Contracting Spacelike Hypersurfaces by their Inverse Mean Curvature

Michael Holder Mathematisches Institut Universität Tübingen Auf der Morgenstelle 10 D-72076 Tübingen

November 1996

Abstract

In this work we study the behaviour of compact, smooth, orientable, spacelike hypersurfaces without boundary, which are immersed in cosmological spacetimes and move under the inverse mean curvature flow. We prove longtime existence and regularity of a solution to the corresponding nonlinear parabolic system of partial differential equations.

1 Introduction

A cosmological spacetimes is a time-oriented connected Lorentzian manifold V containing a global Cauchy surface, i.e. we can write V = Σ^n × I with Σ^n being a Cauchy surface. In [G1] Gerhardt obtained general existence and regularity results for prescribed mean curvature surfaces in cosmological spacetimes (in [B1] Bartnik settled the corresponding problem for asymptotically flat spacetimes). In particular it was proved that in cosmological spacetimes which satisfy the timelike convergence condition and admit a big bang and a big crunch (this means suitable barriers in the future and past are known) there exists a foliation of V by hypersurfaces of constant mean curvature. Ecker and Huisken [EH1] studied the corresponding mean curvature flow and constructed hypersurfaces of prescribed mean curvature H in cosmological spacetimes satisfying the timelike convergence condition as an asymptotic limit of the geometric evolution equation^d_{ds} F = (H − H)ν. So they gave an alternative proof for the existence of maximal and constant mean curvature surfaces. However they needed as well the assumption of future and past barriers. 1

The aim of this work is to derive a foliation in a cosmological spacetime satisfying the timelike convergence condition without assuming the existence of, any barriers in future or past. To prove this we look at the geometric evolution equation^d_{ds} F = −^1_H ν. In other words, we look at a flow which deforms hypersurfaces away from the maximal surface in the direction of the “big bang”. Notice that the mean curvature flow deforms hypersurfaces in the direction of a maximal surface.

Let M_0 be a smooth, orientable, compact, spacelike hypersurface without boundary in a cosmological spacetime V given by an immersion

F_0 : M^n → V.

1.1. Definition. Let F_s = F (·, s) : M^n → V, s ∈ [0, Z) be a family of smooth immersions. F_s is said to move under the inverse mean curvature flow, if d ds F (p, s) = − ( 1 H ν ) (p, s), p ∈ M^n, s ≥ 0, (1) F (p, 0) = F_0(p).

Here ν(p, s) denotes the future directed unit normal to M_s := F (·, s)(M^n) at F (p, s) and H > 0 is the mean curvature on M_s.

The evolution of hypersurfaces by mean curvature has been extensively studied in Riemannian ambient spaces. In [Hu1,Hu2] Huisken looked at the so-called mean curvature flow:^d_{ds} F = −Hν. This flow contracts compact initial surfaces and develops singularities as the flow decreases area. In the case of spacelike hypersurfaces in Lorentzian manifolds the mean curvature flow [EH1] increases rather than decreases area which leads to a more regular behaviour. A flow related to Equation (1), has been studied in the Euclidean case by Gerhardt [G2]. For compact star-shaped C^{2,α} surfaces he proved longtime existence and exponential convergence of the rescaled surfaces to round spheres. Independently Urbas [U1,U2] obtained the same result using a slightly different method.

To derive the existence result for Equation (1) we have to establish a priori estimates for the height, the slope and the curvature of M_s. In Section 2 we fix the notation and recall some fundamental identities. Then we calculate the relevant evolution equations in Section 3 before we obtain the a priori estimates in Section 4. The main result is then proved in Section 5. In Section 6 we consider the case where the cosmological spacetime is a Robertson-Walker spacetime.

The author wishes to thank Gerhard Huisken for his advice and encouragement while this work was undertaken.

2 Preliminaries

We consider V to be an (n + 1)-dimensional smooth spacetime with a Lorentzian metric g = {g_{αβ}} with signature (−, +, +, ..., +). The canonical connection will be denoteed by ∇, the metric pairing by ⟨·, ·⟩ and the curvature tensor by Rm = {R_{αβγδ}}. Greek indices range from 0 to n. As in [B1] we shall assume the existence of a global time function t ∈ C^∞(V) with nonzero, past-directed timelike vector field ∇t. The reference slices S_t := {p ∈ V | t(p) = t} have future-directed unit normal vector T = −ψ∇t, where the lapse function ψ ∈ C^∞(V) is defined by

ψ^{−2} := −⟨∇t, ∇t⟩. An adapted orthonormal frame on S_t will be denoted by e_0, e_1, . . . , e_n such that e_0 = T .

Let M be a smooth spacelike hypersurface in V, which is embedded by some map F : M^n → V.

Let ν be the future directed timelike unit normal and choose locally an adapted orthonormal frame τ_0, τ_1, . . . , τ_n in V such that restricted to M we have τ_0 = ν. We will denote by g = {g_{ij}} and Rm = {R_{ijkl}} the induced metric and the Riemann curvature tensor on M respectively, where Latin indices run from 1 to n. The covariant derivative on M will be denoted by ∇ and the Laplace-Beltrami operator by Δ. The second fundamental form A = {h_{ij}} on M is given by h_{ij} := ⟨∇_{τ⋌} ν, τ_j⟩ = −⟨ν, ∇_{τ⋌} τ_j⟩. As in [Hu1,EH1] we sum over repeated indices H = h_{ii} |A|^2 = h_{ij}h_{ij} The curvature, Ricci curvature Ric = {R_{ij}} and the scalar curvature R on M are given by the Gauss’ equation R_{ijkl} = R_{ijkl} − h_{ik}h_{jl} + h_{il}h_{jk}, R_{ik} = R_{ik} − Hh_{ik} + h_{il}h_{lk} + R_{i0k0}, R = R − H^2 + |A|^2 + 2Ric(ν, ν).

The Codazzi equations state that: ∇_k h_{ij} − ∇_j h_{ik} = R_{0ijk}. We have the following rule for changing covariant derivatives: ∇_i ∇_j Y_k − ∇_j ∇_i Y_k = −R_{ijkl}Y_l. From these equations we can get the following fundamental identity, see e.g. [SSY, CY, N].

2.1. Lemma. We have:

(i)Δh_{ij} = ∇_i ∇_j H + ∇_j R_{0kik} + ∇_k R_{0ijk} + HR_{0ij0} +h_{ij}(Ric(ν, ν) + |A|^2) + h_{il}R_{lkjk} + h_{lj}R_{lkik} +2h_{lk}R_{lijk} − Hh_{ik}h_{kj},

It is essential for the a priori estimates that we take the height function u as u(p) := t(F (p)) and the gradient function v, which measures the angel between M and the reference slices S_t as v := −⟨ν, T ⟩. Like in [B1,2.8] we get the identity Δu = div∇t + ψ^{−1}vH. (2) Furthermore we have the inequality: ⟨τ_α, e_β⟩ ≤ v for all 0 ≤ α, β ≤ n. This gives an estimate for the restriction of any p -tensor B ∈ T^p(V) on M: ‖B|_{T M} ‖_∞ ≤ v^p‖B‖_∞. (3) For a tensor B we denote by ‖B‖_{l,G} the C^l-norm of B in the area G ⊂ V.

For the convenience of the reader let us recall the first variation formula for H (cf. [B1,CB,FM]) with respect to a deformation of the surrounding space generated by an arbitrary transverse vector field X: X(H_X ) = −Δ⟨X, ν⟩ + ⟨X, ν⟩(|A^2| + Ric(ν, ν))⟨X, ∇H⟩, (4) or in terms of the Killing tensor L_T g(X , Y ) = ⟨∇_X T , Y ⟩ + ⟨∇_Y T , X ⟩:

T (H_T ) = 1 2 (∇_ν L_T g)(e_i , e_i ) − (∇_{ei} L_T g)(ν, e_i ) − 1 2 H L_T g(ν, ν) −L_T g(e_i , e_j )A(e_i , e_j ).

3 Evolution Equations

Starting from the evolution equation d ds F = − 1 H ν, we will derive evolution equations for the height, the gradient, the curvature and other relevant quantities on M_s.

Proceeding exactly as in [Hu1], we first compute the derivative of the metric g, volume element μ and the unit normal ν on M:

3.1. Lemma. We have the equations: (i) d ds g_{ij} = −2 1 H h_{ij},

(ii) d ds ν = ∇ ( − 1 H ) ,

(iii) d ds μ = H · ( − 1 H ) μ = −μ. We now notice that d ds u = = − 1 H ψ^{−1}v, and d ds v = −⟨T, 1 H^2 ∇H⟩ + 1 H ⟨∇_ν T, ν⟩, such that from (2) and (4) we obtain

3.2. Lemma. (i) ( d ds − 1 H^2 Δ ) u = − 1 H^2 div∇t − 2 H ψ^{−1}v, (ii) ( d ds − 1 H^2 Δ ) v = 1 H ⟨∇_ν T, ν⟩ − 1 H^2

T (H_T ) − 1 H^2 v(|A^2| + Ric(ν, ν)). Finally we derive the evolution equation for the second fundamental form.

3.3. Lemma. We have the equations (i) ( d ds − 1 H^2 Δ ) h_{ij} = −2 1 H^3 ∇_i H∇_j H − 2 1 H R_{i00j} − 2 1 H^2 h_{kl}R_{lijk} − 1 H^2 h_{jl}R_{lkik} − 1 H^2 h_{li}R_{lkjk} − 1 H^2 ∇_k R_{0ijk}

− 1 H^2 ∇_j R_{0kik} − 1 H^2 h_{ij}(|A^2| + Ric(ν, ν)),

(ii) ( d ds − 1 H^2 Δ ) H = −2 1 H^3 ∇_i H∇_i H + 1 H (|A^2| + Ric(ν, ν)). Proof: Like in [Hu2] we get d ds h_{ij} = ∇_i ∇_j ( − 1 H ) − 1 H (h_{il}h_{lj} + R_{i00j}). and with Lemma 2.1, (i) follows. The second identity is an immediate consequence of 4 and can also be derived by taking the trace of (i). 2

4 A Priori Estimates

In this and in the following section we assume that V is a cosmological spacetime, i.e. it is connected, globally hyperbolic and admits a compact Cauchy surface. This implies in particular the existence of a global time function t ∈ C^∞(V) as in Section 2. Moreover we will assume that the timelike convergence condition is satisfied, i.e. Ric(X, X) ≥ 0 holds for all timelike vector fields X.

We are now going to prove the a priori estimates, which are necessary to proof Theorem 5.1, the main result. With Lemma 4.1 we will a lower a priori bound on the mean curvature H. Then we get the crucial a priori bound on the gradient function v. To prove this estimate we proceed in the same way as R. Bartnik did in [B1, Theorem 3.1].Then we get an upper a priori estimate on the mean curvature H and, using a maximum principle for tensors as Hamilton formulated it in [Ha1], an a priori bound for the full second fundamental form. So we have a a priori C^2 bound for the height function u which combined with estimates due to Krylov yields to an a priori C^{2,α} bound of u and thus to full regularity.

4.1. Lemma. Let g = g(t, y) be a smooth function with t ∈ IR, y ∈ IR^k. Let f(t) = inf { g(t, y) : y ∈ Y } , where Y is a compact set. Then f(t) is Lipschitz and ∂ ∂t f(t) ≥ inf { ∂ ∂t g(t, y) : y ∈ Y (t) } , with Y (t) = { y : g(t, y) = f(t) } . For a proof see [Ha2]

From now on let M_s be a smooth solution of (1) on the interval 0 ≤ s < s_0, such that M_s is contained in a smooth compact subset G ⊂ V for all 0 ≤ s < s_0 and we assume that H ≥ H_0 > 0 on M_0

4.2. Proposition. Since H ≥ H_0 > 0 on M_0, we have the following a priori bound for the mean curvature on M_s: H ≥ e^{s 1≪} H_0. Proof: We only need to show that the function f(s) := min { He^{−s 1}≪ (p, s) : p ∈ M^n } is growing, i.e. d ds f ≥ 0. define Y (s) := { p : He^{−s 1}≪ (p, s) = f(s) } and use Lemma 4.1: d ds f(s) ≥ min { d ds (He^{−s 1≪} )(p, s)|p ∈ Y (s) }

= min {( e^{−s 1≪} ( 1 H^2 ΔH − 2 H^3 ∇_i H∇_i H + 1 H (|A|^2 + Ric(ν, ν) − 1 n H^2) )) (p, s)|p ∈ Y (s) }

≥ min {( e^{−s 1≪} ( 0 − 0 + 1 n H + 0 − 1 n H ))} = 0. 2 Remark: Since H > 0 we get direct from Lemma 4.1 (^d_{ds} u < 0) an upper bound for the height function: u ≤ u_0(= sup_{M0} u).

4.3. Proposition. The gradient function v satisfies on M_s: v(p, s) ≤ ( 1 + sup_{M0} v ) sup (q,r)∈M^≪ ×[0,s0] exp (λ[u(q, r) − u(p, s)])·exp(K̂s), where λ = λ ( n, ‖L_T g‖_{1,G}, ‖T ‖_{1,G}, ‖ψ^{−1}‖_{1,G}, ‖Rm‖_{0,G} ) , K̂ = 2 2n 4n + 1 + 1 2 λ. Proof: Following the argument in [B1, Theorem 3.1] let λ, K̂ > 0 be constants chosen later and define

C_λ := ( 1 + sup_{M0} v ) sup M^≪ ×[0,s0] e^{λu}.

Suppose ve^{λu−K̂s} reaches C_λ for the first time at (p_1, s_1) ∈ M^n × (0, s_0]. Then at this point 0 ≤ ( d ds − 1 H^2 Δ ) ve^{λu−K̂s}, 0 = ∇(ve^{λu−K̂s}). From Lemma 3.2 and [B1, Proof of Theorem 3.1] we infer ( d ds − 1 H^2 Δ ) u ≤ | ( d ds − 1 H^2 Δ ) u| ≤ 1 H^2

C_0v^2 + 2 H ψ^{−1}v ≤ 1 H^2

C_1(C_0)v^2 + 1 2 . as well as ( d ds − 1 H^2 Δ ) v ≤ − 1 H^2 v|A|^2 + 1 H^2

C_2(v^3 + |A|v^2).

where

C_0 = C_0(‖ψ^{−1}‖_{1,G}) and C_2 = C_2(‖L_T g‖_{1,G}, ‖T ‖_{1,G}, n, ‖Rm‖_{0,G})

Here we also use (3) and the timelike convergence condition. Hence we conclude 1 H^2 v|A|^2 ≤ 1 H^2

C_2|A|v^2 + 1 H^2

(C_2 + C_0λ)v^3 + 1 2 vλ + 1 H^2 λ^2|∇u|^2v − K̂v. Proceeding as in [B1, Theorem 3.1] we obtain v|A|^2 ≥ ( 1 + 1 2n ) λ^2v|∇u|^2 − C_3(n, ‖T ‖_{1,G})v^3 − H^2v. Set K̂ = 2^{2n}_{4n+1} +^1_2 λ and since |∇u|^2 = ψ^{−2}(v^2 − 1) we finally arrive at 1 2n λ^2ψ^{−2}(v^2 − 1) ≤ C_4v^2(λ + 1).

at (p_1, s_1) where C_4 depends on C_0, C_1, C_2 and C_3. Since by definition of C_λ we have v(p_1, s_1) ≥ 2 and we derive a contradiction for large enough λ. Repeating the argument with u replaced by −u yields the result. 2

4.4. Proposition. We have the following a priori upper bound for the mean curvature H on M_s: H ≤ C_5, where

C_5 = max { sup_{M0} Hv^q, sup_{M ≪ ×[0,s0]} ( 1 H C_6v^{4+ε} )}

with q := 2+ε, C_6 = C_6(n, ε^{−1}, ‖L_T g‖_{1,G}, ‖T ‖_{1,G}) and ε > 0 some fixed constant.

Proof: Suppose Hv^q reaches C_5 + δ for the first time for any δ > 0, at (p_1, s_1) ∈ M^n × (0, s_0]. Then at this point ∇(Hv^q) = 0, ( d ds − 1 H^2 Δ ) Hv^q ≥ 0. From Lemma 3.3 (ii) and the proof of Proposition 4.3 we have ( d ds − 1 H^2 Δ ) H = −2 1 H^3 ∇_i H∇_i H + 1 H (|A^2| + Ric(ν, ν)) and ( d ds − 1 H^2 Δ ) v ≤ − 1 H^2 v|A|^2 + 1 H^2

C_2(v^3 + |A|v^2).

Using again the fact that Ric(ν, ν) ≥ 0 we conclude 0 ≤ 1 H C_2v^{4+ε1} − 1 H |A|^2v^{2+ε1} .

Since |A|^2 ≥^1_n H^2 we finally get at the point (p_1, s_1)

C_5 + δ = Hv^q ≤ 1 H C_6v^{q+2} ≤ C_5

which is a contradiction and therefor Hv^q ≤ C_5. The Proposition follows because H ≤ Hv^q. 2 4.5. Proposition. For the second fundamental form h_{ij} satisfies the following a priori estimate on M_s: h_{ij} ≤ C̄_0g_{ij}, where

C̄_0 = max { sup M^≪ ×[0,s0] (1 2 + 2H + 4C̄_1 ) , sup_{M0} |A| } ,

with C̄_1 = C̄_1 ( H_0, ‖Rm‖_{1,G} ) and H_0 like in Proposition 4.2.

Remark: It’s enough to show an upper bound on h_{ij}, because H is strictly positive.

Proof: We are going to show that the eigenvalues of

M_{ij} = (C̄_0g_{ij} − h_{ij})

remain non-negative. First of all we need an evolution equation for M_{ij}. Using Proposition 3.3 (i) and Lemma 3.1 (i) we get ( d ds − 1 H^2 Δ ) M_{ij} = N_{ij} where

N_{ij} = −2C̄_0 1 H h_{ij} + 2 1 H^3

∇_i H∇_j H + 2 1 H R_{i00j} + 2 1 H^2 h_{kl}R_{lijk} + 1 H^2 h_{jl}R_{lkik} + 1 H^2 h_{li}R_{lkjk} + 1 H^2 ∇_k R_{0ijk} + 1 H^2 ∇_j R_{0kik} + 1 H^2 h_{ij}(|A^2| + Ric(ν, ν)) In [Ha1, Theorem 9.1] a maximum principle for such an evolution equation was proved under the assumption that the absolute term N_{ij} is a polynomial of M_{ij} and g_{ij}. Since Rm is smooth and H is bounded, it is easy to see that the argument is valid in our case as well. We have then only to consider the first time s_0, where at some point p ∈ M_{s0} a zero eigenvector v = {v_i} of M_{ij} occurs, and Proposition 4.5 is proved if we can show that N_{ij}v^iv^j is non-negative. For that purpose we choose an orthonormal basis (e_1, . . . , e_n) for T_pM_{s0} such that h_{ij} (and thus M_{ij}) becomes diagonal. Let us assume that v = e_1 and that λ_1, . . . , λ_n are the eigenvalues of h_{ij} at p. Then from M_{11} = 0 it follows that λ_1 = C̄_0 at p and we obtain

N_{ij}v^iv^j = N_{11} ≥ −2C̄_0 1 H λ_1 + 2 1 H^3 ∇_{e1} H∇_{e1} H − 1 2 1 H^2 |A|^2 − 1 H^2

C̄_1 + 1 H^2 λ_1|A|^2 ≥ −2C̄^2_0 1 H − 1 H^2

C̄_1 + 1

H^2

(C̄_0 − 1 2 )C̄^2_0 ≥ 1 H^2

(C̄_0 − 1 2 − 2H)C̄^2_0 − 1 H^2

C̄_1 ≥ 1 H^2

(C̄_0 − 1 2 − 2H − 4C̄_1)C̄^2_0 ≥ 0 2.

It is well known that one can get C^{0,α} a priori estimates on ∇^2u in G from the a priori estimates on v, H and h_{ij} (like in the work of Gerhardt [G2: Theorem 4.2] and Urbas [U1: (3.55)]).

4.7. Proposition.the second derivatives of the height function u are uniformly bounded in C^{0,α}(G). The estimate only depends on n, ‖u(·, 0)‖_{2,α} and the ellipticity constant of (1).

For the proof we refer to [K; Chapter 5].

4.8. Remark: With Proposition 4.6 and standard results from regularity theory, we get the full regularity of u.

5 Longtime Existence

With the help of the a priori estimates derived in the last section, we now obtain the main longtime existence result:

5.1. Theorem.Let M^n, V as in Section 1 and suppose that M_0 = F_0(M^n) is a smooth, compact, spacelike hypersurface in V. Then there exists a unique family M_s = F (·, s)(M^n) of smooth compact spacelike hypersurfaces satisfying the initial value problem (1) on an interval 0 ≤ s < s_0. Moreover, if M_s remains in a smooth compact region of V as s → s_0, then the solution can be extended beyond s_0.

Proof: It’s easy to see that for short times the nonlinear system (1) reduces to a nonlinear scalar equation in u which is strictly parabolic (cf. [EH2]). Then, if the initial surface M_0 is smooth, short time existence of a unique smooth solution of (1) follows from standard parabolic theory, see e.g. [Ha3]. Now let s_0 be the maximal time of existence. Since by assumption M_s stays in a compact smooth region of V and therefor u is uniformly bounded, we infer from the last section that M_s converges to a smooth surface M_{s0} as s → s_0. Thus the solution M_s can be extended beyond s_0 by means of the local existence result.

5.2. Corollary. Let [b, t_0], b < t_0 be a time interval, i.e. b is in the past of t_0, with Σ^n × [b, t_0] ⊂ V smooth and Σ^n × {t_0} ∩ D_−(M_0) ≠ ∅. If M_s, s ∈ [0, S), is a maximal solution of (1) then for each τ ∈ [b, t_0] there exists a s_τ ∈ [0, S) with Σ^n × {τ} ∩ M_{s⇆} ≠ ∅. With D_−(M_0) we denote the past domain of dependence of M_0. These are all points p ∈ V such that every future-inextendable non spacelike curve through p intersects M_0.

5.3. Corollary. If the “inverse mean curvature flow” (1) exists for all times then the area of (M_s) tends to zero as s → ∞ and the foliation exhausts V up to the singularity

Proof of 5.2 and 5.3: The volume decreases exponentially, because it follows from Lemma 4.1 (iii) that^d_{ds} ∫ dμ = − ∫ dμ. 2 5.4. Remarks. (i) We proved the existence of a foliation without using any barrier surfaces as in [G1,EH1].

(ii) Corollary 5.3 implies the existence of a singularity in a smooth cosmological spacetime which satisfies the timelike convergence condition and has a spacelike hypersurface with strictly positive mean curvature, which was first proved by Hawking and Penrose, see [HE].

6 Example

Finally we are interested in the special case where the cosmological spacetime is a Friedmann cosmological model, which is a special Robertson-Walker spacetime.

A Robertson-Walker spacetime is a warped product M(k, f) = I ×_f S. Here S is a connected, often three-dimensional Riemannian manifold of constant curvature k = −1, 0 or 1 and f > 0 is a smooth function on an open interval I in the one-dimensional Minkowski space IR^1.

We are talking about a Friedmann cosmological model, if the scale function f in a Robertson-Walker spacetime satisfies the Friedman equation f^{′2} + k = A/f, where A is a constant depending only on mass. This is the model for dust.

6.1. Proposition. Let M_0 be a smooth, orientable, compact, spacelike hypersurface without boundary in a (n + 1)-dimensional Friedmann cosmological model V := I ×_f S given by an immersion

F_0 : M^n → V.

where F_0(M^n) = t_0 ×_f S with t_0 ∈ I. Then a solution to (1) exists for all time. Furthermore the hypersurfaces M_s approach the beginning singularity (f = 0) as s tends to infinity.

Proof: Notice that F (p, s) = (t(s), p), ν(p, s) = T (p, s) and from general results on warped products (see [ON, Ch.7]) we get H(p, s) = −^{f(t(s))}_{n·f 0 (t(s))} . So that we can rewrite (1) as d ds t(s) = − f(t(s)) n·f^′(t(s)) , t(0) = t_0. (5)

with f(t_0) > 0, f^′(t_0) > 0 and f^{′′}(t_0) ≤ 0.

Let the beginning singularity be at t_∗ = 0 (⇒ f(t_∗) = 0), then we can solve the Friedmann equation explicitly in all three cases:

(α) k = 0 : f(t) = Ct^{23} , with 4C^3 = 9A;

(β) k = 1 : t = 1 2 A(θ − sin θ), f = 1 2 A(1 − cos θ) θ ∈ (0, 2π);

(γ) k = −1 : t = 1 2 A(sinh η − η), f = 1 2 A(cosh η − 1) η > 0.

In the case (α) we get the following solution to (5):

(α): t(s) = t_0e^{− 3}2≪^s and the value t(s) = t_∗ = 0 is attained for s → ∞.

In the case (β) and (γ) we get solutions to:^d_{ds} θ(t(s)) = −f/(n^{df}_{dθ} ), θ(t_0) = θ_0 (which is a direct consequence from (5)). These solutions are:

(β): θ(s) = arcsin(exp[(−s + n ln[sin(θ_0/2)^2])/2n]) and the value t(s) = t_∗ = 0 is attained for s → ∞.

(γ): η(s) = arcsinh(exp[(−s + n ln[sinh(η_0/2)^2])/2n]) and the value t(s) = t_∗ = 0 is attained for s → ∞.

6.2. Remark: The qualitative behaviour near the singularity of (α), (β) and (γ) is the same (see e.g. [HE]).

References

[B1] R. Bartnik, Existence of maximal surfaces in asymptotically flat spacetimes, Commun.

Math. Phys. 94, 155-175 (1984) [B2] R. Bartnik, Remarks on cosmological spacetimes and constant mean curvature surfaces, Commun. Math. Phys. 117, 615-624 (1988) [CB] Y. Choquet-Bruhat, Maximal submanifolds and submanifolds with constant mean extrinsic curvature of a Lorentzian manifold, Ann. Sc. Norm. Sup. Pisa, Ser. IV, 3, 361-376 (1976) [CY] S.-Y. Cheng, S.-T. Yau, Maximal space-like hypersurfaces in the Lorentz-Minkowski spaces, Ann. Math. 104, 407-419 (1976) [EH1] K. Ecker, G. Huisken, Parabolic methods for the construction of spacelike slices of prescribed mean curvature in cosmological spacetimes, Commun. Math. Phys. 35, 595-613 (1991) [EH2] K. Ecker, G. Huisken, Interior estimates for hypersurfaces moving by mean curvature, Invent. Math. 105, 547-569 (1991) [FM] A. Fischer, J. Marsden, Topics in the dynamics of General Relativity, in isolated gravitating systems in General Relativity, (Italian Phys. Soc. 1979), 322-395 [G1] C. Gerhardt, H-surfaces in Lorentzian manifolds, Commun. Math. Phys. 89, 523-553 (1983) [G2] C. Gerhardt, Flow of nonconvex hypersurfaces into spheres, J. Diff. Geometry 32, 299-314 (1990) [Ha1] R.S. Hamilton, Three-manifolds with positive Ricci curvature, J. Diff. Geometry 17, 255-306 (1982) [Ha2] R.S. Hamilton, Four-manifolds with positive curvature operator, J. Diff. Geometry 24, 153-179 (1986) [Ha3] R.S. Hamilton, Lecture notes, Hawaii (1989)

14 M. Holder

[HE] S.W. Hawking, G.F.R. Ellis, The large scale structure of space-time, Cambridge Monographs On Mathematical Physics, Cambridge University Press (1973) [Hu1] G. Huisken, Flow by mean curvature of convex surfaces into spheres, J. Diff. Geometry 10, 237-266 (1984) [Hu2] G. Huisken, Contracting convex hypersurfaces in Riemannian manifolds by their mean curvature, Invent. Math. 84, 463-480 (1986) [Hu3] G. Huisken, Deforming hypersurfaces of the sphere by their mean curvature, Math.

Z. 195, 205-219 (1987) [K] N.V. Krylov, Nonlinear elliptic and parabolic equations of the second order, D. Reidel Publishing Company (1987) [LSU] O.A. Ladyshenzkaya, V.A. Solonnikov, N.N. Ural’ceva, Linear and quasilinear equations of parabolic type, Translations of Mathematical Monographs, Band 23, American Mathematical Society, Rhode Island (1968) [N] S. Nishikawa, On maximal space-like hypersurfaces in a Lorentzian manifold, Nagoya Math. J. 95, 117-124 (1984) [ON] B. O’Neill, Semi-Riemannian geometry with applications to relativity, Pure and Applied Mathematics, Academic Press, (1983) [SSY] R. Schoen, L. Simon, S.-T. Yau, Curvature estimates for minimal hypersurfaces, Acta Math. 134, 275-288 (1975) [U1] J.I.E. Urbas, An expansion of convex hypersurfaces, J. Diff. Geometry 33, 91-125 (1991) [U2] J.I.E. Urbas, On the expansion of starshaped hypersurfaces by symmetric functions of their principal curvatures, Math. Z. 205, 355-372 (1990)