TT )T,

s(T,X) =g(J (H∇TT −
1

2
gradhH), X),

s(X, Y ) =(−3

8
H2 +

1

2
K)g(X, Y ) +

1

2
g(∇XJ∇TT,J Y )

+
1

2
g(∇JXJ∇TT, Y ) +

1

2
g(∇TT,JX)g(∇TT,J Y )

− 1

2
g(∇TT,X)g(∇TT, Y ),

where X, Y are horizontal vectors.

By 9.2, the obstruction of being conformally flat is that the absolute

exterior derivative of the Schouten tensor vanishes. This tensor is very

difficult to understand but for a nice component:

9.7. Proposition. A necessary condition that a fibered 3−manifold

is conformally flat is

(9.3)

0 = ∆hH + g(∇TT, gradH) + 2H(H2−K+ ‖ ∇TT ‖2) + 3H div∇TT,

where ∆h = − div gradh is the horizontal Laplacian.

Proof. One easily computes that the right hand side of 9.3 is

equal to the component 2g(d∇S(A ∧ B), T ) of the absolute exterior

derivative of the Schouten tensor, which vanishes on conformally flat

3−spaces. �



CHAPTER IV

Conformally Flat Circle Bundles over Surfaces

In this chapter we study Riemannian submersions of conformally

flat, oriented 3−spaces onto oriented surfaces with connected, com-

pact and minimal fibers. We will show that they are determined by

a solution of an ODE locally and give an example with non-constant

curvature. Afterwards we are going to classify all such Riemannian

submersions over compact, oriented surfaces.

10. Circle Bundles

First, we describe in which situations Riemannian submersions with

minimal fibers occur. Then we specify the formulas of the previous sec-

tion by including the condition for the total space of being conformally

flat.

10.1. Proposition. A compact, oriented Riemannian 3−manifold

P admitting the existence of a Riemannian submersion π : P → M to

an oriented surface M with connected and minimal fibers is given by

a compact, oriented Riemannian 3−space P with a free circle action

P × S1 → P leaving the metric invariant.

Proof. In consequence of 8.1, the fibers of a Riemannian submer-

sion, if all being compact, connected and minimal, are diffeomorphic

to S1 and with constant length. We assume the length to be 2π. Let

T be the vector field of length 1 in positive direction of the fibers and

consider its flow Φ. Clearly, every integral curve of T is closed with

period 2π, hence the flow induces a free and proper circle action. By

using the same arguments as in the proof of 5.1, the metric is invariant

under this action, as π is a Riemannian submersion and the fibers are

minimal.

Conversely, the space of orbits has an unique structure as a Rie-

mannian manifold such that the canonical projection is a Riemannian

45
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submersion. As the metric is invariant under the action the fibers are

minimal. �

The proposition above shows that π : P →M is a principal bundle

with structure group S1, see 7.2 for a definition. We will call it a circle

bundle and the metric g on P a bundle metric.

We are going to compute the Levi-Civita connection and the cur-

vature of the total space. Let T be the vector field in positive fiber

direction of length 1. And let A,B be the horizontal lifts of orthonor-

mal fields of the base M, such that eλ(π∗A + iπ∗B) is a holomorphic

field on the surface for an appropriate function λ. This condition on λ

is equivalent to [A,B] = B · λA−A · λB. Since the fibers are minimal,

the tensor field S defined in 8.1 vanishes. Moreover, from

0 = g(S(T, T ), A) = g(∇TT,A) = −g(T,∇TA) = −g(T, [T,A])

one obtains that the horizontal distribution given byH = ker d π⊥ gives

rise to a principal connection. The curvature Ω of this connection is

real valued and invariant under S1, since S1 is abelian. Therefore,

the function H defined in 9.2, i.e. Ω = Hπ∗ volM , is constant along the

fibers, and it generates a function on the surface, which will be denoted

by H, too. Remind the definitions of the CR structure J ∈ End(TP ) of

a Riemannian submersion and the tensor field T given in the previous

chapter. Then 9.5 turns into

Proposition. The Levi-Civita connection of the total space of a

circle bundle P → M with circle metric g and with T as above and X

horizontal of length 1 is given by the following:

∇T =
1

2
HJ

∇X = πH∇πH(.)X + T (., X)

= πH∇πH(.)X +
1

2
HT ⊗ g(.,JX) +

1

2
HJX ⊗ g(., T ).

We obtain in case of horizontal lifted fields A and B as above

∇A = B ⊗ g(.,
1

2
HT + J grad(λ ◦ π)) + T ⊗ g(.,

1

2
HB)

∇B = −A⊗ g(.,
1

2
HT + J grad(λ ◦ π))− T ⊗ g(.,

1

2
HA).
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The Schouten tensor, see 9.6, becomes in case of geodesic fibers

very simple, too:

Proposition. The Schouten tensor of the total space of a circle

bundle P →M with circle metric g is given by

s(T, T ) =(−1

2
K +

5

8
H2)T

s(T,X) =g(−1

2
J gradH,X)

s(X, Y ) =(−3

8
H2 +

1

2
K)g(X, Y )

(10.1)

where X, Y are arbitrary horizontal vectors and T is defined as above.

We have already proven that a 3−space is conformally flat if and

only if the integrability condition d∇S = 0 is satisfied in the last chap-

ter. Using the formulas for the Levi-Civita connection and the Schouten

tensor one easily computes

g(d∇S(Â ∧ B̂), T ) =
1

2
(−∆H + 2H(K −H2)),

g(d∇S(A ∧ T ), B) =
1

2
(HessH(A,A)−H(H2 −K)),

g(d∇S(B ∧ T ), A) =
1

2
(HessH(B,B)−H(H2 −K)),

g(d∇S(B̂ ∧ T ), B̂) = −g(d∇S(A ∧ T ), A) =
1

2
HessH(A,B).

g(d∇S(A ∧B), B) = −g(d∇S(A ∧ T ), T ) = A · (1

2
K − 3

4
H2)

and

g(d∇S(B ∧ A), A) = −g(d∇S(B ∧ T ), T ) = B · (1

2
K − 3

4
H2).

The terms on the right hand side are conditions on the total space.

But as the fibers are minimal and H is constant along every fiber,

these terms are actually defined on the base. We obtain

10.2. Theorem. A circle metric g of a circle bundle π : P → M

over a surface M with Gaussian curvature K and curvature function

H of the horizontal distribution is conformally flat if and only if

HessH = ∇ gradH = H(H2 −K) Id
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and

2K − 3H2 = α

for some constant α.

11. Conformally Flat Circle Bundles

We are going to illustrate how the conditions of being conformally

flat reduces to an ODE. First we investigate the equation HessH =

f Id on a surface M with Riemannian metric. In the following we set

U := {x ∈M | gradH 6= 0}.

11.1. Lemma. Assume HessH = f Id is satisfied on a surface.

Then, for each point p with gradpH 6= 0, there exist an open set V ⊂
U and a conformal chart (x, y) : V → R2 such that the metric g on

V ⊂M and the function H do only depend on x.

Proof. Define on U the vector field X = 1
‖gradH‖ gradH and

Y = JX, where J is the complex structure induced by g and by

the orientation, i.e. X, Y should form a positive oriented orthonormal

basis. We set h = dH(X) which is equivalent to gradH = hX. Using

HessH = f Id and ‖ X ‖= 1 we get

f = dh(X),

0 = dh(Y ),

∇X =
f

h
Y ⊗ g(., Y ),

(11.1)

and

∇Y = −f
h
X ⊗ g(., Y ).(11.2)

We prove the existence of a locally defined function l : V ′ ⊂ U → R

such that [lX, lY ] = 0. Then lX, lY are the Gaussian basis fields of a

conformal chart (x, y) : V ⊂ V ′ → R2. With

[X, Y ] = ∇XY −∇YX = −f
h
Y

we get

Y · f = Y ·X · h = X · Y · h− [X, Y ] · h = 0
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and

[lX, lY ] = l2[X, Y ]− (Y · l)lX + (X · l)lY

= (−f
h
l + (X · l))lY − (Y · l)lX.

We denote the dual basis of X and Y by ω1 = g(., X), ω2 = g(., Y ).

Then [lX, lY ] = 0 is equivalent to

d l = l
f

h
ω1.

As d f
h
ω1 = 0 we get a solution of d q = f

h
ω1 on each simply connected

open set V ′ ⊂ U. Then l = eq is a nowhere vanishing solution of

d l = l f
h
ω1. We obtain a conformal chart (x, y) : V ⊂ V ′ → R2 with

Gaussian basis fields lX, lY. The metric is given by

g = l2(dx⊗ dx+ dy ⊗ dy),

which only depends on x, since ∂l
∂y

= l(Y · l) = 0. �

11.2. Remark. From the proof of this lemma we also get that

there always exist a chart (x, y) : V → R2 with Gaussian basis fields

X, lY, with l satisfying d l = f
h
lω1, such that the metric g and the

function H only depend on x.

We restrict our attention to the case where the function f is given

by Theorem 10.2.

11.3. Lemma. Let H be a non-constant solution of

(11.3) HessH = H(H2 −K) = −1

2
(H3 + αH)

for some constant α. Then every critical point p of H, for which an

integral curve γ of gradH exists with p = limt→±∞ γ(t), is a regular

critical point.

Proof. By assumption, there is a point q ∈ U near p with H(q) 6=
H(p), such that the integral curve of gradH (if H(q) < H(p)) or of

− gradH (if H(q) > H(p)) through q is going to p. Consequently, the

integral curve of X or −X is a geodesic going to p, too. Let γ : [0; b]→
M be the geodesic with γ(0) = q, γ′(0) = X(q) and γ(b) = p. Consider

the function H(x) := H ◦ γ(x). As a cause of 11.1 and 11.3 it satisfies
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the ODE

(11.4) 2H ′′(x) +H3(x) + αH(x) = 0

with final value H ′(b) = 0. If p would be a singular critical point of

H, we would have H3(b) + αH(b) = 0. By Picard-Lindelöf, its only

solution would be constant contradicting H(p) 6= H(q). �

The geodesic polar coordinates around p ∈ M are defined to be

the composition of the inverse of the exponential map at p with the

Euclidean polar coordinates of TpM. In the case of a surface, we de-

note these coordinates by (r, ϕ), or by (r, eiϕ) if the image of the polar

coordinates is R>0 × S1. Of course, the polar coordinates depend on

the choice of the direction which is mapped to the direction induced

by 1 ∈ S1 ⊂ R2.

11.4. Proposition. Let (r, eiϕ) : V →]0;R[×S1 be geodesic polar

coordinates around a regular critical point p of a function H which

solves the equations in 10.2. Then the metric is locally given by

(11.5) g = dr2 + (
L

2π
)2dϕ2.

Moreover, L and H are only depending on r with L(r) = cH ′(r) for

some constant c 6= 0.

Proof. First we show that the integral curves of X = gradH
‖gradH‖

and Y = JX near critical points coincide with the coordinate lines

of a geodesic polar coordinate system. We have proven that H has

only regular critical points. Thus we can assume p ∈ M to be a non-

degenerate local minimum. There exists a neighborhood V ⊂ U ⊂ M

of p such that every integral curve of −X = − 1
‖gradH‖ gradH starting

at a point q ∈ V \ {p} goes to p in finite time. As the integral curves

of −X are geodesics by 11.1, there is a normal neighborhood V of p,

i.e. a set which is diffeomorphic to an open set in TpM via exponential

map. Thus, every geodesic emanating from p is an integral curve of X

for small t > 0.

We are going to show that the chart given by 11.2 is the same as

the geodesic polar coordinate system. The proof of 11.3 yields that the

value H(q) for q ∈ V depends only on the length of the integral curve
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−X from q to p. And since these integral curves are geodesics its length

is equivalent to the distance d(p, q) between p, q ∈ M. Altogether we

have that the integral curves of X and Y are the coordinate lines of

the geodesic coordinate system and that X = ∂
∂r
.

Let r : V \ {p} → R be the distance function of p. Consider the

length function L(r) =
∫
γr
g(., Y ) of circles with radius r around p. By

using notations and results of 11.1 we get,

d g(., Y ) = dω2 =
f

h
volM .

Applying Stokes theorem and the fact that f and h are constant along

circles around p we obtain

(11.6) L′ =
f

h
L.

This shows that the integrability factor l with [X, lY ] = 0 and the

length function L are the same up to a constant. We may fix this con-

stant as 2π, i.e., 2πl = L. By 11.2, lY is a Killing field and therefore

a Jacobi field along every integral curve of X. Fix a geodesic γ ema-

nating from p. Then lY (r) := (lY ) ◦ γ(r) has the same initial values as

the Jacobi field ∂
∂ϕ
. With 2πl = L and ‖ Y ‖= 1 we have lY (0) = 0.

Moreover, the equation lY ′ = ∇X lY = f
h
lY and the well known fact

that L′(0) = 2π show that lY ′(0) = J γ′(0). This yields ∂
∂ϕ

= lY.

It remains to show that there is a constant c 6= 0 such that l(r) =

cH ′(r). We have that f and h are locally given by h(r) = H ′(r) and

f(r) = h′(r) = H ′′(r). Thus all non-vanishing solutions of

l′ =
f

h
= H ′′/H ′l

are of shape cH ′ for a constant c. �

11.5. Corollary. Every non-constant solution H of equation 11.3

on a compact surface has regular critical points only.

Proof. First we will show the existence of a regular critical point.

Note that by equation 11.1 a geodesic γ through a point q ∈ U with

initial value γ′(0) = Xq is an integral curve of X (in U). Since M is

complete, γ is defined for all t. But by definition of X the integral curve

of X is obviously not defined for all t > 0. Thus γ does not stay in U
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for all time and there exists t0 > 0 with t0 := inf{t > 0 | γ(t) /∈ U}.
Evidently, p := γ(t0) is a regular critical point by 11.3.

Let q ∈ M be another critical point of H, and γ : [0; b] → M be

a geodesic from p to q. In 11.4 γ is proven to be an integral curve of

X on the interval ]0; a1[, where a1 := inf{t ∈ 0; b] | gradγ(t) H = 0}.
By using 11.3 again, γ(a) is a regular critical point. Thus γ is again

an integral curve of X but on the interval ]a1; a2[, where a2 is defined

in the same manner as a1. As the number of regular critical points is

finite, q is to be reached after a finite number of steps by an integral

curve of X. Thus by using 11.3 a last time, q is regular. �

11.6. Example. We end this section by giving an example of a

conformally flat circle bundle over a non-compact surface with non-

constant curvature. Let M :=]1− ε, 1 + ε[×S1 for some 1 > ε > 0, and

let P = M × S1 be the circle bundle with the projection π : P → M

on the first factor. On M there are globally defined and commuting

basis fields ∂
∂r

and ∂
∂ϕ

with the dual basis d r and dϕ. We define a

Riemannian metric on M by

g = d r ⊗ d r + l2(r) dϕ⊗ dϕ

where l : M → R is a nowhere vanishing function which only depends

on r. For any function f : M → R we set f ′ := ∂f
∂r
. We determine the

Levi-Civita connection of g, with X := ∂
∂r

and Y := 1
l
∂
∂ϕ
, as ∇X =

l′Y ⊗dϕ and ∇Y = −l′X⊗dϕ. The Gaussian curvature of M is given

by

K = − l
′′

l
.

Let H : M → R be a function only depending on r and satisfying

HessH = H(H2 − K) Id and 2K − 3H2 = α for some constant α.

Using 11.1 one easily obtains that there exists a constant c such that

l = cH ′. The condition of the total space being conformally flat turns

into

(11.7) H ′′ = −1

2
H3 − α

2
H.

It is not difficult to verify that any function H satisfying 11.7 satisfies

the condition above, too, with a constant c such that l = cH ′. There-

fore there exists a family of solutions to these equations. They are
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depending on the choice of α, H(1) and H ′(1). For each solution H the

metric g is determined up to a constant c via l = cH ′.

We proved the existence of a surface with Riemannian metric g

and Gaussian curvature K together with a function H satisfying the

equations above. It remains to show that for every solution H there

is a circle metric on π : P → M such that the curvature function of

the horizontal distribution is given by H. To do so, we define T to be

the infinitesimal generator of the circle action on P, i.e. if one uses the

product coordinates (r, ϕ, t) on P =]1− ε, 1 + ε[×S1×S1 then T = ∂
∂t
.

Define the connection 1−form of this circle bundle by

ω = d t+
c

2
H2 dϕ.

Evidently, it defines a principal connection on P. Moreover, the sym-

metric bilinear form

g̃ = π∗g + ω ⊗ ω

is strictly positive definite and invariant under circle action. Therefore

g̃ is a circle metric. In 9.2 and 7.3 it was proven that the curvature

function H̃ of the horizontal distribution is given by dω = H̃π∗ volM .

We have

dω = HcH ′ d r ∧ dϕ = Hπ∗ volM ,

thus (P, g̃) is in fact a conformally flat circle bundle over an oriented

surface. By 8.2 the sectional curvature of the horizontal distribution is

given by

K − 3

4
H2 =

α

2
+

3

4
H2

which is clearly non-constant unless H is constant.

12. Classification over compact Surfaces

We are going to classify conformally flat circle bundles over com-

pact oriented surfaces. Let M be a compact surface. With the same

notations as in 11.1 we state the following lemma:

12.1. Lemma. The integral curves of Y are complete in U. More-

over they are closed.
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Proof. First we show completeness. Let γ : [a, b[→ U be an in-

tegral curve of Y. Since M is compact there exists a sequence tn → b

such that γ(tn)→ p ∈M. But γ′ is of constant length 1, thus γ(t)→ p

for t → b. Assume that p /∈ U, i.e. gradpH = 0. In 11.1 it was proven

that ‖ gradH(γ(t)) ‖ is constant for any integral curve of Y, which is

obviously not zero contradicting gradpH = 0.

It remains to show that γ : R→ U ⊂ M is closed. If not, γ would

be injective. As M is compact, there would be a sequence tn →∞ such

that γ(tn)→ p for n→∞. With the same arguments as above we get

p ∈ U. Since gradH 6= 0 on U there is a neighborhood V of p such that

H(q) = H(p) if and only if p and q lie on the same integral curve of Y.

Because H is constant along γ we have H(γ(tn)) = H(p). Therefore,

γ(tn) and p lie on the same integral curve of Y for any n large enough.

By using ‖ Y ‖= 1 we have that γ would pass p infinitely often, which

contradicts γ to be injective. �

12.2. Proposition. Let H : M → R be a solution of

HessH = H(H2 −K) = −1

2
(H3 + αH).

We have that either H is constant or M = S2 and there are exactly two

critical points N,S ∈ S2 of H. In the second case S2 \ {N,S} ∼= I ×S1

for some interval I such that the induced metric g on I × S1 is given

by

g = dr2 + (
L(r)

2π
)2dϕ2,

where (r, eiϕ) are the product coordinates on I × S1, and L : I → R is

the length function of circles in S2 around S. Moreover, H does only

depend on r satisfying L(r) = cH ′(r) for some constant c 6= 0.

Proof. Note that M = S2 if H is not constant is a consequence of

the Morse theory and the fact that the Hessian of H at every critical

point is strictly definite by HessH = H(H2 −K) Id .

Let S denote the absolute minimum of H and let N ∈ M be the

absolute maximum of H. Fix a geodesic γ : [0, R] → M from S to N

and denote its parameter by r. We have the functions H(r) := H ◦γ(r)

and h(r) := H ′(r). They are related to the length L(r) of the circles
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with radius r around S by L(r) = ch(r) for some constant c as shown

in the proof of 11.4. We have that expS is a diffeomorphism if it is

restricted to BR := {v ∈ TSM |‖ v ‖< R}. The rest of the proof is

obvious. �

Theorem. Let g be a conformally flat circle metric on a circle

bundle π : P → M over a compact oriented surface M. Then M is of

constant curvature K. Moreover, we have that π : P →M is either the

trivial bundle or M = S2 and π is the Hopf or conjugate Hopf fibration.

Proof. If H is constant we have 0 = HessH = H(H2 − K). By

Gauss-Bonnet, H2 − K ≥ 0 for surfaces Mg of genus g ≥ 1. The

equality is valid if and only if g = 1, K = H = 0. Thus H = 0, and

π : P →Mg must be the trivial bundle M×S1 with the product metric.

Assume that H is non-constant, and let S and N be the absolute

minimum and maximum of H, respectively. Let γ : [0;R] → S2; t 7→
γ(t) be a geodesic from S to N. We already showed, that the equations

HessH = H(H2 −K) and 2K = 3H2 + α turn into

(12.1) 2H ′′(t) +H3(t) + αH(t) = 0

with H ′(0) = H ′(R) = 0, where we use H(t) = H ◦ γ(t) for short.

We denote H(0) = A and H(R) = B. Then every solution of 12.1

satisfies

4(H ′(t))2 =−H4(t)− 2αH2(t) + 2αA2 + A4

=− (H(t)− A)(H(t) + A)(H2(t) + 2α + A2)
(12.2)

by the law of conservation. As the functions H and K are the cur-

vatures of complex line bundles with degree d and 2, respectively, the

integrals of H and K are given by

−2πd =

∫
S2

HdA = c

∫ R

0

H(t)H ′(t)dt =
c

2
(B2 − A2)

4π =

∫
S2

KdA =
c

2

∫ R

0

(3H2(t) + α)H ′(t)dt =
c

2
(B3 + cB − A3 − cA).

(12.3)
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Since H ′(R) = 0, 12.2 and 12.3 imply

(12.4) 0 = B2 + 2α + A2.

With L′(0) = 2π and 12.1 we obtain

0 =
4π

c
+ A3 + αA,

0 =
4π

c
+B3 + αB.

(12.5)

An easy algebraic computation reveals that the equations 12.3, 12.4

and 12.5 have no common solution. Thus, H must be constant and

therefore K must be constant, too. That implies that g must be the

round metric of S2. Using 12.3 and H(H2−K) = 0, we get H = ±2 and

K = 4, or H = 0. In the latter case, π is the trivial bundle S2×S1 with

product metric. If H = ±2 and K = 4, we have that S3 is equipped

with the round metric, by 10.1. As the fibers are geodesics, they have

to be circles, thus 6.9 yields the theorem. �



CHAPTER V

Harmonic Morphisms on 3−Manifolds

In the last chapter we study harmonic morphisms from Riemann-

ian 3−manifolds to surfaces. These are maps which pull harmonic

functions back to harmonic functions. It is well-known that being a

harmonic morphism is a very strong condition, see 14.3 or [BaWo].

We will show, under a natural assumption, that the only conformally

flat metric on S3 which posses a submersive harmonic morphism onto

a surface is the round metric, and that the map must be the Hopf

fibration up to isometries.

13. The Chern-Simons Invariant of 3−manifolds

Our proof of the uniqueness theorem 15.6 uses a global invariant of

conformal 3−manifolds given by the Chern-Simons functional. In their

fundamental work, [CS], Chern and Simons introduced a geometric

invariant of connections. Their theory plays an important role in the

topology and knot theory of three-manifolds, since Witten had shown

its connection to the Jones polynomial. We will only discuss the Chern-

Simons functional for Levi-Civita connections, which is based on [Ch].

13.1. The Frame Bundle. We need to introduce basic concepts

of Riemannian geometry via frame bundles, see 7.2 for the theory of

connections on principal bundles. Let F (M) → M be the bundle of

linear frames on a n−dimensional Riemannian manifold (M, g), and

O(M) → M its reduction to orthonormal frames. One of these two

bundles is meant, if we write π : P →M. Recall that the elements of the

frame bundle F (M) or O(M) at a point p ∈M are linear isomorphism

or linear isometries f : Rn → TpM. The canonical form θ ∈ Γ(P ;Rn)

on P is defined by

θf (X) = f−1(dπ(X)).

57
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Proposition. There exists an unique principal connection ω ∈
Γ(O(M); so(n)) on O(M) such that

d θ(X, Y ) = −ω(X)(θ(Y )) + ω(Y )(θ(X)),

where so(n) act on Rn in the standard way. The induced linear con-

nection on TM is the Levi-Civita connection. And there is exactly one

connection on F (M), denoted by ω, too, which reduces to ω on O(M).

Proof. The proof is based on Cartan’s moving frame method ap-

plied to all frames, i.e. to the frame bundle. For details, one should

consult [KN]. �

13.2. Remark. Consider a locally defined section s ∈ Γ(U ;O(M)).

The vector fields Xi = s(ei) define an orthonormal basis of TpM for all

p ∈ U ⊂ M. Consider the dual 1−forms θi = g(., Xi). It is clear that

their collection (θi) is the canonical form θs along s ∈ Γ(O(M)). Thus

the proposition above yields

d θj = −
∑
i

ωij ∧ θi.

Here, the connection form ω is given by a skew symmetric matrix of

1−forms on M via s∗ω = (ωij) ∈ so(n). The ωij can be obtained from

the covariant derivatives of the Xj via

∇Xj =
∑
i

ωij ⊗Xi.

The so(n)−valued curvature 2−form can be computed from s∗Ω =

(Ωij) with

(13.1) Ωij = dωij +
∑
k

ωik ∧ ωkj =
1

2

∑
k,l

r(Xk, Xl, Xi, Xj)θ
k ∧ θl,

where r is the Riemannian curvature tensor.

13.3. Chern-Simons Functional. Let M always be a compact

oriented 3−manifold with trivial tangent bundle. We are going to use

the bundle SO(M) → M of oriented orthonormal frames instead of

O(M)→M.

Proposition. Let g be a metric on M and ω ∈ Ω1(SO(M), so(3))

be the Levi-Civita connection. For any section s : M → SO(M) we
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define

CS(M, g, s) :=
1

8π2

∫
M

tr(−1

2
s∗ω ∧ s∗ dω − 1

3
s∗ω ∧ s∗ω ∧ s∗ω)

=
1

8π2

∫
M

tr(−1

2
s∗ω ∧ s∗Ω +

1

6
s∗ω ∧ s∗ω ∧ s∗ω).

The functional only depends on the conformal class of g and on the

homotopy type of s. Consequently, the Chern-Simons functional

CS((M, [g])) := CS(M, g, s) mod Z ∈ R/Z

is a conformal invariant.

Proof. Consider two sections s, s̃ ∈ Γ(SO(M)). Then there is an

unique function f : M → SO(M) such that s̃ = sf. In such a case we

have

s̃∗ω = d ff−1 + fs∗ωf−1

and

s̃∗Ω = fs∗Ωf−1.

Here, the multiplication is meant to be the matrix multiplication of the

matrix Lie group SO(M). Note that d ff−1 is the pullback f ∗ωmc of

the Maurer-Cartan form ωmc of the group SO(M). Using tr(α ∧ β) =

(−1)degαdeg β tr(β ∧ α) and d tr(α) = tr(dα), we have

CS(M, g, s̃) =CS(M, g, s) +
1

8π2

∫
M

1

6
tr(f ∗ωmc ∧ f ∗ωmc ∧ f ∗ωmc)

+
1

16π2

∫
M

d tr(d ff−1 ∧ d s∗ω)

=CS(M, g, s) + deg(f),

where the last equation follows from

1

6
tr(f ∗ωmc ∧ f ∗ωmc ∧ f ∗ωmc) = f ∗ volSO(3) .

Here, SO(3) is equipped with the metric of constant sectional curvature
1
4

which has a volume of 8π2.
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It remains to prove that the functional is independent of the metric

in a conformal class. We denote

f ∗ω =

 0 ω1 ω2

−ω1 0 ω3

−ω2 −ω3 0

,
for short, and

f ∗Ω =

 0 Ω1 Ω2

−Ω1 0 Ω3

−Ω2 −Ω3 0



=

 0 dω1 − ω2 ∧ ω3 dω2 + ω1 ∧ ω3

− dω1 + ω2 ∧ ω3 0 dω3 − ω1 ∧ ω2

− dω2 − ω1 ∧ ω3 − dω3 + ω1 ∧ ω2 0

.
By using this we get

(13.2)

CS(M, g, f) =
1

8π2

∫
M

ω1∧dω1 +ω2∧dω2 +ω3∧dω3−2ω1∧ω2∧ω3.

Now, we consider for an arbitrary function λ : M → R the curve gt =

e2tλg of metrics. Using 13.2 and the well known formula

∇̃AB = ∇AB + A · λB +B · λA− g(A,B) gradλ

for the Levi-Civita connection of the metric g̃ = e2λg, one obtains the

following connection forms ωit for the frames ft = e−tλf ∈ Γ(SO(M, gt)) :

ω1
t =ω1 − tX1 · λθ2 + tX2 · λθ1

ω2
t =ω2 − tX1 · λθ3 + tX3 · λθ1

ω3
t =ω3 − tX2 · λθ3 + tX3 · λθ2,
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and we compute

8π2∂CS(M, gt, ft)

∂t |t=0
=

∫
M

− d(
∑
i

ωi ∧ ∂ω
i

∂t
) + 2

∑
i

∂ωi

∂t
∧ Ωi

=2

∫
M

∑
i

∂ωi

∂t
∧ Ωi

=2

∫
M

X2 · λ(θ1 ∧ Ω1 − θ3 ∧ Ω3)

− 2

∫
M

X1 · λ(θ2 ∧ Ω1 + θ3 ∧ Ω2)

+ 2

∫
M

X3 · λ(θ1 ∧ Ω2 + θ2 ∧ Ω3) = 0.

The last equation is a consequence of
∑

j Ωij ∧ θj = 0, which follows

immediately from 13.1 and the symmetries of the curvature tensor.

This computation is valid for any metric g and any infinitesimal con-

formal change, thus the Chern-Simons functional only depends on the

conformal structure. �

We end this section by stating two theorems illustrating the geo-

metric significance of the Chern-Simons functional. The proofs can be

found in [CS].

Theorem. The critical values CS(M, [g]) of the Chern-Simons

functional are exactly the conformally flat spaces (M, [g]).

Theorem. A necessary condition that a conformal 3−space (M, [g])

admits a conformal immersion into R4 is given by CS(M, [g]) = 0.

14. Harmonic Morphisms with one-dimensional Fibers

We give a short introduction of harmonic morphisms. We refer the

reader to the monograph [BaWo] for a detailed study.

14.1. Harmonic Mappings. Let f : (P, g)→ (M,h) be a smooth

map between Riemannian manifolds. The energy functional of f is

given by

E(f) :=
1

2

∫
P

‖ d f ‖2 volP .

Here ‖ . ‖ is the Hilbert-Schmidt norm of operators, i.e. ‖ d f ‖2=

trg f
∗h. It is a generalization of the energy of real-valued functions

and one defines harmonic maps as the critical values of this functional.
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Both, the functional and the Euler-Lagrange equation have the same

shape as for functions. Consider the differential of f as a section

d f ∈ Γ(P ;T ∗P ⊗ f ∗TM),

and equip the bundle with the product connection of the Levi-Civita

connection on T ∗P and the pullback f ∗∇ of the Levi-Civita connection

on TM. Note that in case of functions, i.e. (M,h) = (R, <,>), the

product connection on T ∗P ⊗ TR ∼= T ∗P is equal to the Levi-Civita

connection on T ∗P.

Proposition. A map f : (P, g) → (M,h) between Riemannian

manifolds is a harmonic map if and only if the tension field

τ(f) := tr∇ d f ∈ Γ(f ∗TM)

vanishes.

A proof can be found in [J], where a whole chapter is devoted to the

study of harmonic maps. In the case of functions, the tension field is

given by the negative of the Laplacian and both definitions coincide.

14.2. Harmonic Morphisms. A harmonic morphism is a map

f : (P, g)→ (M,h)

between Riemannian manifolds, such that for any locally defined har-

monic function u : U ⊂ M → R the composition u ◦ f is harmonic on

π−1(U) ⊂ P.

Of course, constant maps are harmonic morphisms. Further holo-

morphic maps between Riemannian surfaces or isometries are harmonic

morphisms, too. The composition of two harmonic morphisms is again

a harmonic morphism. Therefore, in the case of a surface as target

space, a map is a harmonic morphism for a metric on the surface if

and only if it is one for any other metric in the same conformal class.

This allows us to speak about harmonic morphisms into Riemannian

surfaces.

There is a useful characterization of harmonic morphisms given by

Fuglede ([Fu]) and Ishihara ([Is]). We specify in the case of submer-

sions:
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14.3. Theorem. A submersion between Riemannian manifolds is

a harmonic morphism if and only if it is harmonic and conformal.

Proof. We will not give a proof of this theorem in general because

we only consider harmonic morphisms from 3−dimensional spaces to

surfaces, so we restrict ourselves to this case. The general proof is very

similar but it has more technical difficulties.

Let p ∈ M be an arbitrary point on M , and (Ei)i=1,2,3 be an or-

thonormal frame around π−1(p) on (P, g) such that d π(E3) = 0. Let

h ∈ [h] be a metric in the conformal class of the surface. For any

smooth function f : U ⊂ M → R, which is locally defined around p,

we compute

∆(f ◦ π) =−
∑
i

(∇Ei(d f ◦ d π), Ei)

=−
∑
i

(∇Eih(grad f ◦ π, d π), Ei)

=−
∑
i

(h(π∗∇Ei grad f ◦ π, dπ), Ei)

−
∑
i

(h(grad f ◦ π,∇Ei d π), Ei)

=−
∑
i

h(∇dπ(Ei) grad f, d π(Ei))− d f(τ(π)).

If π is harmonic and conformal with square dilation Λ defined by π∗h =

Λg|V×V , we have

∆(f ◦ π) = −
∑
i

h(∇dπ(Ei) grad f, d π(Ei)) = Λ(∆f) ◦ π,

and we obtain that π is a harmonic morphism.

Conversely, let π be a submersive harmonic morphism. As π re-

mains to be a harmonic morphism in spite of a conformal change of

the metric on the surface, we may assume that h is flat around p.

Let z = x + iy be an isometric chart. Consider the locally defined

functions f(z) = x2 − y2 and g(z) = xy. It is clear that they are

harmonic on a small set around p, and dp f = dp g = 0. The term
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0 = ∆(f ◦ π) = ∆(g ◦ π) and a short algebraic computation yield

d π(E1) ⊥ d π(E2)

and

‖ d π(E1) ‖=‖ d π(E2) ‖ .

And as p is arbitrary we get that π is conformal. Therefore, for any

harmonic function f on M, we have 0 = ∆(f ◦ π) = d f(τ(π)), thus π

is also a harmonic map. �

We will use another characterization of harmonic morphisms, which

is due to Baird and Eells [BE]:

14.4. Theorem. A submersion π from a Riemannian 3−space

(P, g) to a Riemannian surface (M, [h]) is a harmonic morphism if

and only if it is conformal and has minimal fibers.

Proof. It remains to be shown that a conformal submersion of

a 3−dimensional manifold to a surface is harmonic if and only if the

fibers are geodesics. Using the formulas of 9, and the notations as in

the proof of 14.3, it is easy to determine the tension field as τ(π) =

− d π(∇E3E3). �

15. Harmonic Morphisms on Conformally Flat 3−Spheres

We will now study harmonic morphisms on the conformally flat

3−sphere under two assumptions: We only consider submersive har-

monic morphisms, and we restrict ourselves to the case where the cur-

vature of the horizontal distribution nowhere vanishes. The latter is

exactly the case if the induced CR structure on S3 is strictly pseudo-

convex. By changing one of the orientations either on the 3−space or

on the surface the curvature function H of the horizontal distribution

changes sign. So we will assume in the following that H > 0, and we

say that the horizontal distribution is of positive curvature.

15.1. Lemma. Let π : (S3, g̃) → (S2, [h]) be a submersive har-

monic morphism such that its horizontal distribution has positive cur-

vature. By a conformal change g of the metric on S3 and with a metric

h ∈ [h] on S2, π is a Riemannian submersion, such that the mean cur-

vature of the fibers is given by ∇TT = − gradh logH with respect to the
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new metric. For this metric, the function

p ∈ S2 7→
∫
π−1(p)

1

H
g(., T )

is constant on the two sphere. We fix that constant to be π, then g and

h are unique.

Proof. Let g and h be metrics in the given conformal classes such

that π is a Riemannian submersion. Note that these metrics are unique

up to the multiplication by the same function defined on S2. As the

metric changes by the factor e2λ, the curvature function H changes by

the factor e−λ. Hence there is a unique choice of the metrics g and h

such that
∫
π−1

1
H

= π.

It remains to show that for this choice of g and h the (mean) cur-

vature of the fibers is given by ∇TT = − gradh logH. In 14.4 we have

showed that by changing the metric g in a suitable way the mean cur-

vature of the fibers vanishes. Using the formula for the Levi-Civita

connection of a conformally changed metric we have that this is equiv-

alent to the existence of a function λ : S3 → R such that∇TT = gradλ.

Let Â, B̂ be the horizontal lift of positive orthonormal basis fields

A,B on the surface. As Â is a horizontal lift, the commutator [Â, T ] is

vertical and we get

[Â, T ] = ∇ÂT −∇T Â = −g(∇T Â, T )T = g(Â,∇TT ) = Â · λT,

and similarly [B̂, T ] = B̂·fT. By definition, we have H = −g(T, [Â, B̂]).

The Jacobi identity for commutators of the vector fields Â, B̂, T yields

T · λ = −T · logH.

Hence, λ = − logH + f ◦ π, where f is some function defined on the

surface. If we change the metric g by the factor e2λ, the fibers become

geodesics, thus all of them have the same length. We obtain

const =

∫
π−1

g̃(., T̃ ) =

∫
π−1

eλg(., T )

=

∫
π−1

ef

H
g(., T ) = efπ.

Thus f must be constant and consequently ∇TT = − gradh logH. �
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For the rest of this section we are going to use the metrics given by

the lemma above.

15.2. Corollary. Let the metrics on S3 and S2 be given as in 15.1.

Then we have
∫
S2 volS2 = π, and consequently∫

S3

1

H
volS3 = π2.

Proof. The equation ∇TT = − gradh logH induces

d
1

H
θ3 = π∗ volS2 .

Since
∫
π−1(p)

2
H

= 2π, we get that 2
H
θ3 is a principal connection 1−form

of the principal S1−bundle π : S3 → S2 with principal action given

by the flow of H
2
T. The curvature form of this connection is given by

2 volS2 . But the degree of this bundle is −1, and can be determined as

−2π deg(S3 → S2) =

∫
S2

d(
2

H
θ3) =

∫
S2

2 volS2 .

Therefore
∫
S2 volS2 = π, and

∫
S3

1
H

volS3 =
∫
S2 π volS2 = π2 by Fubini.

�

We are going to compute the Chern-Simons functional in the geo-

metric quantities H, K and ∇TT = − gradh logH. We need:

15.3. Lemma. Let π : S3 → S2 be a Riemannian submersion and

X ∈ Γ(S3,H) be a horizontal vector field of length 1. Then the mapping

degree of

p ∈ π−1(q) 7→ d πp(X) ∈ S1 ⊂ TqS
2

is ±2 for each fiber, where the sign is given by the sign of the degree of

the bundle π.

Conversely, let A be a non-vanishing vector field of length 1 defined

on U ⊂ S2, and eiϕ : π−1(U) → S1 be a map, where S2 \ U is simply

connected with nonempty interior. Then cosϕÂ + sinϕJ Â can be ex-

tended to a globally defined, non-vanishing, horizontal vector field of S3

if and only if the mapping degree of eiϕ is ±2 for each fiber, with the

same sign as above.

Proof. Every submersion of S3 is homotopic to the Hopf fibration,

which has degree −1, or to the conjugate Hopf fibration with degree

1, thus the proof of the lemma reduces to these cases. The fibers of
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the Hopf fibration (or the conjugate Hopf fibration) are given by the

oriented integral curves of the right invariant vector field Ī (or the left

invariant vector field I), and for the right invariant horizontal field J̄ ,

the mapping degree of the projection is −2 (or 2 for the left invariant

J), compare with section 1. Every other horizontal vector field is given

by X = eiϕJ for some well-defined eiϕ : S3 → S1. Further we have that

S3 is simply connected, hence the logarithm ϕ : S3 → R is well-defined,

too, and consequently X also has degree −2 (or 2). The proof of the

inverse direction is done in a similar way. �

15.4. Proposition. Let g be the conformally flat metric in 15.1.

Let T be the unique vertical vector field of length 1 in positive direction

and let X, Y be horizontal. Then the Chern-Simons functional with

respect to a positive oriented orthonormal frame s = (X, Y, T ), is

8π2CS(S3, g, s) =

∫
S3

4
K

H
− 1

2
H3 vol,

where K is the Gaussian curvature of the surface and H is the curvature

function of the horizontal distribution.

Proof. Let A,B be a positive oriented orthonormal frame on V :=

S2 \ {p} for some p ∈ S2, and let λ : V → R be a function such that

eλ(A− iB) is holomorphic. We denote the horizontal lifts by A and B,

too. For any frame s = (X, Y, T ), there is a function eiϕ : π−1(V )→ R

with X + iY = eiϕ(A + iB). By using 9.5, we obtain the following

connection forms for the frame s = (X, Y, T ) :

ω1 =J ∗ dλ− 1

2
Hθ3 − dϕ,

ω2 =− 1

2
Hθ2 + g(∇TT,X)θ3,

ω3 =
1

2
Hθ1 + g(∇TT, Y )θ3,

(15.1)

where ω1, ω2, ω3 is the dual frame of A,B, T, and θ1 = cosϕω1 +

sinϕω2, θ2 = − sinϕω1 + cosϕω2, θ3 = ω3 is the dual frame of X, Y, T.

With 13.2 and ∇TT = − gradh logH, we get the integrand µ of the

Chern-Simons functional on π−1(V ) :

µ =(
1

2
H(H2 −K) + T · ϕ(

1

2
H2 −K) +

1

2
∆hH

+ g(gradH,J gradϕ− gradλ+ 2 gradh logH) vol .
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The condition 9.3 for g to be conformally flat turns in case of ∇TT =

− gradh logH into:

0 =2H∆h logH +H(H2 −K)

=2∆hH + 2g(gradhH, gradh logH) +H(H2 −K),
(15.2)

thus we obtain

µ =(−1

2
H(H2 −K) + T · ϕ(

1

2
H2 −K)

− 3

2
∆hH + g(gradH,J gradϕ− gradλ) vol .

For n ∈ N we set Un := π−1(Bn), where the Bn ⊂ V = S2 \ {p} are

open connected and simply connected subsets with piecewise smooth

boundary, such that limn→∞
∫
S2\Bn volS2 = 0 and B̄n 6= S2. We will

specify these sets later on.

Let η ∈ Ω1(V ) be a 1−form on the surface such that d η = 4 volS2 .

Consider a map eiϕ : π−1(V ) → S1 with dϕ = η − 4
H
θ3. To prove the

existence of eiϕ, we state d(η − 4
H
θ3) = 0, then we use that∫

π−1(q)

η − 4

H
θ3 = −4π ∈ ker(t 7→ eit)

for a generator π−1(q), q 6= p, of the first homology group of π−1(V ).

We have shown in 15.3 that there exists for each Un a globally defined

orthonormal frame s = (X, Y, T ) with X = cosϕA + sinϕB on Un.

Thus

8π2CS(S3, g, s) =

∫
S3

µ = limn→∞

∫
Un

µ

= lim
n→∞

∫
Un

−1

2
H(H2 −K)− 4

H
(
1

2
H2 −K) +

1

2
H(4−K) vol

+ lim
n→∞

1

2

∫
∂Un

H ? (−J ∗η − dλ)

= lim
n→∞

∫
Un

(
4K

H
− 1

2
H3) vol + lim

n→∞

1

2

∫
∂Un

H ? (−J ∗η − dλ)

=

∫
S3

(
4K

H
− 1

2
H3) vol + lim

n→∞

1

2

∫
∂Un

H ? (−J ∗η − dλ),

(15.3)
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where the third equality follows from

δ(J ∗η + dλ) = K − 4− g(d logH,J ∗η + dλ)

and the following application of Stokes for each n ∈ N :∫
Un

g(gradH,J gradϕ− gradλ) vol

=

∫
Un

Hδ(−J ∗η − dλ) vol

+

∫
∂Un

H ? (−J ∗η − dλ)

=

∫
Un

H(4−K) + g(gradH, gradλ− J gradϕ) vol .

+

∫
∂Un

H ? (−J ∗η − dλ).

(15.4)

It remains to show that limn→0

∫
∂Un

H ? (−J ∗η − dλ) = 0. Define the

function h : S2 → R by

q ∈ S2 7→
∫
π−1(q)

Hθ3.

Note that for any form α ∈ Ω1(S2) we have ?π∗α = π∗ ? α ∧ θ3. We

apply Fubini to obtain∫
∂Un

H ? (−J ∗η − dλ) =

∫
π−1(∂Bn)

H ? (−J ∗η − dλ)

= −
∫
∂Bn

h(η + ? dλ),

(15.5)

where the Hodge star ? in the last line is the one on the surface. On

V ⊂ S2 it is

d(η + ? dλ) = (4−K) vol .

By using 15.2 and the Hodge theorem respectively we have∫
S2

(4−K) vol = 0,

thus (4 − K) vol is an exact differential form on S2, i.e. there exist

α ∈ Ω1(S2) with dα = (4−K) vol . Therefore we have η+? dλ = α+β

on V, where β is a closed 1−form on V. Since V is simply connected

β = d f for some f : V → R. Because of Stokes theorem, and because
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α and h are defined on the whole S2, we obtain

lim
n→∞

∫
∂Bn

hα = − lim
n→∞

∫
S2\Bn

d(hα) = 0.(15.6)

The only term left to investigate is limn→∞
∫
∂Bn

h d f. We consider two

cases: In the first the function h has an isolated critical point or is

constant on an open set. Then, there are closed embedded curves

γn : S1 → S2 and a point p ∈ S2, such that h is constant along each

γn, and such that limn→∞ vol(Bn) = volS2 , with Bn be the component

of S2 \ Im γn and p /∈ Bn. It follows immediately that

lim
n→∞

∫
∂Bn

h d f = ± lim
n→∞

∫
γn

h d f = 0.

In the other case, there would be p ∈ S2 with gradp h 6= 0. Further-

more, there would be a small neighborhood Ṽ around p such that f is

bounded on S2 \ Ṽ and for each c ∈ R the set h−1(c) ∩ Ṽ is empty or

consist of the image of a smooth, connected and open curve. In fact,

one could choose Ṽ with a diffeomorphism

x : V → I×]h(p)− ε;h(p) + ε[

on an open interval I =]a; b[, such that h ◦ x−1(I × {c}) = {c}. We

may assume that x can be extend to a diffeomorphism of an open

neighborhood of the closure of Ṽ . Let

Bn := S2 \ x−1([a, b]× [h(p)− 1

n
;h(p) +

1

n
]).

Then limn→∞ vol(Bn) = vol(S2) and its boundary γn is a piecewise

smooth, oriented and closed curve which consists of the points

Im γn = ∂x−1([a, b]× [h(p)− 1

n
;h(p) +

1

n
]).
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With cn := h(p)− 1
n

and dn := h(p) + 1
n

we get

lim
n→∞

∫
∂Bn

h d f =− lim
n→∞

∫
γn

h d f

=− lim
n→∞

(cn(f(x−1(b, cn))− f(x−1(a, cn)))

+ dn(f(x−1(b, dn))− f(x−1(a, dn))))

− lim
n→∞

∫
x−1({b}×[cn;dn])

h d f

+ lim
n→∞

∫
x−1({a}×[cn;dn])

h d f = 0.

�

15.5. Corollary. Let g be the conformally flat metric on S3 given

by 15.1. Then ∫
S3

H3 vol = 16π2.

Proof. As H > 0, π is homotopic to the Hopf fibration, the in-

duced frames are homotopic with the same Chern-Simons functional. It

is easy to compute the Chern-Simons functional for the induced section

s̃ = (J̄ , K̄, Ī) ∈ SO(S3) :

CS(S3, ground, s̃) = 1.

With 15.4 and ∫
S3

K

H
vol =

∫
S2

πK volS2 = 4π2,

one obtains ∫
S3

H3 vol = 16π2.

�

We are now able to classify submersive harmonic morphisms on

conformally flat S3 with nowhere vanishing curvature of the horizontal

distribution.

15.6. Theorem. Let π : (S3, g) → (M2, h) be a submersive har-

monic morphism of a conformally flat (S3, g) to a surface M. Assume

that the curvature of the horizontal distribution is nowhere vanishing.

Then M = S2, g is the round metric and π is, up to isometries of S3,

the Hopf fibration.
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Proof. If we change the orientation of the surface, the curvature

function H of the horizontal distribution changes sign. Therefore, we

can assume that H > 0.

As the metric g on S3 is conformally flat, 15.2 can be used to obtain

0 = 2H∆h logH +H(H2 −K).

By dividing this equation by H2 and then integrating it, we obtain

0 =

∫
S3

1

H2
(2H∆h logH +H(H2 −K)) vol

=

∫
S3

(
2

H
∆h logH +H − K

H
) vol

=−
∫
S3

2

H3
‖ gradhH ‖2 vol +

∫
S3

H vol−4π2.

This shows that ∫
S3

H vol ≥ 4π2

and with equality if and only if gradhH = 0.

Consider the measure µ = 1
H

vol on S3. Then the Cauchy-Schwartz

inequality, 15.2 and 15.5 give us∫
S3

H vol =

∫
S3

H2µ ≤ (

∫
S3

H4µ)
1
2 (

∫
S3

12µ)
1
2

=(

∫
S3

H3 vol)
1
2 (

∫
S3

1

H
vol)

1
2 =
√

16π2
√
π2 = 4π2.

Therefore,
∫
S3 H = 4π2 and gradhH = 0. If gradpH 6= 0 for a point p ∈

S3, the level sets of H near p would be integral curves of the horizontal

distribution H which is a contradiction to the non-integrability of the

horizontal distribution H measured by H 6= 0. Thus, ∇TT = 0, and we

are in the case of a circle bundle. The results of IV prove the theorem.

�



Index of Symbols

CS(M, [g]) Chern-Simons functional of a conformal 3− space (M, [g])

J complex or CR structure

∆ laplacian, ∆h = d δ + δ d

∆h horizontal laplacian, ∆h = − div gradh

gradh horizontal gradient, gradh = πH grad

? Hodge star operator

H curvature of the horizontal distribution

πH orthogonal projection onto the horizontal distribution

πV orthogonal projection onto the vertical distribution

Q3 space of oriented, possibly degenerated circles in S3

Q tangent sphere bundle of S3
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London Mathematical Society, Lecture Note Series 300, 2003. 9.1

[Is] Ishihara, T., A mapping of Riemannian manifolds which preserves har-

monic functions, J. Math. Koyoto Univ., 19, 1979. 14.2

[J] Jost, J. Riemannian Geometry and Geometric Analysis, Springer-

Verlag, Berlin, 1980. 14.1

[KN] Kobayashi, S., and K. Nomizu, Foundations of differential geometry,

vol 1. Wiley–Interscience, New York, 1963. 7.2, 13.1

[LM] Lawson, H.B., and Michelsohn, M.L., Spin Geometry, Princeton, 1990.

[KP] Kulkarni, R., and Pinkall, U., Conformal Geometry, Vieweg, Braun-

schweig, 1988. 6, 6.1

[Pe] Pedit, F., C-Seminar, Lecture Notes, TU Berlin, 1999-2000. 2

[Pi] Pinkall, U., Hopf Tori in S3, Invent. Math. 81, 1985. 3

[SW] Storch, U., and Wiebe, M. Lehrbuch der Mathematik 4, Vieweg, Braun-

schweig, 2004. 4.4, 4.5, 7.1, 9.1



Danksagung
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