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Introduction

The Hopf fibration was introduced by Heinz Hopf in 1931 in order
to show that the third homotopy group of the 2—dimensional sphere is
non-trivial. It is taken as an important example not only in topology
but in geometry, too. For example, it is well-known that the Hopf fi-
bration is the only submersion of S* to S? up to diffeomorphisms, and
it is also a non-trivial example of a Riemannian submersion. Later on,
it was shown that the Hopf map is the only Harmonic morphism up
to isometries of the round 3—sphere and up to Mobius transformations
on the 2—sphere.

The aim of this work is to show the uniqueness of the Hopf fibra-
tion under weaker geometrical conditions. It is assumed to be the only
conformal submersion of S3. We are going to prove this conjecture un-
der the restriction that the fibers are circles. Moreover, we are going
to show that it is the only submersive harmonic morphism of a con-
formally flat 3—sphere if the curvature of its horizontal distribution is
nowhere vanishing. A further result is the classification of conformally
flat circle bundles over compact oriented surfaces. In case of S® as total

space it gives us another uniqueness theorem for the Hopf fibration.

We start this work with a discussion of the Hopf fibration and give

some well-known geometrical and topological properties with proofs.

In the second chapter we investigate conformal fibrations whose
fibers are circles. We give a new description of the space of possibly
degenerated, oriented circles as a complex quadric. It is used to show
that the map, which assigns every base point to its fiber in the space
of circles, is a holomorphic curve. As a corollary the fibration on hand

is the Hopf map.

vii



viii INTRODUCTION

The third chapter is devoted to the theory of Riemannian submer-
sions. We collect formulas for the Levi-Civita connection and for the
Riemannian curvature tensor. We decompose the curvature tensor in
order to give obstructions for the 3—space being conformally flat. We

apply this to the case of Riemannian fibrations of 3—dimensional mani-

folds.

The topic of the fourth chapter are conformally flat circle bundles
over compact, oriented surfaces. We use the results of the previous
chapter to obtain partial differential equations, which must be satisfied
on the surface. Under the conditions on hand these equations are re-
duced to an ordinary differential equation. Using topological invariants

we solve it and classify conformally flat circle bundles.

In the last chapter we discuss the Chern-Simons functional for con-
formal 3-spaces, which is a global invariant. We recall basic facts about
harmonic morphisms. We apply Chern-Simons theory to the case of
a conformally flat 3—sphere admitting a harmonic morphism to com-
pute certain integrals of curvature functions. With these integrals we
can prove that the horizontal gradient of the curvature function of the
horizontal distribution vanishes. It is the key step to the classification
of submersive harmonic morphisms on conformally flat 3—spheres with

a nowhere vanishing curvature of its horizontal distribution.



CHAPTER 1

The Hopf Fibration

We start with some topological and geometrical properties of the
Hopf fibration.

1. The Hopf Map

The Hopf fibration is a map from the 3—dimensional sphere onto
the 2—sphere. It was introduced by Hopf [H] in order to show that the
third homotopy group of the 2—sphere is non-trivial.

Definition. The Hopf fibration 7: S® — S? is the restriction of
the projection €2\ {0} — CP"' to the sphere S® = {(z,w) € C? || z |2
+ | w|*=1}:

(z,w) € S C C*— [2:w] € CP! = §%
We identify the complex projective space CP' with the 2—sphere

in the standard way, i.e.

[z:w] € CP' (|w|*—]2*2w) € S>C R xC.

|2 2+ w ]

Obviously, the orientation of the complex space CP! is consistent with
the one of the sphere induced by the outer normal. A formula for the

Hopf fibration, considered as a map to S? C R x €, is given by

m(z,w) = (Jw[* = | z |*, 2zw).

It follows from the first definition that the fibers of the Hopf map

are the circles given by
7 [z, w]) = {e%(z,w) | €% € S'}.
As the kernel of 7: C?\ {0} — CP! at p = (z,w) is given by

kerd, 7 = {\(z,w) | A € C} C C* = T,C?
1



2 I. THE HOPF FIBRATION
the kernel of 7: S® — 5% at p = (z,w) € S? is given by
kerd, 7 = {Ai(z,w) | A € R} C (z,w)* = T,S>
Therefore, a result of Ehresman implies that 7 is a fiber bundle as

a submersion of a compact space. One can see it also more directly:

Consider the action
5% x St — S35 (z,w) - €% > (2€", we'?).
The orbits of this action are the fibers of the Hopf fibration, thus the
Hopf fibration becomes a principal S!'—bundle, see for a definition.
Trivializations of this bundle over the affine sets CP'\{[1 : 0]} and
CP'\{[0 : 1]} are given by
ip

——(z1)
V14| 2 |?

I

Vit w]?

([z : 1],€"%)

and
([1: w], ) =

(1, w).

The 3—dimensional sphere is a Lie group, as one might see as fol-
lows: Consider S® C H as the subset of quaternions of length 1. The Eu-
clidean scalar product on H is given by < =,y >= Re (zy) = Re (zy),
where 7 is the conjugate quaternion of z € H. Since | zy |=| = || v |
the sphere S? C H is closed under multiplication in H. The identity is
1, and the inverse of z is given by x7! = ﬁi The tangent space at
1 can be identified with Im H. We trivialize the tangent bundle of the

Lie group S? via left translation, i.e.
peImH— zp € T,5° =2+ c H.

Then the integral curves of the vector field I € I'(T'S?) = I'(S?, Im H)
given by I, = 27 'iz € Im H are exactly the fibers of the Hopf fibration,

1

because of xx~ iz = ix and the description of the kernel of the Hopf

fibration above. Obviously, this vector field is right invariant.

On the other hand, by considering integral curves of the left in-
variant vector field I with I, = xi, one obtains the conjugate Hopf

fibration given by 7(zp,21) = [20 : Z1]. Both maps, the Hopf and the
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conjugate Hopf fibration, differ only by the orientation reversing map
~ CP' = CP% [z : 21] = 20 : 4]

of the target spaces. We will show in the next section that each fibra-

tion of S? is homotopic to one of these two maps.

We give another description of the Hopf fibration. Consider the
map p: S* — SO(3) which is defined by its action

p(x)(n) = zpx™

on p € Im(H) = R3. Tt is well-known that this is the universal covering
of SO(3), therefore S? is the spin group Spin(3), see [Fx] for definitions.

If one takes p = 1, one obtains a map

f:8° =8 cImH;z — ziz '

The differential of f at x € S3 is given by
d, f(v) = zviZ + zi0Z,

so the left invariant vector field I spans the kernel ker d, f at any point

p € S3. Now it is easy to compute that
fo 718 5 8% i

differs from the Hopf fibration only by a constant transformation of the
2—sphere. For the same reasons f is the conjugate Hopf fibration up
to an element of SO(3) acting on S?. As their geometric properties are
equal we regard them as the same and we call fo ! and f the Hopf

and the conjugate Hopf fibration, too.

2. The Topology of the Hopf Fibration

In this section we describe how to classify submersions w: S% — M
from S% onto a manifold M of strictly lower dimension. Of course, M

must be compact and connected.

Proposition. There is no submersion from the 3—sphere onto a

manifold M with dimension 1.

PROOF. Since M is compact and connected we have M = S*. Fur-
ther, one can lift every map f: $® — S! to a function f: $% — R
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with eif = f, because the 3—dimensional sphere is simply connected.

Therefore f has critical values and cannot be a submersion. O

We now consider surfaces as target space for submersions. First we
show that M is diffeomorphic to a quotient of the sphere S2.

2.1. Lemma. If 7: S* — M is a submersion to a connected
2—manifold then M is diffeomorphic to S* or RP?. The later case

occurs if and only if the fibers are not connected.

PrROOF. The fibers of m are closed 1—dimensional submanifolds.
Let M be the space of the connected components of all fibers. It
is evident that M has an unique structure as a manifold such that
the map ¢: M — M, which assigns each component of a fiber to the
fiber, is a smooth covering map, and there exists an unique submersion
7 8% = M with co 7 = 7.

If S% covers a surface M, then M has a finite fundamental group.

The only two compact surfaces with a finite fundamental group are S?
and RP2.

It remains to be proven that in the case that 7 has connected fibers,
the base is the 2—sphere. Let p € S% with n(p) = ¢ € M and F =
77 1(q) the fiber through p. Then, by taking p as base point in F and
53, and ¢ as base point in M, one gets the following exact sequence for

the Homotopy groups
o =T (F) — 1,(8%) — 1, (M) — w1 (F)...
oo —T(M) — T(F) — 7(S?) — mo(M).
A proof can be found in [Br]. With F' = S! we deduce from 7 (S®) = 0

and 7o(S') = 0 that m (M) = 0, but the only compact surface with
trivial fundamental group is the 2—sphere. Il

In the following we restrict ourselves to fibrations of S® with con-
nected fibers. We will show that they are homotopic to the Hopf or
the conjugate Hopf fibration.

Let m: S — S? be a submersion, and equip S? with a Riemannian
metric such that the length of each fiber is 2. Note that the fibers
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are oriented, so there exists an unique vector field 7" in positive fiber
direction of length 1. We consider the following action of S! on S® :
Let ®: R x 8% — S2 be the flow of 7', then

S3 x St — S8 (q, ew) — ®,(q)

is a well defined group action. The quotient map is 7 and S* — S® —

S? becomes a principal S'—bundle.

We consider the 1—dimensional complex representation p: St —
GL(C") and the associated complex line bundle L = S* x, C, see
for a definition. The complex line bundles over compact oriented
surfaces are characterized by their degree which is given by

i
om Jur
where [)] is the first Chern character of L or more elementary, € is the

(Im(C)—valued) curvature of any metric connection on L. A proof can
be found in [Pe].

It is well-known that the line bundle associated to the Hopf fibration
has degree —1. In fact it is the tautological bundle over CP', as we will
show below. The bundle associated to the conjugate Hopf fibration has
degree 1.

2.2. Theorem. Let L — M be a complex hermitian line bundle
over a compact oriented surface and denote by S(L) — M the asso-
ciated unitary frame bundle of L. Then the total space S(L) is diffeo-
morphic to S if and only if M = S? and the degree of L is £1.

PRrROOF. Clearly, the total space S(L) is a compact oriented mani-
fold of dimension 3. If it is diffeomorphic to S? we obtain from that
M = 8% because S(L) — M is a fibration with connected fibers. We

can choose two points N # S € S2, and trivializations
A= S(L)| S2\{N} =~y C x Sl

and
B = S(L)\SQ\{S} =5 C x Sl



6 I. THE HOPF FIBRATION
of S(L) such that the transition function is like
ol C\ {0} x §' = C\{0} x 8% (2,¢) = (12, (2/ | 2 ])7"e™),

where n is the degree of the associated line bundle L. We compute
the first fundamental group via the Seifert-Van Kampen Theorem, see
[Br]: We have m(A) = my(B) = Z and 71 (ANB) = Z>. Let p;: Z* — Z
denote the projections onto the factors. For the embeddings1: ANB —
Aand j: ANB — B and the induced maps on the fundamental groups

one obtains:
1y = Pao: Wl(AmB) = Z2 —>7T1(A) =7

and
je = —np1 +po: m(ANB) = 7% — 7 (A) = Z.

The free product of m(A) and 7 (B) with amalgation m (AN B) is
g2l =17\ (deg(L)7Z),

which is by Seifert-Van Kampen the first fundamental group m(S(L).
Therefore S(L) is simply connected, and consequently it is diffeomor-
phic to the 3—sphere, if and only if the degree is deg(L) = +1. O

2.3. Corollary. The space of fibrations S® — S? has exactly two
components. Any two fibrations my, ™ in the same component are ho-
motopically equivalent in the following sense: There is a smooth path
m: 5% x [0;1] — 52, which is a fibration for all t € [0;1] connecting o

and .

PRroOF. For the proof note that any two hermitian metrics on a
line bundle over a surface can be deformed smoothly into each other,

and that any two line bundles of the same degree are isomorphic. [J

2.4. The linking number of the Fibers. We are going to in-
vestigate whether the fibers are linked with each other.

Definition. Let o, 3: S — R3 be oriented, embedded, closed and
disjoint curves in the Euclidean 3—space. The linking number {«, 5}
of a and ( is defined as the mapping degree of

a(s) — B(t)
| a(s) = B(t) |

fap: St x St 5% (s,t) —
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By the definition of the mapping degree, we can compute the linking
number as
1

1 1 .
a, B} = — * ovolge = — ——det(a — B,, B),
{ 6} am /5le1 fa?ﬁ 5 am /Sle1 | = ﬁ ’3 ( 6 6)
where ' denotes the derivative with respect to s and ~ the derivative
with respect to t. This formula was already known to Gauss. Note that

the mapping degree does not depend on the order of the curves, i.e.

{o,f} = {8, a}.

There is another way to describe the linking number for more gen-
eral ambient spaces: Again, let o, 3: S* — M be oriented, embedded,
closed and disjoint curves in a simply connected 3—space. The linking
number {a, f} of o and f is defined as follows. Choose an embedding
of the unit disc

fA{zeCl||lz|<1} > M
such that the oriented curve « is given by the boundary map fis1 = «
and such that § intersects f transversely. The intersection number of

f and [ only depend on fs1 = «, and not on the embedding of f.

We only sketch why both definitions coincide: Choose a local ori-
entation preserving diffeomorphism z: U € M — R? such that o and
S lie in U. We assume that o and f are the circle and the disc of radius
1 around O in the z — y plane. Whenever 3 intersects f at t;, there
is an unique point s; on the circle such that f, (s, t;) = €1 € S,
and the intersection is positive orientated if and only if the differential
d fa.p(si,t;) is orientation preserving. Therefore, the assertion easily
follows from the description of the mapping degree by counting the

signed preimages of a regular point.

Obviously, the linking number of any two fibers of the Hopf map
is the same. By taking the fibers 77!([1 : 0]) and 7= *([1 : 1]), and the
stereographic projection S3\ {(0,0,0,1)} — R3, the linking numbers

are determined to be 1.
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3. The Geometry of the Hopf Fibration

We briefly discuss the geometry of the Hopf fibration. We are going
to introduce many pretty properties of the Hopf fibration that makes

it so special.

The first observation is that the fibers of the Hopf map are great
circles, i.e. they are intersections of S® with 2—dimensional linear sub-
spaces. In fact, the first definition of the Hopf fibration shows that the
fiber through (z,w) € S* C C? is exactly the intersection of S* with
the complex linear subspace spanned by (z,w). Evidently, this shows

that the fibers are geodesics in the round sphere.

Next, we consider the map

f:8% = 8% xix!
which differs from the conjugate Hopf fibration only by a isometry of
S%. We have d, f(v) = z(vi — iv)z~! and it follows that

1
5 de far: it C 1,5 — T S?

is an isometry for each x € S3. Therefore, if S? is equipped with the
metric of constant sectional curvature 4, the conjugate Hopf fibration
becomes a Riemannian submersion, see [[I] for a definition. The same
is valid for the Hopf fibration.

Instead of investigating the fibers of the Hopf fibration one can
study the preimages of closed curves in S2. Topologically they are tori,
but their geometry is much more interesting. The preimages of great
circles in S? are Clifford tori, which are believed to be the absolute
minimizers of the Willmore functional for tori. Moreover, Pinkall [Pi]
used this method to show that every compact Riemannian surface of
genus one can be conformally embedded in S2, such that after a stere-
ographic projection, the embedding is an algebraic surface in R?® of

degree eight at most.

Another nice feature of the Hopf fibration is obtained by considering

a locally defined harmonic functions f on S2. Its pull-back fox on S*
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is harmonic, too. That means that the Hopf fibration is a so called
harmonic morphism. It follows from a result in or more directly,
from the formulas in chapter [[TI}

3.1. The associated bundle. We are going to prove that the line
bundle associated to the Hopf fibration, i.e. the tautological bundle, is
a spin bundle of the Riemannian surface CP'. This will be done in a

different manner than usual in Riemannian geometry, see [Fr].

We recall the notation for holomorphic structures very briefly: The
canonical bundle of a Riemannian surface (M, J) consists of complex

valued and complex linear 1—forms
K,={w: T,M - C|iw=wo J},
and similarly for the anti-canonical bundle
K,={w: T,M — C | iw=—wo J}.
A complex linear first order differential operator
0:T(L) »T(K®L)
is called holomorphic structure on L if it satisfies the Leibniz rule
Ifs)=0(f)®@s+ f®0s

for all functions f: M — C and sections s € I'(L). Here

- 1
a(f) = 5(df+idfoJ)

denotes the complex anti-linear part of d f. In fact, 9: I'(C) — TI'(K)
defines the standard holomorphic structure on the trivial bundle C —
M. The use of holomorphic structures is due to the fact that the ker-
nel of 0 can be considered as the space of holomorphic sections in L.

Therefore we call (L,d) a holomorphic line bundle.

One of the most important examples of a holomorphic bundle is
the canonical bundle K — M equipped with the exterior differential

operator d as holomorphic structure: It is easy to show that

d: T(K) = Q*(M;C) =2T(K ® K)
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satisfies the Leibniz rule, and that the holomorphic sections are exactly
the 1—forms w which can be locally written as w = fdz, where f is

holomorphic, and z is a holomorphic coordinate.

Definition. A holomorphic line bundle (L, d) over a Riemannian
surface M is called spin bundle if the square (L® L, 9®0) is isomorphic

to the canonical bundle (K, d) as a holomorphic bundle.

Proposition. The complex line bundle L = S* x, C associated
to the Hopf fibration, where p is the standard representation p: S —
GL(CY) of S', is isomorphic to the tautological bundle. Equipped with

its standard holomorphic structure, it is a spin bundle.
PROOF. The tautological bundle ¥ is given by
{Az,w) € C*| N e C; [z:w] € CP'} — CPY,

so the fiber of the tautological bundle over [z : w] € CP" is equivalent
to the complex line [z : w] C C?. The (locally defined) holomorphic
sections of the tautological bundle are given by the (locally defined)
holomorphic maps f: CP' — C? with [f] = Id: CP' — CP'. We
define

O:YRY - K

by ®((z,1) ® (2,1)) = dz and ¢((1,w) ® (1,w)) = —dw. Clearly, it
is well-defined. The holomorphic sections are mapped to holomorphic

1—forms.

It remains to show that L = 3. A linear isomorphism is given by
(3.1) L=5"x,C— %[(z,w),\] = Az, w).
O

Remark. We will see in the next chapter (4.3)), that there exist a
holomorphic structure on L induced by the canonical CR holomorphic
structure on S3. It will be proved that this holomorphic structure is

equivalent to the one induced via |3.1}



CHAPTER 1II

Conformal Fibrations and Complex Geometry

In this chapter we show how to study conformal fibrations on mani-

folds of dimension 3 by using complex methods.

4. CR Manifolds

We start with a short introduction of CR (Cauchy-Riemann) mani-
folds. Many ideas in the theory of CR manifolds, and in fact the subject
of CR manifolds, are influenced by complex manifolds. We recall some

facts.

4.1. Complex Manifolds. A complex manifold (M, .A) is given
by a even dimensional real manifold M with an sub-atlas A, such that
all transition functions V' C R** = C" — U C R?* = C" of A are
holomorphic. The most important example of a complex manifold is
the complex projective space CP"™. The affine coordinates provide an

atlas of holomorphic charts.

On complex manifolds one has the notation of holomorphic func-
tions, complex tangent vectors and so on. The definitions of the first
is clear. The definition of the second is technically the same as in the
real case, too. A complex linear derivative on the space of germs of
holomorphic functions is called a complex tangent vector. For each
point p € M this is a complex n—dimensional vector space which will
be denoted by TISLO) M. The relationship to the tangent space of the un-
derlying real manifold M can be described as follows: The complexified
tangent space T,M ® C is the set of complex linear derivatives on the
space of germs of complex-valued functions. Clearly, the complexified
tangent space also acts on germs of holomorphic functions. We denote
the kernel of this action by 7, ,SO’”M . We do the same with the space of
anti-holomorphic functions, i.e. functions f: U C M — C such that f
is holomorphic, and we obtain that the kernel of the action of T, M @ C

11
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on the space of anti-holomorphic functions can be identified with the

complex tangent space Tp(l’O)M . Moreover we get the decomposition
T,M®C=T"Mo T M,
and there is an unique operator
T TMe@C—-TMC

such that the complexified tangent space splits into the +i eigenspaces
of J. In fact, J is even defined on T'M, and with any holomorphic
chart ¢ = (zx + iyg)g=1,, it is given by j(%) = i%. Note that
(TM,J) and (T M, i) are complex isomorphic.

This leads us directly to the following definition: An almost complex
structure J is an endomorphism J € End(TM) with J% = —1d.
A complex function is said to be holomorphic (with respect to J) if
dfoJ =idf. A deep result of Newlaender and Nirenberg is that on a
manifold with an almost complex structure there is an atlas consisting

of holomorphic functions if and only if the Nijenhuis tensor N given by

vanishes. Thus a complex manifold is obtained as the transition func-

tions are obviously holomorphic.

It would be tedious to discuss the geometry of complex manifolds
here. Whenever its methods or results are needed below, we will review

them shortly. As an introduction we refer to [GriHal.

4.2. CR manifolds. Before defining an abstract CR manifold we
shall consider an important example. Let M — FE be a real hyper-
surface of a n—dimensional complex manifold E. We define the Levi
distribution H, of M at p as

H,:=T,M N J(T,M),

where 7 is the complex structure of E. The restriction of J is a com-
plex structure on that space. We also consider the complex n — 1

dimensional spaces

TN =TM o CNTHOE
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and
TOONM =TM o CNTOVE.

Then there is the complex linear isomorphism
1
H— TYIM: X 5 (X —iJ (X))

as in the case of complex manifolds. Note that 709 M is an integrable

sub-bundle of TM & C.

Negating the question whether any two real hypersurfaces of C?
are (at least locally) biholomorphically equivalent was probably the
first result in CR geometry. Cartan [Cal] found invariants of CR
manifolds, which determine whether CR submanifolds are equivalent
via a holomorphic diffeomorphism. We only consider an invariant which
is easy to handle and plays a major role in the whole subject of CR
manifolds. The Levi form £ is given by the curvature of the Levi
distribution H :

L:HxH—TM/H:(X,Y)— [X,Y] mod H.

This is a skew-symmetric complex bilinear form, and, in the case of ori-
ented M, its index is an invariant of the CR structure. A CR structure

is called strictly pseudoconvex if the index is extremal, i.e. £(n — 1).

We give the definition of an abstract CR manifold.

Definition. A CR structure (of hypersurface type) on a manifold

M of dimension 2n — 1 is a complex sub-bundle
T cTM ®C
of complex dimension n — 1 which is (formally) integrable and satisfies
T30 A TN = {0}
Here we used
7OV .= TOOM = {5 | v e TV M},

where z ® z := 2 ® z for all t ® z € TM ® C. Note that CR hypersur-

faces satisfy the integrability conditions automatically.



14 II. CONFORMAL FIBRATIONS AND COMPLEX GEOMETRY

As in the case of complex manifolds, there is another way to define

a CR manifold. Consider the 2n — 2 dimensional bundle
H:=Re{T"MoTOYM}y Cc TM

called the Levi distribution with the complex structure

J:H— H;J(v+7)=1i(v—7).
Then the integrability of 70?9 M can be written as

(JTX, Y|+ [X,JY]| eT'(H)
and
(XY - [IX,TJY|+TJITX,Y|+TX,JY]|=0.

The Levi form is defined as in the case of CR hypersurfaces. A function
f: M — C is called CR function or CR holomorphic if

df(TX) =id f(X)

for all X € H. Similarly, a map t: (M, H) — (N, H) between CR
manifolds is called a CR map or CR holomorphic if

dyY(TX) = T d(X).
This is equivalent to

dy(THM) c TOON.

The question whether every abstract CR manifold of hypersurface
type can be embedded as a hypersurface into a complex space can only
be answered in the affirmative in case of analytic CR structures, or
in case of strictly pseudo-convex CR structures with dimensions > 9.
A counterexample was given by Nirenberg in dimension 3. For more

details and references see [Bo] or [DT].

4.3. Example. The round 3—sphere S C C? is obviously a CR
hypersurface of C2. We consider functions f: S® — C with the prop-
erty that f(pe®) = e % f(p) for all p € S® and ¥ € S C C. Such
functions are exactly the sections of the associated bundle L = S® x,C
which gives us the tautological bundle of CP!, compare Every
such function can be extended to a function f: C?\ {0} — C via
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f(zp) = z7Lf(p) for p € % and 0 # z € C. Obviously f is holomor-
phic if and only if f is CR holomorphic. One can obtain the associated
section sy of f of the tautological bundle > — CP! of CP! via

~

sp([z 1 w]) = f(z,w)(z,w).

That shows that s; is holomorphic if and only if f is CR holomorphic.

4.4. The Tangent Sphere Bundle. We end this section by illus-
trating the canonical CR structure of the tangent sphere bundle of an
oriented conformal 3—space (M, [g]). Note that the CR structure here
differs from the natural CR structure on the tangent sphere bundle of

a Riemannian manifold of arbitrary dimension.

For a metric g € [g] in the conformal class of M, the unit sphere
bundle of (M, g) is

SgM ={veTM|g(v,v) =1}
We identify the unit sphere bundles of two metric SyM ~ Scax, M via
ve SM ~ e M€ Seang M.

This gives us the tangent sphere bundle p: SM — M of the confor-
mal space (M, [g]). As an alternative it could have been defined as the
bundle of oriented lines in the tangent spaces. Note that it can be
considered as a (non-linear) sub-bundle of T'M if and only if we fix a
metric g € [g]. We denote the elements of the tangent sphere bundle by
[v] € SM. Any two representatives v and ¢ of [v] are positive multiples

of each other.

The Levi distribution of the tangent sphere bundle is defined by
H[U] = {X € T[U]SM | d[v] p(X) L U}.

At [v] € SM, the complex structure J on H is given as follows: Let
g € [g] be a metric in the conformal class and let v € T,M be a vector
of length 1 with respect to g. Consider the subspace V := v+ C T,,M.
The tangent space of T,M can be canonically identified with T, M. By

using g one obtains an exact sequence

0=V —=HCTySM —, V —=0.
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On V there is the canonical complex structure given by the cross-
product J(w) = v X w with respect to the orientation and g. Due
to the Levi-Civita connection V9 there is an unique decomposition
T, TM =YV @& H, where the parts are isomorphic to T}, M, such that
the covariant derivative Vs for each section s € I'(T'M) is given by
the vertical part 7¥d s of the derivative ds: TM — TTM, see or
[SW] for details. Of course, this splitting induces a decomposition of
the sequence above, so there exists an unique complex structure J on
H compatible with J on V' and the sequence above. Note that the
vertical part of H and the complex structure restricted to it do not
depend on the choice of the splitting. To see that J is well-defined we

use the formula
Vx(eY)=eNVxY +Y - AX)

for the Levi Civita connection V of § = e**g and X LY € I'(T'M).
Therefore, the horizontal part H, N HJ of the Levi distribution H, for

the new metric g can be identified with
fv-e?p.X®X|X e H,NHI},

where p, X €V, =2 T,(v)M. The complex structure defined on H via g
is compatible to the one on H defined by g, as

j(v e XD X)=0v-e T (pX) B T(X).

4.5. The Tangent Sphere Bundle of S3. Instead of proving
that the CR structure J satisfies the integrability conditions on every
tangent sphere bundle, we consider the special case of the conformally
flat S3, and verify that its tangent sphere bundle is in fact a CR hy-

persurface.

We need to recall some facts of the twistor projection 7: CP? — S4,
first. In general the twistor space P of a four dimensional Riemannian
manifold M is the bundle of almost complex structures compatible with
the metric. The total space of the twistor projection inherits a canon-
ical complex structure as follows: The fibers are round two spheres, as

for a fixed vector N of length 1 any almost complex hermitian structure
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J is determined by the unit vector J(N) of length 1 in N+. Although
the identification with a 2-sphere is not canonical but rather depends
on the choice of N, the induced complex structure on the vertical space
V is well-defined. Using the embedding of the space of complex her-
mitian structures P into End(7'M) and the connection induced by the
Levi-Civita connection on End(7'M), one obtains the horizontal bun-
dle as the tangents to parallel curves of complex structures, see [7| for
more detailed [SW]. This horizontal space projects isomorphic onto
the tangent space of M. The complex structure 7 lifts to the horizontal
space H7 at J. Combined with the complex structure on V it defines

the canonical almost complex structure on the twistor space.

There is a lovely description in case of the round S*. For details
of the quaternionic part consult [BFLPP02]. Consider H? as a right
vector space. Via the complex structure given by right multiplication

with 1 we can identify H? = C*. The twistor projection is given by
m: CP? = S*~ HP':e € CP®— [ = ¢eH € HP',

which maps complex lines e to quaternionic lines el = e®ej. It matches
with the definition of the twistor fibration, as we describe now. Like in
the real or complex case, it is 7y HP' 2 Hompy(1,H?/1) via d, p(v) =
(z +— v + 2H), where p: H?\ {0} — HP" is the canonical projection.
The round metric ¢ on HP' is given by
2
9(ds p(v), dy p(w)) = o)

where ((,)) is the standard quaternionic hermitian inner product on

Re{(v,w)),

H2. Thus it is easy to see that every hermitian complex structure on
T, HP' = Homp(1,H?/1) is given by post-composition with a quater-
nionic linear complex structure J € Endg(H?/1) or, as | and H?/I are
both quaternionic 1—dimensional, by pre-composition with a quater-
nionic linear complex structure J € Endy(!). Hence the almost com-
plex hermitian structures on 7; HP! are exactly the quaternionic linear
complex structures on [. We can identify the complex line e € CP?
with hermitian structure on T, HP' given by pre-composition with

the unique complex structure J: | — [ such that

e={vel|J(v) =i}
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is the 1 eigenspace of J.

The round S C HP! is the space of isotropic lines of the indefinite

hermitian metric (,) given by
<’U, U)> = V1W1 — VaW>.

Then the real quadric Q := 77'(S%) € CP? is the set of isotropic lines
of

(,): C* x C* = C; (z,w) = Zw, + Zyws — Z3ws — Z4wy
in C*. Evidently that is a CR hypersurface of CP?. Let N be the
oriented unit normal vector field of S < S* = HP'. There is an one-
to-one correspondence between almost complex hermitian structures

and elements of the unit sphere bundle via
(4.1) J € End(TyHP') — [J(N)] € S;S5°.

We need a better understanding of the map above. Fix the embedding
r €S CHw [z:1] € HP'. Using (({,)) we can identify

Ty HP' = Homy ([ : 1); H?/[z : 1]) = Hom([z : 1], [z : 1]*)

and obtain for the oriented unit normal vector N, at z € S° < HP!

the quaternionic homomorphism which maps (x,1) to %(x,—1). The

2
tangent bundle of S? is given by T'S® = §3 x Im H via left translation.
The tangent vector u € ImH at x € S? corresponds to quaternionic lin-
ear mapping which assigns %(:1:, —1)u to (x,1). Therefore, the almost
complex hermitian structure of T,y HP' = Hom([z : 1],[z : 1]4),
which maps N to the vector given by pu € Im H, is the complex struc-
ture J € End([z : 1)) with J(z,1) = (z,1)p via pre-composition.
The complex line e corresponding to the tangential vector p at x is

determined to be
(4.2) e={(x, DA\ | T(z, DA = (x, 1)1} = {(x, )X | pA = Ai}.

It remains to show that the mapping in is C'R holomorphic. Note
that the vertical spaces of both bundles are contained in the respective
Levi distributions, and the complex structures restricted to them are
clearly the same by the description of the complex structure on the
vertical space of the twistor space. The intersection of the Levi dis-

tribution and the horizontal space of @) is given by J (N )+, where N
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is the (horizontal lift of the) oriented unit normal field of S% «— HP*.
The complex structure on it is defined by J(v) = J (V) x v. Therefore
it remains to show that the horizontal bundles correspond, where the
horizontal bundle of SS? is given by the Levi-Civita connection of the
round metric of S3. It is easily deduced by the definition together with
Vx(J(N)) = (VxT)(N)+T(VxN) and the fact that the unit normal
field N of S in S* is parallel.

5. Conformal Submersions

Conformal submersions are generalizations of Riemannian submer-

sions as conformal immersions to isometric ones:

Definition. A submersion 7: P — M between Riemannian mani-
folds (P, g) and (M, h) is called conformal if for each p € P the restric-

tion of the differential to the complement of its kernel
d,7: kerd, Tt = TrpyM
is conformal.

Of course, the definition does not depend on the representative of
a conformal class. The Hopf fibration is a basic example. We call ¥V =
ker d 7 the vertical space and its orthogonal complement H = kerd 7+

the horizontal space.

5.1. Proposition. A submersion between Riemannian manifolds
1s conformal if and only if the differential at a point, restricted to the
horizontal space, is conformal and the Lie derivative of any wvertical

field on the metric restricted to the horizontal space is conformal, that
means for all V € T'(kerd7) and X,Y € kerd 7+

Lyg(X,Y) = v(V)g(X,Y),
where v(V') does only depend on V.

ProoOF. We only show that the condition is satisfied for the Lie

derivative, the other direction follows by backtracking the proof below.
Let X,Y € I'(H) be the horizontal lifts of vector fields X, Y € T'(TM).
Then [X,V] € V and [Y,V] € V for any vertical field V, and we
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compute
v(V)g(X,Y) =V (g(X,Y))
=V (9(X.Y) - g([V. X],V) — g(X, [V, Y])
= £\/Q(Xa y )

We used that g(X,Y) = Ah(X,Y) and v(V) = V - A for the first
equality. O

5.2. The CR structure of a fibered conformal 3—manifold.
Let m: P — M a submersion of a conformal oriented 3—space to an
oriented surface. We define a CR structure on P as follows: We set
H = H = kerdnt and define J: H — H to be the rotation by
% in positive direction. We extend J to T'P by setting J (1) = 0
for T € kerdn and call J € End(TP) the CR structure on P. Note
that J can be computed as follows: Fix a metric in the conformal
class and the unit length vector field T" in positive fiber direction, then

J(X)=Tx X.

Since conformal and complex structures correspond on oriented sur-

faces, one obtains:

Proposition. There exist local defined, non-constant holomorphic
functions on (P, H) which are constant along the fibers if and only if 7

1 a conformal submersion for a suitable conformal structure on M.

We come to a characterization of conformal submersions due to
Pinkall, which gives the opportunity to study them by using methods
of complex geometry. Another approach is done by [BaWo2].

Proposition. A submersion w: P — M between an oriented con-
formal 3—space to an oriented surface is conformal for a suitable com-
plex structure on M if and only if the map V, through which each point
in P is assigned to the oriented fiber direction [T| € SP, is CR holo-

morphic.

PROOF. We fix a Riemannian metric g € [g] on P. By definition of
the CR structure of SP, d ¥ maps the Levi distribution of M into that
of SP. Moreover it is obvious that the composition of the projection

onto the horizontal part of the Levi distribution, which depends on the
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choice of g, and d ¥ commute with the [J’s. But the vertical part of
d ¥, which again is depending on g € [g], is given by VT, where T is
the unique vector field in positive fiber direction of length 1. It remains

to show that 7 is conformal if and only if
ijT =T x VXT = VTX_)(T = ijT

for all X | T. But this equation is clearly equivalent to the character-
ization of B.1l O

In the case of P = S? we have seen that SS® is a CR hypersurface
of Q@ — CP3, hence U is a CR immersion of S® with the induced
CR structure into complex projective space. One might conjecture
that the image of W is at least locally the intersection of ) with a
suitable complex surface . We were not able to prove this in general.

A counterexample may be found on subsets of S®.

Proposition. Let 7: S — S? be an analytic conformal submer-
sion. Then the image of the oriented fiber tangent map V is the inter-
section of a complex surface A C CP? and SS°® = Q c CP?.

PROOF. In the case of an analytic submersion the CR structure
and the map ¥ are analytic, too. According to the real analytic em-
bedding theorem, see [Ba], S? can be locally CR embedded into C2.
Using the analyticity again, the map W can be extended uniquely to a
holomorphic map on a neighborhood of $? C C?. It remains to prove
that the images of the extensions do match to a complex surface. This

follows easily by the uniqueness of the extensions. O

Conversely, the intersection of a surface A € CP? with @ defines
an oriented 1—dimensional distribution (locally) which gives rise to
conformal foliations or, if one restricts oneself to small open subsets,

to conformal submersions.

Example. The easiest examples of surface in CP? are complex
planes. Consider the one given by A := {[z] € CP? | z, = 0}. As A
intersects each tangent sphere ), = CP! over a point p € S® exactly
once, it defines a distribution on the whole S®. In fact the integral

curves of this distribution are the fibers of the conjugate Hopf fibration.
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To prove this note that
ANQ={[z1:20:1:0]| |21 >+ ] 22 = 1}.

That set corresponds to the complex structure which maps 1 = N €
TS toi € ImH = T'S3, compare with .

6. Conformal Fibrations by Circles

We are going to prove that each conformal fibration of S? is, up
to conformal transformations, the Hopf fibration. First we shortly de-
scribe the group of conformal transformations of spheres, for more de-

tails and proofs one should consult [KP].

6.1. Conformal transformations of spheres. The easiest way
to obtain the group of conformal transformations is to use the light-
cone model: Consider the Minkowski space (R"2, (,)) for n > 3 with

symmetric bilinear form

(,) = —dx0®d;1:0+ Z dxl®dxl
i=1.n+1
The n—dimensional null-quadric {I € RP"™ | ¢(z) =0V z € [} can
be identified with the sphere S™ in the following way: Obviously, each

null-line [ intersects the affine hyperplane
A={r e R""?| (z,e0) = —1}
in exactly one point, but the set of these points is given by
{z=(Lv)|veR"™, ||v|=1} = 9™

The conformal structure is given via this identification from the stan-
dard round sphere. Hyperspheres are given as the intersection of hy-

perplanes with the space of null-lines.

We denote by O((,)) the group of linear isometries of (R"*2 (,)),
and by M (n) the subgroup which preserves the half-space {z € R"*? |
xo > 0}. Clearly, M(n) acts on S™, and it maps hyperspheres into
hyperspheres. By the theorem of Liouville M (n) must be a subgroup
of the space of conformal transformations of S™. It can be shown that

this is already the whole group, see [KP]. We call the elements Mébius
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transformations.

Like one embeds R™*! < R"*2 isometrically in the canonical way,
one easily gets that any Mobius transformation on S"~! < S™ can be
extended to a Mobius transformation on S™. This, together with the
fact that the Mobius group of S* =2 HP! is given by GL(2,H)/{rId |
r € R} verifies that the Mobius group of S®, which is given as the set
of isotropic lines in H? with respect to ¢ with ¢(v) = v19; — va0s, can
be considered as the subgroup of GL(2,H), which leave ¢ invariant,
modulo its kernel, see [BELPPO02] for details.

6.2. The space of circles in S3. We are interested in submer-
sions of S? where the fibers are circles. Thus we need a good description
of the space of circles in S first. The following goes back to Laguerre,

see also [Bal for more details.

Definition. A circle in $* C R? is the (nonempty) intersection of

S3 with an affine 2—plane A. It is oriented if the 2—plane A is oriented.

To get a better understanding of the space of circles we consider
S3 again as the space of null lines in RP* with respect to the bilinear
form (,) = —-dzo@dzo+>,,_, ,dz; ®dz; on R”:

S?={le RP*| (z,7) =0 Vz €l}.

Then every affine (oriented) 2—plane A C {x € R’ | (z,¢e0) = —1}
gives rise to an (oriented) 3—dimensional subspace V4 C R5. If A is
given by A = {eg+Av+puw | A\, u € R}, where vAw is positive oriented,
then the orientation of V4 = span{eg, v, w} is given by eqg A v A w. We

observe

Lemma. Let V C R® be a 3—dimensional subspace. Then the
intersection PV N S® % 0 if and only if there exist v € V' \ {0} such
that (v,v) = 0.

Consider the subset G5 : ={V € G5 | Jv € V: (v,v) < 0} of the
Grasmannians Gs of oriented 3—dimensional subspaces, and for V' € G5
the space V+ C R?. In consequence of Sylvester’s law of inertia the bi-
linear form (, )y 1, restricted to VL, is positive definite. Let X,Y be
an positive oriented orthonormal basis of V. Then [X —iY] € CP* is
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independent of the choice of X and Y.

We consider the complexification (C?, (,)) of (R?,(,)) with its bi-
linear form (,) = —dz3 + d2? + .. + dz3, the 3—quadric
Q*={le CP*|(v,2) =0 Yz €l}
and the induced embedding S® < @3, i.e. S? is the set of real points
in Q3.

Lemma. There is a natural bijection between G5 and Q*\S® given

by
VeG; — [ X —iY] €@’

PROOF. For any V € G5 and any orthonormal basis X,Y of V+
we get
(X -V, X —1Y)= (X, X)— (YY) —-2i(X,Y) =0,

therefore [X —iY] € Q3. Since X,Y # 0 we have [X —iY] ¢ S C Q7.

Conversely let v # 0 with [v] € Q3 \ S*. We write v = X — iV
where XY € R5. Since [v] ¢ RP?, we know that X and Y are linearly
independent. Then

(X —iY, X —iY) = (X, X) = (YY) = 2i(X,Y) =0

implies that (X,Y) = 0 and (X, X) = (Y,Y). We have to show that
(X, X) = (YY) > 0. Assume (X, X) = (V,Y) < 0. After some
normalization X and Y satisfy X = ey + v, ¥ = Aeg + w, where

v,w € ey, A > 0. Then we obtain the following system
0=(X,Y) = (eg+ v, eg+w)=—\~+ (v,w)
0> (X,X)=(e+v,e0+v)=—-1+(v,v)
0> (Y,Y) = (Aeg + v, eg +v) = =A* + (w,w).

A solution can only be found if w = Av, contradicting our assumption
that X and Y are linearly independent. Therefore (X, X) = (Y,Y) > 0

and V = span(X,Y)! contains a timelike direction. O

If we regard the points of S?® as degenerated circles of radius 0 we

obtain
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Proposition. The space of (possibly degenerated) oriented circles

in S is given by Q3.

In order to illustrate the geometric meaning of such a description

of the space of circles see the lemma below

6.3. Lemma. The set of points of a (oriented) circle k = [v] € Q3
s given by

{[X] € 8* c RP* c CP*| (X,v) =0}.

PROOF. If [v] € S3, i.e. k is degenerated, we can write v = eg + w
with w € eg C R®, and one easily gets that

{[X] € S* € RP* | (X, e +w) = 0} = {[4]}.

If k is non-degenerated, we have k = [X — Y] and the set of points in
k is given by S* NV, where V = span(X,Y)*. O

We fix the metric of curvature 1 on S3, which is equivalent as regard-
ing S as the unit sphere in the affine hyperplane {ey+v | v € eg } C R®
instead of the space of null lines, then the geodesics are exactly the great

circles in S3. In our notion they are equivalent to
6.4. Lemma. The space of great circles is given as Q>N Peg-.

PROOF. A great circle [X] € Q? is characterized by the fact that
for every point [eg+v] € [X] C S* we get [eg—v] € [X] C S?. Therefore
implies that (X, eg) = 0. O

There is a way to parametrize the space of (non-degenerated) ori-
ented circles, which do not contain a given point N € S3 by €3\ R3
holomorphically, such that the real part is the center of the circle in
R? and the imaginary part is the oriented radius, where one identifies
R? with S? \ {N} via a suitable stereographic projection. Baird [Bal
did it in order to show that conformal fibrations of subsets of S3 by
circles are given by holomorphic curves. Another way to obtain this
result is to embed the space of oriented circles holomorphically into the
infinite dimensional almost complex manifold of oriented, closed and
non-intersecting curves. Every conformal fibration of S? gives rise to
a holomorphic curve of the complex space of fibers into the space of

curves, i.e. into the space of all possible fibers.
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We will state a new proof of this, which is based on another de-
scription of the space of circles. First we introduce a 2—form ). Let
Q) C CP? be the tangent sphere bundle of S ¢ HP', and consider the
indefinite metric (,) on H? as in 4.5 We decompose (,) into (1,i)—
and (j,k)— parts

()= () + 9,
where we regard (,) as a hermitian form on C* and 2 as a complex
2—form on C*. Note that  is non-degenerated and Q A Q # 0 in the

complex 1—dimensional space A*C?.

Lemma. Let Q be as described above, and [T),[S] € Q C CP?
lying over different points in S3. Then there exists an oriented circle

such that [T and [S] are tangent to it in positive direction if and only
if T, S) = 0.

PROOF. We are only going to prove that Q(7',.S) = 0 is a necessary
condition. The reverse direction follows in analogous manner. As we
have seen above, every conformal transformation of S? is given by a
quaternionic linear map ® € GL(2,H) with ®*(,) = (,). Then ® acts
on @ C CP?, too. Clearly, this can be regarded as the differential of
the conformal transformation ® acting on the tangent sphere bundle.
Therefore we can assume that [T],[S] € @ are tangent in positive
direction to the circle given by {[z : 1] € HP' | z € S* C span(1,1)}

with positive oriented tangents given by the set
{[:0:1:00 € CP? | ze S* c C},

but this is the intersection of () with the projectivation of the null-plane

span(eg, e3) with respect to €. O

6.5. Remark. The proof of the lemma above shows that every
circle is given by the intersection of @ with a contact line in CP?, i.e.
the projectivation of a 2—plane on which €2 vanishes. This intersection
already determines the contact line. Conversely, the intersection of a
contact line with () is the set of tangents of a circle or, in the case of
a plane spanned by v, vj, the tangent sphere over a point vIH € S C
HP'.

The space of contact lines in CP? is given by the complex 3—quadric

Q? via Klein correspondence, see also [Bry] for more details: Consider
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the 5—dimensional subspace W of A*(C?) defined as
W= {w € A*(C*) | Q(w) = 0}.

It is easy to verify that %Q A € is non-degenerated on W, thus the
space of null-lines with respect to %Q A §2 is projectively equivalent to
the 3—dimensional quadric Q3. It is an easy computation that every
null-line in W has the shape [vAw], hence it corresponds to the contact
line Pspan(v,w) in CP?. Conversely, the contact line P span(v,w) in
CP? determines the null-line [v A w] as an element of Q* C W.

Instead of showing that the equivalence of the 3—quadrics in CP*
and PW can be chosen such that corresponding points give the same
circles, we prove an analogon of [6.3] To do so we introduce the real
structure

o: A2(C*) = A*(CYH;0 Aw = (v)) A (w])
on A*(C*). This is a real linear map with ¢ = Id. In fact, o can be
restricted to the space of Q—null 2—vectors: o: W — W. Moreover,
the real points [w] € Q* N PW, i.e. o(w) = w, have exactly the shape
w = v A vj, which means that they can be regarded as quaternionic
lines vH or points in S* ¢ HP!, compare .

6.6. Proposition. A point p = vH € S3 C HP' represented by
the null-line [w] = [v Avj] € Q> C PW lies on an oriented circle k
represented by [n] € Q* C PW if and only if

1
§Q/\Q(w/\n):0.

PROOF. If p lies on the circle & we could choose [v],[w] € CP?
tangent to k, i.e. k is given by [n] = [v A w] € Q3, with p is given by
[w] = [v Avj] € Q3 Then

1 1
§Q/\Q(w/\n):§QAQ(UAvjAUAw):O.

Conversely, let w = vAvj and = w AW representing p and k in Q3
with JOAQ(wAR) = 0. As 1QAQ # 0 € A*(C*) we deduce that v, vj, w
and w are linear dependent. If n = w A w would represent a degenerate
circle, we could assume @ = wj, and v, vj, w,w]j are (complex) linear
dependent if and only if they lie on the same quaternionic line. That
means vH = wH € $* ¢ HP! and p = k. Otherwise, the complex
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plane span(w, w) would intersect the complex plane span(v, vj). For an
element 1 € span(w, w) Nspan(v, vj), W] € Q C CP? is tangent to the
circle k at p. Il

We will only work with the second model below. If 7: S% — CP!
is a conformal fibration, the fibers have following induced orientation:
Let T be tangent to the fiber and A, B 1 T such that m,AA7,B >0
represents the orientation of the Riemannian surface CP'. We say T
is in positive direction to the fiber if TAAA B >0, 1.e. (T, A,B) is a

positive orientated basis of S3.

6.7. Theorem. Let n: S3 — CP! be a conformal fibration such
that all fibers are circles with the induced orientation. Then the curve
v: CP' — Q3 which maps each p € CP! to the oriented circle 7 (p),
given by an element in Q3 C PW, is holomorphic.

Proor. We fix a metric on S?® and let T' be the unit length tan-
gent vector in positive fiber direction. The fibers of 7 are the closed
integral curves of the flow ® of 7. There exists an s > 0 such that
for all ¢ := ®,: S — 93 is a fixpoint free diffeomorphism. As an
example, one could take any s with s < length(m=!(p)) for all p € S>.
Let A, B be the horizontal lifts of vector fields defined on the base
space such that (7', A, B) is an oriented orthonormal frame field. Be-
cause of m.[A,T] = 0 = m,[B,T] there exists functions A,y such that
0 A=A+ NT and ¢.B =B + uT.

We have already seen that the tangent map ¥: S — Q C CP?
is CR-holomorphic. Let 1 be a local CR holomorphic lift to C*. We
define x = 1 o ¢. Using the second model for the space of circles we see
that ~ is given by

V(7 (p)) = [(p) Ax(p)] = [W(p) AT - ¥(p)] € Q° C PW.
We set ¥ =9 Ax: UC S — W C A?(C*) and compute
A-A=A-YvANx+PANA-x
=AYPAXFYN(A-Y)od+DANAT-¢P)od
B-A=B-YAx+9¢YANB-x
=B-YyAX+UN(B-P)od+p A(ul-1)o¢.
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With J A = B and from the fact that ¥ is CR holomorphic we deduce
that

tA-Y=B-1¢ modWV.
As [3] = [ AT - 9] we have

(TA) - (yom) =i(A-(yom)),

which means that v o 7 is CR holomorphic. As d7m maps the Levi
distribution of S® CR holomorphically onto the tangent space of CP*
and yom is CR holomorphic, it is evident that v must be holomorphic.

0

Obviously, all results above can be rephrased for conformal sub-
mersions defined on subsets of S®. If one considers a globally defined
conformal fibration of S® one can use the fact that every point in S®

lies in exactly one fiber to obtain global information of the curve ~ :

6.8. Lemma. Letm: S® — S? be a conformal fibration with circles
as fibers. Then the holomorphic curve v: CP* — Q% given by has
degree 1.

PROOF. Let n be the degree of v: CP' — Q* c PW. We take a

basis (e, .., e4) of W consisting of real points, i.e. o(e;) = e;, such that
1
(,):= 5(2/\(2: —enReytel®el+..+erey,

and such that we have v(0) = [e3 + ie4] for a suitable holomorphic
coordinate z on CP!. By changing the holomorphic coordinate z we
can assume that the point [eg + e3] € S® C @Q? lies on the circle v(00).
We take a holomorphic lift

Y(z) = vo + zv1 + .. + 2"v,

of v to W with vy = e3 + ie4. Since every point p € S? lies on exactly
one circle, namely (7 (p)), it results from that ~ intersects each
hyperplane Pv* N @Q? in exactly one point, where [v] € S C RP* C
PW. But every hyperplane must intersected n—times by v counted with
multiplicities, hence we know that ~ intersects each such hyperplane

Pvt in exactly one point with order n. Therefore

onL ns3 = Upel0,27] [eo + cos peq + sin pey]
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proves

V1,02, ., Un—1 € Neelo,2q] (€0 + €OS e + sin wey)t = span{es, e}
Using (9(2),4(z)) = 0 this implies inductively

U1 = U1V, -y Un—1 = HUn—-1Y0

for suitable u; € C, and
(vo, V) = (U, v,) = 0.
As (vn, ep + €3) = 0 we see
v, = aeg + bey + cex + ales + iey)

with a? = b® + ¢® and bc # 0. For the holomorphic coordinate w = 1/z

we obtain another holomorphic lift
(w) = (aeg + bey + cea + ales + ieq)) + (Wpn—1 + .. +w™)vg

of 7, thus 7 intersects the hyperplane P(ey + e3)t in 2z = oo n—times

if and only if 1 = .. = p,_1 = 0.

First we consider the case a = 0, i.e. v, = be; 4 cey with b?> +c? = 0.

After a change of the coordinate z on CP' we obtain the form
Y(z) = es +ieqg + 2" (e1 + ces)

where ¢ = —1, so the circle v(1) contains the point [eq + \%(61 —e3)] €
S3. The intersection of 4 and the hyperplane P(ey + \%(el —e3))t s
at z = 1 only of order 1 because
1 n
Y'(1),e0 + —=(e1 —e3)) = —= # 0.
(7'(1), e \/5( 11— €3)) NG #
Since v must intersect (eq + \%(el —e3))t at z = 1 with order n we see

that n = 1 in case of a = 0.

If @ # 0 we can change the coordinate z by a factor such that
leo — €3] lies on (1). This implies 0 = (Y(1),ep — e3) = —a — (a + 1).
The curve v intersects P(eg — e3)* at z = 1 with multiplicity n, which
implies for n > 1 that 0 = (9/(1),e0 — e3) = —a — (a+n) contradicting
0=—2a+1. Thus n = 1. U
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With this result it is easy to prove the following theorem of the

uniqueness of conformal fibrations with circles as fibers:

6.9. Theorem. Up to conformal transformations of S* and S3,

every conformal fibration of S* by circles is the Hopf fibration.

Proor. We will show that for each curve A\: CP' — Q? which is
given by a conformal submersion via there is a projective isomor-
phism Q3 — Q3 resulting from a conformal transformation of S3, such

that A is mapped to the curve v: CP' — Q? given by
v([z : w]) = [z(e1 + iea) + w(es + iey)],

where e, ..,e4 is a basis of W as in the proof of [6.8] Using this ba-
sis, S% C Q3 and the sphere in the light-cone model can be identified,
and we see that the real orthogonal transformations ®: W — W, i.e.
go®d = doo, and &*(,) = (,), with (P(ep),e9) < 0 are exactly the

conformal transformations of S3.

As in the proof of we can take a holomorphic coordinate z on
CP! such that, after a conformal transformation of S® and the induced
transformation of W we have A(0) = [e3 + ieq], and [eg + e3] lies on
A(00). Thus A(z) = eg+ies+2b(e1iey), where b € C. The curves A and
7 coincide after applying the conformal transformation z = 1/bz on S?
and the conformal transformation on S? given by the linear isometry
of W with

ey — teo; e, ey, 1 F£ 2.






CHAPTER III

Riemannian Submersions on 3—Manifolds

In this chapter we develop the general theory of Riemannian sub-
mersions from 3—manifolds onto surfaces. It will be shown that the
geometry is determined by the geometry of the surface, the (mean)
curvature of the fibers, and by the curvature of the horizontal distri-
bution, which can be identified with a function. We compute the cur-
vature of the 3—manifold in these quantities explicitly. All the spaces

are assumed to be oriented.

7. Connections and Curvature

First we will discuss connections on submersions in general. Af-
terwards we will have a glance at principal connections on principal
bundles. We will see that the curvature of the (non-linear) connection
canonical associated to a Riemannian submersion, or more general to a
conformal submersion, play an important role for the geometry of the

submersion.

7.1. Connections on submersions. Let 7: P — M be a sub-
mersion. The vertical bundle is given in a natural way, i.e. V = kerdm,
in contrast to the complementary bundles. Sometimes there are canon-
ical complements. For example if there is a Riemannian metric P on g
one can take the orthonormal complement. But in general, the choice

of a horizontal bundle is a geometric structure on its own.

Definition. A section of a submersionn: P — M isamap s: M —
P such that ros =1d.
A connection V on a submersion 7: P — M is a decomposition TP =
VYV @& H of the tangent bundle into vertical and horizontal parts.
A connection V on a submersion 7: P — M defines the vertical deriv-
ative Vs = m¥ od s of a section, which is the projection on the vertical
part of the derivative of s.

33
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Given a connection V, the fibers can be identified in the following
manner: If y: I — M is a curve one defines the horizontal lift 4: I — P
through a point p € 7=(vy(I)) as a curve through p such that To4 =~
and 4" € H. It is clear that such a curve always exists, at least locally,
and is unique. The horizontal curves define the parallel transport of
the connection: One maps the points of the fiber over p € M to the
points in the fiber over ¢ € M via the horizontal lifts of a fixed curve

in M from p to q.

The question on hand is whether every map f: N — M provides
a horizontal lift. For example in case of Id: M — M a horizontal lift
is a section s such that Vs = 0. The answer is given by the Frobenius

theorem.

Definition. The curvature of a connection V on a submersion is

given by the vertical valued two form
Qe Q(P;V), AX,Y) = —r"([x"X,7"V]),
where X,Y are arbitrary continuations of X and Y.

Theorem (Frobenius). Let m: P — M be a submersion with con-
nection V. A necessary and sufficient condition for the existence of

horizontal sections through every p € P 1s that the curvature vanishes,
r.e. Q=0.

There are many ways to generalize the theorem. For example, for
horizontal lifts of submanifolds 1: N — M into a bundle P — M. To
do so, one has to consider the so-called pullback connection 1*V on the
pullback bundle 1*P — N given by

1'P = {(n,p) [1(n) = 7(p)} = N,
see [SW] for details.

Remark. One can restrict oneself to submersions with extra struc-
ture, as to principal or vector bundles. It is common that only connec-
tions which respect the additional structure are considered. In the case
of principal bundles one requires that the decomposition is invariant
under the group action, and in the case of vector bundles the parallel

transport should be linear for each curve.
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7.2. Principal Bundles. For the general theory of principal bun-
dles one can consult [KN], or more briefly [Fr]. A principal G—bundle
m: P — M with structure group G is given by a right action of PxG —
P such that there exist local trivializations Py — U x G, which com-
mute with the action of G. A principal connection on 7: P — M
is a G—invariant decomposition T'P = VP & HP. The vertical space
VP = kerd 7 can be identified with M x g, where g is the Lie algebra
of G : Let € € g. A vertical G—invariant vector field € with the values
ép can be defined by differentiating the curve ¢t — p - exp(t§) at t = 0.

A global trivialization is

(,€) € M x (9) = & € V.

Note that any connection is given by its projection on the vertical
bundle. In case of a principal bundle, this projection can be considered
as a g—valued 1—form w € Q' (P;g).

Definition. A principal connection is a 1—form w € Q'(P; g) with
the properties:

~

o forall{ € g: w(&) =¢;
o for all g € G and X € TP we have Riw(X) = Ady-1(w(X)),
where Ad is the Adjoint action of G on g.

The first property says that w is a projection, and the second that

the decomposition is G—invariant.

By definition, the curvature of a connection is given by the vertical
valued horizontal 2—form Q with Q(X,Y) = —7Y ([ X, 7Y]), which

can identified with a g—valued 2—form.

7.3. Proposition. The curvature ) € T?(P;g) of a connection V

is a g—valued Ad— equivariant horizontal 2— form, that is
RyQ(X,Y) = Ady1 Q(X,Y).
It is 1
Q=dw+ Q[MAW]’
where [wAn] is defined by [wAN|(X,Y) := [w(X)An(Y)]—[w(Y)An(X)].
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PROOF. Since [Ry,, 7t X, R, Y| = R, [7* X, 7Y] is valid for all
g € G one obtains

RIQUX,Y) = — w([Ry, "X, Ry, w"Y])
= — W(Ry, [7" X, 7Y]) = Adyr (w([x" X, 77Y])
=Ad, 1 Q(X,Y).

We state @ = dw + 1[w A w]. To prove it take the horizontal lifts
X,Y of X,Y and Killing fields &, ¥, and compute

~

(dw+ Sl Aw))(X,7) = ~([X, 7)) = (X, 7),

~

(ot gl A6)(X,8) = X €~ w([X &) = 0= (X&)

g

Principal bundles and vector bundles and their connections are re-
lated as follows. Consider a representation p: G — GL(V) of G on a
vector space V. Let m: P — M be a principal bundle, then there exists
a vector bundle with typical fiber V :

Px,V:=PxV/~

with (p,v) ~ (p, v), if and only if there exists a g € G such that p = p-g
and © = p(g~')(v). This vector bundle is called the associated vector
bundle to (P, p). Vice versa, given a vector bundle V' — M with typical
fiber F', one can define the principal GL(F)—bundle P — M as

P={(m,f)|meM,f: F—V, linear isomorphism}.

Elements of P are called frames. If one has a geometric structure on
V., which is invariant under some group G, one can define a principal

G—bundle as the set of frames which respect this structure.

There is a relationship between connections on principal and its
associated vector bundles, too. Every linear connection defines the
parallel transport between the fibers which are connected by curves.
The parallel transport is a linear isomorphism between the fibers re-
specting the geometric structure, which is defined on the vector bundle.

Thus there is a natural way to obtain the frames of one fiber from the
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frames of another fiber via parallel transport. It can be shown that
this parallelism is due to a principal connection on the frame bundle.
This procedure could be done the other way round, hence a covariant
derivative on the associated bundles is defined by a principal connec-

tion.

8. Riemannian Submersions and Curvature

In this section we collect the basics of Riemannian submersions.
For definitions and proofs see [B.

Let m: (P,g) — (M, h) be a Riemannian submersion between ori-
ented Riemannian manifolds, that means that the differential d ey g1,
restricted to the orthogonal complement of its kernel, is an isometry at
every point. We consider the vertical distribution V = ker(dn) and the
horizontal distribution which is defined as its orthogonal complement

H = V+. This decomposition defines a connection in the sense of .

We denote vertical vector fields by U, V| .. and vector fields on the
base by A, B, ... . Their horizontal lifts are denoted by fl, E, ... . If one
studies Riemannian submersions one has to deal with three different
Levi-Civita Connections: Denote by VM, V and D the connection on

the base, on the total space and on the fibers.

The fibers of a Riemannian submersion 7: P — M are closed
submanifolds, thus it is natural to consider their second fundamental

forms:

8.1. Proposition. The second fundamental forms of the fibers
gives rise to a tensor field S € T*'(P):

S(X,Y) = 7"V oxn’Y + 7VV oY,

It satisfies

S(U,V)=VyV - DyV,
S(U,V)=S(V.U),
S(A,B) = S(A,U) =0,

g(S(U, V), A) = —g(U,S(V, A)).
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The fibers of the submersion can be identified with each other via
parallel transport with respect to the connection TP =V @ V*. Then

the Lie derivative of gy is determined as
(Lig)(U, V) = g(VuA, V) + g(Vv A, U) = 29(A, S(U, V).

This shows that the fibers are isometric to each other via parallel trans-
port if and only if S = 0, which is proved by a theorem of R. Hermann,
see [B]. Moreover, the derivative of the volume V' of the fibers is given
by

(8.1) dlogV,(A) = / tr g(S, A) dvol,
(p)
see [GLP]. This is not surprising since m tr S is the mean cur-

vature vector of the fiber which is 0 if and only if the fibers are minimal.

There is a equivalent definition for the Tensor field introduced in

(1l
8.2. Proposition. The tensor field T given by
T(X,Y) = 7"V uxn’Y + 7YV oy 'Y
satisfies
TWU,A)=T(UV)=0,
T(A,B) = ~T(B, A) = ~10(A, B).
9(T(A,U),B) = —g(T(A, B),U).

ProOOF. We only do prove that 7 (A, B) =
YV 1A = 0, for every vertical field U, as

Q(A, B). We state that

1
2

. . o 1 o
g(U,V ;A) = —g(V 41U, A) = —g(VyA A) = —§U -g9(A,A) =0.

We used that [U, A] is vertical for horizontally lifted fields A. The for-

mula follows from

WV[A, B] = WV(VAB - VBA)
U

The tensor field 7 vanishes if and only if the horizontal distribution

is integrable. Notice that in this case the second fundamental form of



9. CURVATURE ON FIBERED 3—MANIFOLDS 39

the leaves of the horizontal distribution also vanishes.

We are now able to give formulas for the Levi-Civita connection of

(P, g) explicitly.

8.3. Proposition. The Levi-Civita connection of the total space

of a Riemannian submersion is computed as follows:
VoV =DyV +S(U,V)
VX =SU,X)+ 7"V X
VxU =n"VxU + T(X,U)
VxY =T(X,Y) + 7VyY,

where X, Y are horizontal and U,V are vertical vector fields. In case

of basic vector fields A, B one obtains

V.B=T(A B)+VYB.
These formulas can be used to compute the Riemannian curvature.
As an example, the sectional curvature of a horizontal plane spanned

by orthonormal A, Bis given by
A, 3 ..
(8.2) K(AANB)=K(AAB) - ZQ(A A B)?,

where K (AA B) is the sectional curvature of corresponding plane AA B

on the base.

9. Curvature on Fibered 3—manifolds

We first collect some basic facts of curvature tensors on Riemannian
3—manifolds and show how they are to be transformed after conformal
changes of the metric.

Afterwards we specify the results of the previous section for the case

of 3—spaces fibered by curves.

9.1. Curvature on 3—manifolds. We will not present a detailed
study of the decomposition of the Riemannian curvature tensor, since
we are only interested in 3—manifolds. We will not distinguish between
endomorphisms and bilinear forms, but for better reading we denote

the first by capital and the latter by small letters.
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On manifolds of dimension 1 there is no Riemannian curvature. On
surfaces it is determined by the scalar curvature. With 3 dimensions it

is determined by the Ricci or the Schouten curvature, respectively:

Proposition. The Riemannian curvature tensor r € T'(T*0 M)

on 3—manifolds with Riemannian metric g is given by

r=-s-y,

1

where the Schouten tensor is s = ric —1

scal g and the Kulkarni-Nomizu

product is given by
h-k(z,y,z,t) =h(x, 2)k(y,t) + h(y, t)k(z, 2)
- h('r?t)k(y? Z) o h‘(y7 Z)k($7t>

PROOF. Let z,y, 2z be a orthonormal basis of T,M, p € M. Using

the basic symmetries of the Riemannian curvature it is obvious that

r(z,z,z,y) =ric(z,y) = s(x,y) = —s - g(z, 2z, 2,Y)

and
2r(z,y,y, ) = ric(z, x) + ric(y, y) — ric(z, 2)
= s(x,z) + s(y,y) — s(z,2) + % scal
=2s(x,x) + 2s(y,y) = —2s - g(x, 2, z, ).
Other cases are followed by permuting z,y and z. O

We consider a conformal change of the metric § = e**¢. The Levi-

Civita connection of g is

VxY =VxY + X AY +Y - AX — g(X,Y) grad \.

Proposition. The Schouten tensor S of the conformally changed

metric § = e*g is
(9.1) S =5—B,,
where S is the Schouten tensor of g and

1
By = Hess)\—d)\®grad)\+§ | grad A ||* 1d.
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PrROOF. We choose orthonormal vector fields X,Y, Z such that

their commutators at p € M vanish. We compute
5(X,Y)=F(X,eZ,e?2Y) = g(R(X,2)Z,Y)
=9(VxV2Z —V;VxZ,Y)
=g(Vx(V2Z +27Z - \Z — grad \)
—V2VxZ+X N2+ Z - \X),Y)
=r(X,Z,Z,Y)+ X -AY - A —hess \(X,Y)
—5(X,Y) — ba(X.Y),

and similarly for the other cases. O

In contrast to surfaces, there exist 3—spaces with metrics, where,
even locally, no conformal transformation to a flat metric can be found.
Hence the question on hand is what the obstructions of being confor-

mally flat are. The answer was given by Schouten, see [HJ].

9.2. Theorem. A Riemannian 3—manifold is conformally flat if
and only if the covariant derivative of the Schouten tensor is totally

symmetric.

PROOF. A locally defined function A is to be found, such that S =
B,. With v = grad A, this is equivalent to

1
Vo=25+g(v,.)v— §g(v, v)1d.

Note that any vector field which solves the equation above is the
gradient of a function automatically, because its covariant derivative

is symmetric. We define the vector valued horizontal 1—form n €
QYT M;p*TM) by

1
Nw(X) = S(pX) + g(v, p X)v — 59(% v)pu X,

where p: TM — M is the projection. Using r = —s - g, one easily
computes for horizontal vectors X,Y € HTM C TTM and for the
pullback connection on p*T'M :

d'n(X,Y) = Vx(n(Y)) = Vy(n(X)) = n([X,Y])
= (VxS)(Y) = (VyS)(X)s + R(X,Y ).

Therefore, the theorem is a corollary of the following Lemma. U
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Lemma. Let V be a connection on a vector bundle m: V. — M,
and Q € Q*(End(V)) its curvature. The equation

Vv = w,
for v € T(V) and w € QYV;7*V) has a local solution around each
point if and only if
dVw(X,Y) = QnX, 7Y )
for horizontal vectors X, Y € HV C TV.

PROOF. In order to furnish the proof the Frobenius theorem is
applied. On TV, the connection V induces a decomposition TV =
VV @& HV. We define the distribution

D, ={wp(mX)®X | X eHV}CTV.

An integral manifold of D gives rise to a locally defined section v €
['(V) with Vv = w,. Thus it remains to show that D is integrable. Let
X,Y be lifted horizontal fields in HV of X,Y € I'(T'M). We compute

wp (X) @ X, wpp (V) @ V] =l (X), w0 (V)] + w1 (X), Y] + [X, wpo (V)]
+[X,Y]
=Vx(wp(Y)) = Vy (wp (X))
+ (=X, Y)(v) @ [X,Y])
=w([X,Y]) @ [X,Y] € D,
see [SW] for more details. 0
9.3. Remark. Regarding S as a T'M —valued 1—form such that
dVS(X,Y) = Vx(S(Y)) — Vy(S(X)) - S([X,Y])
=Vx(S(Y)) - S(VxY)—Vy(S(X)) + S(VyX)
= (Vx9)(Y) = (VyS5)(X),

the condition that the covariant derivative of the Schouten tensor is
totally symmetric is equivalent to the fact that its absolute exterior

derivative vanishes.

Remark. The decomposition of the Riemannian curvature ten-
sor can be generalized to higher dimensions as follows: Defining the

Schouten tensor for n > 3 as S = —(Ric —2251d), we get r =



9. CURVATURE ON FIBERED 3—MANIFOLDS 43

s - g+ w, where w is the Weyl tensor. It was proven that w vanishes
for dimension 3. In general, the Schouten tensor changes under confor-
mal transformation as shown above, and the Weyl tensor (as a bilinear
form) is invariant under these transformations of the metric. Thus the
condition that w = 0 is necessary for being conformally flat. For n > 4

w = 0 implies dV'S = 0, and therefore this condition is also sufficient.

9.4. Levi-Civita Connection on Fibered 3—manifolds. To
obtain the formulas below, we will use orthonormal vector fields A, B
defined on an open subset U C S? such that e*(A+iB) is a holomorphic
vector field on the surface for some function A: U — R. This condition
is equivalent to [e*A,e*B] = 0. Note that the Gaussian curvature is
given by K = AX. We denote by A, B € T(#) the horizontal lifts of A
and B.

There exists an unique positive oriented vertical vector field T' of
length 1. Of course, we have DT = 0, and the second fundamental
form is equal to the mean curvature, thus we have VT = S(T,T).
The curvature € of the horizontal distribution can be identified with a
real valued 2—form Q := ¢(Q2, T'). Using the metric and the orientation,

we define the curvature function of the horizontal distribution by
(9.2) H:= QX AY)=—g(T,[X,Y]),

where X,V are locally defined positive oriented basis fields of H. Let
J € End(T'P) be the CR structure of the Riemannian submersion T,
ie. J(A) =B, J(B) = —A and J(T) = 0. Using one obtains

9.5. Proposition. The Levi-Civita connection on a fibered 3— space

15 given by
1
vT :§Hj + VT ®g(.,T)
VX ="V ) X +T(, X) +S(., X)

1
=MV ) X + 5HT ®g(., TX)

1
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where X is horizontal and of length 1. For the lifted vector fields fl, B
one obtains

n n 1 1. . A
VA=B®y(., §HT + Jgrad \) + T ® g(., §HB —g(VT, A)T)

. A 1 1 A A
VB =-A®y(, §HT+ Jegrad\) — T ®g(., QHA—i-g(VTT, B)T).

We only cite the formulas for the Schouten tensor, which can be

computed easily.

9.6. Proposition. The Schouten tensor on a fibered 3—manifold

s given by
1 5 5 1
S(]ﬁ7 T) :(—§K + gH —+ §le VTT)T,
1
s(T, X) =g(T(HV T — 3 grad" H), X),

3 1 1
s(X,Y) :(—§H2 +5K)9(X,Y) + 59(Vx I VAT, TY)

1

1
2
1
- ég(vTTv X)g(vTTv Y)v

where X, Y are horizontal vectors.

By[9.2] the obstruction of being conformally flat is that the absolute
exterior derivative of the Schouten tensor vanishes. This tensor is very

difficult to understand but for a nice component:

9.7. Proposition. A necessary condition that a fibered 3—manifold
s conformally flat is
(9.3)
0=A"H+g(ViT,grad H) + 2H(H?* — K+ || VT ||?) + 3H div V7T,

where A" = — div grad™ is the horizontal Laplacian.

PROOF. One easily computes that the right hand side of is
equal to the component 2g(dVS(A A B),T) of the absolute exterior
derivative of the Schouten tensor, which vanishes on conformally flat
3—spaces. O



CHAPTER 1V

Conformally Flat Circle Bundles over Surfaces

In this chapter we study Riemannian submersions of conformally
flat, oriented 3—spaces onto oriented surfaces with connected, com-
pact and minimal fibers. We will show that they are determined by
a solution of an ODE locally and give an example with non-constant
curvature. Afterwards we are going to classify all such Riemannian

submersions over compact, oriented surfaces.

10. Circle Bundles

First, we describe in which situations Riemannian submersions with
minimal fibers occur. Then we specify the formulas of the previous sec-
tion by including the condition for the total space of being conformally
flat.

10.1. Proposition. A compact, oriented Riemannian 3—manifold
P admitting the existence of a Riemannian submersion m: P — M to
an oriented surface M with connected and minimal fibers is given by
a compact, oriented Riemannian 3—space P with a free circle action

P x St — P leaving the metric invariant.

PROOF. In consequence of 8.1} the fibers of a Riemannian submer-
sion, if all being compact, connected and minimal, are diffeomorphic
to S and with constant length. We assume the length to be 2. Let
T be the vector field of length 1 in positive direction of the fibers and
consider its flow ®. Clearly, every integral curve of T is closed with
period 27, hence the flow induces a free and proper circle action. By
using the same arguments as in the proof of the metric is invariant
under this action, as 7 is a Riemannian submersion and the fibers are

minimal.

Conversely, the space of orbits has an unique structure as a Rie-
mannian manifold such that the canonical projection is a Riemannian

45
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submersion. As the metric is invariant under the action the fibers are

minimal. O

The proposition above shows that 7: P — M is a principal bundle
with structure group S*, see for a definition. We will call it a circle
bundle and the metric g on P a bundle metric.

We are going to compute the Levi-Civita connection and the cur-
vature of the total space. Let T be the vector field in positive fiber
direction of length 1. And let A, B be the horizontal lifts of orthonor-
mal fields of the base M, such that e*(w,A + im,B) is a holomorphic
field on the surface for an appropriate function \. This condition on A
is equivalent to [A, B] = B+ AA — A- AB. Since the fibers are minimal,
the tensor field S defined in vanishes. Moreover, from

0= 9(8(T7 T)? A) = g(VTT, A) = —g(T, vTA) = _g(T7 [T> A])

one obtains that the horizontal distribution given by # = ker d 7 gives
rise to a principal connection. The curvature €2 of this connection is
real valued and invariant under S!, since S' is abelian. Therefore,
the function H defined in(9.2) i.e. 2 = Hx* voly,, is constant along the
fibers, and it generates a function on the surface, which will be denoted
by H, too. Remind the definitions of the CR structure J € End(TP) of
a Riemannian submersion and the tensor field 7 given in the previous
chapter. Then [9.5] turns into

Proposition. The Levi-Civita connection of the total space of a
circle bundle P — M with circle metric g and with T as above and X
horizontal of length 1 is given by the following:

VT = JHJ
VX = ’/THVWH(.)X + T(,X)
1 1
=71V X +=HT @ g(.,TX) + SHIX @g(,T).

2
We obtain in case of horizontal lifted fields A and B as above

1 1
VA=B®y(., 5HT+ Jgrad(Aom))+T ® g(., §HB)

1 1
VB=-A®g(., §HT—1— Jegrad(Aom)) —T ® g(., §HA).
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The Schouten tensor, see [0.6] becomes in case of geodesic fibers

very simple, too:

Proposition. The Schouten tensor of the total space of a circle
bundle P — M with circle metric g is given by
1 5

s(T,T) :(—§K + §H2)T
(10.1) s(T, X) :g(—%jgrad H,X)
s(X,Y) :(-21{2 - %K)g(X, Y)

where X, Y are arbitrary horizontal vectors and T is defined as above.

We have already proven that a 3—space is conformally flat if and
only if the integrability condition dV.S = 0 is satisfied in the last chap-
ter. Using the formulas for the Levi-Civita connection and the Schouten

tensor one easily computes
W(dVS(A N B),T) = %(—AH L 2H(K — H)),
g(dVS(ANT),B) = %(Hess H(A,A) — H(H? - K)),
g(dVS(BAT),A) = %(HessH(B, B) — H(H? - K)),

5 ) 1
g(d¥S(BAT),B) = —g(dVS(AAT),A) = 5 Hess H(A,B).

g(d¥S(AAB),B) = —g(d"S(AAT),T) = A- (%K - §H2)
and
g(d7S(B A A), A) = —g(d"S(BAT), T) = B- (%K _ 2}12).

The terms on the right hand side are conditions on the total space.
But as the fibers are minimal and H is constant along every fiber,

these terms are actually defined on the base. We obtain

10.2. Theorem. A circle metric g of a circle bundle w: P — M
over a surface M with Gaussian curvature K and curvature function

H of the horizontal distribution is conformally flat if and only if

Hess H = Vgrad H = H(H? — K)1d
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and
2K —3H* =«

for some constant .

11. Conformally Flat Circle Bundles

We are going to illustrate how the conditions of being conformally
flat reduces to an ODE. First we investigate the equation Hess H =
f1Id on a surface M with Riemannian metric. In the following we set
U:={xe M |grad H # 0}.

11.1. Lemma. Assume Hess H = f1d is satisfied on a surface.
Then, for each point p with grad, H # 0, there exist an open set V C
U and a conformal chart (x,y): V. — R? such that the metric g on
V C M and the function H do only depend on x.

PROOF. Define on U the vector field X = mgradH and
Y = JX, where J is the complex structure induced by ¢g and by
the orientation, i.e. X,Y should form a positive oriented orthonormal
basis. We set h = d H(X) which is equivalent to grad H = hX. Using
Hess H = fId and || X ||= 1 we get

f=dh(X),
(11.1) 0=dh(Y),
VX =Ty ey,
and
(11.2) VY = —%X@g(.,Y).

We prove the existence of a locally defined function [: V! ¢ U — R
such that [[X,[Y] = 0. Then [X,lY are the Gaussian basis fields of a
conformal chart (z,y): V C V' — R?. With

[X,Y] = VxY — VyX = —£Y

we get

Y- f=Y - X-h=X-Y-h—[X,Y] - h=0
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and
IX,1Y]=P[X,Y]— (Y -DIX + (X -])IY

=l ey - o nix

We denote the dual basis of X and Y by w; = g(., X), w2 = g(.,Y).
Then [IX,1Y] = 0 is equivalent to

dl:l%wl.

Asd %wl = 0 we get a solution of dq = %wl on each simply connected
open set V' C U. Then | = e? is a nowhere vanishing solution of
dl = I{w;. We obtain a conformal chart (z,y): V C V' — R? with
Gaussian basis fields X, Y. The metric is given by

g= l2(d$ ® dr + dy ® dy),

which only depends on z, since 3—25 =l(Y-1)=0. O

11.2. Remark. From the proof of this lemma we also get that
there always exist a chart (z,y): V — R? with Gaussian basis fields
X, 1Y, with [ satistying dl = %lwl, such that the metric g and the

function H only depend on .

We restrict our attention to the case where the function f is given
by Theorem [10.2]

11.3. Lemma. Let H be a non-constant solution of
1
(11.3) Hess H = H(H* - K) = —§(H3 + aH)

for some constant o. Then every critical point p of H, for which an
integral curve v of grad H exists with p = limy_, 1o, ¥(t), is a regular

critical point.

PROOF. By assumption, there is a point ¢ € U near p with H(q) #
H(p), such that the integral curve of grad H (if H(q) < H(p)) or of
—grad H (if H(q) > H(p)) through ¢ is going to p. Consequently, the
integral curve of X or —X is a geodesic going to p, too. Let y: [0;b] —
M be the geodesic with v(0) = ¢,7'(0) = X(¢) and v(b) = p. Consider
the function H(z) := H o y(z). As a cause of [11.1] and it satisfies
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the ODE
(11.4) 2H"(x) + H*(z) + aH(z) =0

with final value H'(b) = 0. If p would be a singular critical point of
H, we would have H3(b) + aH(b) = 0. By Picard-Lindeldf, its only
solution would be constant contradicting H(p) # H(q). O

The geodesic polar coordinates around p € M are defined to be
the composition of the inverse of the exponential map at p with the
Euclidean polar coordinates of T,M. In the case of a surface, we de-
note these coordinates by (r, ), or by (r, ) if the image of the polar
coordinates is R”? x S. Of course, the polar coordinates depend on
the choice of the direction which is mapped to the direction induced
by 1 € St Cc R?.

11.4. Proposition. Let (r,e"¥): V —]0; R[xS! be geodesic polar
coordinates around a reqular critical point p of a function H which
solves the equations in[10.4. Then the metric is locally given by
(11.5) g=dr’+ (£)2d¢2.

2
Moreover, L and H are only depending on r with L(r) = cH'(r) for

some constant ¢ # 0.

grad H
llgrad H|

and Y = JX near critical points coincide with the coordinate lines

PrROOF. First we show that the integral curves of X =

of a geodesic polar coordinate system. We have proven that H has
only regular critical points. Thus we can assume p € M to be a non-
degenerate local minimum. There exists a neighborhood V C U C M
of p such that every integral curve of —X = —m grad H starting
at a point ¢ € V'\ {p} goes to p in finite time. As the integral curves
of —X are geodesics by [11.1] there is a normal neighborhood V' of p,
i.e. a set which is diffeomorphic to an open set in 7, M via exponential
map. Thus, every geodesic emanating from p is an integral curve of X
for small ¢ > 0.

We are going to show that the chart given by is the same as
the geodesic polar coordinate system. The proof of yields that the
value H(q) for ¢ € V depends only on the length of the integral curve
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—X from ¢ to p. And since these integral curves are geodesics its length
is equivalent to the distance d(p,q) between p,q € M. Altogether we

have that the integral curves of X and Y are the coordinate lines of

0

the geodesic coordinate system and that X = 7.

Let r: V \ {p} — R be the distance function of p. Consider the
length function L(r) = f% g(.,Y) of circles with radius r around p. By
using notations and results of we get,

dg(.,Y)=dwy = %volM.

Applying Stokes theorem and the fact that f and h are constant along

circles around p we obtain
(11.6) L'==:-L.

This shows that the integrability factor { with [X,lY] = 0 and the
length function L are the same up to a constant. We may fix this con-
stant as 2m, i.e., 2nl = L. By [I1.2] 1Y is a Killing field and therefore
a Jacobi field along every integral curve of X. Fix a geodesic 7 ema-
nating from p. Then (Y (1) := (IY') o y(r) has the same initial values as
the Jacobi field z7. With 27l = L and || Y ||= 1 we have [Y'(0) = 0.
Moreover, the equation Y’ = VxIY = %ZY and the well known fact
that L'(0) = 27 show that {Y'(0) = J+/(0). This yields % =1Y.

It remains to show that there is a constant ¢ # 0 such that [(r) =
cH'(r). We have that f and h are locally given by h(r) = H'(r) and
f(r) =K (r) = H"(r). Thus all non-vanishing solutions of

f
I'===H"/H'I
- /
are of shape cH’ for a constant c. O

11.5. Corollary. FEvery non-constant solution H of equation|11.

on a compact surface has reqular critical points only.

Proor. First we will show the existence of a regular critical point.
Note that by equation a geodesic v through a point ¢ € U with
initial value 7/(0) = X, is an integral curve of X (in U). Since M is
complete, 7 is defined for all £. But by definition of X the integral curve
of X is obviously not defined for all ¢ > 0. Thus ~ does not stay in U
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for all time and there exists to > 0 with ¢y := inf{t > 0 | y(¢) ¢ U}.
Evidently, p := ~(to) is a regular critical point by [11.3]

Let ¢ € M be another critical point of H, and ~: [0;b] — M be
a geodesic from p to ¢. In v is proven to be an integral curve of
X on the interval |0;a;[, where a; := inf{t € 0;b] | grad,;) H = 0}.
By using [11.3| again, ~y(a) is a regular critical point. Thus v is again
an integral curve of X but on the interval |a;; as[, where ay is defined
in the same manner as a;. As the number of regular critical points is
finite, ¢ is to be reached after a finite number of steps by an integral

curve of X. Thus by using[11.3] a last time, ¢ is regular. U

11.6. Example. We end this section by giving an example of a
conformally flat circle bundle over a non-compact surface with non-
constant curvature. Let M :=]1 —¢, 1+ ¢[x St for some 1 > € > 0, and
let P = M x S! be the circle bundle with the projection w: P — M
on the first factor. On M there are globally defined and commuting
basis fields 2 and % with the dual basis dr and d . We define a

or
Riemannian metric on M by

g:dr®dr+l2(r)d<p®dgo

where [: M — R is a nowhere vanishing function which only depends
on r. For any function f: M — R we set f' := g—{. We determine the
Levi-Civita connection of g, with X := % and Y = %%, as VX =
'Y ®dpand VY = —I'X ®d ¢. The Gaussian curvature of M is given
by

K=——.
l

Let H: M — R be a function only depending on r and satisfying
Hess H = H(H? — K)Id and 2K — 3H? = « for some constant .
Using one easily obtains that there exists a constant ¢ such that
[ = cH'. The condition of the total space being conformally flat turns
into
" 1 o

(11.7) E{:—#ﬁ—EH

It is not difficult to verify that any function H satisfying satisfies
the condition above, too, with a constant ¢ such that [ = ¢H’. There-

fore there exists a family of solutions to these equations. They are
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depending on the choice of o, H(1) and H'(1). For each solution H the

metric ¢ is determined up to a constant ¢ via [ = cH'.

We proved the existence of a surface with Riemannian metric g
and Gaussian curvature K together with a function H satisfying the
equations above. It remains to show that for every solution H there
is a circle metric on m: P — M such that the curvature function of
the horizontal distribution is given by H. To do so, we define T' to be
the infinitesimal generator of the circle action on P, i.e. if one uses the
product coordinates (r,¢,t) on P =]1 —¢€, 14 ¢[xS? x S then T = 2.
Define the connection 1—form of this circle bundle by

w=dt+ §H2 dep.
Evidently, it defines a principal connection on P. Moreover, the sym-
metric bilinear form
J=T"g+w®uw

is strictly positive definite and invariant under circle action. Therefore
g is a circle metric. In [9.2] and it was proven that the curvature
function H of the horizontal distribution is given by dw = Hr* voly; .
We have

dw=HcH' dr Ndy = Hr* voly,

thus (P, ) is in fact a conformally flat circle bundle over an oriented
surface. By [8.2]the sectional curvature of the horizontal distribution is
given by

3 3

«
K-SH2=2 4K
1 273

which is clearly non-constant unless H is constant.

12. Classification over compact Surfaces

We are going to classify conformally flat circle bundles over com-
pact oriented surfaces. Let M be a compact surface. With the same

notations as in [11.1| we state the following lemma:

12.1. Lemma. The integral curves of Y are complete in U. More-

over they are closed.
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PROOF. First we show completeness. Let v: [a,b[— U be an in-
tegral curve of Y. Since M is compact there exists a sequence t,, — b
such that y(t,) — p € M. But 7/ is of constant length 1, thus y(t) — p
for t — b. Assume that p ¢ U, i.e. grad, H = 0. In it was proven
that || grad H(y(¢)) || is constant for any integral curve of Y, which is

obviously not zero contradicting grad, H = 0.

It remains to show that v: R — U C M is closed. If not, v would
be injective. As M is compact, there would be a sequence t,, — oo such
that y(t,) — p for n — oco. With the same arguments as above we get
p € U. Since grad H # 0 on U there is a neighborhood V' of p such that
H(q) = H(p) if and only if p and ¢ lie on the same integral curve of Y.
Because H is constant along v we have H(7y(t,)) = H(p). Therefore,
v(t,) and p lie on the same integral curve of Y for any n large enough.
By using || Y ||= 1 we have that v would pass p infinitely often, which

contradicts v to be injective. Il

12.2. Proposition. Let H: M — R be a solution of
1
Hess H = H(H> - K) = _§(H3 +aH).

We have that either H is constant or M = S? and there are exactly two
critical points N, S € S* of H. In the second case S*\ {N,S} = I x S*
for some interval I such that the induced metric g on I x S' is given
! L
2 ")\2.q 2
g=dr’+ (= =)"d¢,
where (r,e?) are the product coordinates on I x S*, and L: I — R is
the length function of circles in S? around S. Moreover, H does only

depend on r satisfying L(r) = cH'(r) for some constant ¢ # 0.

PRrROOF. Note that M = S? if H is not constant is a consequence of
the Morse theory and the fact that the Hessian of H at every critical
point is strictly definite by Hess H = H(H? — K)1d.

Let S denote the absolute minimum of H and let N € M be the
absolute maximum of H. Fix a geodesic v: [0, R] — M from S to N
and denote its parameter by . We have the functions H(r) := Ho~(r)
and h(r) := H'(r). They are related to the length L(r) of the circles
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with radius r around S by L(r) = ch(r) for some constant ¢ as shown
in the proof of [I1.4, We have that expg is a diffeomorphism if it is
restricted to Br := {v € TsM ||| v ||[< R}. The rest of the proof is
obvious. U

Theorem. Let g be a conformally flat circle metric on a circle
bundle m: P — M over a compact oriented surface M. Then M is of
constant curvature K. Moreover, we have that w: P — M 1is either the

trivial bundle or M = S? and 7 is the Hopf or conjugate Hopf fibration.

PROOF. If H is constant we have 0 = Hess H = H(H? — K). By
Gauss-Bonnet, H*> — K > 0 for surfaces M, of genus ¢ > 1. The
equality is valid if and only if g =1, K = H = 0. Thus H = 0, and
7: P — M, must be the trivial bundle M x S* with the product metric.

Assume that H is non-constant, and let S and N be the absolute
minimum and maximum of H, respectively. Let v: [0; R] — S?;t —
v(t) be a geodesic from S to N. We already showed, that the equations
Hess H = H(H? — K) and 2K = 3H? + « turn into

(12.1) 2H"(t) + H*(t) + aH(t) = 0

with H'(0) = H'(R) = 0, where we use H(t) = H o «(t) for short.

We denote H(0) = A and H(R) = B. Then every solution of

satisfies
4(H'(t))? = — HY(t) — 20H*(t) + 20A? + A*

(12.2)
= — (H(t) — A)(H(t) + A)(H*(t) + 20 + A?)

by the law of conservation. As the functions H and K are the cur-
vatures of complex line bundles with degree d and 2, respectively, the

integrals of H and K are given by
(12.3)

R
—ord= | HdA= c/ H(t)H'(t)dt = g(BZ — A?)
S2 0

R
sn— [ Kda- g/ (BH(1) + ) H'(1)dt = S(B* 4 B — A° — cA).
S2 0
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Since H'(R) =0, and imply
(12.4) 0= B*+2a + A%

With L/(0) = 27 and we obtain

0= —+ A*+ aA,
c
(12.5) Ar ;
0=—+DB"+aB
c

An easy algebraic computation reveals that the equations [12.3]
and have no common solution. Thus, A must be constant and
therefore K must be constant, too. That implies that g must be the
round metric of S%. Using[12.3)and H(H?—K) = 0, we get H = £2 and
K =4, or H = 0. In the latter case, 7 is the trivial bundle S? x S with
product metric. If H = £2 and K = 4, we have that S? is equipped
with the round metric, by [10.1] As the fibers are geodesics, they have
to be circles, thus [6.9] yields the theorem. O



CHAPTER V

Harmonic Morphisms on 3—Manifolds

In the last chapter we study harmonic morphisms from Riemann-
ian 3—manifolds to surfaces. These are maps which pull harmonic
functions back to harmonic functions. It is well-known that being a
harmonic morphism is a very strong condition, see or [BaWo|.
We will show, under a natural assumption, that the only conformally
flat metric on S3 which posses a submersive harmonic morphism onto
a surface is the round metric, and that the map must be the Hopf

fibration up to isometries.

13. The Chern-Simons Invariant of 3—manifolds

Our proof of the uniqueness theorem uses a global invariant of
conformal 3—manifolds given by the Chern-Simons functional. In their
fundamental work, [CS], Chern and Simons introduced a geometric
invariant of connections. Their theory plays an important role in the
topology and knot theory of three-manifolds, since Witten had shown
its connection to the Jones polynomial. We will only discuss the Chern-

Simons functional for Levi-Civita connections, which is based on [Ch].

13.1. The Frame Bundle. We need to introduce basic concepts
of Riemannian geometry via frame bundles, see for the theory of
connections on principal bundles. Let F(M) — M be the bundle of
linear frames on a n—dimensional Riemannian manifold (M, g), and
O(M) — M its reduction to orthonormal frames. One of these two
bundles is meant, if we write 7: P — M. Recall that the elements of the
frame bundle F'(M) or O(M) at a point p € M are linear isomorphism
or linear isometries f: R™ — T,M. The canonical form 6 € I'(P;R")
on P is defined by

0,(X) = £ (d (X)),

57
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Proposition. There exists an unique principal connection w €
['(O(M);s0(n)) on O(M) such that

dO(X,Y) = —w(X)(0(Y)) + w(Y)(0(X)),

where so(n) act on R™ in the standard way. The induced linear con-
nection on T M is the Levi-Civita connection. And there is exactly one

connection on F (M), denoted by w, too, which reduces to w on O(M).

PRrROOF. The proof is based on Cartan’s moving frame method ap-
plied to all frames, i.e. to the frame bundle. For details, one should
consult [KINJ. O

13.2. Remark. Consider a locally defined section s € I'(U; O(M)).
The vector fields X; = s(e;) define an orthonormal basis of T, M for all
p € U C M. Consider the dual 1—forms 6; = g(., X;). It is clear that
their collection (6;) is the canonical form 6, along s € I'(O(M)). Thus

the proposition above yields
d9j = —Zwi]’ A 92

Here, the connection form w is given by a skew symmetric matrix of
1—forms on M via s*w = (w;;) € so(n). The w;; can be obtained from

the covariant derivatives of the X; via

VXJ' = Zwij &® Xz

The so(n)—valued curvature 2—form can be computed from s*Q2 =

1
(131) Qij = dwij + Zwik AN wkj = 5 Z T(Xk, Xl, Xi, X])Hk A 91,
k k.l
where 7 is the Riemannian curvature tensor.

13.3. Chern-Simons Functional. Let M always be a compact
oriented 3—manifold with trivial tangent bundle. We are going to use
the bundle SO(M) — M of oriented orthonormal frames instead of
O(M) — M.

Proposition. Let g be a metric on M and w € Q*(SO(M), s0(3))
be the Levi-Civita connection. For any section s: M — SO(M) we
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define
CS(M,g,s) ::L/ tr(—ls*w ANs*dw — 1s*w As*wA s*w)
872 Jur 2 3
_ tr(—ls*w/\s*Q—l— 1s*w/\s*w/\s*w).
812 S 2 6
The functional only depends on the conformal class of g and on the

homotopy type of s. Consequently, the Chern-Simons functional
CS((M,[g])) :=CS(M,g,s) modZ e R/Z

s a conformal invariant.

Proo¥r. Consider two sections s,5 € I'(SO(M)). Then there is an
unique function f: M — SO(M) such that § = sf. In such a case we
have

Fw=dff '+ fsrwf?
and
0= fs*Qf
Here, the multiplication is meant to be the matrix multiplication of the
matrix Lie group SO(M). Note that d ff~! is the pullback f*w,,. of
the Maurer-Cartan form w,. of the group SO(M). Using tr(a A ) =
(—1)deeadeeS tr(B A @) and dtr(a) = tr(d ), we have

1 1
CS(M,g,5) =CS(M,gqg,s)+ —/ —tr(f*wWime A [ Wime A [ Wme)
87T2 M 6

+

—1 *
162 /Mdtr(dff Ads*w)
=CS(M, g,s) + deg(f),
where the last equation follows from
1 * * * *
6 tI'(f Wine A f Wine A f wmc) = f VO]SO(?)) .

Here, SO(3) is equipped with the metric of constant sectional curvature

711 which has a volume of 872.
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It remains to prove that the functional is independent of the metric

in a conformal class. We denote

0 wh o w?
w

—w? —w? 0

for short, and

0 ot 02
ffa=1-9+ o 3
-2 —0% 0
0 dw! —wW? Aw?  dw? +w! Awd
= -dw! +w?Au? 0 dw? —w! A w?
—dw? —wlAw? —dwd +w! Aw? 0

By using this we get
(13.2)

1
CS(Mg,f)zm/ W Adw F W Adw? + WP Adw? — 2w AW AP,
™ JMm

Now, we consider for an arbitrary function \: M — R the curve g; =
e? g of metrics. Using and the well known formula

VaB =VaiB+ A -AB+ B-)\A— g(A, B)grad A
for the Levi-Civita connection of the metric § = ¢**¢g, one obtains the
following connection forms w?, for the frames f; = e~ f € T'(SO(M, g;)) :
wlt =wh — X, - Ny + X5 - N0y
W =w? —tX1 - N3+t X5 M0,
wst =w? —tXy - N5+t X5 - N0,
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and we compute

8W2805(M7gt7ft>lt:0: /M —d(YwiA

i

Ow ow' .

8t>+2gﬁ/\9
ow'

:2/ > o N

:2/ Xo - AO'A QN — 0% AQP)
M

ot

—2/ X - A0 AQ 4607 A Q)

M

+2/ X3 MO'AQP+ 602 A Q%) = 0.
M

The last equation is a consequence of > ; Qij A ¢7 = 0, which follows
immediately from and the symmetries of the curvature tensor.
This computation is valid for any metric g and any infinitesimal con-
formal change, thus the Chern-Simons functional only depends on the

conformal structure. O

We end this section by stating two theorems illustrating the geo-

metric significance of the Chern-Simons functional. The proofs can be
found in |CS].

Theorem. The critical values CS(M,[g]) of the Chern-Simons
functional are exactly the conformally flat spaces (M, |g]).

Theorem. A necessary condition that a conformal 3—space (M, [g])

admits a conformal immersion into R* is given by CS(M,[g]) = 0.

14. Harmonic Morphisms with one-dimensional Fibers

We give a short introduction of harmonic morphisms. We refer the

reader to the monograph [BaWo]| for a detailed study.

14.1. Harmonic Mappings. Let f: (P,g) — (M, h) be a smooth
map between Riemannian manifolds. The energy functional of f is
given by

1
B(P)i= [ 147 | volr.
P

Here || . || is the Hilbert-Schmidt norm of operators, i.e. || df [|*=
trg f*h. It is a generalization of the energy of real-valued functions

and one defines harmonic maps as the critical values of this functional.
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Both, the functional and the Euler-Lagrange equation have the same

shape as for functions. Consider the differential of f as a section
dfel(P;T"P® f'TM),

and equip the bundle with the product connection of the Levi-Civita
connection on 7% P and the pullback f*V of the Levi-Civita connection
on TM. Note that in case of functions, i.e. (M,h) = (R, <,>), the
product connection on T*P ® TR = T*P is equal to the Levi-Civita

connection on 1% P.

Proposition. A map f: (P,g) — (M,h) between Riemannian

manifolds is a harmonic map if and only if the tension field
T(f) =trVd fel(f'TM)
vanishes.

A proof can be found in [J], where a whole chapter is devoted to the
study of harmonic maps. In the case of functions, the tension field is

given by the negative of the Laplacian and both definitions coincide.
14.2. Harmonic Morphisms. A harmonic morphism is a map
[+ (P.g) = (M;h)

between Riemannian manifolds, such that for any locally defined har-
monic function u: U C M — R the composition u o f is harmonic on
71 (U) C P.

Of course, constant maps are harmonic morphisms. Further holo-
morphic maps between Riemannian surfaces or isometries are harmonic
morphisms, too. The composition of two harmonic morphisms is again
a harmonic morphism. Therefore, in the case of a surface as target
space, a map is a harmonic morphism for a metric on the surface if
and only if it is one for any other metric in the same conformal class.
This allows us to speak about harmonic morphisms into Riemannian

surfaces.

There is a useful characterization of harmonic morphisms given by
Fuglede ([Ful]) and Ishihara ([Is]). We specify in the case of submer-

sions:
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14.3. Theorem. A submersion between Riemannian manifolds is

a harmonic morphism if and only if it is harmonic and conformal.

Proor. We will not give a proof of this theorem in general because
we only consider harmonic morphisms from 3—dimensional spaces to
surfaces, so we restrict ourselves to this case. The general proof is very

similar but it has more technical difficulties.

Let p € M be an arbitrary point on M, and (E;);=123 be an or-
thonormal frame around 7~ !(p) on (P, g) such that d7(E3) = 0. Let
h € [h] be a metric in the conformal class of the surface. For any
smooth function f: U € M — R, which is locally defined around p,
we compute

A(fom) == (Vr(d[odn) E)

- _ Z(VEih(gradf om,dr), E;)
=— (h(m"Vg,grad for,dr), E;)
- Z(h(gradf om, Vg dn), E;)

= _ Z h(Vare,) grad f,dm(E;)) —d f(7(7)).

If 7 is harmonic and conformal with square dilation A defined by 7*h =

Agjyxy, we have
A(form)= Zh Var(e,) grad f,dm(E;)) = A(Af)om

and we obtain that 7 is a harmonic morphism.

Conversely, let m be a submersive harmonic morphism. As 7 re-
mains to be a harmonic morphism in spite of a conformal change of
the metric on the surface, we may assume that h is flat around p.
Let z = x + 1y be an isometric chart. Consider the locally defined
functions f(z) = 2? — y* and g(z) = wy. It is clear that they are

harmonic on a small set around p, and d, f = d,g = 0. The term
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0=A(fom)=A(gom) and a short algebraic computation yield
d’ﬂ'(El) 1 dﬂ'(EQ)

and
| dm(Ey) |=] dm(Es) || -
And as p is arbitrary we get that 7 is conformal. Therefore, for any

harmonic function f on M, we have 0 = A(f o) =d f(7(m)), thus w

is also a harmonic map. O

We will use another characterization of harmonic morphisms, which
is due to Baird and Eells [BE]:

14.4. Theorem. A submersion w from a Riemannian 3—space
(P,g) to a Riemannian surface (M,[h]) is a harmonic morphism if

and only if it is conformal and has minimal fibers.

PROOF. It remains to be shown that a conformal submersion of
a 3—dimensional manifold to a surface is harmonic if and only if the
fibers are geodesics. Using the formulas of [0 and the notations as in
the proof of [14.3] it is easy to determine the tension field as 7(m) =
—dn(VgE3). O

15. Harmonic Morphisms on Conformally Flat 3—Spheres

We will now study harmonic morphisms on the conformally flat
3—sphere under two assumptions: We only consider submersive har-
monic morphisms, and we restrict ourselves to the case where the cur-
vature of the horizontal distribution nowhere vanishes. The latter is
exactly the case if the induced CR structure on S® is strictly pseudo-
convex. By changing one of the orientations either on the 3—space or
on the surface the curvature function H of the horizontal distribution
changes sign. So we will assume in the following that H > 0, and we

say that the horizontal distribution is of positive curvature.

15.1. Lemma. Let w: (S%,g) — (5% [h]) be a submersive har-
monic morphism such that its horizontal distribution has positive cur-
vature. By a conformal change g of the metric on S® and with a metric
h € [h] on S?, 7 is a Riemannian submersion, such that the mean cur-

vature of the fibers is given by VT = — grad™log H with respect to the
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new metric. For this metric, the function
1

€ S? / —q(., T

p . 790 T)

1s constant on the two sphere. We fix that constant to be m, then g and

h are unique.

PROOF. Let g and h be metrics in the given conformal classes such
that 7 is a Riemannian submersion. Note that these metrics are unique
up to the multiplication by the same function defined on S%. As the
metric changes by the factor €2}, the curvature function H changes by
the factor e *. Hence there is a unique choice of the metrics g and h

such that fﬂ

1 _
,1ﬁ—ﬂ-.

It remains to show that for this choice of g and h the (mean) cur-
vature of the fibers is given by VT = — grad"log H. In we have
showed that by changing the metric g in a suitable way the mean cur-
vature of the fibers vanishes. Using the formula for the Levi-Civita
connection of a conformally changed metric we have that this is equiv-
alent to the existence of a function \: S* — R such that V;7T = grad \.

Let A, B be the horizontal lift of positive orthonormal basis fields
A, B on the surface. As A is a horizontal lift, the commutator [fl, T] is

vertical and we get
[A,T] =V T —VrA=—g(Vp A T)T = g(A,VT) = A \T,

and similarly [B, T| = B-fT. By definition, we have H = —g(T, [/Al, B])
The Jacobi identity for commutators of the vector fields A, B, T yields

T-A=-T-logH.

Hence, A = —log H + f o, where f is some function defined on the
surface. If we change the metric g by the factor e}, the fibers become

geodesics, thus all of them have the same length. We obtain

const = /ﬂ 9., T) = /ﬂ Ag(,T)

ef
o7’

(,T)=elr.

Thus f must be constant and consequently VT = — grad"log H. O
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For the rest of this section we are going to use the metrics given by
the lemma above.

15.2. Corollary. Let the metrics on S® and S? be given as in[15.1]

Then we have fSQ volg2 = 7, and consequently

1
— vol S3 =T 2.
SB
PROOF. The equation VT = — grad” log H induces
1

dﬁeg =7 VOIS2 .

Since frl(p) % = 21, we get that %«93 is a principal connection 1—form
of the principal S'—bundle 7: S — S? with principal action given
by the flow of %T . The curvature form of this connection is given by
2volgz . But the degree of this bundle is —1, and can be determined as

2
—2m deg(S® — S?) :/ d(—¥6s) :/ 2volge .
S2 H S2

Therefore [, volg: = 7, and [y 7 volgs = [, 7 volgz = 7 by Fubini.
O

We are going to compute the Chern-Simons functional in the geo-
metric quantities H, K and VT = — grad”log H. We need:

15.3. Lemma. Let 7: S® — S? be a Riemannian submersion and
X € T'(S3,H) be a horizontal vector field of length 1. Then the mapping
degree of

pen (g —dm(X)e S CT,S?
1s £2 for each fiber, where the sign is given by the sign of the degree of
the bundle .

Conversely, let A be a non-vanishing vector field of length 1 defined
on U C S? and e%: 7=Y(U) — S* be a map, where S*\ U is simply
connected with nonempty interior. Then cos go/l + sin gojA can be ex-
tended to a globally defined, non-vanishing, horizontal vector field of S*
if and only if the mapping degree of €*¥ is £2 for each fiber, with the

same sign as above.

PRroOOF. Every submersion of S? is homotopic to the Hopf fibration,
which has degree —1, or to the conjugate Hopf fibration with degree

1, thus the proof of the lemma reduces to these cases. The fibers of



15. HARMONIC MORPHISMS ON CONFORMALLY FLAT 3—SPHERES 67

the Hopf fibration (or the conjugate Hopf fibration) are given by the
oriented integral curves of the right invariant vector field I (or the left
invariant vector field I), and for the right invariant horizontal field .J,
the mapping degree of the projection is —2 (or 2 for the left invariant
J), compare with section . Every other horizontal vector field is given
by X = e J for some well-defined ¢*¢: S — S'. Further we have that
S3 is simply connected, hence the logarithm ¢: S% — R is well-defined,
too, and consequently X also has degree —2 (or 2). The proof of the

inverse direction is done in a similar way. U

15.4. Proposition. Let g be the conformally flat metric in[15.1].
Let T be the unique vertical vector field of length 1 in positive direction
and let X,Y be horizontal. Then the Chern-Simons functional with

respect to a positive oriented orthonormal frame s = (X,Y,T), is
K 1
8m2CS(S%,g,5) = / 4— — —H?vol,
S3

where K is the Gaussian curvature of the surface and H is the curvature

function of the horizontal distribution.

PROOF. Let A, B be a positive oriented orthonormal frame on V' :=
S%\ {p} for some p € S% and let \: V — R be a function such that
e*(A —iB) is holomorphic. We denote the horizontal lifts by A and B,
too. For any frame s = (X,Y,T), there is a function e?: 7= 1(V) = R
with X + 1Y = (A + iB). By using [9.5] we obtain the following

connection forms for the frame s = (X, Y, 7)) :
1
W= d\— §H93 —do,
9 1
(15.1) w" = - EHQQ +9(VrT, X)0s,

1
w? =5 Ho1 + g(V1T,Y)0s,

where wy,wsy, w3 is the dual frame of A, B, T, and #; = cosyw; +
sin pws, By = — sin pw; + cos pws, B3 = ws is the dual frame of X, Y, T.
With and V;T = —grad"log H, we get the integrand p of the

Chern-Simons functional on 7= (V) :

1 1 1
L :(§H(H2 —K)+T- ¢(§H2 — K) + §AhH

+ g(grad H, J grad ¢ — grad X\ + 2 grad” log H) vol .
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The condition for g to be conformally flat turns in case of VT =
—grad” log H into:
0=2HA"log H + H(H? - K)

(15.2) . .
=2A"H + 2g(grad" H, grad" log H) + H(H? — K),

thus we obtain

1 1
MZ(—§H(H2 — K) +T'<P(§H2 - K)

— gAhH + g(grad H, J grad ¢ — grad \) vol .

For n € N we set U, := 7 '(B,), where the B, C V = 52\ {p} are
open connected and simply connected subsets with piecewise smooth
boundary, such that lim,, fS2\Bn volgz = 0 and B, # S2?. We will

specify these sets later on.

Let n € Q1(V) be a 1—form on the surface such that dn = 4 volgs .
Consider a map e%: 771(V) — S with d¢p = n — £65. To prove the

existence of €', we state d(n — #65) = 0, then we use that

4 A
/ n— —0s = —4m € ker(t — ")
g H

for a generator 7~!(q), q # p, of the first homology group of 7=(V).
We have shown in that there exists for each U, a globally defined
orthonormal frame s = (X,Y,T) with X = cospA + sinpB on U,.
Thus

(15.3)
8m2CS(S3, g, 5) :/ ,u:limn_m/ o
SS n

e 1, 41, 1
= f U = K) = g (GH = K+ 5 H(A = K vol
1
+ lim — Hx(=J'n—d\)
n—o00 U,
4K 1 1
=l J G g velt T g H o (=0 = d )
4K 1 1
= | (= —-H¥vol+ lim = | Hx(=Jn—d\
/SB(H vl lim s ), Hr (2T =d),
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where the third equality follows from
NTIn+dN) =K —4—g(dlogH,Jn+d\)

and the following application of Stokes for each n € N :

/ g(grad H, J grad ¢ — grad \) vol

n

= Ho(—=J*n—d\)vol

Un
(15.4) + [ Hx(=J'n—dx)
oU,
= H(4 — K) + g(grad H, grad A — J grad ¢) vol.
Un
+ Hx(=J™n—d\).
oU,

It remains to show that lim, .o [, H % (=J*n —dA) = 0. Define the
function h: S? — R by

qc 52 — H93
m~1(q)

Note that for any form a € Q'(S?) we have xm*a = 7* * a A 5. We
apply Fubini to obtain
H*(—J*n—d)\):/ Hx(=J"'n—d\)

oU, 7~1(0B)

(15.5)
:—/ h(n+xd\),
0B

where the Hodge star % in the last line is the one on the surface. On
V C S?%itis

d(n+*dX) = (4 — K)vol.
By using and the Hodge theorem respectively we have

/ (4 — K)vol =0,
S2

thus (4 — K)vol is an exact differential form on S?) i.e. there exist
a € NY(S?) with da = (4— K) vol . Therefore we have n+xd A = a+
on V, where ( is a closed 1—form on V. Since V is simply connected
B =df for some f: V — R. Because of Stokes theorem, and because
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a and h are defined on the whole S?, we obtain

(15.6) lim ha = — lim d(ha) = 0.

n= JoB, n—00 Js2\ B,

The only term left to investigate is lim,, o f 9B, hd f. We consider two
cases: In the first the function h has an isolated critical point or is
constant on an open set. Then, there are closed embedded curves
Yn: ST — 52 and a point p € S?, such that h is constant along each
Yn, and such that lim,,_,., vol(B,,) = volg2, with B,, be the component
of S\ Im~, and p ¢ B,,. It follows immediately that

lim hd f =4+ lim hd f=0.

n—o0 8Bn n—oo Tn

In the other case, there would be p € S? with grad, h # 0. Further-
more, there would be a small neighborhood V around p such that f is
bounded on S?\ V and for each ¢ € R the set h~'(c¢) NV is empty or
consist of the image of a smooth, connected and open curve. In fact,

one could choose V with a diffeomorphism
x: V. — Ix]h(p) — € h(p) + €]

on an open interval I =|a;b[, such that h o x7}(I x {c}) = {c}. We
may assume that x can be extend to a diffeomorphism of an open
neighborhood of the closure of V. Let

_ 1 1

By = S*\ a7 ([a, 8] x [h(p) = — h(p) + ).
Then lim,_, vol(B,) = vol(S?) and its boundary =, is a piecewise
smooth, oriented and closed curve which consists of the points
1

Ty = ([0, 6] % [0(p) — ~;h(p) + ).
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With ¢, := h(p) — + and d,, := h(p) + = we get

lim hdf=—lim [ hdf

n—oo GBn n—o0 Y

= nh_)rgo(cn<f(x_l<b7 Cn)) - f(x_l(a7 Cn)))
+do(f(27H(b,dn)) — fla™"(a, dn))))
— lim hd f

700 Jot (b} x[enidal)
+ lim hd f = 0.
%0 Jot ({a} lensdn])

g

15.5. Corollary. Let g be the conformally flat metric on S* given

by|15.1. Then

H3vol = 1672,
S3

PrROOF. As H > 0, 7 is homotopic to the Hopf fibration, the in-
duced frames are homotopic with the same Chern-Simons functional. It

is easy to compute the Chern-Simons functional for the induced section

5= (J.R,T) € SO(S%) -
CS(S3agrounda §) =1

/ 5Vol :/ 7K volge = 42,
S3 H SQ

H3vol = 1672,
SS

With [15.4] and

one obtains

g

We are now able to classify submersive harmonic morphisms on
conformally flat S® with nowhere vanishing curvature of the horizontal
distribution.

15.6. Theorem. Let 7: (S%,g) — (M? 1) be a submersive har-
monic morphism of a conformally flat (S3, g) to a surface M. Assume
that the curvature of the horizontal distribution is nowhere vanishing.

Then M = S?, g is the round metric and m is, up to isometries of S3,
the Hopf fibration.
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PRrROOF. If we change the orientation of the surface, the curvature
function H of the horizontal distribution changes sign. Therefore, we

can assume that H > 0.

As the metric g on S? is conformally flat, can be used to obtain
0=2HA"log H+ H(H? — K).
By dividing this equation by H? and then integrating it, we obtain

1
0= | —(2HA"logH + H(H? — K))vol
gs H2

2 K
:/ (EAhlogHJrH — E)vol
S3

2
=— | = grad" H ||* vol+ [ H vol —4x>.
g3 H 53

This shows that

H vol > 4rx?
SS

and with equality if and only if grad” H = 0.

Consider the measure y = % vol on S3. Then the Cauchy-Schwartz

inequality, and give us

Hvol= [ wa<([ mh([ v}
S3 S3 S3 S3

1 1 1
=([| H® VOI)Z(/ —vol)2 = V1672V 72 = 47,
53 g H

Therefore, [¢, H = 47* and grad" H = 0. If grad,, H # 0 for a point p €
S3. the level sets of H near p would be integral curves of the horizontal
distribution ‘H which is a contradiction to the non-integrability of the
horizontal distribution ‘H measured by H # 0. Thus, V7T = 0, and we
are in the case of a circle bundle. The results of [V] prove the theorem.

U
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CS(M,lg]) Chern-Simons functional of a conformal 3— space (M, [g])

J complex or CR structure

A laplacian, A" =d§+46d

Al horizontal laplacian, A" = — div grad”

grad” horizontal gradient, grad” = 7% grad

* Hodge star operator

H curvature of the horizontal distribution

mh orthogonal projection onto the horizontal distribution
e orthogonal projection onto the vertical distribution
Q3 space of oriented, possibly degenerated circles in S3
Q tangent sphere bundle of S?
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