Structural Aspects of Closed Characteristics on S^1-invariant Hypersurfaces

by

Frank W. Josellis

Wilhelm Klingenberg

Abstract

Let the standard symplectic space (R^{2n}, ω) be endowed with the S^1- structure induced by the representation of the circle group S^1 → Sp(n) which is given by t → exp (^{2π}_τ tJ). Supposing that Σ ⊂ R^{2n} \ {0} is a compact connected S^1-hypersurface of contact type with H^1_{dR}(Σ) = 0, we show that Σ carries at least n distinct symmetric closed characteristics. Moreover, if the total number of closed characteristics on Σ is finite, then all of them turn out to be symmetric. We also discuss the special case of star-shaped S^1- hypersurfaces. In particular, there is a bijection f → Σ_f between the functions f : CP^{n−1} → R and the star-shaped S^1-hypersurfaces in R^{2n} which allows to reduce the investigation of symmetric closed characteristics on Σ_f to the study of the critical points of f.

1991 Mathematics Subject Classification Primary: 53C15, 58F05, 58F22 Secondary: 58E05, 58F25

1. Introduction and results The standard symplectic structure on the Euclidean space (R^{2n} , ⟨ · , · ⟩) is given by the 2-form ω(· , ·) = ⟨J· , · ⟩ where J denotes the complex operator J = 0 −id_Rn

id_Rn 0

∈ Hom (R^n × R^n ) . (1) In coordinates corresponding to a symplectic orthonormal basis {e_1, . . . , e_{2n}} of R^{2n} the symplectic form is expressed by ω = ∑_n j=1 dx_j ∧ dx_{n+j} . For every τ > 0 there is a distinguished parametrization S^1_τ := R/τZ of the circle group S^1 ∼= O(2). A symplectic representation of S^1 on R^{2n} is then defined by the homomorphism of Lie groups S^1_τ → Sp(n), t → exp (_{2π} τ tJ ) . We shall write (t, x) → γ_t x := exp (_{2π} τ tJ ) x (2) for the S^1-action S^1_τ × R^{2n} → R^{2n} obtained in this way. Let Orb x := { γ_t x | t ∈ S^1_τ } stand for the S^1-orbit of x ∈ R^{2n} . We note that Fix (R^{2n} ) := { x | γ_t x = x ∀ t ∈ S^1_τ } consists exactly of the origin 0 ∈ R^{2n} while on R^{2n} \ {0} the S^1-action γ is free. Moreover, we observe that γ^∗_t ω = ω since S^1 acts by symplectic transformations.

Let Σ ⊂ R^{2n} \ {0} be a compact connected smooth hypersurface satisfying γ_tΣ = Σ for all t ∈ S^1_τ. For the sake of brevity, such Σ will henceforward simply be called an S^1-hypersurface. As an additional hypothesis we require the existence of an S^1-invariant contact structure on Σ which is compatible with the symplectic structure of the ambient space R^{2n} . More precisely, let ω_Σ denote the pull-back of the symplectic form ω to Σ and assume that there exists a 1-form β on Σ such that

(i) γ^∗_t β = β for every t ∈ S^1_τ, i.e., β is S^1-invariant,

(ii) dβ = ω_Σ, and

(iii) β ∧ ω^{n−1}_Σ is a volume form on Σ.

In view of the conditions (ii) and (iii) the hypersurface Σ is of contact type in the sense of A. Weinstein [17]. Taking the S^1-symmetry of Σ into account, we shall call Σ an S^1-hypersurface of contact type provided that all the conditions (i)-(iii) are satisfied.

A given hypersurface Σ having the just stated properties may be viewed as a regular level surface of a suitable S^1-invariant Hamiltonian function H : R^{2n} → R. In this note we study some of the orbit structure of the corresponding Hamiltonian flow on Σ. We are particularly interested in the relation between the S^1-structure of the phase space R^{2n} and the periodic Hamiltonian trajectories on Σ. Formulating the problem with emphasis on the geometric viewpoint, we ask for those closed characteristics on Σ which coincide with orbits of the S^1-action γ.

To make the statements precise, let us briefly recapitulate some basic terminology. Given a smooth hypersurface Σ as above, its characteristic line bundle L_Σ is the 1-dimensional subbundle of T Σ which is defined by the kernel of ω_Σ:

L_Σ := ker ω_Σ = ⋃ x∈Σ { X ∈T_xΣ | ω(X, Y ) = 0 ∀ Y ∈T_xΣ } . (3)

A characteristic vector field on Σ is a nowhere vanishing section X : Σ → L_Σ. The (unparametrized) integral curves of a characteristic vector field X are called the characteristics on Σ. In particular, a closed characteristic on Σ can be described as an embedding u : S^1 → Σ whose tangent map is an embedding u_∗ : T S^1 → L_Σ. Two closed characteristics u, v : S^1 → Σ are said to be (geometrically) distinct if u(S^1) ∩ v(S^1) = ∅. With respect to the S^1-symmetry we now define:

Definition 1 A closed characteristic u : S^1 → Σ on an S^1-hypersurface Σ will be called symmetric if it admits a parametrization of the form u(t) = γ_t x.

We present a proof of the following multiplicity result for symmetric closed characteristics:

Theorem 1 Let Σ ⊂ R^{2n} \{0} be a compact connected smooth S^1-hypersurface of contact type having trivial first de Rham cohomology, H^1_{dR}(Σ) = 0. Then

# { distinct symmetric closed characteristics on Σ } ⩾ n , (4) where n = Index_C S^{2n−1} is the cohomological S^1-index of the unit sphere S^{2n−1} ⊂ R^{2n} .

Hence, under the assumptions of the theorem, the minimal number of symmetric closed characteristics on the S^1-hypersurface Σ in question is determined by the S^1- equivariant homotopy invariants of the sphere S^{2n−1}. Since the canonical projection x → Orb x defines exactly the Hopf fibration S^{2n−1} → S^{2n−1}/S^1 ∼= C P^{n−1} , the S^1-homotopy invariants of S^{2n−1} are given by the cohomology ring of C P^{n−1} .

From our proof of Theorem 1 it will be seen that the assumption H^1_{dR}(Σ) = 0 can be replaced as follows. Let λ denote the 1-form on R^{2n} defined by

λ :=^1_2 n∑ j=1 x_j dx_{n+j} − x_{n+j} dx_j , (5) and let λ_Σ be its pull-back to Σ. We observe that γ^∗_t λ_Σ = λ_Σ and dλ_Σ = ω_Σ. Recalling the contact 1-form β on Σ, our proof requires only that the 1-form β − λ_Σ is exact. Thus the role of the distinguished 1-form λ here is similar to that of the Liouville form for analogous results in cotangent bundles, cf. [13].

A special situation occurs if β = λ_Σ. In this case the S^1-hypersurface Σ is star-shaped, meaning that the map x → x/|x| defines a diffeomorphism Σ → S^{2n−1}, cf. [17, Example 1]. A star-shaped S^1-hypersurface Σ can be described by an Rvalued function on C P^{n−1} whose critical points correspond to the symmetric closed characteristics on Σ:

Theorem 2 Let S^{2n−1} ⊂ R^{2n} be the unit sphere and let C P^{n−1} be identified with the orbit space S^{2n−1}/S^1 = { Orb x | x ∈ S^{2n−1} }. To a smooth function f : C P^{n−1} → R we assign a star-shaped S^1-hypersurface Σ_f ⊂ R^{2n} by setting

Σ_f := { e^{f(Orb x)} x | x ∈ S^{2n−1} } . (6) Then the distinct symmetric closed characteristics on Σ_f correspond uniquely to the distinct critical points of f.

Furthermore, for every star-shaped S^1-hypersurface Σ ⊂ R^{2n} there exists a unique function f : C P^{n−1} → R such that Σ = Σ_f .

Star-shaped hypersurfaces appear in a natural way as regular level surfaces of homogeneous Hamiltonian functions. Conversely, to a given star-shaped S^1-hypersurface Σ_f we may associate a distinguished homogeneous Hamiltonian H_f . Describing the symmetric closed characteristics on Σ_f by periodic integral curves of the Hamiltonian vector field X_{Hf} = J grad H_f , we find a simple expression for their minimal periods:

Corollary 1 Given a star-shaped S^1-hypersurface Σ_f ⊂ R^{2n} \ {0}, we denote by H_f : R^{2n} \{0} → R the unique Hamiltonian which is homogeneous of degree 2 and satisfies Σ_f = H^{−1}_f (1). Suppose that Orb x ∈ C P^{n−1} is a critical point of f. Then for every ϱ > 0 the X_{Hf} -orbit starting at ϱ x has the minimal period

τ(x) = π e^{2f(Orb x)} . (7) This holds true, in particular, for the X_{Hf} -orbit starting at e^{f(Orb x)} x ∈ Σ_f .

Aside from the symmetric closed characteristics, an S^1-hypersurface of contact type as in Theorem 1 may carry additional non-symmetric closed characteristics. These are, however, cohomologically invisible, and Theorem 1 does not yield any hint on their existence or non-existence. Let us point out that the existence of one nonsymmetric closed characteristic on Σ already guarantees the existence of uncountably many distinct non-symmetric closed characteristics:

Theorem 3 Let Σ ⊂ R^{2n} be a compact connected S^1-hypersurface of contact type that carries a non-symmetric closed characteristic u : S^1 → Σ. Then the family of closed characteristics { γ_t u : S^1 → Σ | t ∈ S^1_τ } generated by u contains uncountably many geometrically distinct elements.

Consequently, if Σ is known to carry a finite number of distinct closed characteristics in all, then each of its closed characteristics is symmetric.

Example Let us illustrate the above situation by means of the harmonic oscillator with n degrees of freedom, usually given by the system of Lagrangian equations m_j q̈_j = −k_j q_j for j = 1, . . . , n. Introducing the momenta p_j = m_jq̇_j , the total energy of the system is described by the Hamiltonian function H̃(p, q) =^n∑ j=1 1 2m_j p^2_j + k_j 2 q^2_j . (8) For fixed c > 0 the level surface H̃^{−1}(c) is an ellipsoid in the (p, q)-space which, in general, fails to be an S^1-hypersurface. Denoting by ω_j = √ k_j/m_j the eigenfrequencies, the system is transformed to its so-called normal form by the following symplectic change of coordinates:

x_j = p_j √ m_j ω_j and xn+j = qj √ k_j/ω_j , j = 1, . . . , n. (9) Then the transformed Hamiltonian function

H(x) =^1_2 n∑ j=1 ω_j ( x^2_j + x^2_{n+j} ) (10) is invariant under the S^1-action γ and, consequently, the ellipsoid H^{−1}(c) is a starshaped S^1-hypersurface. Now define f : C P^{n−1} → R by

f(Orb x) := ln √ c H(x) for x ∈ S^{2n−1}, (11)

so that H^{−1}(c) = Σ_f . The Hamiltonian H_f is then given by H_f (x) := c^{−1}H(x). Setting ω^′_j := ω_j/c, we obtain the representation

H_f (x) =^1_2 n∑ j=1 ω^′_j ( x^2_j + x^2_{n+j} ) . (12)

By the Lagrange multiplier rule we see that Orb x is a critical point of f if and only if grad H_f (x) = μx, in which case μ is equal to some ω^′_j. In particular, if the ω^′_j are mutually distinct then Σ_f carries exactly n symmetric closed characteristics, corresponding to the so-called normal mode solutions. For the associated minimal periods, Corollary 1 recovers the familiar expression T_j = 2π/ω^′_j . (13)

Note that in the presence of resonances, i.e., in case ω_i/ω_j ∈ Z for some i ≠ j, the level surface Σ_f carries uncountably many additional closed characteristics which are not symmetric unless ω_i = ω_j . □

Let us finally point out two phenomena which can already be observed in the above simple model where the hypersurface Σ_f is an ellipsoid:

Firstly, the appearance of non-symmetric closed characteristics on Σ_f is linked to a resonance condition which can be formulated in terms of the minimal periods T_j of the symmetric ones. The question arises whether the existence of non-symmetric periodic X_{Hf} -orbits on a star-shaped S^1-hypersurface can be excluded by certain non-resonance conditions. This motivates the following

Problem 1 Suppose that f : C P^{n−1} → R is a smooth function having finitely many critical points x^1, . . . , x^ℓ such that the corresponding minimal periods τ_j := τ(x^j ) according to (7) satisfy τ_i/τ_j /∈ Z for all i ≠ j. Is it possible for the hypersurface Σ_f to carry any non-symmetric closed characteristics?

Secondly, the S^1-symmetry is evidently not preserved under symplectic diffeomorphisms of R^{2n} . Hence it is a natural question to ask for conditions which guarantee an S^1-symmetrization of hypersurfaces by such symplectic diffeomorphisms:

Problem 2 Suppose that Σ ⊂ R^{2n} is a compact connected hypersurface of contact type with H^1_{dR}(Σ) = 0. Does there exist a symplectic diffeomorphism φ : R^{2n} → R^{2n} such that the hypersurface φ(Σ) is S^1-invariant?

The property of a hypersurface Σ to be of contact type persists under symplectic diffeomorphisms. In case φ(Σ) is S^1-invariant, the contact 1-form on φ(Σ) can also be chosen S^1-invariant by averaging the given contact form over the Lie group S^1.

Consequently, the existence of such a symplectic symmetrization φ already would imply the solution of a more general multiplicity problem for periodic Hamiltonian orbits on hypersurfaces in R^{2n} . For the background, history, and earlier results connected with that we refer to [1, 6, 7, 11, 15].

An analogous problem can be posed for Liouville hypersurfaces in cotangent bundles of free S^1-manifolds. The corresponding S^1-symmetric case has been studied in [13]. Clearly, the above assumption H^1_{dR}(Σ) then has to be replaced in a suitable manner. These problems are going to be treated in some forthcoming work.

2. Organization of the proofs Most of the remainder of this work is concerned with the proof of Theorem 1. Here we present an outline of the strategy for this proof which is subdivided into five steps (sections 3-7). The proofs of Theorem 2 and Corollary 1 (section 8) as well as that of Theorem 3 (section 9) are more elementary and independent of the preceding paragraphs, although we shall use some of the notation introduced in section 3.

First of all, we observe that it suffices to carry out the proof of Theorem 1 under the hypothesis that the set of distinct symmetric closed characteristics on the S^1-hypersurface Σ in question is finite, possibly empty. Of course, the existence of a closed characteristic on Σ is guaranteed by C. Viterbo’s result [16], but in the situation in hand it is not a priori obvious whether there is a symmetric one.

The desired symmetric closed characteristics will be found by a variational approach that utilizes the representation of closed characteristics by periodic Hamiltonian orbits. The first ingredient of the proof consists of choosing an appropriate period T > 0 and constructing a suitable Hamiltonian H_T : R^{2n} → R such that the symmetric closed characteristics on Σ correspond to certain periodic X_{HT} -orbits whose minimal period is T . Here X_{HT} = J grad H_T : R^{2n} → R^{2n} stands for the Hamiltonian vector field associated to H_T .

Our goal is to derive a characterization of these particular T -periodic X_{HT} - orbits as the positive critical points of the action integral A_{HT} : Ω → R, considered as a function on a suitable space of loops Ω ⊂ C^∞(S^1_T , R^{2n} ). We recall that for a smooth loop u : S^1_T → R^{2n} the Hamiltonian action integral is given by

A_{HT} (u) = ∫_T 0 {_1 2 ⟨ −Ju̇ , u ⟩ − H_T (u) } dt . (14)

Speaking of a positive critical point, we mean a critical point u ∈ Ω of the action integral such that A_{HT} (u) > 0. A crucial aspect in the variational formulation is that any two geometrically distinct positive critical points u and v (i.e., u(t) and v(t) describe geometrically distinct T -periodic X_{HT} -orbits in R^{2n} ) should correspond to geometrically distinct closed characteristics on Σ. If this condition is satisfied, the desired counting of closed characteristics on Σ can be done by counting the geometrically distinct positive critical points of A_{HT} on Ω.

The requirements on A_{HT} have to be taken into account for the designing of the Hamiltonian H_T . This task will be carried out in two steps: the local construction near Σ (section 3) and the global extension to R^{2n} (section 4). For a summary of the technical aspects entering in the construction of H_T see the comments concluding section 4. Whereas the local part is practically the same as for the corresponding construction in cotangent bundles [13], the extension is considerably simpler in the present situation, and the choice for the asymptotic behavior of H_T as |x| → 0 and |x| → ∞ is essentially borrowed from Hofer-Zehnder [12].

The set up for the variational formulation will be completed in section 5. In particular, we adapt the parametrization for the S^1-action to the previously fixed T > 0 by setting γ_t = exp (_{2π} T tJ ) . Then the space of symmetric loops of minimal period T , defined by Ω_{sym} := { γ_t x | x ∈ R^{2n} } ⊂ C^∞(S^1_T , R^{2n} ), is the natural choice for the loop space Ω. In view of the isomorphism Ω_{sym} ∼= R^{2n} the variational problem for A_{HT} : Ω_{sym} → R can be solved by estimating the number of positive critical S^1-orbits of some S^1-invariant function F : R^{2n} → R.

The remaining problem is treated by an S^1-equivariant Lyusternik-Schnirelman approach for the −grad F-flow on R^{2n} , using the concept of isolated invariant sets. As a general reference for the basic definitions and notations concerning isolated invariant sets we refer to C. Conley’s and E. Zehnder’s article [3, Sec. 3].

By our construction of H_T it turns out that the positive critical S^1-orbits of F constitute a Morse decomposition of a distinguished isolated invariant set M^+, called the positive subcomplex of the free Morse complex of F. The relevant S^1- homotopy invariants of M^+ are analyzed in section 6. Our arguments presented here are somewhat simplified and more geometric compared to the corresponding passage in [13]. Note, however, that the proofs given for cotangent bundles can be adapted to the present case, and vice versa.

The proof of the theorem is finally completed in section 7 by applying the S^1-equivariant Lyusternik-Schnirelman method to M^+, which yields the required estimate for the number of the positive critical S^1-orbits of F.

3. The Hamiltonian near the hypersurface Let Σ ⊂ R^{2n} \{0} be a compact connected smooth S^1-hypersurface of contact type. The hypothesis that Σ be of contact type is alternatively expressed as follows: there exists a symplectic dilation X, defined on some open neighborhood V of Σ, which is transverse to Σ (cf. [17, Lemma 2]). We recall that a vector field X : V → R^{2n} is said to be a symplectic dilation if the Lie derivative of the symplectic form ω along X satisfies L_X ω = ω.

The existence of a transverse symplectic dilation follows essentially from the fact that the contact form β can be extended to a 1-form α̃ on some open neighborhood V of Σ such that dα̃ = ω. Since Σ is an S^1-set, every neighborhood of Σ contains an S^1-invariant neighborhood, and we may therefore assume that the neighborhood V in question is S^1-invariant. Then, by averaging α̃ over the group S^1, we obtain an S^1-invariant 1-form α on V that again satisfies dα = ω and whose pull-back α_Σ is equal to β. For the vector field X_α : V → R^{2n} , defined by the identity α = X_α ⌟ ω , (15) we find L_{Xα} ω = X_α ⌟ dω + d(X_α ⌟ ω) = dα = ω by Cartan’s formula. Moreover, since α and ω are S^1-invariant, it follows readily that X_α is S^1-equivariant.

To see that X_α is transverse, we recall that the compact hypersurface Σ has a canonical positive orientation given by the outward normal vector field N(x), x ∈ Σ. Then 0 ≠ JN(x) ∈ T_xΣ, and because of ω(X, JN) = ⟨JX, JN⟩ = ⟨X, N⟩ = 0 for every X ∈ T_xΣ it follows that JN(x) indeed spans L_Σ|_x. Since α_Σ ∧ ω^{n−1}_Σ is a (positive) volume form, we get 0 < α(JN) = ω(X_α, JN) = ⟨X_α, N⟩ and, therefore, X_α is transverse to Σ.

Because the vector field X_α is S^1-equivariant, so is its flow which will be denoted by (s, x) → ψ_s(x), i.e., we have ψ_s(γ_t x) = γ_t ψ_s(x). In view of the compactness of Σ there exists a constant ŝ > 0 such that for every x ∈ Σ the trajectory s → ψ_s(x) is defined for all |s| < ŝ. Hence { Σ_s := ψ_s(Σ) | |s| < ŝ } constitutes a parametrized family of S^1-hypersurfaces modelled on Σ. Subsequently let us assume that ŝ is chosen sufficiently small such that, in addition, ⟨ N(ψ_s(x)) , X_α(ψ_s(x)) ⟩ > 0 for all x ∈ Σ, |s| < ŝ. Clearly, this latter assumption guarantees that each Σ_s is of contact type. For later convenience we also introduce the S^1-invariant neighborhood U of Σ by setting U := { ψ_s(x) | x ∈ Σ , |s| < ŝ } ⊂ V . (16)

Example For a star-shaped S^1-hypersurface Σ we may choose V := R^{2n} and α := λ with the 1-form λ given by (5). The corresponding transverse symplectic dilation X_λ : R^{2n} → R^{2n} and its flow ψ_s(x) then are easily seen to be determined by

X_λ(x) =^1_2 x and ψ_s(x) = e^{s/2}x ∀ x ∈ R^{2n} , s ∈ R .

(17)

There are no restrictions on the choice of ŝ > 0 since X_λ is transverse to each of the hypersurfaces Σ_s := e^{s/2} Σ.

Having completed these preparations, we now introduce a particular S^1-invariant Hamiltonian function H : U → R. For this purpose let 0 < δ < ŝ be fixed and let the smooth function g : (−ŝ, ŝ) → R^+_0 be defined by

g(s) := exp (_{−δ2} δ^2−s^2 ) if 0 ⩽ |s| < δ 0 if δ ⩽ |s| < ŝ . (18)

Defining h : (−ŝ, ŝ) → R^+_0 by

h(s) := ∫_s −ŝ g(t) dt , (19)

the desired Hamiltonian H : U → R is obtained by setting H(ψ_s(x)) := h(s) for x ∈ Σ , |s| < ŝ . (20)

The gradient vector field grad H : U → R^{2n} , defined according to dH = ⟨ grad H, · ⟩, is S^1-equivariant since H is S^1-invariant. The associated Hamiltonian vector field X_H : U → R^{2n} is defined by the identity − dH = X_H ⌟ ω , (21) and satisfies X_H (x) = J grad H(x). Consequently, X_H is S^1-equivariant. We shall write the Hamiltonian equations as

u̇ = X_H (u) .

(22)

The following lemma states some properties of the non-constant periodic solutions of the Hamiltonian system (22):

Lemma 1 For every |s| < δ the restriction X_H |_{Σs} defines a characteristic vector field on Σ_s = ψ_s(Σ). If u_0 is a periodic solution of (22) on Σ having the minimal period τ_0 > 0, then there exists a corresponding periodic solution u_s on Σ_s which is given by u_s(t) = (ψ_s ∘ u_0) (_t σ(s) ) (23)

and has the minimal period τ(s) = σ(s)τ_0, where σ(s) = e^s h^′(0) h^′(s) , |s| < δ . (24)

Furthermore, every non-constant periodic solution of u̇ = X_H (u) has a representation of the form (23).

Proof From dH(X_H ) = ω(X_H , X_H ) = 0 it follows that H remains constant along integral curves of X_H so that X_H (ψ_s(x)) ∈ T_{ψs(x)}Σ_s for all |s| < ŝ. Moreover, from ω(X, X_H ) = dH(X) = ⟨ grad H, X ⟩ = 0 ∀ X ∈ T_{ψs(x)}Σ_s (25)

we see that X_H (ψ_s(x)) ∈ L_{Σs} |_{ψs(x)}. Hence X_H |_{Σs} is a characteristic vector field if X_H (ψ_s(x)) ≠ 0 everywhere on Σ_s. Observing that α(X_H )|_{ψs(x)} = dH(X_α)|_{ψs(x)} = L_{Xα} H|_{ψs(x)} = d dt | | | t=0 ψ^∗_t H(ψ_s(x)) = d dt | | | |_{t=s}h(t) = h^′(s) , (26)

we conclude by the definition of h that X_H (ψ_s(x)) ≠ 0 if and only if |s| < δ. This proves the first assertion of the lemma.

The gradient of H is orthogonal to the level surfaces Σ_s so that there is a smooth function μ : U → R with grad H(ψ_s(x)) = μ(ψ_s(x))N(ψ_s(x)), where N again denotes the outward normal vector field on Σ_s. Consequently, in view of (26), we have h^′(s) = L_{Xα} H|_{ψs(x)} = ⟨ grad H, X_α ⟩|_{ψs(x)} = μ ⟨ N, X_α ⟩|_{ψs(x)} . (27)

Recalling that ⟨ N(ψ_s(x)) , X_α(ψ_s(x)) ⟩ > 0 for all ψ_s(x) ∈ U, the gradient of H can be expressed by

grad H(ψ_s(x)) = h^′(s) ⟨ N(ψ_s(x)) , X_α(ψ_s(x)) ⟩ N(ψ_s(x)) . (28)

Now let s ∈ (−δ, δ) be fixed. The map ψ_s is thus defined for all x^′ = ψ_s′ (x) ∈ U that satisfy |s + s^′| < ŝ. Since L_{Xα} ω = ω implies ψ^∗_s ω = e^sω, we obtain the following identity for the Jacobian Dψ_s(x^′):

Dψ_s(x^′)^T J Dψ_s(x^′) = e^s J .

(29)

Consequently, the transformation ψ_s behaves like a symplectic transformation up to the additional dilation factor e^s. Hence, if u̇_0(t) = X_H (u_0(t)) is a (periodic) solution on Σ, we infer d dt (ψ_s ∘ u_0)(t) = e^s X_{H∘ψ−s} ((ψ_s ∘ u_0)(t))

= e^s J grad(H ∘ ψ_{−s})((ψ_s ∘ u_0)(t)) .

(30)

To reparametrize ψ_s ∘ u_0 as an integral curve of X_H , we observe that similar to (28) the gradient of H ∘ ψ_{−s} at ψ_s(x) ∈ Σ_s is represented by

grad(H ∘ ψ_{−s})(ψ_s(x)) = h^′(0) ⟨ N(ψ_s(x)) , X_α(ψ_s(x)) ⟩ N(ψ_s(x)) . (31)

Consequently, for all |s| < δ and x ∈ Σ we find X_{H∘ψ−s} (ψ_s(x)) = h^′(0) h^′(s) X_H (ψ_s(x)) .

(32)

Combining (30) and (32), the reparametrization u_s(t) := (ψ_s ∘ u_0)(t/σ(s)) with σ : (−δ, δ) → R^+ given by (24) indeed yields a (periodic) integral curve of X_H on Σ_s. If u_0 is periodic, the transformation of the minimal period according to τ_0 → σ(s)τ_0 follows in an obvious way.

Given a non-constant periodic integral curve u(t) of X_H , then u lies entirely on some level surface Σ_s of H for some |s| < δ. Thus, by interchanging the role of Σ and Σ_s in the preceding arguments, u can be transformed into a periodic Hamiltonian orbit u_0 on Σ. The inverse transformation then shows that u(t) = u_s(t), and the proof of the lemma is complete. □

The lemma shows that the closed characteristics on Σ can be described as the periodic orbits of X_H |_Σ or, more generally, as the non-constant periodic solutions of the Hamiltonian system u̇ = X_H (u). In the sequel, we shall speak of Hamiltonian orbits (trajectories, integral curves) rather than solutions, meaning that a Hamiltonian orbit is an equivalence class of solutions where u ∼ v if u(t) = v(t + t^′) for some t^′ ∈ R. Consequently, two periodic orbits of X_H |_Σ are considered to be distinct if and only if the corresponding closed characteristics are geometrically distinct. Moreover, a periodic X_H -orbit on Σ will be called symmetric if the corresponding closed characteristic is symmetric.

We point out that the S^1-symmetry of Σ and H has so far not been used, and Lemma 1 remains valid if the S^1-invariance is not assumed. Even for an S^1- hypersurface Σ the statements refer to arbitrary periodic Hamiltonian orbits, not just symmetric ones. Note, however, that the S^1-equivariance of X_α implies that a symmetric X_H -orbit u_0 on Σ is transformed into a symmetric X_H -orbit u_s on Σ_s.

The next lemma serves as a preparation for the variational formulation of Theorem 1:

Lemma 2 Let the S^1-hypersurface Σ satisfy the hypotheses of Theorem 1 and let the Hamiltonian H : U → R be given by (20). In addition, suppose that Σ carries only a finite number of symmetric periodic X_H -orbits. Then there exists T_0 > 0 such that every T ⩾ T_0 has the following property:

(∗) If u_0 is a symmetric periodic X_H -orbit on Σ then there exists a uniquely determined s ∈ (−δ, δ), depending on u_0 and T , such that the corresponding X_H -orbit u_s on Σ_s satisfies the two conditions

(a) The X_H -orbit u_s has the minimal period T . (b) The Hamiltonian action integral A_H (u_s) is positive, i.e.,

A_H (u_s) = ∫_T 0 1 2 ⟨ −Ju̇_s , u_s ⟩ dt − ∫_T 0 (H ∘u_s) dt > 0 . Proof Leet us assume that there are ℓ > 0 symmetric periodic X_H -orbits on Σ, denoted by u^1_0, . . . , u^ℓ_0, and let τ_{0,i} > 0 be the minimal period of u^i_0. For |s| < δ let the corresponding symmetric periodic X_H -orbits u^i_s on Σ_s be defined according to Lemma 1. The minimal period of u^i_s then is given by τ_i(s) = σ(s)τ_{0,i} with σ : (−δ, δ) → R^+ defined in (24).

In view of the choice (19) of h, the derivative σ^′(s) has exactly one zero at s_0 which is the unique solution of the equation h^′(s) = h^{′′}(s) in (−δ, δ). We note that σ^′(s) < 0 for −δ < s < s_0 and σ^′(s) > 0 for s_0 < s < δ. Moreover, we observe that σ(s) → +∞ as |s| → δ. As a consequence, for every T > σ(s_0)τ_{0,i} = τ_i(s_0) the equation T = τ_i(s) has exactly two solutions s^+_i ∈ (−δ, s_0) and s^−_i ∈ (s_0, δ). These T -dependent solutions satisfy s^+_i → −δ and s^−_i → δ monotonically as T → +∞. We note that the associated X_H -orbits u^i_s±_i lie on Σ_s±_i and have the minimal period T .

Now let us fix a period T > max { τ_i(s_0) | i = 1, . . . , ℓ } and let us consider a T -periodic smooth loop u : S^1_T ∼= R/T Z → U. Recalling the 1-form λ from (5), the pull-back of λ by u can be written as

u^∗λ =^1_2 n∑ j=1 { u_j du_{n+j} − u_{n+j} du_j }

=^1_2 n∑ j=1 { u_j u̇_{n+j} − u_{n+j} u̇_j } dt

=^1_2 ⟨ −Ju̇ , u ⟩ dt .

(33)

Similarly, the pull-back of the 1-form α = X_α ⌟ ω by u has the representation u^∗α = ω(X_α(u), u̇) dt = ⟨ −Ju̇ , X_α(u)⟩ dt . (34)

We observe that the homotopy [ 0, 1 ] × U → U defined by (r, ψ_s(x)) → ψ_{(1−r)s}(x) retracts U to Σ so that H^1_{dR}(U) ∼= H^1_{dR}(Σ) = 0. Consequently, since dα = dλ = ω, the 1-form α−λ on U is exact and we have α = λ+dF for some function F : U → R. By integration over the circle S^1_T we obtain ∫ S1T u^∗λ = ∫ S1T u^∗α − ∫ S1T d(u^∗F ) = ∫_T 0 ⟨ −Ju̇ , X_α(u)⟩ dt . (35)

Now suppose that u = u_s where u_s stands for any of the above symmetric T -periodic X_H -orbits u^i_s±_i , i = 1, . . . , ℓ. Then we have −Ju̇_s = grad H(u_s), and, in view of the representation (28) of grad H, the right hand integral becomes ∫_T 0 ⟨ grad H(u_s), X_α(u_s)⟩ dt = ∫_T 0 h^′(s) ⟨ N(u_s) , X_α(u_s) ⟩ ⟨N(us), Xα(us)⟩ dt . (36)

Thus from (33), (35), and (36) we deduce ∫_T 0 1 2 ⟨ −Ju̇_s , u_s ⟩ dt = T h^′(s) . (37)

In combination with ∫_T 0 H(u_s(t)) dt = T h(s) , (38)

this yields the identity A_H (u_s) = T (h^′(s) − h(s)) ,

(39)

where u_s = u^i_s±_i with s^±_i being the solutions of T = τ_i(s) for i = 1, . . . , ℓ.

We claim that A_H (u^i_s+_i ) > 0 and A_H (u^i_s−_i ) < 0 for i = 1, . . . , ℓ in case the prescribed period T is sufficiently large. For this purpose let us recall that s^+_i → −δ and s^−_i → δ as T → +∞.

With regard to the fact that h(δ) < 0 and h^′(δ) = 0 we can find some ε_1 > 0 such that h^′(s) − h(s) < 0 if s ∈ (δ − ε_1, δ). Moreover, choosing 0 < ε_2 < min {δ, 1}, we see that h^′ is strictly increasing on (−δ, −δ + ε_2). Hence, by the mean value theorem, it follows for −δ < s < −δ + ε_2 that h(s) = ∫_s −δ h^′(r) dr = h^′(r̄) ∫_s −δ dr < h^′(s) ε_2 < h^′(s) (40)

with some r̄ ∈ (−δ, s). Consequently, for ε := min{ε_1, ε_2} we have h^′(s) − h(s) > 0 if s ∈ (−δ, −δ + ε) h^′(s) − h(s) < 0 if s ∈ (δ − ε, δ) . (41)

Now we can choose T_0 > min { τ_i(s_0) | i = 1, . . . , ℓ } so large that for every T ⩾ T_0 the corresponding solutions s^±_i satisfy s^+_i ∈ (−δ, −δ +ε) and s^−_i ∈ (δ −ε, δ) for every i = 1, . . . , ℓ, and the claim follows.

This proves the assertion of the lemma if the assumed number of symmetric periodic X_H -orbits on Σ is ℓ > 0. In the case ℓ = 0 the condition (∗) is trivially satisfied for every choice of T_0 > 0, and the proof is hereby complete. □

4. The global extension of the Hamiltonian Observing that the neighborhood U of Σ introduced in (16) is relatively compact, we can find R_1 > 0 sufficiently large such that U ⊂ { x ∈ R^{2n} | |x| ⩽ R_1 } . (42) If T_0 is again the constant from Lemma 2, then we can choose T > T_0 and R_2 > R_1 so large that_{3π} 2T R^2_1 < h(ŝ) <^{3π}_{2T} R^2 ,

(43) where h(ŝ) is the maximal value of the Hamiltonian H defined in (20). Now we pick a smooth function h_T : R^+_0 → R^+ that satisfies h_T (r) ≡ h(ŝ) if r ⩽ R_1 h_T (r) =^{3π}_{2T} r^2 if r ⩾ R_2 h_T (r) >^{3π}_{2T} r^2 if R_1 < r < R_2 0 < h^′_T (r) <^{3π}_T r if R_1 < r < R_2 .

(44)

Moreover, we shall assume that h_T is chosen in such a way that there exists only one solution r_{crit} ∈ (R_1, R_2) of the equation h^′_T (r) =^{2π}_T r .

(45) Note that, by the Jordan-Brouwer separation theorem, R^{2n}\Σ consists of a bounded connected component U_0 and an unbounded connected component U_∞. Now we extend the Hamiltonian H : U → R defined in (20) to a smooth function on R^{2n} as follows:

H_T (x) :=

0 if x ∈ U_0 H(x) if x ∈ U h_T (|x|) if x ∈ U_∞ \U . (46)

If x ∈ U_∞ \U we have: grad H_T (x) =^{h′T (|x|)}_{|x|} x. Consequently, for the Hamiltonian system u̇ = X_{HT} (u) on R^{2n} we find two types of symmetric periodic X_{HT} -orbits that have the minimal period T :

(i) The significant periodic X_{HT} -orbits u_s in U which have been described in the previous section.

(ii) The technical periodic X_{HT} -orbits generated by the above extension. These are of the form u(t) = exp (_{2π} T tJ ) x where |x| = r_{crit} solves the equation (45).

The choice of the function h_T implies that the corresponding Hamiltonian action A_{HT} (u) of a technical periodic X_{HT} -orbit is negative:

Lemma 3 Suppose that u is a symmetric periodic X_{HT} -orbit that has the minimal period T and satisfies A_{HT} (u) > 0. Then u is a significant periodic X_{HT} -orbit.

Proof For a technical X_{HT} -orbit u(t) = exp (_{2π} T tJ ) x with |x| = r_{crit} we obtain 1 T A_{HT} (u) =^1_T ∫_T 0 {^1_2 ⟨ −Ju̇ , u ⟩ − H_T (u)} dt =^1_2 h^′_T (|x|) |x| − h_T (|x|) <^{3π}_{2T} r^2_{crit} − h_T (r_{crit}) < 0

(47)

since r_{crit} ∈ (R_1, R_2), and the statement thus follows. □

To summarize the contents of the last two sections, we note that Lemma 1 allows to associate to each symmetric closed characteristics on Σ a so-called ‘tower’ { u_s | |s| < δ } of symmetric periodic X_H -orbits where u_s lies on the hypersurface Σ_s and has the minimal period τ(s). If, in addition, the number of these towers is assumed to be finite, then Lemma 2 guarantees that for every sufficiently large T > 0 each of these towers contains a unique X_H -orbit u_s that has the prescribed minimal period T and satisfies A_H (u_s) > 0. Consequently, the counting of the geometrically distinct closed characteristics on Σ can be done by counting these particular T -periodic X_H -orbits.

Fixing T so large that the condition (43) is satisfied, we have extended the Hamiltonian H : U → R to H_T : R^{2n} → R such that the additional symmetric periodic X_{HT} -orbits of minimal period T outside U have a negative Hamiltonian action and do not affect the above orbit counting. Therefore, to prove Theorem 1 it suffices to show:

Proposition 1 Let Σ ⊂ R^{2n} be an S^1-hypersurface satisfying the hypotheses of Theorem 1 such that, in addition, the number of symmetric closed characteristics on Σ is finite. Suppose T > 0 is fixed in accordance with (43) so that the distinct symmetric periodic X_{HT} -orbits u of minimal period T and A_{HT} (u) > 0 correspond uniquely to the distinct symmetric closed characteristics on Σ. Then the number of these X_{HT} -orbits u is at least n.

5. The variational approach and the free Morse complex The choice of the period T in the hypotheses of Proposition 1 provides a distinguished parametrization S^1_T = R/Z of the circle group. To every x ∈ R^{2n} we may now assign the parametrized S^1-orbit u_x : S^1_T → R^{2n} by setting u_x(t) := γ_t x. The S^1-orbit u_x describes a symmetric T -periodic X_{HT} -orbit if it solves the equation

u̇_x = X_{HT} (u_x) , x ∈ R^{2n} ,

(48)

and T is the minimal period if x ≠ 0. Hence, setting Ω_{sym} := { u_x | x ∈ R^{2n} }, the desired periodic X_{HT} -orbits of Proposition 1 can be found as those critical points u_x of the restricted action integral A_{HT} |_{Ωsym} : Ω_{sym} → R for which

A_{HT} (u_x) = ∫_T 0 {_1 2 ⟨ −Ju̇_x , u_x ⟩ − H_T (u_x) } dt (49) attains a positive value. However, the bijection R^{2n} → Ω_{sym}, x → u_x, suggests to study the corresponding variational problem on R^{2n} :

Lemma 4 The Hamiltonian action integral A_{HT} |_{Ωsym} : Ω_{sym} → R gives rise to a smooth S^1-invariant function F : R^{2n} → R by setting F(x) :=^1_T A_{HT} (u_x) .

(50) In particular, x ∈ R^{2n} is a critical point of F if and only if u_x ∈ Ω_{sym} solves the Hamiltonian equation u̇_x = X_{HT} (u_x).

Proof Evaluating A_{HT} (u_x), we get the expression F(x) =^π_T |x|^2 − H_T (x). Then, clearly, grad F(x) = 0 is equivalent to^{2π}_T γ_t x = grad H_T (γ_t x). On the other hand, −Ju̇_x(t) =^{2π}_T u_x(t) =^{2π}_T γ_t x, and the statement follows. □ The assertion of Proposition 1 can now be restated as follows:

Proposition 2 Suppose that the hypotheses of Proposition 1 are satisfied. Then there exist ℓ ⩾ n critical points x^1, . . . , x^ℓ of F such that

(i) Orb x^i ∩ Orb x^j = ∅ if i ≠ j. (ii) F(x^i) > 0 for i = 1, . . . , ℓ.

The proof will be based on S^1-equivariant Lyusternik-Schnirelman theory for flows, involving C. Conley’s concept of isolated invariant sets. The flow in question is the −grad F-flow on R^{2n} , i.e., the map R^{2n} × R → R^{2n} , (x, τ) → x·τ, solving the initial value problem d dτ (x·τ) = −grad F(x·τ) x·0 = x ∀ x ∈ R^{2n} . (51)

Note that the trajectory τ → x·τ of each x ∈ R^{2n} is indeed defined for all τ ∈ R because grad F is linearly bounded. The S^1-equivariance of grad F implies that (γ_t x)·τ = γ_t (x·τ) for all (x, τ) ∈ R^{2n} × R.

Given r_2 > r_1 > 0, we define the compact S^1-set Q_{r1,r2} ⊂ R^{2n} \{0} by setting Q_{r1,r2} := { x ∈ R^{2n} | r_1 ⩽ |x| ⩽ r_2 } , (52) which has the boundary ∂Q_{r1,r2} = S^{2n−1}_{r1} ∪ S^{2n−1}_{r2} , (53) where S^{2n−1}_r denotes the Euclidean (2n−1)-sphere of radius r. Lemma 5 There exists a choice of r_2 > ϱ > r_1 > 0 such that:

(i) Q := Q_{r1,r2} is an isolating block for the −grad F-flow, containing all critical points of F except for the origin 0 ∈ R^{2n} and having the exit set Q^− = ∂Q_{r1,r2} .

(ii) F(x) =^π_T ϱ^2 if x ∈ S^{2n−1}_ϱ . In particular, max_{x∈R}2n F(x) > 0 is attained in Q.

The isolated invariant set M ⊂ int Q will be called the free Morse complex of F.

Proof Let B_r(0) denote the closed 2n-ball of radius r centered at the origin. From the definition (16) of U we infer B_ϱ(0) ∩ U = ∅ if ϱ > 0 is chosen small enough. Then H_T |_{Bϱ(0)} = 0 and, consequently, F|_{Bϱ(0)} =^π_T ϱ^2.

Let us now fix r_1 < ϱ and r_2 > R_2 with the constant R_2 introduced in (43). Observing that F(x) =^π_T |x|^2 if |x| ⩽ ϱ and F(x) =^π_T |x|^2 −^{3π}_{2T} |x|^2 = −^π_{2T} |x|^2 if |x| ⩾ R_2, we infer that F attains its global maximum inside Q on a positive level and, moreover,

− grad F(x) =

−^{2π}_T x if x ∈ S^{2n−1}_{r1} π T x if x ∈ S^{2n−1}_{r2} . (54)

Hence Q is an isolating block for the −grad F-flow that has the exit set Q^− = ∂Q (cf. [2, p. 5]). In addition, we see that grad F(x) = 0 and x ∈ R^{2n} \Q imply x = 0, which completes the proof. □

An admissibly ordered Morse decomposition of M is a tupel (M_1, . . . , M_k) of compact non empty subsets of M such that for every x ∈ M\(M_1 ∪ . . . ∪ M_k) there exist unique indices i < j with x·τ → M_i as τ → +∞ and x·τ → M_j as τ → −∞. Let us consider the subsets M^+ := { x ∈ M | F(x·τ) > 0 ∀τ ∈ R } (55) and M^− := { x ∈ M | F(x·τ) < 0 ∀τ ∈ R } , (56)

which we call the positive and the negative subcomplex of M, respectively. Note that M^+ contains the critical points x of F that correspond to the significant periodic X_{HT} -orbits u_x with A_{HT} (u_x) > 0, whereas M^− contains their negative counterparts together with the sphere S^{2n−1}_{rcrit} which gives rise to the technical periodic X_{HT} -orbits.

As a consequence of Lemma 5 we have M^+ ≠ ∅, and it follows readily that (M^−, M^+) is indeed an admissibly ordered Morse decomposition of M. Setting Q^0 := { x ∈ Q | F(x) ⩽ 0 }, we define a filtration of index pairs N_0 ⊂ N_1 ⊂ N_2 associated to (M^−, M^+) by

N_0 := Q^− , N_1 := Q^− ∪ Q^0 , N_2 := Q .

(57)

The compact S^1-pair (N_2, N_1) is an index pair for M^+, i.e.,

(a) N := N_2 \N_1 = { x ∈ Q | F(x) ⩾ 0 } is an isolating neighborhood for M^+ having the exit set N^− = ∂N = S^{2n−1}_{r1} ∪ { x ∈ Q | F(x) = 0 }.

(b) N_1 is positively invariant relative to N_2.

(c) If x ∈ N_2 and x·[ 0, ∞) ⊄ N_2 then there exists τ ⩾ 0 such that x·[ 0, τ ] ⊂ N_2 and x·τ ∈N_1.

The proof of Poposition 2 requires an estimate for the number ℓ of distinct critical S^1-orbits Orb x^i, i = 1, . . . , ℓ, contained in M^+. So far we only know that ℓ < +∞ by our assumptions on the hypersurface Σ, and that ℓ ⩾ 1 because F attains its global maximum along some Orb x^i ⊂ M^+. To derive the claimed inequality ℓ ⩾ n we have to investigate the S^1-equivariant topology of M^+ which will be carried out in the subsequent section.

6. S^1-index maps related to the positive subcomplex M^+ The observation that the sphere S^{2n−1}_ϱ introduced in Lemma 5 is contained in the isolating block N of M^+ turns out to be crucial. This fact causes a topological linking which allows to estimate the S^1-category of M^+ in N by the cohomological S^1-index of S^{2n−1}_ϱ . We merely recall some relevant facts on the involved S^1-index maps and refer to [8, 9, 10] for further details.

Given a compact S^1-pair (X, A), we denote by H^∗_S1(X, A) the S^1-equivariant Alexander-Spanier cohomology with real coefficients, cf. e.g. [9]. Since the S^1-action under consideration is free, the equivariant cohomology is isomorphic to the ordinary cohomology of (X/S^1, A/S^1), i.e., we have H^∗_S1(X, A) ∼= H^∗(X/S^1, A/S^1). Likewise, we shall denote by H^{S1}_∗ (X, A) := H_∗(X/S^1, A/S^1) singular S^1-homology of (X, A) with real coefficients.

The cohomological S^1-index is defined in terms of universal characteristic classes. The universal principal S^1-bundle ES^{1 p}→ BS^1 is obtained as the inductive limit of the Hopf fibration S^3 ⊂ S^5 ⊂ . . . ⊂ S^{2n−1} ⊂ . . .

S^2 ⊂ C P^2 ⊂ . . . ⊂ C P^{n−1} ⊂ . . . , i.e., ES^1 = S^∞ and BS^1 = C P^∞ . The base space C P^∞ then is called the classifying space for S^1. The cohomology ring H^∗(C P^∞ ; Z) is the polynomial ring generated by the first Chern class c_1 ∈ H^2(C P^∞ ; Z), cf. [14, Thm. 14.5]. Introducing real coefficients, let c ∈ H^2(C P^∞ ) denote the cohomology class corresponding to c_1.

Now let X be a paracompact free S^1-space and let f : X/S^1 → C P^∞ denote a classifying map for the principal S^1-bundle X^p→ X/S^1. The corresponding induced map f^∗ : H^∗(C P^∞ ) → H^∗(X/S^1) is a ring homomorphism, and the cohomological S^1-index of X ≠ ∅ is defined by

Index_C X := 1 + sup { k ∈ N_0 | f^∗(c^k) ≠ 0 } .

(58)

Moreover, we set Index_C ∅ := 0.

If X = S^{2n−1} ⊂ R^{2n} is the Euclidean (2n − 1)-sphere (of any radius ϱ > 0), then the S^1-action γ gives rise to the Hopf map S^{2n−1 p}→ C P^{n−1} . The corresponding classifying map f is the inclusion C P^{n−1} → C P^∞ , and the cohomology ring H^∗(C P^{n−1} ) is the truncated polynomial ring, terminating in dimension 2(n − 1), which is generated by f^∗(c) ∈ H^2(C P^{n−1} ), cf. [14, Thm. 14.4]. Hence we infer

Index_C S^{2n−1} = n .

(59)

Given a free S^1-pair (X, A), then A is called S^1-categorical in X if A can be deformed S^1-equivariantly through X into a single S^1-orbit. The S^1-category of a non empty S^1-set A⊂X in X is defined by

S^1-cat_X (A) := inf { k ∈ N | there exist closed S^1-categorical subsets A_1, . . . , A_k ⊂ X with A ⊂ A_1 ∪ . . . ∪ A_k } , (60)

whereas S^1-cat_X (∅) := 0. Furthermore, we write S^1-cat(X) := S^1-cat_X (X).

Since the S^1-action on (X, A) is supposed to be free, the S^1-category is related to the ordinary Lyusternik-Schnirelman category (see e.g. [4, Ch. 27.3]) by

S^1-cat_X (A) = cat_{X/S}1(A/S^1) .

(61)

The above definition of S^1-cat_X (A) differs from E. Fadell’s [8] in that we require the covering sets A_1, . . . , A_k to be closed. However, being concerned with free S^1-pairs (X, A) where X/S^1 is an absolute neighborhood retract (ANR) and the subset A/S^1 is closed, this difference does not affect the statements below.

In terms of the S^1-category and the cohomological S^1-index, the desired estimate can now be expressed as follows:

Proposition 3 Let M^+ be the positive subcomplex defined in (55), and let N denote the isolating neighborhhood obtained from the filtration of index pairs (57). Then

S^1-cat_N (M^+) ⩾ Index_C S^{2n−1} .

(62)

Proof First we note that N is a smooth manifold with boundary ∂N equipped with a proper free Lie group action of the circle group S^1. Hence the orbit space N/S^1 has the unique structure of a smooth manifold with boundary ∂(N/S^1) = (∂N)/S^1 such that the projection N → N/S^1 is a submersion, cf. [5, Prop. 5.2]. In particular, N/S^1 is an ANR so that S^1-cat_N has the continuity property.

Let us recall that S^{2n−1}_ϱ ⊂ int N where ϱ > 0 is the constant introduced in Lemma 5. The inequality (62) will now be derived in three steps:

Claim 1:

S^1-cat_N (M^+) ⩾ S^1-cat_N (S^{2n−1}_ϱ ) .

(63) Proof: Let U_ε denote the open ε-neighborhood of M^+. Clearly, U_ε is S^1-invariant and, for small ε, we have U_ε ⊂ N. Moreover, by the continuity property of S^1-cat_N we may assume that ε > 0 is chosen such that S^1-cat_N (U_ε) = S^1-cat_N (M^+).

Since M^+ is compact and non empty, we find 0 < k := S^1-cat_N (M^+) < +∞. Consequently, there exist k closed S^1-categorical subsets A_1, . . . , A_k ⊂ N such that U_ε ⊂ A := A_1 ∪ . . . ∪ A_k. For every x ∈ N \A there exists a unique τ(x) ⩾ 0 such that x·τ(x) ∈ ∂N, i.e., the integral curve τ → x·τ of the −grad F-flow exits N at time τ(x). The compactness of N \A then implies τ^− := sup { τ(x) | x ∈ N \A } < +∞ . (64)

If τ ⩾ τ^− is fixed, it follows that N ⊂ A_1·τ ∪ . . . A_k ·τ. Setting B_ν := (A_ν ·τ) ∩ S^{2n−1}_ϱ for ν = 1, . . . , k, we thus have found k closed S^1-categorical subsets of N such that S^{2n−1}_ϱ ⊂ B_1 ∪ . . . ∪ B_k. As a consequence, S^1-cat_N (S^{2n−1}_ϱ ) ⩽ k, which proves claim 1.

Claim 2:

S^1-cat_N (S^{2n−1}_ϱ ) = S^1-cat(S^{2n−1}_ϱ ) .

(65)

Proof: Clearly, S^1-cat_N (S^{2n−1}_ϱ ) ⩽ S^1-cat(S^{2n−1}_ϱ ), and it remains to show the opposite inequality. For this purpose we observe that the homotopy ḡ : Q × [ 0, 1 ] → Q, defined by ḡ(x, s) := (1−s)x +^{sϱ}_{|x|} x, deforms Q equivariantly into S^{2n−1}_ϱ . Hence the S^1-map g := ḡ(·, 1)|_N : N → S^{2n−1}_ϱ is an S^1-retraction of N to S^{2n−1}_ϱ .

Now suppose that k = S^1-cat_N (S^{2n−1}_ϱ ) and let A_1, . . . , A_k be closed S^1-categorical subsets of N with S^{2n−1}_ϱ ⊂ A_1 ∪ . . . ∪ A_k. Moreover, let h_ν : A_ν × [ 0, 1 ] → N denote the corresponding S^1-homotopy that deforms A_ν into a single S^1-orbit. We observe that B_ν := A_ν ∩ S^{2n−1}_ϱ is S^1-invariant and closed in S^{2n−1}_ϱ for ν = 1, . . . , k. Furthermore, by the S^1-homotopy g ∘ h_ν |_{Bν} : B_ν × [ 0, 1 ] → S^{2n−1}_ϱ we see that B_ν is S^1-categorical in S^{2n−1}_ϱ . Hence we get S^1-cat(S^{2n−1}_ϱ ) ⩽ k, and claim 2 follows.

Claim 3:

S^1-cat(S^{2n−1}) ⩾ Index_C S^{2n−1} .

(66)

Proof: Arguing by contradiction, we assume that k := S^1-cat(S^{2n−1}) < Index_C S^{2n−1}. As a consequence, there are k closed S^1-categorical subsets A_ν ⊂ S^{2n−1} such that A_1 ∪ . . . ∪ A_k = S^{2n−1}. Without loss of generality we may assume that {A_ν , A_ν′ } is an excisive couple for all ν, ν^′, i.e., A_ν ∪A_ν′ = int A_ν ∪ int A_ν′ in the relative topology of A_ν ∪ A_ν′ .

Denote by i_ν : A_ν → S^{2n−1} the inclusion. Then i_ν is S^1-homotopic to a map i^0_ν : A_ν → S^{2n−1} such that i^0_ν (A_ν ) = Orb x^ν is a single S^1-orbit. Hence we have an S^1-map ι_ν : A_ν → Orb x^ν and an inclusion κ_ν : Orb x^ν → S^{2n−1} such that i^0_ν = κ_ν ∘ι_ν . These maps induce the following commutative diagram in S^1-cohomology:

H^∗_S1(N) H^∗_S1(Orb x^ν )

H^∗_S1(A_ν )

κ^∗_ν

ι^∗_ν i^∗_ν

Consequently, i^∗_ν = 0 for ∗ ⩾ 1. Let us now consider the exact S^1-cohomology sequence of the pair (S^{2n−1}, A_ν ):

−→ H^{∗−1}_S1 (A_ν )^{δ∗}−→ H^∗_S1(S^{2n−1}, A_ν )^{j∗ν}−→ H^∗_S1(S^{2n−1})^{i∗ν}−→ H^∗_S1(A_ν ) −→

(67)

where j_ν : (S^{2n−1}, ∅)→(S^{2n−1}, A_ν ) is the inclusion. By the exactness of the sequence, i^∗_ν = 0 implies that j^∗_ν is epimorphic.

Using the isomorphsm H^∗_S1(S^{2n−1}) ∼= H^∗(S^{2n−1}/S^1) ∼= H^∗(C P^{n−1} ), let us denote by α ∈ H^2_S1(S^{2n−1}) the generator corresponding to the class f^∗(c) ∈ H^2(C P^{n−1} ). For ν = 1, . . . , k we thus can find α_ν ∈ H^2_S1(S^{2n−1}, A_ν ) with j^∗_ν (α_ν ) = α.

Observing that A_1 ∪. . .∪A_k = S^{2n−1} and denoting by j : (S^{2n−1}, ∅)→(S^{2n−1}, A) the inclusion, we obtain the following commutative diagram

H^2_S1(S^{2n−1}, A_1) ⊗ · · · ⊗ H^2_S1(S^{2n−1}, A_k)^⌣−−→ H^{2k}_S1 (S^{2n−1}, S^{2n−1})

j^∗_1 j^∗_k j^∗ H^2_S1(S^{2n−1}) ⊗ · · · ⊗ H^2_S1(S^{2n−1})^⌣−−→ H^{2k}_S1 (S^{2n−1})

(68)

so that j^∗ = 0. Thus, we find α^k = j^∗(α_1 ⌣ . . . ⌣ α_k) = 0 in contradiction to the choice of α which implies α^k ≠ 0 for k = 0, . . . , n−1. Thus the proof of claim 3 is complete.

As a side remark, we point out that indeed S^1-cat(S^{2n−1}) = Index_C S^{2n−1} = n, cf. [10, Cor. 7.8]. The estimate (62) now follows from (63), (65), and (66). The proof of the proposition is with this complete. □

7. Lyusternik-Schnirelman theory for M^+ and the proof of Theorem 1 By our assumptions, M^+ contains only a finite number of critical S^1-orbits. Let the corresponding critical values c_j be ordered according to 0 < c_1 < . . . < c_k. For j = 1, . . . , k we define the Morse sets M_j by

M_j := { x ∈ M^+ | grad F(x) = 0 and F(x) = c_i } .

(69)

Then (M_1, . . . , M_k) is an admissibly ordered Morse decomposition of the positive subcomplex M^+. Consequently, we obtain

Proposition 4 Let (M_1, . . . , M_k) denote the Morse decomposition of M^+ induced by the ordering of the positive critical values c_1 <. . .<c_k of F. Then

S^1-cat_N (M^+) ⩽ k∑ j=1 S^1-cat_N (M_j ) .

(70)

In particular, the number of the distinct critical S^1-orbits of F in M^+ is greater or equal to S^1-cat_N (M^+).

Proof Let us first consider an admissibly ordered Morse decomposition (M_1, M_2) of M^+ consisting of only two Morse sets. If S^1-cat_N (M_j) = ℓ_j, j = 1, 2, then there exist ℓ_1 +ℓ_2 closed S^1-categorical subsets A_{j,i} ⊂ N with M_j ⊂ int (A_{j,1} ∪ . . . ∪A_{j,ℓj} ). In view of the compactness of M^+ there exists τ_0 ∈ [ 0, +∞) such that for τ ⩾ τ_0 we have

M^+ ⊂

ℓ_1⋃ i=1 A_{1,i} ∪ ℓ_2⋃ i=1 ((A_{2,i} ·τ) ∩ N) . (71)

Thus M^+ can be covered by ℓ_1 +ℓ_2 closed S^1-categorical subsets of N and, therefore, S^1-cat_N (M^+) ⩽ S^1-cat_N (M_1) + S^1-cat_N (M_2).

Because the Morse sets M_1 and M_2 are again isolated invariant sets, the same argument can now be applied to Morse decompositions of M_1 and M_2. Continuing this process, the desired Morse decomposition (M_1, . . . , M_k) of M^+ is reached after a finite number of repetitions. This proves the inequality (70).

Suppose that S^1-cat_N (M_j ) = ℓ and that A_1, . . . , A_ℓ ⊂ N are closed S^1-categorical subsets covering M_j . Then M_j contains at least ℓ critical S^1-orbits Orb x_i ⊂ A_i, i = 1, . . . , ℓ, which belong to mutually distinct path components of the orbit space N/S^1. This follows immediately from the observation that a finite set of S^1-orbits which belongs to the same path component of N/S^1 must have the S^1-category 1. The assertion of the proposition is thereby proven. □

Proposition 4 combined with Proposition 3 shows that M^+ contains at least n distinct S^1-orbits Orb x^i such that grad F(x^i) = 0, which proves Proposition 2. Consequently, the proof of Theorem 1 is complete. □

8. The proofs of Theorem 2 and Corollary 1 Let f : C P^{n−1} → R be a smooth function and let f̄ : S^{2n−1} → R denote a lift of f, according to f̄(x) := f(Orb x). The associated S^1-hypersurface Σ_f is then given by

Σ_f = { e^{f̄(x)} x | x ∈ S^{2n−1} } ⊂ R^{2n} ,

(72)

where S^{2n−1} stands for the Euclidean unit sphere in R^{2n} . Then Σ_f is star-shaped since every radius { μ x | μ ⩾ 0, x ∈ S^{2n−1} } intersects Σ_f transversally. The transversality is seen as follows: if x ∈ S^{2n−1} and b_1, . . . , b_{2n−1} ∈ T_xS^{2n−1} is a basis, then a corresponding basis of T_ef̄(x)_xΣ_f is obtained via tangent map of the transformation S^{2n−1} → Σ_f , i.e., by the map b_i → e^{f̄ (x)} ( b_i + ⟨ grad f̄(x), b_i ⟩ x ) . (73)

Thus the flow (x, s) → e^{s/s} x of the symplectic dilation X_λ(x) =^1_2 x can be used to introduce the smooth Hamiltonian function H_f : R^{2n} \{0} → R by setting

H_f (e^{s/2} x) := e^s ∀ x ∈ Σ_f , s ∈ R ,

(74)

Note that H_f is positively homogeneous of degree 2 and its gradient is positively homogeneous of degree 1, i.e., H_f (μx) = μ^2H_f (x) and grad H_f (μx) = μ grad H_f (x) for all x ∈ R^{2n−1} \{0} and μ > 0. In particular, we deduce

H_f (e^{f̄(x)} x) = e^{2f̄ (x)} H_f (x) = 1 ∀ x ∈ S^{2n−1} ,

(75)

so that f̄ can be expressed by

f̄(x) = −^1_2 ln H_f (x) , x ∈ S2n−1 . (76)

Then the gradient of f̄ satisfies the identity ⟨ grad f̄(x), X ⟩ = −1 2H_f (x) ⟨ grad H_f (x), X ⟩ ∀ X ∈ T_xS^{2n−1} . (77)

Hence it follows that grad f̄(x) = 0 if and only if x and grad H_f (x) are collinear. In this case we have γ̇_t x =^{2π}_τ Jγ_t x = μ X_{Hf} (γ_t x) for some μ > 0 and, consequently, the X_{Hf} -orbit starting at x can be reparametrized as an S^1_τ-orbit. Finally, by the homogeneity of grad H_f , it follows that the map S^1_τ → Σ_f given by t → e^{f(Orb x)} γ_t x is a symmetric closed characteristic on Σ_f .

Thus the distinct symmetric closed characteristics on Σ_f correspond uniquely to the distinct S^1-orbits Orb e^{f̄(x)} x such that grad f̄(x) = 0. On the other hand, the associated distinct S^1-orbits Orb x on S^{2n−1} represent precisely the distinct critical points of the function f : C P^{n−1} → R.

Let now Σ ⊂ R^{2n} be any star-shaped S^1-hypersurface. Setting H(e^{s/2} x) := e^s for all (x, s) ∈ Σ × R, we define f : C P^{n−1} → R by f(Orb x) := −^1_2 ln H(x) for all x ∈ S^{2n−1}. Then we have Σ_f = Σ, and the proof of Theorem 1 is complete. □

For the proof of the corollary we use the above notation and we assume that Orb x is a critical point of f, i.e., x ∈ S^{2n−1} is a critical point of f̄. Then for every s ∈ R the outward normal vector field at e^{s/2}e^{f̄(x)} x ∈ H^{−1}_f (e^s) satisfies N(e^{s/2}e^{f̄(x)} x) = x . (78)

Using the symplectic dilation X_λ, the gradient of H_f at this point is determined by the formula (28). Thus we obtain the expression

grad H_f (e^{s/2}e^{f̄(x)} x) = 2 e^{s/2} e^{f̄(x)} x . (79)

Now let the corresponding S^1-orbit u(t) := e^{s/2}e^{f̄(x)} exp (_{2π} τ (x) tJ ) x be parametrized as an integral curve of X_{Hf} , i.e., let −Ju̇ = grad H_f (u). This is equivalent to 2π τ(x) e^{s/2}e^{f̄ (x)}x = 2 e^{s/2} e^{f̄(x)} x . (80)

Hence the minimal period is determined by

τ(x) = π e^{2f̄ (x)} ,

(81)

such that the corollary follows with ϱ = e^{s/2}. □

9. Proof of Theorem 3 Suppose that Σ ⊂ R^{2n} \{0} is a compact connected S^1-hypersurface which carries a non-symmetric closed characteristic embedding u : S^1_τ → Σ. We may consider u as a periodic X_H -orbit having the minimal period τ > 0 where H is again the Hamiltonian function from (20). Then the period τ yields a natural choice for the parametrization of the S^1-action γ, i.e., we shall assume γ_t x = exp (_{2π} τ tJ ) x. Denoting the flow of X_H by φ_t and setting x_0 = u(0), we obtain the representation u(t) = φ_t(x_0). Moreover, since X_H is S^1-equivariant, it follows that φ_t(γ_s x_0) = γ_s φ_t(x_0) for all s, t ∈ S^1_τ. Thus the τ-periodic integral curve u(t) of X_H gives rise to an entire family { γ_s φ_t(x_0) | s ∈ S^1_τ } of periodic integral curves having the minimal period τ.

Two of these integral curves will be called equivalent if they describe the same geometric X_H -orbit on Σ, i.e., if they are related to each other by reparametrization. More precisely, we define φ_t(γ_s x_0) ∼ φ_t(γ_s′ x_0) in case there exists t^′ ∈ S^1_τ such that φ_t(γ_s′ x_0) = φ_{t+t}′ (γ_s x_0). We show that, for u non-symmetric, an equivalence class consists of finitely many elements only. Hence there exist uncountably many distinct equivalence classes and, therefore, uncountably many geometrically distinct periodic X_H -orbits of the form γ_s φ_t(x_0) as asserted.

Since u is supposed to be non-symmetric, the trajectory t → φ_t(γ_s x_0) intersects the S^1-orbit Orb x_0 tranversally at γ_s x_0. Hence we infer

t_1 := min { t ∈ (0, τ ] | φ_t(γ_s x_0) ∈ Orb x_0 } > 0 .

(82)

The S^1-equivariance of the flow φ implies that t_1 is independent of the particular choice of s and hence we may fix s = 0 for the moment. Consequently, there exists ϑ ∈ (0, τ] such that φ_{t1} (x_0) = γ_ϑ x_0. By induction it follows now that φ_{mt1} (x_0) = γ_{mϑ} x_0 for every m ∈ N.

We claim that τ = mt_1 for some m ∈ N. Else there exists a natural number m such that (m−1) t_1 < τ < mt_1 < τ + t_1. Setting t^′_1 := mt_1 − τ, we get 0 < t^′_1 < t_1 and φ_t′_1 (x_0) = φ_{mt1} (φ_{−τ} (x_0)) = φ_{mt1} (x_0) = γ_{mt1} x_0 ∈ Orb x_0 ,

(83)

in contradiction to the minimality of t_1. Thus we have mt_1 = τ as claimed. Now we conclude γ_{mϑ} x_0 = φ_{mt1} (x_0) = φ_τ (x_0) = x_0 ,

(84)

which implies ϑ = t_1 = τ/m. Recalling that x_0 may be replaced by γ_s x_0 for s ∈ S^1_τ, we finally infer that φ_{t+t}′ (γ_s x_0) = φ_t(γ_s′ x_0)

(85)

holds true for t^′, s^′−s in the fundamental domain [ 0, τ) of S^1_τ = R/τZ if and only if t^′ = s−s^′ = kt_0 for some k = 0, . . . , m−1. In other words, the equivalence class of the integral curve φ_t(γ_s x_0) is given by { φ_t(γ_{s+kt0} x_0) | k = 0, . . . , m−1 }. The proof is herewith complete. □

Acknowledgement The first author expresses his gratitude to the Mathematische Institut at the Universität Tübingen for its hospitality and co-operation. The second author acknowledges the hospitality and support of the Laboratoire de Topologie et Géométrie of the Université Paul Sabatier, Toulouse, and the inspiring discussions with Jean-Claude Sikorav.

References

[1] Banyaga, A. : On characteristics of hypersurfaces in symplectic manifolds. In:

Differential geometry: geometry in mathematical physics and related topics (Los Angeles, CA, 1990, 9-17) Proc. Sympos. Pure Math. 54, Part 2, Amer. Math. Soc., Providence, RI, 1993

[2] Conley, C.C. : Isolated invariant Sets and the Morse Index. CBMS Regional Conf. Series in Math., 38, Amer. Math. Soc., Providence, R.I., 1978

[3] Conley, C.C., Zehnder, E. : Morse-type index theory for flows and periodic solutions for Hamiltonian systems. Comm. Pure Appl. Math. XXXVII (1984) 207-253

[4] Deimling, K. : Nonlinear Functional Analysis. Springer-Verlag, Berlin Heidelberg, 1985

[5] tom Dieck, T. : Transformation Groups. de Gruyter Studies in Mathematics 8, Walter de Gruyter & Co., Berlin, 1987

[6] Ekeland, I. : Convexity Methods in Hamiltonian Mechanics. Springer-Verlag, Berlin Heidelberg, 1990

[7] Ekeland, I., Lasry, J.-M. : On the number of periodic trajectories for a Hamiltonian flow on a convex energy surface. Ann. of Math. 112 (1980) 283-319

[8] Fadell, E.R. : The equivariant Ljusternik-Schnirelmann method for invariant functionals and relative cohomological index theories. In: Proc. of the Montreal Conf., Summer 1983, (A. Granas, ed.), 41-70, Montreal University Press, Montreal, 1985

[9] Fadell, E.R. : Cohomological methods in non-free G-spaces with applications to general Borsuk-Ulam theorems and critical point theorems for invariant functionals. In: Nonlinear Functional Analysis and its Applications (P. Singh, ed.), NATO ASI Series C, vol. 173, 1-45, D. Reidel Publishing Company, Dordrecht, 1985

[10] Fadell, E.R., Rabinowitz, P.H. : Generalized cohomological index theories for Lie group actions with an application to bifurcation questions for Hamiltonian systems. Invent. math. 45 (1978) 139-174

[11] Gluck, H., Ziller, W. : Existence of periodic motions of conservative systems. In:

Seminar on Minimal Submanifolds (E. Bombieri, ed.), Ann. of Math. Studies 103, 65-98, Princeton University Press, Princeton, NJ, 1983

[12] Hofer, H., Zehnder, E. : Periodic solutions on hypersurfaces and a result by C.

Viterbo. Invent. math. 90 (1987) 1-9

[13] Josellis, F.W., Klingenberg, W. : Multiple closed characteristics in the cotangent bundle of S^1-manifolds. Preprint, 1995

[14] Milnor, J.W., Stasheff, J.D. : Characteristic Classes. Annals of Mathematics Studies 76, Princeton University Press, Princeton, NJ, 1974

[15] Rabinowitz, P.H. : The prescribed energy problem for periodic solutions of Hamiltonian systems. Contemporary Mathematics 81 (1988) 183-191

[16] Viterbo, C. : A proof of Weinstein’s conjecture in R^{2n} . Ann. Inst. H. Poincaré, Anal. Non Linéaire 4 (1987) 337-356

[17] Weinstein, A. : On the hypotheses of Rabinowitz’ periodic orbit theorems. J.

Differential Equations 33 (1979) 353-358

Frank W. Josellis Schützenstr. 7 D-45768 Marl Germany e-mail: josellis@moebius.mathematik.uni-tuebingen.de

Wilhelm Klingenberg Mathematisches Institut Universität Tübingen Auf der Morgenstelle 10 D-72076 Tübingen Germany e-mail: wilhelm@moebius.mathematik.uni-tuebingen.de