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Preface

The theory of strongly continuous semigroups of linear operators on Banach
spaces, operator semigroups for short, has become an indispensable tool in
a great number of areas of modern mathematical analysis. In our Springer
Graduate Text [EN00] we presented this beautiful theory, together with
many applications, and tried to show the progress made since the publi-
cation in 1957 of the now classical monograph [HP57] by E. Hille and R.
Phillips. However, the wealth of results exhibited in our Graduate Text
seems to have discouraged some of the potentially interested readers. With
the present text we offer a streamlined version that strictly sticks to the
essentials. We have skipped certain parts, avoided the use of sophisticated
arguments, and, occasionally, weakened the formulation of results and mod-
ified the proofs. However, to a large extent this book consists of excerpts
taken from our Graduate Text, with some new material on positive semi-
groups added in Chapter VI.

We hope that the present text will help students take their first step
into this interesting and lively research field. On the other side, it should
provide useful tools for the working mathematician.

Acknowledgments
This book is dedicated to our students. Without them we would not be
able to do and to enjoy mathematics. Many of them read previous versions
when it served as the text of our Seventh Internet Seminar 2003/04. Here
Genni Fragnelli, Marc Preunkert and Mark C. Veraar
were among the most active readers. Particular thanks go to
Tanja Eisner, Vera Keicher, Agnes Radl
for proposing considerable improvements in the final version.
How much we owe to our colleague and friend Ulf Schlotterbeck cannot
be seen from the pages of this book.

Klaus-Jochen Engel
Rainer Nagel
October 2005
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Chapter I

Introduction

Generally speaking, a dynamical system is a family (T(t))tzo of mappings
on a set X satisfying

T(t+s)=T(t)T(s) forallt,s>0,
7(0) = id.

Here X is viewed as the set of all states of a system, ¢t € Ry := [0,00) as
time and 7T'(t) as the map describing the change of a state x € X at time
0 into the state T'(¢)z at time ¢. In the linear context, the state space X is
a vector space, each T'(t) is a linear operator on X, and (T(t))tzo is called
a (one-parameter) operator semigroup.

The standard situation in which such operator semigroups naturally ap-
pear are so-called Abstract Cauchy Problems

{u(t) = Au(t) for t >0,

(ACP) (0) 2,

where A is a linear operator on a Banach space X. Here, the problem
consists in finding a differentiable function v on Ry such that (ACP) holds.
If for each initial value € X a unique solution u(-, ) exists, then

Ttz :=u(t,x), t >0,z € X,

defines an operator semigroup. For the “working mathematician,” (ACP)
is the problem, and (T(t))tzo the solution to be found. The opposite point
of view also makes sense: given an operator semigroup (i.e., a dynamical
system) (T'(t))¢>0, under what conditions can it be “described” by a dif-
ferential equation (ACP), and how can the operator A be found?

1



2 Chapter 1. Introduction

In some simple and concrete situations (see Section 2 below) the relation
between (T'(t))¢>0 and A is given by the formulas

T(t) = e and A= 2LT(t)]—o.

In general, a comparably simple relation seems to be out of reach. How-
ever, miraculously as it may seem, a simple continuity assumption on the
semigroup (see Definition 1.1) produces, in the usual Banach space set-
ting, a rich and beautiful theory with a broad and almost universal field of
applications. It is the aim of this course to develop this theory.

1. Strongly Continuous Semigroups

The following is our basic definition.

1.1 Definition. A family (T(t))>0 of bounded linear operators on a Ba-
nach space X is called a strongly continuous (one-parameter) semigroup
(or Cy-semigroup ) if it satisfies the functional equation

(FE)

T(t+s)=T(t)T(s) forallt,s>0,
TO)=1

and is strongly continuous in the following sense. For every © € X the orbit
maps

(SC) o it &a(t) :=T(t)x
are continuous from R into X for every x € X.
The property (SC) can also be expressed by saying that the map
t— T(t)

is continuous from R, into the space L4(X) of all bounded operators on
X endowed with the strong operator topology (see Appendix A, (A.2)).

Finally, if these properties hold for R instead of R, we call (T(t))cr a
strongly continuous (one-parameter) group (or Co-group) on X.

a. Basic Properties

Our first goal is to facilitate the verification of the strong continuity (SC)
required in Definition 1.1. This is possible thanks to the uniform bounded-
ness principle, which implies the following frequently used equivalence. (See
also Exercise 1.8.(1) and the more abstract version in Proposition A.3.)

1 Although we prefer the terminology “strongly continuous,” we point out that the
symbol Cg abbreviates “Cesaro summable of order 0.”
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1.2 Lemma. Let X be a Banach space and let F' be a function from a
compact set K C R into L(X). Then the following assertions are equivalent.
(a) F is continuous for the strong operator topology; i.e., the mappings
K >t~ F(t)x € X are continuous for every x € X.
(b) F is uniformly bounded on K, and the mappings K > t — F(t)r € X
are continuous for all x in some dense subset D of X.

(¢) F is continuous for the topology of uniform convergence on compact
subsets of X; i.e., the map

KxC>(tx)— Fitlre X
is uniformly continuous for every compact set C in X.

PROOF. The implication (¢) = (a) is trivial, whereas (a) = (b) follows
from the uniform boundedness principle, because the mappings ¢ — F(t)x
are continuous, hence bounded, on the compact set K.

To show (b) = (c), we assume ||F(t)|] < M for allt € K and fix some ¢ >
0 and a compact set C'in X. Then there exist finitely many x4, ..., %, € D
such that C' C J~, (z; + ¢/m U), where U denotes the unit ball of X. Now
choose § > 0 such that |[F(t)z; — F(s)a;|| < e foralli=1,...,m, and for
all t,s € K, such that |t — s| <. For arbitrary x, y € C and t,s € K with
|z —yll < ¢/ |t —s| <0, this yields

1E )z — F(s)yll < [F(t) (@ — a)]| + [ (F(t) — F(s))
+F(s) (@ — o)l + [ F(s) (@ —y)l| < 4e,

where we choose j € {1,...,m} such that ||z — x;|| < ¢/p. This estimate
proves that (¢,2) — F(t)z is uniformly continuous with respect to t € K
and z € C. O

As an easy consequence of this lemma, in combination with the functional
equation (FE), we obtain that the continuity of the orbit maps

et Tz

at each t > 0 and for each x € X is already implied by much weaker
properties.

1.3 Proposition. For a semigroup (T'(t));>0 on a Banach space X, the
following assertions are equivalent.

(a) (T(t))e>o0 is strongly continuous.

(b) limy o T(t)x =z for all x € X.

(¢) There exist 6 > 0, M > 1, and a dense subset D C X such that
(i) |IT(®)| < M for all t € [0, 6],
(ii) limyyo T(t)x =« for all x € D.
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PRrROOF. The implication (a) = (c.ii) is trivial. In order to prove that
(a) = (c.i), we assume, by contradiction, that there exists a sequence
(0n)nen C Ry converging to zero such that | T(d,)|| — oo as n — oo.
Then, by the uniform boundedness principle, there exists x € X such that
(IT(6n)x||) nen is unbounded, contradicting the fact that 7'(-)x is continu-
ous at t = 0.

In order to verify that (c) = (b), we put K := {t,, : n € N} U {0} for an
arbitrary sequence (t,)nen C [0,00) converging to t = 0. Then K C [0, 00)
is compact, T'(-)|, is bounded, and T'(-)|,z is continuous for all x € D.
Hence, we can apply Lemma 1.2.(b) to obtain

nll)ngo T(ty)x =2x
for all x € X. Because (t,)nen was chosen arbitrarily, this proves (b).
To show that (b) = (a), let tg > 0 and let x € X. Then

lim [T (0 + ) = T(to)a]| < |T(t0)] - lim | T (W) = o] = 0.

which proves right continuity. If h < 0, the estimate
IT(to + h)z — T'(to)x[| < [|T(to + h)|| - |z = T(=h)z|

implies left continuity whenever ||T'(¢)|| remains uniformly bounded for ¢ €
[0,t0]. This, however, follows as above first for some small interval [0, ¢]
by the uniform boundedness principle and then on each compact interval
using (FE). O

Because in many cases the uniform boundedness of the operators T'(t)
for t € [0,tp] is obvious, one obtains strong continuity by checking (right)
continuity of the orbit maps &, at ¢ = 0 for a dense set of “nice” elements
z € X only.

We demonstrate the advantage of this procedure in the examples dis-
cussed below (e.g., in Paragraph 3.15).

We repeat that for a strongly continuous semigroup (T'(t))¢>o the finite
orbits

{T(t)x:t €[0,t0]}

are continuous images of a compact interval, hence compact and there-
fore bounded for each z € X. So by the uniform boundedness principle,
each strongly continuous semigroup is uniformly bounded on each compact
interval, a fact that implies exponential boundedness on R .

1.4 Proposition. For every strongly continuous semigroup (T (t))>o, there
exist constants w € R and M > 1 such that

(L.1) 1T < Me™!

for allt > 0.
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PROOF. Choose M > 1 such that ||T(s)|| < M for all 0 < s < 1 and write
t>0ast=s+nforneNand 0<s<1. Then

ITON < T - 7)) < M+
_ MenlogM < Mewt

holds for w :=log M and each t > 0. O

The infimum of all exponents w for which an estimate of the form (1.1)
holds for a given strongly continuous semigroup plays an important role in
the sequel. We therefore reserve a name for it.

1.5 Definition. For a strongly continuous semigroup T = (T(t)):>0, we
call

. there exists M,, > 1 such that
wo :=wo(T):=infCcweR:

I1T(#)]| < Mye™ for all t >0

its growth bound (or type). Moreover, a semigroup is called bounded if we
can take w = 0 in (1.1), and contractive if w = 0 and M = 1 is possible.
Finally, the semigroup (T'(t));>o is called isometric if | T(t)z|| = ||z|| for
allt >0 and x € X.

It becomes clear in the discussion below, but is presently left as a chal-
lenge to the reader that
® Wy = —00 may occur,
e The infimum in (1.1) may not be attained; i.e, it might happen that
no constant M exists such that ||T(¢)|| < Me*0? for all t > 0, and

e Constants M > 1 may be necessary; i.e., no matter how large w > wq
is chosen, ||T(¢)|| will not be dominated by e“* for all ¢ > 0.

We close this subsection by showing that using the weak operator topol-
ogy instead of the strong operator topology in Definition 1.1 will not change
our class of semigroups.

This is a surprising result, and its proof needs more sophisticated tools
from functional analysis than we have used up to this point. So the beginner
may just skip the proof.

1.6 Theorem. A semigroup (T(t))tzo on a Banach space X is strongly
continuous if and only if it is weakly continuous, I.e., if the mappings

Ry 2t (T(t)z,2') € C

are continuous for each v € X, 2’ € X'.
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PROOF. We have only to show that weak implies strong continuity. As a first
step, we use the principle of uniform boundedness twice to conclude that
on compact intervals, (T(t))tzo is pointwise and then uniformly bounded.
Therefore (use Proposition 1.3.(c)), it suffices to show that

Ei={eeX lim|T(t)z -] =0}
£10

is a (strongly) dense subspace of X.
To this end, we define for z € X and r > 0 a linear form z, on X’ by

1 T
(T, ) = ;/ (T(s)x,2'yds  for 2’ € X'.
0

Then z, is bounded and hence x, € X”. On the other hand, the set
{T(s)x:s€0,r]}

is the continuous image of [0,r] in the space X endowed with the weak

topology, hence is weakly compact in X. Krein’s theorem (see Proposi-

tion A.1.(ii)) implies that its closed convex hull

@ {T(s)z:s€[0,r]}

is still weakly compact in X. Because z, is a o(X”, X')-limit of Riemann
sums, it follows that

X, € E{T(s)x 15 € [O,T]},

whence z, € X. (See also [Rud73, Thm. 3.27].)
It is clear from the definition that the set

D::{xT:r>0,x€X}

is weakly dense in X. On the other hand, for z,, € D we obtain

1 t+r 1 T
Ttz — x| = sup f/ (T(s)w,2') ds — f/ (T(s)x,z') ds
e <117 Je ™ Jo
1 r+t 1 t
< sup </ (T(s)z,2') ds| + 7/ (T(s)x,z') ds)
lz|<1 \IT Jr rJo
2t
< —llzll sup [T(s)]| =0
r 0<s<r+t

as t | 0; i.e., D C E. We conclude that F is weakly, hence by Proposi-
tion A.1.(i) strongly, dense in X. O
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1.7 Final Comment. In the next subsection we start a relatively long
discussion of elementary constructions and concrete examples. The reader
impatient to see the general theory can immediately proceed to Chapter II.

1.8 Exercises. (1) Let X be a Banach space and let (7},),en be a sequence
in L(X). Then the following assertions are equivalent.

(a) (Thx)nen converges for all z € X.

(b) (Th)nen C L(X) is bounded and (T},z)nen converges for all x in
some dense subset D of X.

(¢) (Thx)nen converges uniformly for all z € C' and every compact set
Cin X.

(2) Show that the left translation semigroup (Tl (t))tzo defined by

(Tl(t)f)(s) = f(5+t)v s, >0,

is strongly continuous on each of the Banach spaces
(a) Co(Ry) :={f € C(R4) : lims_y00 f(s) = 0} endowed with the sup-
norm,
(b) Cub(Ry) := {f € C(Ry) : f is bounded and uniformly continuous}
endowed with the sup-norm,
(c) C§(Ry) == {f € CY(Ry) : limyyoe f(s) = limsooo f'(s) = 0} en-
dowed with the norm || f|| := sup,>q [f(s)| + supssq | f'(s)]-
(3) Define
(T@)f)(s) == f(se"), s,t>0,

and show that (T(t))tzo yields strongly continuous semigroups on
Xoo i= Cp[l,00) := {f € C[1,00) : Slgglof(s) =0}

and X, := LP[1,00) for 1 < p < oo.
(4) Show that for a group (T(t))teR on a Banach space X the following
conditions are equivalent.
(a) The group (T'(t))¢>o is strongly continuous; i.e., the map R 3 ¢
T(t)z € X is continuous for all z € X.
(b) limy_y, T'(t)x = T'(to)x for some typ € R and all x € X.

(c) There exist constants to € R, § > 0, M > 0 and a dense subset
D C X such that

(i) IT®)|| < M for all t € [tg, to + 4],
(i) limyys, T()x = T(to)x for all x € D.
(5) Show that a strongly continuous semigroup (T(t))tzo containing an

invertible operator T'(¢o) for some ty > 0 can be extended to a strongly
continuous group (T'(t))¢cr.
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(6) On X := C[0, 1], define bounded operators T'(¢), t > 0, by

(T(@)f)(s) = {gt PE1f(s) = SO)logs] s € (0.1

for f € X and put T(0) := I. Prove the following assertions.
(i) (T(t))¢>0 is a semigroup that is strongly continuous only on (0, 0).
(i) limyo [|T(#)[] = oo.
(7) Construct a strongly continuous semigroup that is not nilpotent (hence
satisfies T'(t) # 0 for all ¢ > 0), but has growth bound wg = —oo. (Hint:
Consider (T'(t)f)(s) := et 25t f(s — 1) on the Banach space Co(—o0, 0] =
{f € Cl~00,0) : lims—, o f(s) =0}.)

b. Standard Constructions

We now explain how one can construct in various ways new strongly contin-
uous semigroups from a given one. This might seem trivial and/or boring,
but there will be many occasions to appreciate the toolbox provided by
these constructions. In any case, it is a series of instructive exercises.

In the following, we always assume T = (T(t))tzo to be a strongly con-
tinuous semigroup on a Banach space X.

1.9 Similar Semigroups. Given another Banach space Y and an isomor-
phism V from Y onto X, we obtain (as in Lemma 2.4) a new strongly
continuous semigroup 8 = (S(t));>0 on Y by defining

St):=V TtV  fort>0.

Without explicit reference to the isomorphism V', we call the two semi-
groups T and 8 similar or isomorphic. Two such semigroups have the same
topological properties; e.g., wo(T) = wp(8).

1.10 Rescaled Semigroups. For any numbers © € C and o > 0, we
define the rescaled semigroup (S(t))tzo by

S(t) :=e"'T(at)
for t > 0.
For example, taking 4 = —wp (or p < —wp) and a = 1 the rescaled

semigroup will have growth bound equal to (or less than) zero. This is an
assumption we make without loss of generality in many situations.
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1.11 Subspace Semigroups. If Y is a closed subspace of X such that
Tt)Y CY forallt >0, ie., if Y is (T(t))¢>o-invariant, then the restric-
tions

T(t)| = T(t)|y

form a strongly continuous semigroup (T(t)|)t20, called the subspace semi-
group, on the Banach space Y.

1.12 Quotient Semigroups. For a closed (T(t))tzo—invariant subspace
Y of X, we consider the quotient Banach space X, := X/y with canonical
quotient map ¢ : X — X,. The quotient operators T'(t), given by

T(t)/q(z) == q(T(t)z) forz e X and t >0

are well-defined and form a strongly continuous semigroup, called the quo-
tient semigroup (T(t)/)tzo on X.

1.13 Adjoint Semigroups. The adjoint semigroup (T(t));>0 consisting
of all adjoint operators T'(t)" on the dual space X’ is, in general, not strongly
continuous.

An example is provided by the (left) translation group on L(R) (see
Section 3.c). Its adjoint is the (right) translation group on L*°(R), which is
not strongly continuous (see the proposition in Paragraph 3.15). However,
it is easy to see that (T(t));>0 is always weak*-continuous in the sense
that the maps

t Ep o (t) = (x, T(t) 2"y = (T(t)z, ")

are continuous for all z € X and 2’ € X'.

Because on the dual of a reflexive Banach space weak and weak* topology
coincide, the adjoint semigroup on such spaces is weakly, and hence by
Theorem 1.6 strongly, continuous.

Proposition. The adjoint semigroup of a strongly continuous semigroup
on a reflexive Banach space is again strongly continuous.

1.14 Product Semigroups. Let (S(t))tzo be another strongly continuous
semigroup commuting with (7(t)):>o; i.e., S(t)T(t) = T(t)S(t) for all ¢ >
0. Then the operators

U(t) == St)T(¢)

form a strongly continuous semigroup (U (t))tzo, called the product semi-
group of (T(t))tzo and (S(t))tzo.
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PROOF. Clearly, U(0) = I. In order to show the semigroup property for
(U(t))¢>0, we first show that T(s) and S(r) commute for all s,r > 0. To
this end, we first take r = p1/4 and s = P2/, € Q4. Then

S(r)T(s) = S ()" - T (1/g)™
=T (Yg)" - S ()" =T(5)S(r);

ie., F(r,s) = G(r,s) for all r,s € Q4, where
)
)

Now, for fixed z € X, the functions F(-,-)z and G(-,-)x are continuous in
each coordinate and coincide on Q4 x Q4 ; hence we conclude that F' = G.
This shows that

S(r)T(s),
T(s)S(r).

F :[0,00) x [0,00) = L(X), F(r,s
and
T, s

G :]0,00) x [0,00) = L(X), G(

S(r)T(s) = T(s)S(r)

for all s,r > 0, and the semigroup property U(r + s) = U(r)U(s) for
s,r > 0 follows immediately. Finally, the strong continuity of (U(t))¢0
follows from Lemma A.18. O

1.15 Exercises. (1) Let (7;(t))¢>0 be the left translation semigroup (cf.
Exercise 1.8.(2)) on X := Co(Ry) or Cyp(R4) and take a nonvanishing,
continuous function ¢ on Ry such that ¢ and !/4 are bounded. Then the
multiplication operator M, defined by (M,f)(s) := q(s) - f(s) yields a
similarity transformation. Determine the semigroup (S(t)):>o defined by

S(t) == M,Ti(t)M,, t>0.
(2) On X := Co(RQ) = {f € C(RQ) : hm\l(m;)l\—ﬂ» f(l’,y) = 0} or
Cup(R?) := {f € C(R?) : f is bounded and uniformly continuous}

endowed with the sup-norm, consider the two semigroups (T(t))tzo and
(S(t)) >0 defined by

(St f)(x,y) == fx+t,y) and  (T(t)f)(x,y) = flx,y+1)

for f € X, t > 0. Show that both are strongly continuous and determine
their product semigroup.

(3) Consider the function space
Y :={f:[0,1] = C:|f(s)| < ns for all s € [0,1] and some n € N},
which becomes a Banach space for the norm

| f]l :==inf {c > 0:|f(s)| < es for all s € [0,1]}.
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On X := CaY, we define a “translation” semigroup (T(t)):>0 by T(0) := I
and
T)(5) := (0) for ¢t > 0,
where
0 for s < t,
g(s) =< « for s = t,
f(s—1t) fors>t.

(i) Show that ||T(t)|| = ¢t~* for t € (0,1), and hence (T'(t)):>o is not
exponentially bounded.
(ii) Find the largest (T'(t));>o-invariant closed subspace of X on which

the restriction of (T(t))tzo becomes strongly continuous for ¢ > 0
(t > 0, respectively).

2. Examples

In order to create a feeling for the concepts introduced so far, we discuss
first the case in which the semigroup (T(t))tzo can be represented as an
operator-valued exponential function (etA)tZO. Due to this representation,
we later consider this case as rather trivial.

a. Finite-Dimensional Systems: Matriz Semigroups

We start with a reasonably detailed discussion of the finite-dimensional
situation; i.e., X = C". Here, L(X) is identified with the space M,,(C) of
all complex n x n matrices.

Because on M, (C) all Hausdorfl vector space topologies coincide, we
simply speak of continuity of a semigroup (T(t))tzo on X. We want to
determine all continuous semigroups on X = C™ and start by looking at
the natural examples in the form of matrix exponentials.

2.1 Proposition. For any A € M,,(C) and t > 0, the series

>tk Ak

tA . _
(2.1) et i= x

k=0
converges absolutely. Moreover, the mapping
Ry >t e € M,(C)
is continuous and satisfies

{e(t+s)A =eMe*d fort,s >0,

(FE) 0oA_g
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PROOF. Because the series >, t*[lAlI* /1 converges, one can show, as for
the Cauchy product of scalar series, that

X Lk Ak Xk Ak X M in—k An—k k Ak

P k! prs k! == (n—k)! k!
B 2 (t+s)" A"
o n!

This proves (FE). In order to show that ¢ +— e*4 is continuous, we first
observe that by (FE) one has

e(t+h)A _ etA — etA (ehA _ I)

for all ¢,h € R. Therefore, it suffices to show that limj_,qe"* = I. This
follows from the estimate

— hFAF
et =1 = |32 5 |

k=1

e [ TR Y
< ; X =e -1

O

2.2 Definition. We call (e');>¢ the (one-parameter) semigroup generated
by the matrix A € M, (C).

As the reader may have already realized, there is no need in Proposi-
tion 2.1 (and in Definition 2.2) to restrict the (time) parameter ¢t to R.
The definition, the continuity, and the functional equation (FE) hold for
any real and even complex ¢. Then the map

T():trs et

extends to a continuous (even analytic) homomorphism from the additive
group (R, +) (or, (C,+)) into the multiplicative group GL(n,C) of all in-
vertible, complex n x n matrices. We call (etA)teR the (one-parameter)
group generated by A.

Before proceeding with the abstract theory, the reader might appreciate
some examples of matrix semigroups.

2.3 Examples. (i) The (semi) group generated by a diagonal matrix A =
diag(as, ..., ay,) is given by

et = diaug(et“1 - ,et“”).
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(ii) Less trivial is the case of a k x k Jordan block

A1 0 --- 0
0 A ) )
A= ) 0
: . o1
0 -+ -+ 0 )\

kxk

with eigenvalue A € C. Decompose A into a sum A = D+ N where D = \I.
Then the kth power of N is zero, and the power series (2.1) (with A replaced
by N) becomes

t2 tk71
I =
o 1 ¢t ... 2
k—2)!
(2.2) N — o
: . . t
0 -+ -+ 0 1 ok

Because D and N commute, we obtain
(2.3) et = elte!
(see Exercise 2.9.(1)).

For arbitrary matrices A, the direct computation of e*4 (using the above
definition) is very difficult if not impossible. Fortunately, thanks to the
existence of the Jordan normal form, the following lemma shows that in a
certain sense the Examples 2.3.(1) and (ii) suffice.

2.4 Lemma. Let B € M,,(C) and take an invertible matrix S € M, (C).
Then the (semi) group generated by the matrix A := S™'BS is given by

et = 57 1e!Bg.

PROOF. Because A¥ = S~1B*S for all k € N and because S, S~! are
continuous operators, we obtain

oA thAF SN thSIBES

kK k!
k=0 k=0
e thk
— g1 _ g—-1,.tB
=5 (g i )S—S e'”’S.
k=0
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The content of this lemma is that similar matrices (for the definition
of similarity see Paragraph 1.9) generate similar (semi) groups. Because
we know that any complex n x m matrix is similar to a direct sum of
Jordan blocks, we conclude that any matrix (semi) group is similar to a
direct sum of (semi) groups as in Example 2.3.(ii). Already in the case of
2 x 2 matrices, the necessary computations are lengthy; however, they yield
explicit formulas for the matrix exponential function.

2.5 More Examples. (iii) Take an arbitrary 2 x 2 matrix A = (¢ 2)7

define 6 := ad — be, 7 := a+d, and take v € C such that v? = 1/4(72 — 46).
Then the (semi) group generated by A is given by the matrices

(2.4)
oA e/ (1/7 sinh(ty)A + (cosh(ty) — /2y sinh(tw))[) if v # 0,
e (tA + (1 — t7/2)]) if v = 0.

We list some special cases yielding simpler formulas:
A— 0 1 oA _ cos(t)  sin(t)
T \-1 0/’ “ \ —sin(t) cos(t) )’

A= (U 0). e (G e,

(11 ia_ (14t
A(1 1)’ ¢ (t 1t>'

In the case where the spectral projections of a general n x n matrix are
known, the corresponding (semi)group can be calculated explicitly by the
following formula. We recall that the minimal polynomial m 4 of a matrix
A is the polynomial of lowest degree with leading coeflicient 1 satisfying

ma(A) = 0. Moreover, the set of zeros of m4 coincides with the spectrum
o(A) of A.

2.6 Proposition. Let A € M,,(C) with eigenvalues A1, ..., A, and respec-
tive multiplicities k1, .. ., k., as zeros of the minimal polynomial m 4 of A.
If P; denotes the spectral projection associated with {\;}, 1 < i <m, (cf.
(1.7) in Chapter V), then

-1 .

t ,

et = Z Z et’\iﬁ (A-N) P, for t € R.
i=1 j=0 :

PROOF. Because the spectral projections P;, 1 < ¢ < m, sum up to the
identity, we have

m m
etA — E etAPZ‘ — E et)\i et(Af)\i)PL..
=1 =1
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Recall that ((4 — X\;)|igp, )" = 0 by Exercise V.1.20.(1). Therefore, we

obtain
ki —1

m tj .
etA = Z e”‘i— (A - )\l)jP1

as claimed. 0

Returning to one of the questions posed at the very beginning of this text,
namely if a given semigroup can be described by a differential equation, we
now proceed in two more steps. First, we show that in the case T'(t) = e/
we even have differentiability of the map ¢t — T'(¢) (from R to M,,(C)), and
that U(t) := et solves the differential equation

AU(t) fort>0

—N
&l
d
—
—
=
Il

In a second step, we show that a general continuous operator semigroup
on X = C" is even differentiable in ¢ = 0 and is the exponential of its
derivative at t = 0.

2.7 Proposition. Let T(t) := e*4 for some A € M,,(C). Then the function
T(-) : Ry — M,(C) is differentiable and satisfies the differential equa-
tion (DE). Conversely, every differentiable function T(-) : Ry — M, (C)
satisfying (DE) is already of the form T(t) = e for? A :=T(0) € M,,(C).

PROOF. We only show that T'(-) satisfies (DE). Because the functional
equation (FE) in Proposition 2.1 implies

forall ¢, h € R, (DE) is proved if limy,_o T(hfg_l = A. This, however, follows,

because

T(h)—1I o [AlFTt [l Ak
Al < el I el | B
R R

oIl Al _ q

= T A =0 ash—o.
|l

The proof of remaining assertions is left to the reader; cf. Exercise 2.9.(5).
O

2 Here T(0) := %T(t)‘tzo,
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2.8 Theorem. Let T'(-) : Ry — M, (C) be a continuous function satisfying
(FE). Then there exists A € M,,(C) such that

T(t) =e forallt>0.

PROOF. Because T'(+) is continuous and 7'(0) = I is invertible, the matrices

to
V(to) ::/ T(s)ds
0
are invertible for sufficiently small ¢y > 0 (use that lim, o 14V (¢t) = T'(0) =
I). The functional equation (FE) now yields
to

T(t) =V (to) 'V (to)T(t) = V(to)_l/o T(t+s)ds

t+to
_ V(to)—l/ T(s)ds = V(to) " (V(t + to) — V(1)
t
for all t > 0. Hence, T'(+) is differentiable with derivative

47 = TN =T

hl0 h
. T(h)—T(0) .
_ — > 0.
1}3?8 - T(t)=T(0)T(t) forallt>0
This shows that T(-) satisfies (DE) with A = T(0). O

With this theorem we have characterized all continuous one-parameter
(semi) groups on C™ as matrix-valued exponential functions (etA)tZO.

2.9 Exercises. (1) If A, B € M,,(C) commute, then eAT8 = e4eB.

(2) Let A € M,(C) be an n X n matrix and denote by m, its minimal
polynomial. If p is a polynomial such that p = exp (modmy); i.e., if the
function (p—exp)/;, . can be analytically extended to C, then p(A) = exp(A).
Use this fact in order to verify Formula (2.4).

(3) Show that A € M,,(C) generates a bounded group, i.e., |[e*|| < M for
all t € R and some M > 1, if and only if A is similar to a diagonal matrix
with purely imaginary entries.

(4) Characterize semigroups (etA)tZO satisfying e = I in terms of the
eigenvalues of the matrix A € M,,(C).

(5) Show that every differentiable function T'() : Ry — M, (C) satisfying
(DE) is already of the form T'(t) = e*4 for A :=T(0) € M,,(C).
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(6) For A € M, (C), we call A € 0(A) NR a dominant eigenvalue if
Rep < A for all p € o(A)\ {A}

and if the Jordan blocks corresponding to A are all 1 x 1. Show that the
following properties are equivalent.

(a) The eigenvalue 0 € o(A) is dominant.

(b) There exist P = P? € M,,(C) and M > 1, € > 0 such that

||etA - PH < Me™¢t for all t > 0.

b. Uniformly Continuous Operator Semigroups

We now desire to extend the above results to semigroups (7'(t));>o on an
infinite-dimensional Banach space X. To this purpose, it suffices to assume
continuity of the map ¢ — T'(¢) € L(X) in the operator norm. Then we
can replace the matrix A € M,,(C) by a bounded operator A € L(X) and
argue as in Section 2.a.

2.10 Definition. For A € L(X) we define
0 AT
(2.5) et ="

n!
n=0

for each t > 0.

It follows from the completeness of X that et is a well-defined bounded
operator on X.

2.11 Proposition. For A € L(X) define (e'*);>0 by (2.5). Then the
following properties hold.

(i) (e'*)i>0 is a semigroup on X such that
Ry >t et e (L(X),]-1)

is continuous.

(ii) The map Ry >t T(t) := e € (L(X),] - ||) is differentiable and
satisfies the differential equation

47(t) = AT(t) fort >0,

(DE) T(0) = I.

Conversely, every differentiable function T'(-) : Ry — (L(X), | -))
satistying (DE) is already of the form T(t) = e'4 for A = T(0) €
L(X).

The proof of this result can be adapted from Section 2.a and is left to
the reader.
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Semigroups having the continuity property stated in Proposition 2.11.(i)
are called uniformly continuous (or norm-continuous) .

2.12 Theorem. Every uniformly continuous semigroup (T(t))tzo on a
Banach space X is of the form

for some bounded operator A € L(X).

PROOF. Because the following arguments were already used in the matrix-
valued cases (see Section 2.a), a brief outline of the proof should be suffi-
cient.

For a uniformly continuous semigroup (T(t))tzo the operators

V) = /OtT(s)ds, £>0

are well-defined, and 1/;V (¢) converges (in norm!) to T(0) = I as ¢ | 0.
Hence, for ¢ > 0 sufficiently small, the operator V() becomes invertible.
Repeat now the computations from the proof of Theorem 2.8 in order to
obtain that ¢t — T'(t) is differentiable and satisfies (DE). Then Proposi-
tion 2.11 yields the assertion. ]

Before adding some comments on and further properties of uniformly
continuous semigroups we state the following question leading directly to
the main objects of this text.

2.13 Problem. Do there exist “natural” one-parameter semigroups of lin-
ear operators on Banach spaces that are not uniformly continuous, hence
not of the form (etA)tzo for some bounded operator A?

2.14 Comments. (i) The operator A in Theorem 2.12 is determined
uniquely as the derivative of T'(-) at zero; i.e., A = T'(0). We call it the
generator of (T(t)):>o-

(ii) Because Definition 2.10 for e*4 works also for ¢ € R and even for ¢ € C,
it follows that each uniformly continuous semigroup can be extended to a
uniformly continuous group (etA)teR, or to (etA)tec, respectively.

(iii) From the differentiability of ¢ — T'(t) it follows that for each z € X
the orbit map Ry 3 t — T(t)zr € X is differentiable as well. Therefore,
the map z(t) := T'(t)x is the unique solution of the X-valued initial value
problem (or abstract Cauchy problem)

Ax(t) fort >0,
(ACP) z(t) fort>

—N
8 &
—~
RN
[
IS
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2.15 Exercises. (1) On X := Cyo(R) := {f € C(R) : limy—,o f(s) = 0}
and for a fixed constant o > 0, we define an operator A, by the difference
quotients

Aof(s) = Ya(f(s+a) = f(s)), [feX, seR.
Show that A, € L(X) with |As|| = 2/, and hence one has the estimate

HetA“ < e o for all ¢ > 0.

tA

However, "> can be computed explicitly as

o0 t k
eldaf(s)=e /o ( a)fs—i—ka, feX, seR,
hence it satisfies (s) kzzo k! ( )

HetAo‘ H =1 for all t > 0.

(2) Let X be a Banach space. For which operators T' € L(X) can we find
A € L(X) such that T = e”; i.e, which bounded T can be embedded into a
uniformly continuous semigroup? (Hint: Find (sufficient) conditions on T
such that A := logT can be defined in analogy to Definition 2.10.) Show
that such operators T are infinitely divisible; i.e., for each n € N there
exists S € L(X) such that S™ =T.

(3) Show that for A, B € L(X), X a Banach space, the following assertions
are equivalent.

(a) AB = BA.

(b) etA+B) = otA . otB for all t € R.
(Hint: To show that (a) implies (b) proceed as in the proof of Lemma 2.4.
For the converse implication, compute the second derivative of the functions
appearing in (b).)
(4) The reader familiar with Banach algebras should reformulate the notion
of “uniformly continuous semigroup” and Theorem 2.12 by replacing the
operator algebra L(X) by an arbitrary Banach algebra.

3. More Semigroups

In order to convince the reader that new and interesting phenomena ap-
pear for semigroups on infinite-dimensional Banach spaces, we first discuss
several classes of one-parameter semigroups on concrete spaces. These semi-
groups are not uniformly continuous anymore and hence, unlike those in
Section 2.b, not of the form (etA)tZO for some bounded operator A. On
the other hand, they are not “pathological” in the sense of being com-
pletely unrelated to any analytic structure as the semigroup constructed in
Exercise 11.2.13.(4). In addition, these semigroups accompany us through
the further development of the theory and provide a source of illuminating
examples and counterexamples.
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a. Multiplication Semigroups on Cy(2)

Multiplication operators can be considered as an infinite-dimensional gen-
eralization of diagonal matrices. They are extremely simple to construct,
and most of their properties are evident. Nevertheless, their value should
not be underestimated. They appear, for example, naturally in the context
of Fourier analysis or when one applies the spectral theorem for self-adjoint
operators on Hilbert spaces (see Theorem 3.9). We therefore strongly rec-
ommend that any first attempt to illustrate a result or disprove a conjecture
on semigroups should be made using multiplication semigroups.

We start from a locally compact space 2 and define the Banach space
(endowed with the sup-norm || f||oc 1= sup,cq |f(5)])

o _for all € > 0 there exists a compact K, C Q2
Co(®) := {f €C@): such that |f(s)| < e for all s € Q\ K. }
of all continuous, complex-valued functions on {2 that vanish at infinity.
As a typical example the reader might always take Q to be a bounded or
unbounded interval in R.

With any continuous function ¢ : Q — C we associate a linear operator
M, on Cy(£2) defined on its “maximal domain” D(M,) in Co(2).

3.1 Definition. The multiplication operator M, induced on Cy(Q2) by some
continuous function q : 2 — C is defined by
Myf:=q-f forall fin the domain
D(My) :={f € Co(Q) : q- f € Co(Q)}.
The main feature of these multiplication operators is that most operator-
theoretic properties of M, can be characterized by analogous properties of

the function g. In the following proposition we give some examples for this
correspondence.

3.2 Proposition. Let M, with domain D(M,) be the multiplication oper-
ator induced on Cy(2) by some continuous function q. Then the following
assertions hold.

(i) The operator (My, D(M,)) is closed and densely defined.
(ii) The operator My is bounded (with D(M,) = Co(Q?)) if and only if
the function ¢ is bounded. In that case, one has

Mgl = gl == sup|q(s)].
se

(iii) The operator M, has a bounded inverse if and only if the function g

has a bounded inverse 1/q; i.e., 0 ¢ ¢(2). In that case, one has
—1
M= My,
(iv) The spectrum of My is the closed range of g; i.e.,
o(Mg) = q(€).




Section 3. More Semigroups 21

PROOF. (i) The domain D(M,) always contains the space
Ce(Q) := {f € C(2) : supp f is compact }

of all continuous functions having compact support

supp f :={s € Q: f(s) #0}.

In order to show that these functions form a dense subspace, we first observe
that the one-point compactification of €2 is a normal topological space (cf.
[Dug66, Chap. XI, Thm. 8.4 and Thm. 1.2] or [Kel75, Chap. 5, Thm. 21 and
Thm. 10]). Hence, by Urysohn’s lemma (cf. [Dug66, Chap. VII, Thm. 4.1]
or [Kel75, Chap. 4, Lem. 4]), for every compact subset K C  we can find
a function hg € C() still having compact support satisfying?

0<hg<1 and hi(s) =1 for all s € K.

Then, for each f € Cy(Q2), the function f - hx has compact support, and

If = f-hil = sup |f(s)(1—hk(s))]

SEQ\K

<2 sup |f(s)l.
SEQ\K

This implies that the continuous functions with compact support are dense
in Co(£2); hence M, is densely defined.

To show the closedness of M, we take a sequence (fy,)nen C D(M,) con-
verging to f € Co(Q) such that lim, . qfn, =: g € Co(Q) exists. Clearly,
this implies g = ¢f and hence f € D(M,) and M, f = g.

(ii) If ¢ is bounded, we have

[Mq f|| = suplq(s)f(s)| < llgll - Lf1]
seQ

for any f € Co(12); hence M, is bounded with || M,|| < |l¢||. On the other
hand, if M, is bounded, for every s € {2 we choose, again using Urysohn’s
lemma, a continuous function f; with compact support satisfying || fs|| =
1 = fs(s). This implies

Mgl = [[Mqfsll = la(s) fs(s)] = la(s)|  forall s € €

hence ¢ is bounded with ||M,] > |l¢]|.

3 Here 1 denotes the constant function with 1(s) = 1 for all s € Q.
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(iii) If 0 ¢ ¢(©), then 1/, is a bounded continuous function and M),
is the bounded inverse of M,. Conversely, assume M, to have a bounded
inverse M~ 1. Then we obtain

A1 < IMGHI - IM fIl for all f € D(My),

whence

(3.1) 0= ——— < suplq(s)f(s)] for all f € D(M,), ||fll=1.
Mg ||~ see

Now assume infeq |g(s)| < 9/2. Then there exists an open set O C Q such
that |g(s)| < 9/ for all s € O. On the other hand, by Urysohn’s lemma
we find a function fo € Co(£2) such that [|fo] = 1 and fo(s) = 0 for all
s € Q\ O. This implies sup,cq |¢(s) fo(s)| < 9/2, contradicting (3.1). Hence
0 < 9/2 <|q(s)| for all s € Q; i.e., My, is bounded, and one easily verifies
that it yields the inverse of the operator M.

(iv) By definition, one has A € o(M,)) if and only if A— M, = M, _, is not
invertible. Thus (iii) applied to the function A — ¢ yields the assertion. O

With any continuous function ¢ : 2 — C we now associate the exponen-
tial function
el : g eta(s) for s € Q, t>0.

It is then immediate that the corresponding multiplication operators

Tq(t)f = etqf7 f S CO(Q)a

formally satisfy the semigroup law (FE) from Definition 1.1. So, in order
to obtain a one-parameter semigroup on Cy(£2), we have only to make sure
that these multiplication operators T;(t) are bounded operators on Cy(f2).
Using Proposition 3.2.(ii), we see that this is the case if and only if

sup [e*(®)| = sup et Rea(s)

sEN SEQ
_ otsupicaReals) — o

This observation leads to the following definition.
3.3 Definition. Let ¢ : Q@ — C be a continuous function such that

supReq(s) < oo.
sEQ

Then the semigroup (Ty(t))¢>o defined by
Ty()f = et

for t > 0 and f € Co(R2) is called the multiplication semigroup generated
by the multiplication operator M (or, the function q) on Cy(2).
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By Proposition 2.11.(i) and Theorem 2.12 the semigroup (Ty(t));>0 is
uniformly continuous if and only if it is of the form (etA)tZO for some
bounded operator A. As predicted, this can already be read off from the
function gq.

3.4 Proposition. The multiplication semigroup (T,(t))¢>0 generated by
q : Q — C is uniformly continuous if and only if q is bounded.

PRrROOF. If ¢ and hence M, are bounded, it is easy to see that T,(¢) coin-
cides with the exponential e!™«, hence is uniformly continuous by Propo-
sition 2.11.(i).

Now let ¢ be unbounded and choose (s, )nen C €2 such that |¢(s,)] — o0
for n — oo. Then we take ¢,, := 1/|4(s,.)] = 0. Because e* # 1 for all |z| =1,
there exists 6 > 0 such that

1 i) 25

for all n € N. With functions f,, € Co(f2) satisfying || f.|| =1 = fn(sn), we
finally obtain

1T4(0) = Ty ()]l > || fo — e 1|
> ‘1 _ etn‘I(Sn) > >0

for all n € N; i.e., (Tq(t))tZO is not uniformly continuous. |

This means that for every unbounded continuous function ¢ : 2 — C

satisfying

sup Re ¢(s) < oo,

seQ
we obtain a one-parameter semigroup that is not uniformly continuous,
hence to which Theorem 2.12 does not apply. In order to prepare for
later developments, we now show that these multiplication semigroups are
strongly continuous.

3.5 Proposition. Let (Tq(t))tzo be the multiplication semigroup gener-
ated by a continuous function q : Q — C satisfying

w :=sup Req(s) < oo.
sEN

Then the mappings
Ry >t T,(t)f =e'f € Co(Q)

are continuous for every f € Co(2).
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PROOF. Let f € Co(Q) with ||f]] < 1. For € > 0 take a compact subset K
of Q such that |f(s)| < ¢/(lwl41) for all s € Q\ K. Because the exponential
function is uniformly continuous on compact sets, there exists to € (0, 1]
such that

etals) 1‘ <e

for all s € K and 0 <t < tg. Hence, we obtain

leef = fI| < sup ([e"® 1] - [£(s)]) + (e/*I + 1) - sup |f(s)]
seK SEQ\K

< 2¢

for all 0 <t < tg. O

Finally, we show that each strongly continuous semigroup consisting of
multiplication operators on Cy(f2) is a multiplication semigroup in the sense
of Definition 3.3.

3.6 Proposition. For t > 0, let m; : @ — C be bounded continuous
functions and assume that the corresponding multiplication operators

TE)f :=my- f

form a strongly continuous semigroup (T'(t)):>o of bounded operators on
Co(€2). Then there exists a continuous function q : ) — C satisfying

supReq(s) < o0
s€Q

such that my(s) = e*(®) for every s € Q, t > 0.

PROOF. For fixed s € § choose f € Cp(f2) such that f = 1 in some
neighborhood of s. Then, by assumption,

Ry 3t (T()f)(s) =mu(s) €C

is a continuous function satisfying the functional equation (FE) from Def-
inition 1.1. Therefore, by Proposition 2.11 (for X := C), there exists a
unique ¢(s) € C such that m;(s) = e*(*) for all + > 0. Because the map
s — my(s) in a neighborhood of s coincides with s — (T(t) f)(s) € Co(€),
the functions Q 3 s — () € C are continuous for all ¢ > 0. In order
to show that ¢ is continuous, we first observe that ¢ is bounded on com-
pact subsets of €. In fact, if K C Q is compact, then (T(t))tzo induces a
uniformly continuous semigroup (TK (t))tzo on C(K) given by

(Tw(t)f)(s) =1 f(s),  feC(K), s€K,
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and the same arguments as in the second part of the proof of Proposition 3.4
show that ¢ is bounded on K. This implies that the convergence in

eta(s) _ 1 (s)
im =q(s
tl0 t ¢
is uniform on compact sets in 2. Because every point in ) possesses a
compact neighborhood, we conclude that ¢, being the uniform limit (on
compact subsets) of the continuous functions s+ (€' =1)/, is continuous

as well.
Finally, the multiplication operators T'(t)f = €9 - f are supposed to be
bounded; hence the real part of ¢ must be bounded from above. O

We conclude this subsection with some simple observations and concrete
examples.

3.7 Examples. (i) On a compact space, every multiplication operator
given by a continuous function is already bounded, and hence every multi-
plication semigroup is uniformly continuous.

(ii) We can choose Q2 and ¢ in such a way that the closed range of ¢ is
a given closed subset of C. When ¢ generates a multiplication semigroup
(Tq(t))tzo, this has obvious consequences for the operators T,(t). Choose
any closed subset 2 of C and define

q(s):=s

for s € Q. Then o(M,) = Q and o (T,(t)) = et := {et* : s € Q} for all t >
0. In particular, if 2 C {A € C: ReX < 0} (or 2 C iR), we conclude that
(Ty(t)) >0 consists of contractions (or isometries, respectively) on Co().
(iii) For Q := N each complex sequence (g )neny C C defines a multiplica-
tion operator

(xn)nGN = (qn . xn)nGN

on the space Cy(€2) = ¢y. For ¢, := in we obtain a group of isometries

T(t)('xn)nEN = (eintxn)nENv te Ry

2

and for g, := —n® we obtain a semigroup of contractions

2

T(t)(x’ﬂ)nEN = (e—n txn)nEN; t>0.

(iv) This simple example serves just to explain the first sentence in this
subsection. Take Q = {1,2,...,m} to be a finite set. Then Cy(£2) is simply
C™, and the multiplication operator (z,) + (¢n - ) corresponds to the
diagonal matrix A = diag(qi, ..., ¢n). The corresponding multiplication
semigroup is given by e' = diag(e!®, ..., e'%") as in Example 2.3.(i).
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3.8 Exercises. (1) For a sequence ¢ = (¢, )neny C C define the correspond-
ing multiplication operator M, on X :=cp or X := ¢, 1 < p < oo. Show
that its point spectrum is given by Po(M,) = {g, : n € N} and that
o(My) = Po(M,).

(2) Many properties of the multiplication semigroup (7;(t)):>0 generated
by a multiplication operator M, on X := Cy(€2) can be characterized by
properties of the function ¢ : Q@ — C.

(i) (Ty(t))e0 is bounded (contractive) if and only if
Req(s) <0 for all s € Q.
(ii) (Tq<t))t20 satisfies Ty(27) = I if and only if

q() CiZ.

(3) Take X := Co(R) and ¢(s) := ﬁ‘lsl +1is, s € R. Show that the growth

bound of the corresponding multiplication semigroup J = (Tq(t))tZO does
not satisfy wo(7T) < 0, whereas

Jim (1T, (5)f] =0

for each f € X.

b. Multiplication Semigroups on LP(2, )

As claimed at the beginning of the previous subsection, multiplication op-
erators arise in a natural way in various instances. For example, if one ap-
plies the Fourier transform to a linear differential operator on L?(R™), this
operator becomes a multiplication operator on L?(R™). Moreover, the clas-
sical “spectral theorem” asserts that each self-adjoint or, more generally,
normal operator* on a Hilbert space is (isomorphic to) a multiplication op-
erator on some L2-space. This viewpoint is emphasized in Halmos’s article
[Hal63] and motivates our systematic analysis of multiplication operators.
We therefore formulate this version of the spectral theorem explicitly (see
also [Con85, Chap. 10, Thm. 4.19] or [Wei80, Chap. 7, Thm. 7.33]).

4 We recall that an operator A on a Hilbert space H is called normal if D(A*A) =
D(AA*) =: D and A*Ax = AA*z for all z € D; ie.,, A*A = AA*.
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3.9 Spectral Theorem. If A is a normal operator on a separable Hilbert
space H, then there is a o-finite measure space (X,€Q, 1) and a measur-
able function q : © — C such that A is unitarily equivalent to the mul-
tiplication operator M, on L*(Q, u); i.e., there exists a unitary operator
Ue L(H, LQ(Q,‘LL)) such that the diagram

U U U*=U""!

L2(92, )
commutes.

In order to define what we mean by a multiplication operator, we take
some o-finite measure space (€2, 3, u); see, e.g., [Hal74, Chap. II] or [Rao87,
Chap. 2]. Then, for fixed 1 < p < oo, we consider the Banach space

X =LP(Q,pn)

of all (equivalence classes of) p-integrable complex functions on 2 endowed

with the p-norm
Yp
|um:(lﬂﬂgwdmg) .

Next, for a measurable function
q:Q— C,
we call the set

Gess () := {)\ €C:pu({seQ:|g(s) — A <e}) #0 forall e > O},

its essential range and define the associated multiplication operator M, by

Myf:=q-f forall fin the domain

(32 D(My) = {f € L@ g f € L7 1)),

In analogy to Proposition 3.2, we now have the following result.
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3.10 Proposition. Let M, with domain D(M,) be the multiplication oper-
ator induced on LP (), 1) by some measurable function q. Then the following
assertions hold.

(i) The operator (Mg, D(My)) is closed and densely defined.

(ii) The operator M, is bounded (with D(M,) = L?(Q, u)) if and only if
the function q is essentially bounded; i.e., the set qess(2) is bounded
in C. In this case, one has

Mgl = llallos == sup {|A] : A € qess()}-

(iii) The operator M, has a bounded inverse if and only if 0 ¢ gess(€2). In
that case, one has
M, = M,

for r : Q — C defined by

_ [ Va) ifa(s) #0,
r(s) = {o " jfZ(s) = 0.

(iv) The spectrum of M, is the essential range of ¢; i.e.,

U(Mq) = Qess(Q)'

The proof uses measure theory and is left as Exercise 3.13.(2).

Also, the other results of Section 3.a, after the appropriate changes, re-
main valid in the LP-case. For the convenience of the reader and due to
their importance for the applications, we state them explicitly. The proofs,
however, are left as Exercises 3.13.(3) and (4).

3.11 Proposition. Let (Tq(t))tzo be the multiplication semigroup gener-
ated by a measurable function q : Q — C satisfying

esssupReq(s) := sup Rel < oo;
s€N AEgess ()

ie.,
T,(t)f :==¢e"f for every f € LP(Q,u), t > 0.

Then the mappings
Ry ot T,t)f =ef € LP(Q,p)

are continuous for every f € LP(Q, u). Moreover, the semigroup (Tq(t))tzo
is uniformly continuous if and only if q is essentially bounded.
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3.12 Proposition. For t > 0, let m; : 2 — C be bounded measurable
functions and assume that

(i) The corresponding multiplication operators

form a semigroup (T(t))tzo of bounded operators on LP(Q, ), and
(ii) The mappings

Ry ot —=T(t)f € LP(Q, p)

are continuous for every f € LP(Q, p); i.e. (T(t))¢>0 is strongly con-
tinuous.

Then there exists a measurable function q : Q) — C satisfying

esssupReq(s) := sup Rel < o
sEN AEqess ()

such that m; = e'Y almost everywhere for every t > 0.

3.13 Exercises. (1) On the spaces X :=cg and X := (P, 1 < p < oo, there
exist multiplication semigroups (T,(t))¢>0 such that each T,(t), t > 0, is a
compact operator. Construct concrete examples. Observe that this is not
possible if

(i) The function spaces are X := Co(R) or X := L?(R), or if

(ii) The function ¢ is bounded.
(2) Prove Proposition 3.10. (Hints: To prove that M, is closed, use the
fact that every convergent sequence in LP(€), 1) has a u-almost everywhere
convergent subsequence; see, e.g., [Rud86, Chap. 3, Thm. 3.12]. In order to
show that M, is densely defined, combine the fact that € is o-finite with
Lebesgue’s convergence theorem (cf. [Rud86, Chap. 1, 1.34]). For the “only
if” part of (ii), assume ¢ not to be essentially bounded and choose suitable
characteristic functions to conclude that M, is unbounded. In the “only if”
part of (iii), show first that M ! is given by a multiplication operator and
then apply (ii).)
(3) Prove Proposition 3.11. (Hint: Use Lebesgue’s convergence theorem.)
(4) Prove Proposition 3.12.

(5) For every measurable function ¢ :  — C we can define the multipli-
cation operator M, on L>°(£2, u) as we did for LP(Q, 1), 1 < p < co. Show
that M, is densely defined if and only if ¢ is essentially bounded.

(6) Let A := M, be a multiplication operator on LP(Q, ), 1 < p < oc.
Show that A € C is an eigenvalue of A if and only if p({s € Q : ¢(s) =
A}) > 0.
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(7) A bounded linear operator T' : LP(Q,u) — LP(Q,pn), 1 < p < oo,
is called local if for every measurable subset S C Q one has Tf = Ty
almost everywhere on S if f = g almost everywhere on S. Show that every
local operator is a multiplication operator M, for some g € L*™(£, p).
Extend this characterization to unbounded multiplication operators. (Hint:

See [Nag86, C-1I, Thm. 5.13].)

c. Translation Semigroups

Another important class of examples is obtained by “translating,” to the
left or to the right, complex-valued functions defined on (subsets of) R.
We first define these “translation operators” and only then specify the
appropriate spaces.

3.14 Definition. For a function f : R — C and t > 0, we call

(i) f)(s) == f(s+1), s€ER,
the left translation (of f by t), and

(T.(t)f)(s) :== f(s —t), s€ER,
is the right translation (of f by t).

It is immediately clear that the operators T;(t) (and T,.(t)) satisfy the
semigroup law (FE). We have only to choose appropriate function spaces
to produce one-parameter operator semigroups. For that purpose, we start
with spaces of continuous or integrable functions and the translation on all

of R.

3.15 Translations on R. As Banach space X we take one of the spaces
X := L (R) of all bounded measurable functions on R,

Xp := Cp(R) of all bounded continuous functions on R,

Xub := Cyup(R) of all bounded, uniformly continuous functions on R,

Xo := Co(R) of all continuous functions on R vanishing at infinity,

e Xon := Cor(R) of all 27-periodic continuous functions on R,
all endowed with the sup-norm || - ||, or we take the spaces

e X, :=L"(R), 1 <p< oo, of all p-integrable functions on R
endowed with the corresponding p-norm || - ||,.

Then each left translation operator T;(t) is an isometry on each of these
spaces, having as inverse the right translation operator 7;.(¢). This means
that (Tl(t))teR and (Tr(t))teR form one-parameter groups on X, called the
(left or right) translation group.

For our purposes, the following continuity properties of these translation
groups on the various function spaces are fundamental.
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Proposition. The (left) translation group (Ti(t))icr
(a) Is not uniformly continuous on any of the above spaces;
(b) Is strongly continuous on X, Xo and on X, for all 1 < p < oco.

PROOF. The proof of (a) is left as Exercise 3.19.(4).

(b) The strong continuity of (Tg (t))teR on X, and Xy is a direct con-
sequence of the uniform continuity of any f in Xy, and Xg. So it remains
to show strong continuity on X, = L?(R).

It is evident that each T'(t) is a contraction, so (T'(¢));>o is uniformly
bounded on R. Now take a continuous function f on R with compact sup-
port and observe that it is uniformly continuous. Therefore,

tim [(0)f = fll = lmsup |(04) = £(5)| = 0
and because the p-norm (for functions on bounded intervals) is weaker,
lim || T — =0.
im | T(t)f — fllp =0

Because the continuous functions with compact support are dense in LP(R)
for all 1 < p < oo, the assertion now follows from the adaptation of Propo-
sition 1.3 to groups (see Exercise 1.8.(4)). O

We now modify the spaces on which translation takes place. As a first
case, we consider functions defined on R only.

3.16 Translations on R, . In analogy to Paragraph 3.15, let X denote
one of the spaces

e X :=L*(Ry) of all bounded measurable functions on R,

o Xj, := Cp(R4) of all bounded continuous functions on Ry,

e Xup := Cyp(R4) of all bounded, uniformly continuous functions on

Ry,

o X :=Cp(R;) of all continuous functions on R vanishing at infinity,

o X, =L"(R;), 1 <p< oo, of all p-integrable functions on R,
and observe that the left translations T;(t) are well-defined contractions on
these spaces, but now yield a semigroup only, called the left translation
semigroup (Tl(t))tzo on Ry.

For the right translations 7, (t), however, the value (T,.(t) f)(s) = f(s—t)
is not defined if s — ¢ < 0. To overcome this obstacle, we put

o0 ={76 " T

for f € X = Xy, Xup, Xo, and

monm = {0 T
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for f € X,. In this way, we again obtain semigroups of contractions on
X called the right translation semigroups (Tr(t))tgo on R,. Clearly, the
continuity properties stated in the proposition in Paragraph 3.15 prevail.
Moreover, it is not difficult to see that on X, for 1 < p < oo, the semigroups
(T1(t)) =0 and (T-(t))s>0 are adjoint; i.e., Ty(t)" on X}, coincides with T.(t)
on X, where 1/, + 1/, = 1.

Even on function spaces on finite intervals, we can define translation
semigroups.

3.17 Translations on finite intervals. If we take the Banach space
Cla,b] and look at the left translations, we have to specify the values
(Ti(t)f)(s) for s +t > b. Imitating the idea above, we put

 J f(s+1t) fors+1t<b,
mon = {6 sy

We note that this choice is not the only one to extend the translations to a
semigroup on Cla, b] (see, e.g., Paragraph 11.3.29). In any case, we still call
(Ti(t)) >0 a left translation semigroup on Cla,b]. By a similar definition,
fixing the value at the left endpoint, we obtain a right translation semigroup
(T;(t))¢=0 on the space Cla,b].

On the Banach spaces LP[a, b], 1 < p < 0o, we can modify this definition

by taking
+1t) fors+t<b
Ti(t = /(s =)
(L0 1)) {0 for s+t > b,
and again this yields a semigroup. However, now a completely new phe-
nomenon appears: this semigroup, i.e., this “exponential function,” van-
ishes for t > b — a.

Proposition. The left translation semigroup (Tz(t))tgo is milpotent on
LP[a, b]; that is,
Ti(t) =0

for allt > b — a.

3.18 Rotations on the torus. Take I' := {z € C : |z| = 1} and X :=
C(T). Then the operators T'(t), t € R, defined by

(T@)f)(s) := f(eit X)) for fe C(T) and s €T

form the so-called rotation group. It enjoys the same continuity properties
as the translation group on X, in Paragraph 3.16. This can be seen by
identifying C(I') with the Banach space Car(R) C Xy, of all 2m-periodic
continuous functions on R. After this identification, the above rotation
group becomes the translation group (7i(t)):cr on Cor(R) satisfying

T(2m) =1.
We call such a group periodic (of period 27).
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Because the operators T'(t) are isometries for the p-norm and because
C(T) is dense in LP(T, ), 1 < p < oo, and p the Lebesgue measure on
T, the above definition can be extended to f € LP(T, u), and we obtain a
periodic rotation group on each LP-space for 1 < p < co.

3.19 Exercises. (1) Show that the space C,(R) of all bounded, uniformly
continuous functions on R is the maximal subspace X of Cy,(R) such that
the orbits of the left translation group (Tl (t))teR; i.e., the mappings

RSt Ti(t)f € Cp(R),

become continuous for each f € X.
(2) Show that in the context of Paragraphs 3.15 and 3.16 and on the cor-
responding LP-spaces, the right translation semigroups are the adjoints of
the left translation semigroups; i.e.,

Ti(t) =T.(t) for ¢ > 0.

(3) Construct more (left) translation semigroups on LP[a,b] by defining
(Ti(t)f)(s) for s+t > b in an appropriate way. For example, take o € C
and put

(Ti(t) f)(s) == o f(s+t—k(b—a))
for s+t—a € [k(b—a),(k+1)(b—a)], k =0,1,2,.... This semigroup
becomes nilpotent for o« = 0, whereas it is periodic for a = 1. For which «
is this semigroup contractive?

(4) Prove part (a) of the proposition in Paragraph 3.15.

(5) Take X := Co(R™) or Cyu,(R™) and choose some B € M, (R). Show
that (T(¢)f)(s) := f(e'Ps) for t € R, f € X, defines a group (T'(t)).cr on
X which is strongly continuous on Cy(R™) but not on Cy,(R™).
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Semigroups, Generators,
and Resolvents

In this chapter it is our aim to achieve what we obtained, without too
much effort, for uniformly continuous semigroups in Section 1.2.b. There,
we characterized every uniformly continuous semigroup (T(t))tzo on a Ba-
nach space X as an operator-valued exponential function; i.e., we found an
operator A € L(X) such that

T(t) = et

for all ¢ > 0 (see Theorem 1.2.12). For strongly continuous semigroups, we
succeed in defining an analogue of A, called the generator of the semigroup.
It is a linear, but generally unbounded, operator defined only on a dense
subspace D(A) of the Banach space X. In order to retrieve the semigroup
(T(t))4>0 from its generator (A, D(A)), we need a third object, namely the
resolvent

A RN A) = (A — A)~ ! e 4(X)

of A, which is defined for all complex numbers in the resolvent set p(A).
For the basic concepts from spectral theory we refer to Section V.1.a.

To find and discuss the various relations between these objects is the
theme of this chapter, which can be illustrated by the following triangle.

34
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(T(®)) =0
semigroup

generator resolvent
(4, D(4)) (RO A) repia)

1. Generators of Semigroups and Their Resolvents

We recall that for a one-parameter semigroup (T(t))tzo on a Banach space
X uniform continuity implies differentiability of the map ¢t — T'(t) € L(X).
The right derivative of T'(-) at ¢ = 0 then yields a bounded operator A for
which T'(t) = e*4 for all t > 0.

We now hope that strong continuity of a semigroup (T(t))tzo still implies
some differentiability of the orbit maps

(et T()x € X.

In order to pursue this idea we first show, in analogy to Proposition 1.1.3,
that differentiability of £, is already implied by right differentiability at
t=0.

1.1 Lemma. Take a strongly continuous semigroup (T(t))tzo and an el-
ement © € X. For the orbit map &, : t — T(t)x, the following properties
are equivalent.

(a) &:(+) is differentiable on R .
(b) &z(-) is right differentiable at t = 0.

PROOF. We have only to show that (b) implies (a). For 2 > 0, one has
1}3% (Tt + h)x — T(t)x) = T(t) 1}}?01 +(T(h)z — )

= T(t) éw(o)’
and hence &, (-) is right differentiable on R.
On the other hand, for —t < h < 0, we write

LT+ Ry = T(t)e) = T()€(0) = T(t+ 1) (4 (2 = T(=h)) - £,(0))

+ T(t + 7)€ (0) = T ()82 (0)-
As h 1 0, the first term on the right-hand side converges to zero, because
|IT(t + h)|| remains bounded. The remaining part converges to zero by the
strong continuity of (7'(t)):>o. Hence, &, is also left differentiable, and its
derivative is

(1.1) £x(t) = T(t) £:(0)
for each t > 0. O
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On the subspace of X consisting of all those x for which the orbit maps
&, are differentiable, the right derivative at ¢ = 0 then yields an operator A
from which we obtain, in a sense to be specified later, the operators T'(t) as
the “exponentials e*4.” This is already expressed in the choice of the term
“generator” in the following definition.

1.2 Definition. The generator A : D(A) C X — X of a strongly continu-
ous semigroup (T(t))tzo on a Banach space X is the operator

(1.2) Az = £,(0) =lim 1 (T(h)z — )

defined for every x in its domain
(1.3) D(A) :={z € X : £, is differentiable in R, }.

We observe from Lemma 1.1 that the domain D(A) is also given as the
set of all elements « € X for which &,(-) is right differentiable in ¢t = 0; i.e.,

(1.4) D(A) = {x €X: %%%(T(h)x — ) exists}.

The domain D(A), which is a linear subspace, is an essential part of the
definition of the generator A. Accordingly, we should always denote it by
the pair (A, D(A)), but for convenience, we often only write A and assume
implicitly that its domain is given by (1.4).

To ensure that the operator (A,D(A)) has reasonable properties, we
proceed as in Chapter I. There we used the “smoothing operators” V(t) :=
[ T(s)ds to prove differentiability of the semigroup (T'(t));>o (see the
proof of Theorem 1.2.12). Because we now assume that the orbit maps &,
are only continuous, we need to look at “smoothed” elements of the form

1 I
m ;:E/ gw(s)ds:f/ T(s)xds for zx € X,t > 0.
0 0

t
It is a simple consequence of the definition of the integral as a limit of
Riemann sums that the vectors y; converge to = as ¢t | 0. In addition, they
always belong to the domain D(A). This and other elementary facts are
collected in the following result.

1.3 Lemma. For the generator (A, D(A)) of a strongly continuous semi-
group (T(t))tzo, the following properties hold.

(i) A: D(A) C X — X is a linear operator.
(ii) If x € D(A), then T(t)x € D(A) and

(1.5) AP(t)e =T(t)Ax = AT(t)x for allt > 0.
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(ili) For every t > 0 and x € X, one has

/tT(s)m ds € D(A).
0

(iv) For every t > 0, one has
¢
(1.6) Tt —z = A/ T(s)xds ifxe X,
0

(1.7) = /OtT(s)Ax ds ifx € D(A).

PROOF. Assertion (i) is trivial. To prove (ii) take € D(A). Then it follows
from (1.1) that 1/n(T(t + h)z — T(t)x) converges to T(t)Az as h | 0.

Therefore,

lin % (T(W)T 1)z — T(t)x)

exists, and hence T'(¢t)x € D(A) by (1.4) with AT (t)z = T'(t)Az.
The proof of assertion (iii) is included in the following proof of (iv). For
r € X and t > 0, one has

}IL(T(h) /OtT(s)x ds — /Ot T(s)w ds)

I I

= E/o T(s+ h)xds— E/o T(s)xds
1 [t 1t

- T T
. /h (s)xds . /0 (s)xds
1 t+h 1 h

- T |
. /t (s)xds . /o (s)xds,

which converges to T'(t)x — z as h | 0. Hence (1.6) holds.
If x € D(A), then the functions s +— T'(s) (T(h)z—=2)/), converge uniformly
on [0,¢] to the function s — T'(s)Az as h | 0. Therefore,

1 ' AP
%%E(T(h)_l)/o T(s)xds:l}grol/o T(S)E(T(h)—l)xds

¢
= / T(s)Ax ds.
’ 0

With the help of this lemma we now show that the generator introduced
in Definition 1.2, although unbounded in general, has nice properties.

1.4 Theorem. The generator of a strongly continuous semigroup is a closed
and densely defined linear operator that determines the semigroup uniquely.
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PROOF. Let (T(t))tzo be a strongly continuous semigroup on a Banach
space X. As already noted, its generator (A,D(A)) is a linear operator.
To show that A is closed, consider a sequence (2, )neny C D(A) for which
lim,, o0 T, = x and lim,_, Az, = y exist. By (1.7) in the previous lemma,
we have

t
T(t)xy — xy = / T(s)Ax, ds
0

for ¢t > 0. The uniform convergence of T'(-) Az, on [0,t] for n — oo implies
that

Tt)x —x = /0 T(s)yds.

Multiplying both sides by !/; and taking the limit as ¢ | 0, we see that
x € D(A) and Az = y; i.e., A is closed.

By Lemma 1.3.(iii) the elements 1/; f(f T(s)x ds always belong to D(A).
Because the strong continuity of (7'())¢>o implies

1 t
lim- [ T(s)zds==x
tl0 t Jy
for every = € X, we conclude that D(A) is dense in X.

Finally, let (S (t))tzo be another strongly continuous semigroup having
the same generator (A4, D(A)). For x € D(A) and ¢ > 0, we consider the
map

s n.(s) =Tt —8)S(s)x
for 0 < s < t. Because for fixed s the set

{S(s + h)z IO (0, 1]} U {AS(s)x}

is compact, the difference quotients

(e + ) mals) = Tt — 5 — )
+ %(T(t —s—h)—T(t—5))S(s)a

converge by Lemma 1.1.2 and Lemma 1.3.(ii) to
Lne(s) =T(t —s)AS(s)z — AT(t — 5)S(s)z = 0.
From 7, (0) = T'(t)z and n,(t) = S(t)x we obtain
T(t)z =S(t)z
for all  in the dense domain D(A). Hence, T'(t) = S(t) for each t > 0. O

(S(s+ h)z — S(s)z)

Combining these properties of the generator with the closed graph theo-
rem gives a new characterization of uniformly continuous semigroups, thus
complementing Theorem 1.2.12.
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1.5 Corollary. For a strongly continuous semigroup (T(t)) +>0 on a Banach
space X with generator (A, D(A)), the following assertions are equivalent.

(a) The generator A is bounded; i.e., there exists M > 0 such that
|Az|| < M ||z|| for all x € D(A).

(b) The domain D(A) is all of X.
(¢) The domain D(A) is closed in X.
(d) The semigroup (T'(t));>o is uniformly continuous.

In each case, the semigroup is given by

oo

tnAn
T(t)=e =" , t>0.

n! -
n=0

The proof of this corollary and of some more equivalences is left as Ex-
ercise 1.15.(1).

Property (b) indicates that the domain of the generator contains impor-
tant information about the semigroup and therefore has to be taken into
account carefully. However, in many examples (see, e.g., Paragraph 2.6 and
Example 4.11 below) it is often routine to compute the expression Az for
some or even many elements in the domain D(A), although it is difficult
to identify D(A) precisely. In these situations, the following concept helps
to distinguish between “small” and “large” subspaces of D(A).

1.6 Definition. A subspace D of the domain D(A) of a linear operator
A:D(A) C X — X is called a core for A if D is dense in D(A) for the
graph norm

]l 4 = llll + || Az

We now state a useful criterion for subspaces to be a core for the gener-
ator.

1.7 Proposition. Let (A, D(A)) be the generator of a strongly continuous
semigroup (T'(t))i>0 on a Banach space X. A subspace D of D(A) that is
| - ||l-dense in X and invariant under the semigroup (T'(t))¢>o is always a
core for A.

PROOF. For every x € D(A) we can find a sequence (2, )nen C D such that
lim,, o @, = x. Because for each n the map s — T'(s)z,, € D is continuous
for the graph norm || - |4 (use (1.5)), it follows that

t
/ T(8)xy, ds,
0
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being a Riemann integral, belongs to the ||-|| ,-closure of D. Similarly, the
[|-|| ,-continuity of s — T'(s)x for z € D(A) implies that

1 t
H/ T(s)xds —x
tJo

L[t 1/
H/ T(s)x,ds — f/ T(s)xds
tJo tJo

This proves that for every € > 0 we can find ¢ > 0 and n € N such that

—0 ast | 0 and
A

—0 as n — oo and for each t > 0.
A

1 t
H/ T(s)xpds —x
t Jo

Hence, x € D II'll4. O

< €.
A

Important examples of cores are given by the domains D(A™) of the
powers A™ of a generator A.

1.8 Proposition. For the generator (A, D(A)) of a strongly continuous
semigroup (T'(t))¢>o the space

D(A%®) := (1] D(A™),

neN
hence each D(A™) := {z € D(A"™') : A""'xz € D(A)}, is a core for A.
PROOF. Because the space D(A>) is a (T'(t))¢>o-invariant subspace of
D(A), it remains to show that it is dense in X. To that purpose, we prove

that for each function ¢ € C*°(—o00,00) with compact support in (0, c0)
and each z € X the element

Ty = / w(s)T'(s)x ds
0
belongs to D(A™). In fact, if we set
D= {ga € C*°(—00,00) : supp ¢ is compact in (O,oo)},

then for z € X, ¢ € D, and h > 0 sufficiently small we have

(1.8) = /000 %((p(s —h) = ¢(s))T(s)xds.
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The integrand in (1.8) converges uniformly on [0,00) to —¢'(s)T'(s)z as
h | 0. This shows that z, € D(A) and

Az, = —/0 ©'(s)T(s)z ds.

Because ¢(™ € D for all n € N, we conclude by induction that z, € D(A™)

for all n € N; i.e., x, € D(A™). Assume that the linear span
D::lin{xq,:meX, @6@}

is not dense in X. By the Hahn-Banach theorem there is a linear functional

0 # 2’ € X’ such that (y,2’) =0 for all y € D; i.e.,

(1.9) /O00 o(s) (T(s)x, ") ds = </000 o(s)T(s)x ds,x’> =0

for all x € X and ¢ € D. This implies that the continuous functions
s + (T(s)z,2’) vanish on [0,00) for all z € X. Otherwise there would
exist ¢ € D such that the left-hand side of (1.9) does not vanish. Choosing
s = 0, we obtain (x,2') = 0 for all z € X; hence 2’ = 0. This contradicts
the choice of 2’ # 0, and therefore D C X is dense.

Because we have seen in the first step that D C D(A*), and because
D(A*) is invariant under (T'(t));>0, the assertion follows from Proposi-
tion 1.7. ]

In the remaining part of this section we introduce some basic spectral
properties for generators of strongly continuous semigroups. Such proper-
ties are studied in more detail in Section V.1l.a. We start by introducing
the relevant notions (see also Definition V.1.1)

spectrum o(A) := {A € C: A — A is not bijective},
resolvent set p(A) := C\ o(A), and
resolvent R(\, A) := (A — A)~1 at A € p(A)
for a closed operator (4, D(A)) on a Banach space X.
Our starting points are the following two identities, which are easily

derived from their predecessors in Lemma 1.3.(iv). We stress that these
identities will be used very frequently throughout these notes.

1.9 Lemma. Let (A,D(A)) be the generator of a strongly continuous

semigroup (T(t))tzo. Then, for every A € C and t > 0, the following
identities hold.

¢
(1.10) e MT(t)x —z = (A—)\) / e MT(s)x ds ifre X,
0

t
(1.11) = / e MT(s)(A—Nads  ifx € D(A).
0
Proor. It suffices to apply Lemma 1.3.(iv) to the rescaled semigroup
S(t) :=e MT(t), t>0,
whose generator is B := A — X\ with domain D(B) = D(A). O
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Next, we give an important formula relating the semigroup to the resol-
vent of its generator.

1.10 Theorem. Let (T'(t));>0 be a strongly continuous semigroup on the
Banach space X and take constants w € R, M > 1 (see Proposition 1.1.4)
such that

(1.12) 1)) < Me""

fort > 0. For the generator (A, D(A)) of (T(t)):>o the following properties
hold.
(i) If A € C such that R(A\)z := fooo e T (s)xds exists for all x € X,
then A € p(A) and R(\, A) = R(\).
(ii) IfRe A > w, then A € p(A), and the resolvent is given by the integral
expression in (1)
(iif) [[R(A A <

RC)\ — for all Re A > w.

The formula for R(A, A) in (i) is called the integral representation of
the resolvent. Of course, the integral has to be understood as an improper
Riemann integral; i.e.,

¢
(1.13) RN A)zx = hm e MT(s)x ds

—)(X)O

for all z € X.
Having in mind this interpretation, we frequently write

(1.14) R\, A) = /Oo e T (s) ds.
0

PROOF OF THEOREM 1.10. (i) By a simple rescaling argument (cf. Para-
graph 1.1.10) we may assume that A = 0. Then, for arbitrary z € X and
h > 0, we have

T(h})L—IR(O)x: T(h;l—l/om T(e)eds
:;/OOOT(s—i—h)a:ds—flL/oooT(s)xds
1 [ I
:E/h T(s)mds—ﬁ/o T(s)xds

1 [k
:—E/O T(s)xds.
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By taking the limit as h | 0, we conclude that' rg R(0) € D(A) and
AR(0) = —I. On the other hand, for z € D(A) we have

t

lim [ T(s)xds = R(0)z,
t—=o0 Jo
and

t t
lim A/ T(s)rds= lim [ T(s)Azds= R(0)Ax,
t—o0 0 t—o0o Jg

where we have used Lemma 1.3.(iv) for the second equality. Because by
Theorem 1.4 the operator A is closed, this implies R(0)Ax = AR(0)x = —x
and therefore R(0) = (—A)~! as claimed.

Parts (ii) and (iii) then follow easily from (i) and the estimate

‘ /t e T (s)ds

0
because for Re A > w the right-hand side converges to M/(Re A—w) ast — 00.
O

t
< M/ e(wfRe)\)s dS,
0

The above integral representation can now be used to represent and
estimate the powers of R(\, A).

1.11 Corollary. For the generator (A,D(A)) of a strongly continuous
semigroup (T'(t))¢>o satisfying

1T@#)] < Me™* for allt > 0,

one has, for Re A > w and n € N, that

(1.15) RO\, A)"z = ((nl_)nl)! . dcilni_lR()\,A)x
(1.16) = ﬁ /0OO " Le TN T (s)x ds

for all x € X. In particular, the estimates

M

(1.17) IR A < mex =y

hold for all n € N and Re A > w.

1 Here rg T := TX indicates the range of an operator T: X — Y.
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PROOF. Equation (1.15) is actually valid for every operator with nonempty
resolvent set; see Proposition V.1.3.(ii). On the other hand, Theorem 1.10.(i)
implies

d d [~
7R()\,A)Jj = a o

dX
= —/ se"MT(s)x ds
0

for ReA > w and all x € X. Proceeding by induction, we deduce (1.16).
Finally, the estimate (1.17) follows from

e MT(s)xds

n 1 > n—1_—As
IR\, A) x| = T /0 s"le T (s)x ds
M oo
< (n 1)' / Sn—le(w—ReA)s ds - Hx”
-0 /o
~ (ReA —w)” *
for all z € X. O

Property (ii) in Theorem 1.10 says that the spectrum of a semigroup
generator is always contained in a left half-plane. The number determining
the smallest such half-plane is an important characteristic of any linear
operator and is now defined explicitly.

1.12 Definition. With any linear operator A we associate its spectral bound
defined by
s(A) :==sup{ReA: A€ c(4)}.

As an immediate consequence of Theorem 1.10.(ii) the following relation
holds between the growth bound of a strongly continuous semigroup (see
Definition 1.1.5) and the spectral bound of its generator.

1.13 Corollary. For a strongly continuous semigroup (T(t))tzo with gen-
erator A, one has
—00 < 8(4) < wp < Fo0.

1.14 Diagram. To conclude this section, we collect in a diagram the infor-
mation obtained so far on the relations between a semigroup, its generator,
and its resolvent.

(T(t))s=0

oo
Aol R(M\A)= [ e MT(t) dt, Re A>wo
10

T(t)z—a
t

R(\A)=(A—A)"1

(A’ D(A)) - = (R()‘v A))AE;)(A)

A=A—R()\,A)!
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By developing our theory further, we are able to add one of the missing
links in this diagram (see Diagram IV.2.6 below).

1.15 Exercises. (1) Prove that the statements (a)-(d) in Corollary 1.5
are equivalent to each of the following conditions.

(e) |IT@)—1I|| <ct for 0 <t <1 and some ¢ > 0.

(f) Timy o0 [[NAR(N, A)|| < oo0.

(2) Show that for a closed linear operator (A, D(A)) on a Banach space X
and a linear subspace Y C D(A) the following assertions are equivalent.

(a) Y is a core for (A, D(A)).
(b) Ay = A.

If, in addition, p(A) # 0, then these assertions are equivalent to
(¢) (A= A)Y is dense in X for one/all A € p(A).

(3) Show that the space of all continuous functions with compact support
forms a core for each multiplication operator M, on Co(2).

(4) Decide whether D := {f € C*°(R4.) : f/(0) = 0 and supp f is compact }

is a core for
(i) The generator of the left translation semigroup on Co(R; ), and
(ii) The generator of the right translation semigroup on Co(R ),
as defined in Paragraph 1.3.16. (Hint: Compare the hint in (Exercise 6.iii).)

(5) Consider the Banach space X := Cy(2) for some locally compact space
Q). Show that for a strongly continuous semigroup (T(t))tzo with generator
(A, D(A)) on X the following statements are equivalent.

(a) (T(t))i>0 is a semigroup of algebra homomorphisms on X i.e., T(t)(f
g)=T@)f -T(t)g for f,g € X and t > 0.
(b) (A,D(A)) is a derivation; i.e., D(A) is a subalgebra of X and
A(f-9)=(Af)-g+[-Ag
for f,g € D(A).
(Hint: For the implication (b) = (a) consider the maps s — T'(t—s)[T(s) [
T(s)g] foreach 0 < s < tand f,g € D(A). For more information see [Nag86,
B-II, Sect. 3])

(6) Let (A, D(A)) be the generator of a contraction semigroup (7'(t))>0
on some Banach space X. Establish the following assertions.

(i) The Landau—Kolmogorov inequality, which states that
1Az < 4| A%]| - |l
for each x € D(A?). (Hint: As a first step, verify Taylor’s formula
¢
Tt)r =z +tAz + / (t—8)T(s) A%z ds
0

for x € D(A?).)
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(ii) If (T(t))s>0 is a group of isometries, then (i) can be improved to
2
1Az]” < 2 || A% - |l

for z € D(A?).

(iii) Apply (i) and (ii) to the various translation semigroups of Section I.3.c,
in particular to the left translation semigroup on LP (R, ). (Hint: The
generator of the (left) translation semigroup is the differentiation op-

erator with appropriate domain; see Paragraph 2.9. For details see
[Gol85, p.65])

2. Examples Revisited

Before proceeding with the abstract theory, we pause for a moment and
examine the concrete semigroups from Section 1.3 and the semigroup con-
structions established in Section I.1.b. In each case, we try to identify the
corresponding

generator, its spectrum and resolvent,

so that our abstract definitions gain a more concrete meaning. However, the
impatient reader might skip these examples and proceed with Section 3.

a. Standard Constructions

Let (T(t))tzo be a strongly continuous semigroup with generator (A7 D(A))
on a Banach space X. For each of the semigroups constructed in Sec-
tion I.1.b, we now characterize its generator and its resolvent.

2.1 Similar Semigroups. If V' is an isomorphism from a Banach space
Y onto X and (S (t))tzo is the strongly continuous semigroup on Y given
by S(t) := V=T (t)V, then its generator is

B=V7'AV with domain D(B)={y€Y :Vye D(A)}.

Equality of the spectra
o(A) = o(B)

is clear, and the resolvent of B is R(\, B) = V"1R(\, A)V for X € p(A).
A particularly important example of this situation is given by the Spec-

tral Theorem 1.3.9, which states that every normal or self-adjoint operator

on a Hilbert space is similar to a multiplication operator on an L2-space.
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2.2 Rescaled Semigroups. The rescaled semigroup (e”tT(at))@O for
some fixed p € C and « > 0 has generator

B =aA+ pl with domain D(A) = D(B).

Moreover, o(B) = ao(A) + p and R(\, B) = /oR (*=#/q, A) for X € p(B).
This shows that we can switch quite easily between the original and the
rescaled objects.

2.3 Subspace Semigroups. Although in Paragraph 1.1.11 we considered
the subspace semigroup (T(t)|y)t>0 only for closed subspaces Y in X, we
begin here with a more general situation.

Let Y be a Banach space that is continuously embedded in X (in symbols:
Y < X). Assume also that the restrictions 7'(t)| leave Y invariant and form
a strongly continuous semigroup (T(t)|)t20 on Y. In order to be able to

identify the generator of (T(t)|y) we introduce the following concept.

t>0°
Definition. The part of A in 'Y is the operator A, defined by
Ay = Ay
D(A)={yeDA)NY : AyeY}.

with domain

In other words, A is the “maximal” operator induced by A on Y and,
as shown next, coincides with the generator of the semigroup (7'(t))):>0 on
the subspace Y.

Proposition. Let (AD(A)) be the generator of a strongly continuous
semigroup (T(t))tzo on X . If the restricted semigroup (T(t)‘)tzo is strongly
continuous on some (T(t))tzo—invarjant/ Banach space Y — X, then the
generator of (T'(t)|)¢>o is the part (A}, D(A})) of AinY.

PROOF. Let (C,D(C)) denote the generator of (T'(t)|)s>0. Because Y is
continuously embedded in X, we immediately have that C is a restriction
of A|. For the converse inclusion, choose A € R large enough such that

both R(\,C) and R(\, A) are given by the integral representation from
Theorem 1.10.(i). Then

R\ C)y = / e MT(s)yds = R(\, Ay for all yeY.
0

For x € D(A)), we obtain that
=R\ A)AN—-A)z=R\C)A—A)zec D),

and hence D(A|) = D(C). O
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IfYisa (T(t))tzo—invariant closed subspace of X, then the strong con-
tinuity of (7(t)|)¢>0 is automatic. Moreover, the existence of

.1
z = ltlfg E(T(t)y —y)exX

for some y € Y implies that z € Y. Therefore, the part A simply becomes
the “restriction” of A.

Corollary. If Y is a (T(t))tzo—invariant closed subspace of X, then the
generator of (T(t)|)¢>o is

Ay = Ay,
D(A)) = D(A)NY.

with domain

Example. A typical example for the situation considered here occurs when
we take X := L1(I';m) and Y := C(T'). The rotation group from 1.3.18 is
strongly continuous on both spaces; hence its generator on C(I') is the
part of its generator on L*(I',m). The generator on L*(T',m) can now
be obtained as the first derivative by modifying the arguments from the
proposition in Paragraph 2.9.(ii) below.

2.4 Quotient Semigroup. Let Y be a (T(t))tzo—invariant closed sub-
space of X. Then the generator (A/,D(A /)) of the quotient semigroup
(T(t)/y),s, on the quotient space X, := X/y is given (with the notation
from Paragraph 1.1.12) by

Aq(x) = q(Ax) with domain D(4,) = q(D(A)).

This follows from the fact that each element z := q(z) € D(A,) can be
written as

3:\:/ e MT(s),7ds
0

for some § = q(y) € X/y and some A > wy (use 1.10.(i)). Therefore,

T = /OOo e q(T(s)y) ds = g (/Ooo e T (s)y ds) =q(2)

with z € D(A). This means that for every € D(A/) there exists a repre-
sentative z € X belonging to D(A).
For a concrete example, we refer to Paragraph 2.10.
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2.5 Adjoint Semigroups. Even though the adjoint semigroup (T(t)’)tzo
is not necessarily strongly continuous on X', it is still possible to associate
a “generator” with it. In fact, defining

1
[P ! i o
A% = o(X', X) 1}:?3h(T(h)x '),

o\ .__ / /. / : l o .
D(A%) = {x eX .J(X,X)—lﬁr(}h(T(h)x ') exists ¢,

one obtains a linear operator called the weak* generator of (T'(t)");>0. It
is a o(X’, X)-closed and o(X’, X)-densely defined operator and coincides
with the adjoint A’ of A (see Definition A.12); i.e

o ) ,  there exists ¥’ € X’ such that
D(A%) = {x €X' (x,9y") = (Ax,2’) for all z € D(A)

and

A%x = A2’
(See Exercise 2.7.) By Corollary A.16 it then follows that 0(A%) = o(A) =
o(A") and R(A\, A7) = R(A\, A") = R(\, A)' for X € p(4).

2.6 Product Semigroups. Let (B, D(B)) be the generator of a second
strongly continuous semigroup (S(t))>o commuting with (7(£)):>o. It is
easy to deduce some information on the generator (C, D(C)) of the prod-
uct semigroup (U(t))i>0, defined by U(t) := S(t)T(t) for ¢ > 0; see Para-
graph 1.1.14.

We first show that D(A)ND(B) satisfies the conditions of Proposition 1.7
and so is a core for C.

Because (T'(t))>0 and (5(t))¢>0 commute, each domain D(A) and D(B)
is invariant under both semigroups. Hence D(A) N D(B) is (U(t)):>o0-
1nvar1ant Take A large enough such that R(\, A) fo _/\ST )ds and

fo e *S(s)ds. From these representations we deduce that
the resolvent operators commute; ie., R(A,A)R(\,B) = R(\, B)R()\, A).
Therefore, R(A, B) maps D(A) into D(A), and so R(A, B)R(\, A)X is con-
tained in D(A) N D(B). Because both R(\, A) and R(\, B) are continuous
and have dense range, we conclude that D(A) N D(B) is dense in X, i.e.,
is a core for C.

Now, by Lemma A.19, the map Ry > ¢ — U(t)x is differentiable for all
elements x € D(A) N D(B). Moreover, its derivative at ¢t = 0 is

[4U(t)z](0) = Cx = Az + Bz,
which determines the generator C' of (U(t));>0 on the core D(A) N D(B).

2.7 Exercise. Show that the operator A defined in Paragraph 2.5 is
(X', X)-closed, o(X’, X)-densely defined, and that it coincides with the
adjoint A’ of A.
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b. Standard Examples

In this subsection we return to the examples of strongly continuous semi-
groups introduced in Chapter I, Section 3, and identify the correspond-
ing generators and resolvent operators. We start with multiplication semi-
groups for which all operators involved can be computed explicitly.

2.8 Multiplication Semigroups. We saw in Proposition 1.3.6 (or Propo-
sition 1.3.12) that strongly continuous multiplication semigroups on spaces
Co(2) (or LP(€, 1)) are multiplications by €7, ¢ > 0, for some continuous
(or measurable) function ¢ : © — C with real part (essentially) bounded
above. It should be no surprise that this function also yields the generator
of the semigroup.

Lemma. The generator (A7 D(A)) of a strongly continuous multiplication
semigroup (T'(t))¢>0 on X := Co(Q) or X := LP(Q, 1) defined by

T,t)f:=¢e"-f, f€Xandt>0,
is given by the multiplication operator
Af=Mfi=q-f
with domain D(A) = D(M,) :={f € X :qf € X}.
PROOF. Let X := Cy(Q2) and take f € D(A). Then

exists for all s € Q, and we obtain ¢f € Co(€2). This shows that D(A) C
D(M,) and that Af = M,f. Because by Theorem 1.10.(ii) and Proposi-
tion 1.3.2.(iv), respectively, A — A and M, — A are both invertible for A
sufficiently large, this implies A = M. The proof for X := LP(Q, i) is left
as Exercise 2.13.(2). O

This lemma, in combination with Propositions 1.3.5 and 1.3.6 (or Proposi-
tions 1.3.11 and 1.3.12), completely characterizes the generators of strongly
continuous multiplication semigroups. We restate this in the following re-
sult by identifying the closed (or the essential) range of ¢ with the spectrum
of My; see Proposition 1.3.2.(iv) (or Proposition 1.3.10.(iv)).

Proposition. For an operator (A, D(A)) on the Banach space Co(f2) or
LP(, 1), 1 < p < oo, the following assertions are equivalent.

(a) (A,D(A)) is the generator of a strongly continuous multiplication
semigroup.
(b) (A,D(A)) is a multiplication operator such that

{AeC:ReX>w} Cp(A) for some w € R.
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The remarkable feature of this proposition is the fact that condition (b),
which corresponds to the spectral condition (ii) from Theorem 1.10, already
guarantees the existence of a corresponding semigroup. This is in sharp con-
trast to the situation for general semigroups (see Generation Theorems 3.5
and 3.8 below).

2.9 Translation Semigroups. As seen in Paragraph 1.3.15, the (left)
translation operators

Ti(t)f(s) == f(s+1), s,tER,

define a strongly continuous (semi) group on the spaces Cy,(R) and LP(R),
1 < p < o0. In each case, the generator (A, D(A)) is given by differentia-
tion, but we have to adapt its domain to the underlying space.

Proposition 1. The generator of the (left) translation semigroup (Tl (t))tZO
on the space X is given by

Af = f
with domain:
(i)
D(A) = {f € Cwp(R) : f differentiable and f’ € Cyb(R)},

if X := Cywp(R), and

(i)
D(A) = {f € L(R) : f absolutely continuous and f’ € LP(R)},
if X :=LP(R),1<p< 0.

PrROOF. It suffices to show that the generator (B,D(B)) of (T;(t))eo
is a restriction of the operator (A, D(A)) defined above. In fact, because
(T3(t))s>0 is a contraction semigroup on X, Theorem 1.10.(ii) implies 1 €
p(B). On the other hand, by Proposition 2 below, we know that 1 € p(A),
and therefore the inclusion B C A will imply A = B.

(i) Fix f € D(B). Because dy is a continuous linear form on C,p(R), the
function

Ry 3t d0(Tu(t)f) = f(t)
is differentiable by Lemma 1.1 and Definition 1.2, and
Bf = [%I—Yl(t)f} t=0 = [%f(t + )] t=0 = f/.

This proves D(B) C D(A) and Ajp(p)y = B. Hence, A = B as mentioned
above.
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(ii) Take f € D(B) and set g := Bf € LP(R). Because integration over
compact intervals is continuous in LP(R), we obtain for every a,b € R that

b+h ath b (g ~ f(s
%/b f(s)ds—%/ f(s)ds:/ st

converges to f; g(s)ds as h | 0. However, the left-hand side converges to
f(b) = f(a) for almost all a,b; see [Tay85, Thm. 9-8 VI|. By redefining f
on a null set we obtain

b
f(b) = / g(s)ds + fa), bER,

which is an absolutely continuous function with derivative (almost every-
where) equal to g. Again this shows that D(B) € D(A) and Ajpp) = B.
It follows that A = B as above. |

In order to finish this proof, we give an explicit formula for the resolvent
of the differentiation operator A with “maximal” domain D(A) as specified
in the previous result. The simple proof is left as Exercise 2.13.(1).

Proposition 2. The resolvent R(\, A) for Re A > 0 of the differentiation
operator A with maximal domain D(A) (i.e., of the generator of the left
translation semigroup) on any of the above spaces X is given by

[oe]
(2.1) (RN A)f)(s) = / e M=) f(r)dr for fe X, seR.
S

Clearly, there are many other function spaces on which the translations
define a strongly continuous semigroup. As soon as they are contained
in LP(R) or Cyp(R), for example, Proposition 2.3 allows us to identify the
generator as the part of the differentiation operator. This, and the quotient
construction from Paragraph 2.4, yield the generators of the translation
semigroups on R and on finite intervals (see Paragraphs 1.3.16 and 1.3.17).

We present an example for this argument.

2.10 Translation Semigroups (Continued). Consider the (left) trans-
lation (semi) group from Paragraph 2.9 on the space X := L!(R). Then
the closed subspace

Y = {f ELl(R) : f(s) =0 for s > 1}7
which is isomorphic to L' (—00,1), is (T(t))s>o-invariant. The generator of
the subspace semigroup (T(t)l)tzo is
Af=f
with domain

f is absolutely continuous,

D(4)) = {f ELR 0 LAR) and f(s) = 0 for s> 1 }
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In Y and for the subspace semigroup (T(t)|)t207 the space
Z:={feY :f(s)=0for0<s<1}

is again closed and invariant. The quotient space Y/ is isomorphic to
L1[0,1], and the quotient semigroup is isomorphic to the nilpotent (left)
translation semigroup from Paragraph 1.3.17. By Paragraph 2.4, we obtain
for its generator A, , that

A f=Yf
with domain

D(4),) = {f e L1, 1] ; | 18 absolutely Continuous,}

f € LY0,1) and f(1) =0

As above, its resolvent can be determined explicitly using (1.13). We obtain
for every A € C that

1
(2.2) (RN A))f)(s) :/ e = f(r)dr for f € LY0,1], s € [0,1].

In the previous examples we always started with an explicit semigroup
and then identified its generator. In the final two examples we look at
(second-order) differential operators and show by direct computation that
they generate strongly continuous semigroups.

2.11 Diffusion Semigroups (One-Dimensional). Consider the Banach
space X := C[0, 1] and the differential operator

Af = f//
D(A) == {f € C?0,1] : f'(0) = f'(1) = 0}.

This domain is a dense subspace of X that is complete for the graph norm;
hence (A, D(A)) is a closed, densely defined operator. Each function

with domain

() = 1 if n =0,
s> en(s) = V2cos(mns) ifn>1,

belongs to D(A) and satisfies
(2.3) Ae, = —n’n’e,.

By the Stone—Weierstrass theorem and elementary trigonometric identities
we conclude that

(2.4) Y :=lin{e, : n > 0}
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is a dense subalgebra of X. Consider the rank-one operators

en ® en f — <fa e’I’L n (/ f en dS) e’ru

that satisfy

len ®enll <2
and
(2.5) (en & en) €m = OnmCm
for all n,m > 0. They can be used to define, for ¢t > 0, the operators
(2.6) T(t):=Y e ™"t e, ®en.
n=0

For f € C[0,1] and s € [0, 1], this means that

(2.7) / ku(s,r)

where
ke(s,r):=142 Ze TNt cos (mns) - cos(mnr).
neN
The Jacobi identity

*(5+2”)2/4 1 —7m2n2%t
w s = t=—+ e cos(mns
()i = T e s

neZ neN

(see [SD80, Kap. I, Satz 10.4]) and various trigonometric relations imply
that for each t > 0, the kernel k;(-,-) satisfies

ke(s,1) = wi(s 4+ 1) + we(s — 7).
Hence, k;(-,-) is a positive continuous function on [0, 1], and we obtain
1
1T = IT@)1] = sup / ki(s,r) dr = 1.
s€f0,1] Jo

Using the identity (2.5), one easily verifies that on the one-dimensional
subspaces generated by e,, n > 0, the operators T'(¢) satisfy the semigroup
law (FE), which by continuity then holds on all of X. Similarly, the strong
continuity holds on Y and hence, by Proposition 1.1.3, on X.

These considerations already prove most of the following result.

Proposition. The above operators T(t), t > 0, with T(0) = I form a
strongly continuous semigroup on X := C[0, 1] whose generator is given by

Af = f//a
D(A) = {f e C?0,1]: f'(0) = f'(1) = 0}.

with domain
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PROOF. It remains only to show that the generator B of (T(t)):;>0 coin-
cides with A. To this end, we first observe that the subspace Y defined by
(2.4) is dense in X, contained in D(B), and (T'(t)):>o-invariant. Hence,
by Proposition 1.7, it is a core for B. Next, using the definition of T'(t)
and Formula (2.5), it follows that A and B coincide on Y. Therefore, we
obtain that B = Ay and, in particular, that B is a restriction of A. From
the theory of linear ordinary differential equations it follows that 1 € p(A).
Moreover, by Theorem 1.10.(ii), we know that 1 € p(B), and therefore
A=B. O

2.12 Diffusion Semigroups (n-Dimensional). The following classical
example was one of the main sources for the development of semigroup
theory. It describes heat flow, diffusion processes, or Brownian motion
and bears names such as heat semigroup, Gaussian semigroup, or diffu-
sion semigroup. We consider it on X := LP(R"), 1 < p < oo, where it is
defined explicitly by

n

(2.8) T(t)f(s) == (4nt) " / e " p(r) dr
fort >0, s € R”, and f € X. By putting
ne(s) = (4mt) Ve e,

this can be written as

T(t)f(s) = pex f(s)-

Proposition. The above operators T'(t), for t > 0 and with T'(0) = I, form
a strongly continuous semigroup on LP(R™), 1 < p < oo, and its generator
A coincides with the closure of the Laplace operator

n 62
Af(s):= Z @f(sl,...,sn)
i=1 ¢

defined for every f in the Schwartz space

S (R = {f €C(®"): lim 2" D f(z) = 0 for all k € N and o € N"}

\
(see [ENOO, Def. VI.5.1]).

PROOF. The integral defining T'(t) f(s) exists for every f € L?(R™), because
e € L (R™). Moreover,

IT@F1, < Mlpelly - N1, < A1
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by Young’s inequality (see [RS75, p. 28]). Hence, each T'(t) is a contrac-
tion on LP. Because .#(R") is dense in L? and invariant under 7T'(t), it
suffices to study 7'(t)| s ®n). This is done using the Fourier transformation
F, which leaves .(R"™) invariant. By the usual properties of F (see [Rud73,
Thm. 7.2]) one obtains

F(pe * f) = F () - F(f)

for each f € Z(R™). Because

Fpe) (€) = eI

for ¢ € R", where |¢] := (31, €2) /2, we see that F transforms the semi-
group (T(t)|y (Rn))tzo into a multiplication semigroup on .%(R™), which is
pointwise continuous for the usual topology on . (R™). Moreover, direct
computations as in Lemma 2.8 show that the right derivative at ¢ = 0 is
the multiplication operator

Byg(€) = —[¢lg(€)

for £ € R™, g € (R™). Pulling this information back via the inverse
Fourier transformation shows that (T(t))tzo satisfies the semigroup law.
Because the topology of .(R"™) is finer than the one induced from LP(R"),
we also obtain strong continuity on .(R™), hence on LP(R"™). Finally, we
observe that the inverse Fourier transformation of the multiplication op-
erator B is the Laplace operator. Because ./(R™) is dense and (T'(t));>0-
invariant, by Proposition 1.7 we have therefore determined the generator
A of (T(t))s>0 on a core of its domain. O

For generalizations of this example we refer to [ABHNO1, Expl. 3.7.6 and
Chap. 8], [EN00, Sect. VI.5], and [Lun95, Chap. 3]. In particular, we men-
tion that (2.8) also defines a strongly continuous semigroup on Cyp, (R™). Its
generator is given by the closure of the Laplacian A with domain C{°(R™).

2.13 Exercises. (1) Compute the resolvent operators of the generators
of the various translation semigroups on R, R, or on finite intervals. In
particular, deduce the resolvent representation (2.1). (Hint: Use the integral
representation (1.14).) Determine from this the generator and its domain
as already found in Paragraphs 2.9 and 2.10.

(2) Prove the lemma in Paragraph 2.8 for X := LP(, p).

(3) Let X := L*°(R). Show that

(i) A multiplication semigroup on X is strongly continuous if and only
if it is uniformly continuous, and

(ii) The translation (semi) group is not strongly continuous.
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Remark that Lotz in [Lot85] showed that a strongly continuous semigroup
on a class of Banach spaces containing all L°°-spaces is necessarily uni-
formly continuous. See also [Nag86, A-II.3].

(4*) Consider the translation (semi) group (7'(t));cr on X := L>®(R) and
the closed, (T (t))teR—invariant subspace Y := C,p(R). The quotient opera-
tors T'(t), define a contraction (semi) group on ~/y whose orbits ¢ — T'(t),
are continuous (differentiable) only if f: 0. Note that in this way we ob-

tained a noncontinuous, but not pathological, solution of Problem 1.2.13.
(Hint: See [NP94].)

c. Sobolev Towers

In the spirit of Section 2.a, we continue to associate new semigroups on
new spaces with a given strongly continuous semigroup. The constructions
here are inspired by the classical Sobolev and distribution spaces and yield
an important tool for abstract theory as well as for concrete applications
(see [Haa06, Chap. 6], [HHKO06], [Sin05]).

We start by considering a strongly continuous semigroup (T (t))tzo with
generator (A, D(A)) on a Banach space X. After applying the rescaling
procedure, and hence without loss of generality (see Paragraph 2.2 and
Exercise 2.22.(1)), we can assume that its growth bound wy is negative.
Therefore, its generator A is invertible with A=! € £(X). On the domains
D(A™) of its powers A™, we now introduce new norms || - ||,.

2.14 Definition. For each n € N and x € D(A™), we define the n-norm
[zl == [|A™z]

and call
Xn = (D(An)? || ' H")

the Sobolev space of order n associated with (T(t))>o. The operators T (t)
restricted to X,, are denoted by

T, (t) == T(t)

|Xn'

It turns out that the restrictions T;,(¢) behave surprisingly well on X,.
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2.15 Proposition. With the above definitions, the following hold.
(i) Each X,, is a Banach space.

(ii) The operators T, (t) form a strongly continuous semigroup (T,,(t))¢>0
on X,,.
(iii) The generator A,, of (Tn(t))tzo is given by the part of A in X,,; i.e.,

Ayx = Ax for x € D(A,,) with
D(A,):={r € X,: Av € X,,} = D(A"") = X,,41.

PROOF. The assertion follows by induction if we prove the case n = 1.
Assertion (i) follows, because A is a closed operator and || - ||; is equivalent
to the graph norm, as can be seen from the estimate

lfla = ||A7 Ax|| + [ Az| < (JJA7Y + 1) - flzll < (JJA7Y + 1) - lzlla

for x € X;. From Lemma 1.3.(ii), we know that T'(t) maps X; into X;.
Each Ti(t) is bounded, because

ITy()zll, = T Az < |T@) - lzll,  for z € X3,
SO (T1 (t)>t20 is a semigroup on X;. The strong continuity follows from
Ty (t)x — z||, = || T'(t)Az — Az|| = 0 fort 0 and z € X;.

Finally, (iii) follows from the proposition in Paragraph 2.3 on subspace
semigroups. O

We visualize the above spaces and semigroups by a diagram. Before doing
so, we point out that by definition, A4,, is an isometry (with inverse A4, ')
from X, 41 onto X,,. Moreover, we write Xo := X, To(t) := T(t) and
AO = A.

To (t) XO
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Observe that each X, ;1 is densely embedded in X,, but also, via A,
isometrically isomorphic to X,. In addition, the semigroup (T,41(t)) is
the restriction of (Tn(t))tZO; but also similar to (Tn(t))tzo- We state this
important property explicitly.

2.16 Corollary. All the strongly continuous semigroups (Tn (t))tzo on the
spaces X,, are similar. More precisely, one has

Thi1(t) = AITL (0 A, = Tn(t)‘xn+1 for all n > 0.

This similarity implies that spectrum, spectral bound, growth bound,
etc. coincide for all the semigroups (7T, (t)):>o0-

In our construction, we obtained the (n + 1)st Sobolev space from the
nth Sobolev space. However, because X, 11 is a dense subspace of X,, (by
Theorem 1.4), it is possible to invert this procedure and obtain X,, from
Xn+1 as the completion of X, 1 for the norm

41
”xlln T HAn+1an+1 :

This observation permits us to extend the above diagram to the negative
integers and to define extrapolation spaces or Sobolev spaces of negative
order.

2.17 Definition. For each n € N and x € X_,,1, we define (recursively)
the norm
-1
lzll—n = [ AZn ]|

and call the completion
X = (Xopgns | l=n)”

the Sobolev space of order —n associated with (To (t))t20~ Moreover, we de-
note the continuous extensions of the operators T_,,11(t) to the extrapolated
space X_,, by T_,(t).

Note that these extended operators T_,,(¢) have properties analogous to
the ones stated in Proposition 2.15; hence our previous results hold for all
n € 7.

2.18 Theorem. With the above definitions, the following hold for all m >
n € 2.
(i) Each X,, is a Banach space containing X,,, as a dense subspace.
(ii) The operators T, (t) form a strongly continuous semigroup (T,,(t))¢>0
on X,,.
(iii) The generator A,, of (Tn(t)>t20 has domain D(A,) = X,+1 and is
the unique continuous extension of Ay, : Xpm4+1 — X to an isometry
from X, +1 onto X,,.



60 Chapter II. Semigroups, Generators, and Resolvents

PROOF. It suffices to prove the assertions for m = 0 and n = —1 only. In
this case, (i) holds true by definition. From

ITo()z]|_y = |To()Ag 2|, < ITo@)l - [l _, ,

we see that Tp(t) extends continuously to X_;. The semigroup property
holds for (Ty(t)):>0 on Xo, hence for (T-1(t));>0 on X_;. Similarly, the
strong continuity follows, because it holds on the dense subset X (even for
the stronger norm || - |o)-

To prove (iii), we observe first that A_; extends Ay, because T_1(t)
extends Tp(¢). The closedness of A_; then implies Xo C D(A_1). Because
X is dense in X_; and (T_l(t))tzo—invariant, it is a core for A_; by
Proposition 1.7. Now, on X, the graph norm || - ||4_, is equivalent to || - ||;
hence X is a Banach space for || - ||a_,, and therefore Xo = D(A_1).

The remaining assertions follow from the fact that Ag : D(A4g) C Xo —
X_1, by definition of the norms, is an isometry. O

So, we have constructed a two-sided infinite sequence of Banach spaces
and strongly continuous semigroups thereon. Again we visualize this Sobolev
tower associated with the semigroup (To (t))tzo by a diagram. Note that
Corollary 2.16 now holds for all n € Z. In addition, if we start this con-
struction from any level, i.e., from the semigroup (T;C (t))tzo on the space
X, for some k € Z, we will obtain the same scale of spaces and semigroups.

2.19 Diagram.

A AT,
X0 = (X )
\
Ay AT
Xo o) )}0
\
Ao At
1

We point out again that each space X, is the completion (unique up to
isomorphism) of any of its subspaces X,,, whenever m > n € Z.
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For multiplication semigroups it is easy to identify all Sobolev spaces
with concrete function spaces.

2.20 Example. We take Xy := Cy(2) and ¢ : Q — C continuous assum-
ing, for simplicity, that sup,cq Req(s) < 0. As in Section 1.3.a, we define
Mgy f :=q- f and the corresponding multiplication semigroup by

T,t)f =e"- f
for t > 0, f € X. The Sobolev spaces X,, are then given by
(2.9) Xo={q" f:feX}={geCQ):q¢" g€ Xo}

for all n € Z.
Note that the analogous statement holds if we start from

Xo:=LP(Q, ) for 1 <p < 0,

a measurable function ¢ : @ — C satisfying esssup,cqReq(s) < 0, and
the corresponding multiplication semigroup (Tq(t))tzo (cf. Section 1.3.b).
In particular, (2.9) becomes

(210) Xn = LY (Q7 |q|np : ,LL)
for all n € Z.

These abstract Sobolev spaces look quite familiar if we consider the trans-
lation semigroups and their generators from Paragraph 2.9.

2.21 Examples. (i) First, we look at the (left) translation group (7(t))cr
on X := L2(R) as discussed in Paragraph 2.9. If by F we denote the Fourier
transform, then by Plancherel’s equation (27) /2 F maps L2(R) isometri-
cally onto L*(R) and transforms (7;(t))cr into the multiplication group

(T(t))teR given by

T)f(€) =e"- () for feL*(R), LR,

(Note that this is a concrete version of the Spectral Theorem 1.3.9.) The
generator of (f(t))te]g is the multiplication operator given by the function
q : £ — i&; hence the associated Sobolev spaces have been determined in
Example 2.20 as

Xo={e—= (11— f(6): f € L*(R)}

for all n € Z. If we now apply the inverse Fourier transform (and its exten-
sion to the space of distributions), we obtain the Sobolev spaces associated
with the translation group as

X,={(1-D)"f: feL*R)},

where D denotes the distributional derivative. Hence, X,, coincides with
the usual Sobolev space W™(R) for all n € Z.



62 Chapter II. Semigroups, Generators, and Resolvents

(ii) In the case of the translation group (7;(t))iecr on X := Co(R), we
can avoid the use of the Fourier transform and work in the space of test
functions Z(R) and its dual Z(R)’ (see [Rud73, Chap. 6]) to obtain an
analogous characterization of X,. For n > 1, the spaces X,, are easy to
identify as

X, = {f € Co(R) f is n-times differentiable and }

C 0 e CoR) for k=1,...,n

To find the Sobolev spaces of negative order, we only consider the case
n = —1 and recall that X_; is the set of (equivalence classes of) Cauchy
sequences in X for the norm || f||_, := [|[R(1, A)f| for f € X and A the
generator of (7j(t))icr. Then each such ||||_,-Cauchy sequence (fn)nen
defines a distribution F € 2(R)’ by

(Fp)i= ( Tim R(1L,A)fu0+¢')

for ¢ € 2(R). This shows that X_; is continuously embedded in the space
(Z'(R),0(2’',2)). Because A_ is the continuous extension of the classical
derivative defined on X7, it coincides with the distributional derivative D,
and hence

X ={Fe? :F=f—Df for some f € Co(R)}.

2.22 Exercises. (1) Let (A, D(A)) be a closed densely defined operator
on X such that p(A) # (). Prove the following.

(i) For each fixed n € N, all the norms

Hx”n,)\ = HO‘ - A)nx y X E D(An)v
are equivalent for A € p(A).
(ii) For each fixed n € N, all the norms
)l 5= HR()\,A)"Q:| , T€EX,

are equivalent for A € p(A).

(iii) Now take A = 0 € p(A) and define the Sobolev spaces X,,, n € Z,
as in Definition 2.14 and Definition 2.17. Then the operator A can
be restricted/extended to an isometry from X, onto X, for each
n € Z.

(2) Identify the abstract Sobolev spaces X,, in Example 2.20 assuming only
that sup,cp Reg(s) < oc.

(3) Show that an operator (A4, D(A)) on X with p(A) # 0 is bounded if
and only if X,, = X for all n € Z.
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(4) Take an operator (A, D(A)) with p(A) # 0 on the Banach space X.
Show that the dual of the extrapolated Sobolev space X_; is canonically
isomorphic to the domain D(A’) of the adjoint A" in X’ endowed with the
graph norm.

(5) Show that for two densely defined operators (A, D(A)) with p(A) # 0

and (B, D(B)) on the Banach space X the following assertions are equiv-
alent.

() D(A) C D(B).
(ii) R(\, A)B € L(X) for one (hence, all) A € p(A).
(iii) B : D(B) € X — X4, is bounded; i.e., B can be extended to a
bounded operator from X to X4,.

3. Generation Theorems

We now turn to the fundamental problem of semigroup theory, which is to
find arrows in Diagram 1.14 leading from the generator (or its resolvent)
to the semigroup. This means that we discuss the following problem.

3.1 Problem. Characterize those linear operators that are generators of
some strongly continuous semigroup, and describe how the semigroup is
generated.

a. Hille—Yosida Theorems

In Theorems 1.4 and 1.10, we already saw that generators
e Are necessarily closed operators,
e Have dense domain, and
e Have their spectrum contained in some proper left half-plane.
These conditions, however, are not sufficient.

3.2 Example. On the space
X :={f € Co(Ry) : f continuously differentiable on [0,1]}
endowed with the norm

IfIl == sup [f(s)| + sup [f'(s)],
SERy s€0,1]

we consider the operator (A, D(A)) defined by

Af:=f  for fe D(A):={feClRy): f € X},
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Then A is closed and densely defined, its resolvent exists for Re A > 0, and
can be expressed by

(RN A)f)(s) :/ e M= f(r)dr  for feX,s>0
(compare (2.1)). Assume now that A generates a strongly continuous semi-
group (T'(t))¢>0 on X. For f € D(A) and 0 < s,t we define

&)= (Tt —7)f)(s+7), 0< 1<t
which is a differentiable function. Its derivative satisfies
5(7') = —(T(t — T)Af)(s +7)+ (T(t — T)f’)(s +7)=0,

and hence
(T@)f)(s) = £(0) =&(t) = f(s+1).

This proves that (T'(t));>o must be the (left) translation semigroup. The
translation operators, however, do not map X into itself.

This indicates that we need more assumptions on A, and the norm esti-
mate

o |[RINA)| < 525, Red>w,

proved in Theorem 1.10.(iii) may serve for this purpose.

To tackle the above problem, it is helpful to recall the results from the
introduction and to think of the semigroup generated by an operator A as
an “exponential function”

t s ett

3.3 Exponential Formulas. We pursue this idea by recalling the vari-
ous ways by which we can define “exponential functions.” Each of these
formulas and each method is then checked for a possible generalization to
infinite-dimensional Banach spaces and, in particular, to unbounded oper-
ators. Here are some more or less promising formulas for “et4.”

Formula (i) As in the matrix case (see Section 1.2.a) we might use the
power series and define

oo tn
(3.1) eth = Z —A"
n!
n=0

Comment. For unbounded A, it is unrealistic to expect convergence of
this series. In fact, there exist strongly continuous semigroups such that for
its generator A the series

o0

converges only for t =0 or z = 0. See Exercise 3.12.(2).

n
|
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Formula (ii) We might use the Cauchy integral formula and define

(3.2) eth = i eMR(N, A) d).
27 Sy oy

Comment. As already noted, the generator A, hence also its spectrum
o(A), may be unbounded. Therefore, the path +0U surrounding o(A) will
be unbounded, and so we need extra conditions to make the integral con-
verge. See Section 4 for a class of semigroups for which this approach does
work.

Formula (iii) At least in the one-dimensional case, the formulas

t n t —n
et = lim (1 + A) = lim <1 — A)
n—00 n n—00 n

are well known (indeed Euler already used them; see [EN0O, Sect. VIL.3]).
Comment. Whereas the first formula again involves powers of the un-

bounded operator A and therefore will rarely converge, we can rewrite the
second (using the resolvent operators R(\, A) := (A — A)71) as

(3.3) et = lim ["/iR (7/i, A)]"™.

This yields a formula involving only powers of bounded operators. It was
Hille’s idea (in 1948) to use this formula and to prove that under appropri-
ate conditions, the limit exists and defines a strongly continuous semigroup.
We return to this idea later (see Corollary IV.2.5 below).

Formula (iv) Because it is well understood how to define the exponential
function for bounded operators (see Section 1.2.b), one can try to approxi-
mate A by a sequence (A, )nen of bounded operators and hope that

(3.4) et = lim etn
n—oo

exists and is a strongly continuous semigroup.

Comment. This was Yosida’s idea (also in 1948) and is now examined in
detail in order to obtain strongly continuous semigroups.

We start with an important convergence property for the resolvent under
the assumption that ||AR(X, A)|| remains bounded as A — oo.

3.4 Lemma. Let (A, D(A)) be a closed, densely defined operator. Suppose
there exist w € R and M > 0 such that [w,00) C p(A) and ||AR(X, A)|| < M
for all A > w. Then the following convergence statements hold for A — oo.

(i) AR\, A)z — z for allz € X.
(il) AMAR(N\, A)x = AR(\, A)Ax — Ax for all x € D(A).
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PRrROOF. If y € D(A), then AR(A, A)y = R(\, A)Ay + y by (1.1) in Chap-
ter V. This expression converges to y as A — oo, because ||R(X, A)Ay| <
M/ || Ay||. Because [[AR(A, A)|| is uniformly bounded for all A > w, state-
ment (i) follows by Proposition A.3. The second statement is then an im-
mediate consequence of the first one. O

This lemma suggests immediately which bounded operators A,, should
be chosen to approximate the unbounded operator A. Because for contrac-
tion semigroups the technical details of the subsequent proof become much
easier (and because the general case can then be deduced from this one), we
first give the characterization theorem for generators in this special case.

3.5 Generation Theorem. (Contraction Case, HILLE, YOSIDA, 1948).
For a linear operator (A7 D(A)) on a Banach space X, the following prop-
erties are all equivalent.

(a) (A,D(A)) generates a strongly continuous contraction semigroup.

(b) (A,D(A)) is closed, densely defined, and for every A > 0 one has
X € p(A) and

(3.5) AR, A < 1.

(¢) (A, D(A)) is closed, densely defined, and for every A € C with Re \ >
0 one has A € p(A) and

1
(3.6) RN, Al < Ron’

ProOOF. In view of Theorem 1.4 and Theorem 1.10, it suffices to show
(b) = (a). To that purpose, we define the so-called Yosida approximants

(3.7) A, :=nAR(n,A) = n’R(n,A) —nl, n N,

which are bounded, mutually commuting operators for each n € N. Con-
sider then the uniformly continuous semigroups given by

(3.8) T, (t) :=en, t>0.

Because A, converges to A pointwise on D(A) (by Lemma 3.4.(ii)), we
anticipate that the following properties hold.

(i) T(t)x = lim, 00 T (t)z exists for each z € X.
(ii) (T'(t))s>0 is a strongly continuous contraction semigroup on X.
(iii) This semigroup has generator (A, D(A)).

By establishing these statements we complete the proof.
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(i) Each (Tn(t))tzo is a contraction semigroup, because

IT. ()] < o~ telln* Bln. At <e ™M™ =1 for t > 0.

So, again by Proposition A.3, it suffices to prove convergence just on D(A).
By (the vector-valued version of) the fundamental theorem of calculus,
applied to the functions

s Tt — 8)Th(s)x

for 0 < s <t,x € D(A), and m,n € N, and using the mutual commutativ-
ity of the semigroups (Tn (f))tzo for all n € N, one has

T (t)2 — T () = /O 4T, (1 — $)Ty(s)) ds
= /Ot Ton(t — 8)Th(s)(Apx — Apz) ds.

Accordingly,
(3.9) IT. () — T (t)z|| < t]Anz — Az

By Lemma 3.4.(ii), (A,2)nen is a Cauchy sequence for each x € D(A).
Therefore, (T, (t)x)nen converges for each z € D(A), hence for each z € X
and even uniformly on each interval [0, ¢o).

(ii) The pointwise convergence of (T}, (t)z)nen implies that the limit fam-
ily (T(t))tzo satisfies the functional equation (FE), hence is a semigroup,
and consists of contractions. Moreover, for each # € D(A), the correspond-
ing orbit map

€t Tz, 0<t<t,

is the uniform limit of continuous functions (use (3.9)) and so is continuous
itself. This suffices to obtain strong continuity via Proposition 1.1.3.

(iii) Denote by (B, D(B)) the generator of (T'(t))>0 and fix z € D(A).
On each compact interval [0, %], the functions

&n it = Th(t)x

converge uniformly to £(-) by (3.9), and the differentiated functions

n it = T, () A

converge uniformly to

n:t— T(t)Az.
This implies differentiability of & with £(0) = 5(0); i.e., D(4) € D(B) and
Az = Bz for x € D(A).
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Now choose A > 0. Then A — A is a bijection from D(A) onto X, because
A € p(A) by assumption. On the other hand, B generates a contraction
semigroup, and so A € p(B) by Theorem 1.10. Hence, A — B is also a
bijection from D(B) onto X. But we have seen that A\ — B coincides with
A — A on D(A). This is possible only if D(A) = D(B) and A = B. O

If a strongly continuous semigroup (T(t))tzo with generator A satisfies,
for some w € R, an estimate

|IT#) <e*t  fort>0,

then we can apply the above characterization to the rescaled contraction
semigroup given by

S(t) := e “'T(t) for t > 0.

Because the generator of (S(¢));>0 is B = A — w (see Paragraph 2.2),
Generation Theorem 3.5 takes the following form.

3.6 Corollary. Let w € R. For a linear operator (A, D(A)) on a Banach
space X the following conditions are equivalent.
(a) (A, D(A)) generates a strongly continuous semigroup (T'(t));>o sat-
isfying

(3.10) T <e*t  fort>0.

(b) (A,D(A)) is closed, densely defined, and for each A > w one has
A€ p(A) and

(3.11) I\ = w) RO\ A < 1.

(c) (A, D(A)) is closed, densely defined, and for each A € C with Re A >
w one has A € p(A) and

1
12 Al < =——.
(3.12) 1RO A <

Semigroups satisfying (3.10) are also called quasi-contractive.

Note, by Paragraph 3.11 below, that an operator A generates a strongly
continuous group if and only if both A and —A are generators. Therefore,
we can combine the conditions of the Generation Theorem 3.5 for A and —A
simultaneously and obtain a characterization of generators of contraction
groups, i.e., of groups of isometries.
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3.7 Corollary. For a linear operator (A7 D(A)) on a Banach space X the
following properties are equivalent.

(a) (A, D(A)) generates a strongly continuous group of isometries.

(b) (A, D(A)) is closed, densely defined, and for every A € R\ {0} one
has X € p(A) and

(3.13) IAR(N, A)|| < 1.

(c) (A,D(A)) is closed, densely defined, and for every A € C\ iR one
has X € p(A) and

1
|Re Al

(3.14) 1R, A)|| <

It is now a pleasant surprise that the characterization of generators of
arbitrary strongly continuous semigroups can be deduced from the above
result for contraction semigroups. However, norm estimates for all powers
of the resolvent are needed.

3.8 Generation Theorem. (General Case, FELLER, MIYADERA, PHIL-
LIPS, 1952). Let (A, D(A)) be a linear operator on a Banach space X
and let w € R, M > 1 be constants. Then the following properties are
equivalent.
(a) (A,D(A)) generates a strongly continuous semigroup (T'(t));>o sat-
isfying

(3.15) IT@#)|| < Me“  fort>0.

(b) (A,D(A)) is closed, densely defined, and for every A > w one has
A€ p(A) and

(3.16) [[A=w)R\A)]"|| <M forallneN.

(c) (A, D(A)) is closed, densely defined, and for every A € C with Re A >
w one has A € p(A) and

(3.17) [|R(A, A" < ﬁ for all n € N.
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PRrOOF. The implication (a) = (c) has been proved in Corollary 1.11, and
(¢) = (b) is trivial. To prove (b) = (a) we use, as for Corollary 3.6, the
rescaling technique from Paragraph 2.2. So, without loss of generality, we
assume that w = 0; i.e.,

AR\, A)"| <M forall A >0, neN.
For every pu > 0, define a new norm on X by

@[], := sup [|u" R(u, A)"z|.
n>0

These norms have the following properties.
(1) [lzll < [lz[l, < M [|z[); i.e., they are all equivalent to |-|.
(i) [lR(p, A, < 1.

(iii) H)\R()\7A)|\# <lforall0< A< pu.
)

(iv) [A"RA, A)"z| < [[APR(A A) x|, < |z, for all 0 < A < p and
n € N.

(V) llzlly < [lz], for 0 <A < p.

We only give the proof of (iii). Due to the Resolvent Equation in Para-
graph V.1.2, we have that
yi= RO\ A)z = R(u, A)a- (=N R(t, AYRO\ ) = R(ja, A)(+(u—A)y).

This implies, by using (ii), that
1 w—A
lyll,, < M ], + o lyll, »  whence  Allyll, < [l -
On the basis of these properties one can define still another norm by
(3.18) [z] :==sup ||,
n>0

which evidently satisfies
(vi) [[=]] <[] < M [|z|| and
(vii) JAR(N A)] <1 forall A > 0.

Thus, the operator (A, D(A)) satisfies Condition (3.5) for the equivalent
norm [-| and so, by the Generation Theorem 3.5, generates a |- [-contraction
semigroup (T'(t))¢>o. Using (vi) again, we obtain ||T(¢)|| < M. O



Section 3. Generation Theorems 71

3.9 Comment. As a general rule, we point out that for an operator
(A,D(A)) to be a generator one needs
e Conditions on the location of the spectrum o(A) in some left half-plane
and

e Growth estimates of the form

M

[R(A A" < Rer—w)m

for all powers of the resolvent R(), A) in some right half-plane (or on
some semiaxis (w, 00)). See Exercise 3.12.(3) for an example that the
estimate with n = 1 does not suffice.
This last condition is rather complicated and can be checked for non-
trivial examples only in the (quasi) contraction case, i.e., only if n = 1 is
sufficient as in Generation Theorem 3.5 and Corollary 3.6.

On the other hand, every strongly continuous semigroup can be rescaled
(see Paragraph 1.1.10) to become bounded. For a bounded semigroup, we
can find an equivalent norm making it a contraction semigroup. This does
not help much in concrete examples, because only in rare cases will it be
possible to compute this new norm. However, this fact is extremely helpful
in abstract considerations and is stated explicitly.

3.10 Lemma. Let (T(t))tzo be a bounded, strongly continuous semigroup
on a Banach space X. Then the norm

|| :==sup [T'(t)z|,  z€X,
t>0

is equivalent to the original norm on X, and (T(t))tzo becomes a contrac-
tion semigroup on (X, |-[|).

The proof is left as Exercise 3.12.(1).

3.11 Generators of Groups. This paragraph is devoted to the question
of which operators are generators of strongly continuous groups (see the
explanation following Definition I.1.1). In order to make this more precise
we first adapt Definition 1.2 to this situation.

Definition. The generator A : D(A) C X — X of a strongly continuous
group (T(t))teR on a Banach space X is the operator

Az = }lllir%) HT(h)z — )

defined for every x in its domain

D(A) = {x €X: }llli% HT(h)z — x) exists}.
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Given a strongly continuous group (T(t))te]R with generator (A, D(A))7
we can define T (¢) := T'(¢t) and T_(¢t) := T(—t) for ¢ > 0. Then, from the
previous definition, it is clear that (T4 (¢));>0 and (T (t))¢>0 are strongly
continuous semigroups with generators A and — A, respectively. Therefore,
if A is the generator of a group, then both A and —A generate strongly
continuous semigroups. The next result shows that the converse of this
statement is also true.

Generation Theorem for Groups. Let w € R and M > 1 be con-
stants. For a linear operator (A7 D(A)) on a Banach space X the following
properties are equivalent.
(a) (A, D(A)) generates a strongly continuous group (T(t))teR satisfying
the growth estimate

IT@)| < Me®ltl fort e R.

(b) (A, D(A)) and (—A7 D(A)) are the generators of strongly continuous
semigroups (T (t)):>0 and (T—(t))s>0, respectively, which satisfy

T @), I1T-(@)] < Me™*  for all t > 0.

(c) (A, D(A)) is closed, densely defined, and for every A € R with [A\| > w
one has A € p(A) and

[[(Al = w)R(A\, A)]"|| <M forallneN.

(d) (A,D(A)) is closed, densely defined, and for every A € C with
|Re A| > w one has A € p(A) and

M
eAl —w)"

PROOF. (a) implies (b) as already mentioned above.

(b) = (d). We first recall, by Theorem 1.4, that the generator (A, D(A))
is closed and densely defined. Moreover, using the assumptions on A, we
obtain from Generation Theorem 3.8 the estimate (3.19) for the case Re A >
w. In order to verify (3.19) for ReA < —w, observe that R(—\, A) =
—R(A,—A) for all A € —p(A) = p(—A). Then, using the conditions on —A,
the required estimate follows as above.

Because the implication (d) = (c¢) is trivial, it suffices to prove that
(¢) = (a). To this end we first note, by Generation Theorem 3.8, that both
A and —A are generators of strongly continuous semigroups (T+(t))t20
and (T_(t))¢>0, respectively, which satisfy [|T%4(¢)|| < Me®* for ¢ > 0.
Moreover, the Yosida approximants (cf. (3.7)) Ay, and A_ , of A and
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— A, respectively, commute. Because as in the contractive case (cf. (i)—(iii)
in the proof of Generation Theorem 3.5, p. 66), we have

T (t)z = lim exp(tAi )z and T_(t)x = lim exp(tA_ )z
n—oo

n— oo

for all z € X, we see that (T4 (¢));>0 and (T-(¢));>0 commute. Hence, by
what was shown in Paragraph 2.6, the products

U(t) =T (OT-(8), ¢0,
define a strongly continuous semigroup with generator C' that satisfies
Cr=Azr— Az =0

for all x € D(A) N D(—A) = D(A) C D(C). From (1.6) in Lemma 1.3 we
then obtain U(t)z = z for all z € X; i.e., T_(t) = T (¢)~'. Finally, the
operators

[(Te)  ift>0,
T(t) = {T+(—t) if t <0,

form a one-parameter group (T'(t)):cr and satisfy the estimate |T(t)|| <
Mev!", Because the map R 3 t — T'(t) is strongly continuous if and only if
it is strongly continuous at some arbitrary point ¢y € R, the group (T(t))teR
is strongly continuous. This completes the proof. O

The following result is quite useful in order to check whether a given
semigroup can be embedded in a group.

Proposition. Let (T(t))tzo be a strongly continuous semigroup on a Ba-
nach space X . If there exists some ty > 0 such that T (t) is invertible, then
(T'(t))¢>0 can be embedded in a group (T(t))cr on X.

PROOF. First, we show that T'(¢) is invertible for all ¢ > 0. This follows for
t € [0,0] from

T(to) = Tty — )T(t) = T(H)T(to — 1),

because by assumption, T'(tg) is bijective. If t > to, we write t = ntg + s
for n € N, s € [0,t0) and conclude from

T(t) =T(to)"T(s)
that T(t) is invertible. Hence, we can extend (T(t)):>o to all of R by
T(t):=T(-t)"*  fort <0,

thereby obtaining a group (T(f))cr. Because the map R 2 ¢ — T'(¢) is
strongly continuous if and only if it is strongly continuous at some arbitrary
point, the proof is complete. O
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3.12 Exercises. (1) Prove Lemma 3.10 dealing with the renorming of
bounded semigroups.

(2) For a strongly continuous semigroup (7'(t))¢>o with generator A on a
Banach space X, we call a vector © € D(A*) entire if the power series

(3.20) Ay

n!
n=0

converges for every t € R. Show the following properties.
(i) If z is an entire vector of (T'(t));>0, then T'(t)x is given by (3.20) for
every t > 0.
(ii) If (T(t))s>o0 is nilpotent, then the set of entire vectors consists of
x = 0 only.
(iii) If (T(t))scr is a strongly continuous group, then the set of entire
vectors is dense in X . Moreover, if z is an entire vector of (T(t))teR,
then T'(t)x is given by (i) for every ¢t € R. (Hint: For given x € X
oo —ns?
consider the sequence x, = (7/ar) /2 Joe 2T (s)x ds. See also
[Gel39].)
(3) Let My be a multiplication operator on X := Cy(R4) and define the
operator A := (Ag‘l %‘1) with domain D(A) := D(M,) x D(M,) on X :=
X xX. !
(i) If g(s) :=is, s > 0, then A satisfies |R(\, A)|| < 2/x for A > 0, but
is mot the generator of a strongly continuous semigroup on X.
(ii) Find an unbounded function ¢ on Ry such that A becomes a gener-
ator.

(iii) Find necessary and sufficient conditions on ¢ such that A becomes a
generator on X. (Hint: Compare Exercise 4.14.(7).)

(4) Let (T(t))tzo be a strongly continuous semigroup on a Banach space
X. Show that (T(t))tzo can be embedded in a group (T(t))te]R if there
exists tg > 0 such that I — T(tp) is compact. (Hint: By the proposition in
Paragraph 3.11 and the compactness assumption, it suffices to show that
0 is not an eigenvalue of T'(to).)

b. The Lumer—Phillips Theorem

Due to their importance, we now return to the study of contraction semi-
groups and look for a characterization of their generator that does not
require explicit knowledge of the resolvent. The following is a key notion
towards this goal.
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3.13 Definition. A linear operator (A, D(A)) on a Banach space X is
called dissipative if

(3.21) A = A)z| = Al
for all A > 0 and x € D(A).

To familiarize ourselves with these operators we state some of their basic
properties.

3.14 Proposition. For a dissipative operator (A,D(A)) the following
properties hold.

(i) A — A is injective for all A > 0 and
—1 1
= A2 < 3 )

for all z in the range rg(A — A) := (A — A)D(A).
(ii) A — A is surjective for some X\ > 0 if and only if it is surjective for
each A > 0. In that case, one has (0,00) C p(A).

(iii) A is closed if and only if the range rg(A— A) is closed for some (hence
all) A > 0.

(iv) Ifrg(A) € D(A), e.g., if A is densely defined, then A is closable. Its

closure A is again dissipative and satisfies rg(A — A) = rg(A — A) for
all A > 0.

PROOF. (i) is just a reformulation of estimate (3.21).

To show (ii) we assume that (Ao — A) is surjective for some A\ > 0.
In combination with (i), this yields Ao € p(A) and ||[R(Xo, A)|| < Y-
The series expansion for the resolvent (see Proposition V.1.3.(i)) yields
(0,2Xg) C p(A), and the dissipativity of A implies that

1

RMNA)| <~
1RO, )l < 5
for 0 < A < 2)\g. Proceeding in this way, we see that A — A is surjective for
all A > 0, and therefore (0,00) C p(A).

(iii) The operator A is closed if and only if A— A is closed for some (hence
all) A > 0. This is again equivalent to

A=A rg(A— A) = D(A)

being closed. By (i), this operator is bounded. Hence, by Theorem A.10, it
is closed if and only if its domain, i.e., rg(A — A), is closed.
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(iv) Take a sequence (xp)nen C D(A) satisfying z, — 0 and Az, — .
By Proposition A.8, we have to show that y = 0. The inequality (3.21)
implies that

IAA = A)zn + (A = Aw] = XAz, + w]|

for every w € D(A) and all A > 0. Passing to the limit as n — oo yields
1
|-y + (A — A)w| > X|w]||, and hence H—y +w — XAwH > [Jw].

For A — oo we obtain that

=y + wl[| = [w],

and by choosing w from the domain D(A) arbitrarily close to y € rg(4),
we see that

0= [lyll.

Hence y = 0.

In order to verify that A is dissipative, take x € D (Z) By definition of
the closure of a linear operator, there exists a sequence (z,)nen C D(A)
satisfying x,, — = and Az, — Az when n — oco. Because A is dissipative
and the norm is continuous, this implies that ||(A\ — A)z|| > A||z| for all
A > 0. Hence A is dissipative. Finally, observe that the range rg(A — A) is
dense in rg (A — A). Because by assertion (iii) rg (A — A) is closed in X,
we obtain the final assertion in (iv). O

From the resolvent estimate (3.5) in Generation Theorem 3.5, it is evident
that the generator of a contraction semigroup satisfies the estimate (3.21),
and hence is dissipative. On the other hand, many operators can be shown
directly to be dissipative and densely defined. We therefore reformulate
Generation Theorem 3.5 in such a way as to single out the property that
ensures that a densely defined, dissipative operator is a generator.

3.15 Theorem. (LUMER, PHILLIPS, 1961). For a densely defined, dissi-
pative operator (A, D(A)) on a Banach space X the following statements
are equivalent.

(a) The closure A of A generates a contraction semigroup.

(b) rg(A — A) is dense in X for some (hence all) A > 0.

PROOF. (a)
for all A > 0.
obtain (b).

= (b). Generation Theorem 3.5 implies that rg(A — A) = X
Because rg(A — A) = rg(A — A), by Proposition 3.14.(iv), we
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(b) = (a). By the same argument, the density of the range rg(A — A)
implies that (A — A) is surjective. Proposition 3.14.(ii) shows that (0, 00) C
p(A), and dissipativity of A implies the estimate

[R(A,A)| <

1
=5 for A > 0.

This was required in Generation Theorem 3.5 to assure that A generated
a contraction semigroup. |

The above theorem gains its significance when viewed in the context of
the abstract Cauchy problem associated with an operator A (see Section 6).

3.16 Remark. Assume that the operator A is known to be closed, densely
defined, and dissipative. Then Theorem 3.15 in combination with Proposi-
tion 6.2 below yields the following fact.

In order to solve the (time-dependent) initial value problem
(ACP) z(t) = Ax(t), z(0) ==z

for all x € D(A), it is sufficient to solve the (stationary) resolvent equa-
tion

(RE) x—Azr =y

for all y in some dense subset in the Banach space X.

In many examples (RE) can be solved explicitly whereas (ACP) cannot,
cf. Paragraph 3.29 or [ENO0O, Sect. VI.6].

The following result, in combination with the characterization of dissi-
pativity in Proposition 3.23 below, gives an even simpler condition for an
operator to generate a contraction semigroup.

3.17 Corollary. Let (A, D(A)) be a densely defined operator on a Banach
space X. If both A and its adjoint A’ are dissipative, then the closure A of
A generates a contraction semigroup on X.

Proor. By the Lumer—Phillips Theorem 3.15, it suffices to show that
the range rg(I — A) is dense in X. By way of contradiction, assume that
rg(I — A) # X. By the Hahn-Banach theorem there exists 0 # 2’ € X’
such that

((I-A)z,a’)y=0  forall z € D(A).

It follows that z’ € D(A’) and
(z,(I - A2’y =0  forall z € D(A).

Because D(A) is dense in X, we conclude that (I — A")z’ = 0, thereby
contradicting Proposition 3.14.(i). O
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At this point we insert various considerations concerning the density of
the domain, which up to now was a more or less standard assumption in
our results. In the next two corollaries we show how dissipativity can be
used to get around this hypothesis. However, based on the properties stated
in Proposition 3.14, we assume that the dissipative operator A is such that
A — A is surjective for some A > 0. Hence (0,00) C p(4).

3.18 Corollary. Let (A, D(A)) be a dissipative operator on the Banach
space X such that A\ — A is surjective for some A > 0. Then the part A| of A

in the subspace X := D(A) is densely defined and generates a contraction
semigroup in Xg.

PROOF. We recall from Definition 2.3 that
A‘:v = Ax

for v € D(A)) := {z € D(A) : Az € Xy} = R(A, A)Xo. Because R(\, A)
exists for A > 0, this implies that R(\, A)] = R(\, 4)). Hence (0,00) C
p(A)). Due to the Generation Theorem 3.5, it remains to show that D(4,) is
dense in Xj. Take x € D(A) and set ,, := nR(n, A)x. Then z,, € D(A) and
limy, 00 Ty, = limy, 00 R(n, A)Ax + z = z, because ||R(n, A)|| < 1/n (see
Proposition 3.14.(i) and Lemma 3.4). Therefore, the operators nR(n, A)
converge pointwise on D(A) to the identity. Because |[nR(n,A)|| < 1 for
all n € N, we obtain convergence of

Yn :=nR(n, A)y =y

for all y € Xo. Because each y, is in D(A)), the density of D(A4)) in X is
proved. (|

We now give two rather typical examples for dissipative operators with
nondense domains, one concrete and one abstract.

3.19 Examples. (i) Let X := C[0, 1] and consider the operator
Af =—f
D(A) == {f € C'0,1] : f(0) = 0}.

with domain

It is a closed operator whose domain is not dense. However, it is dissipative,
because its resolvent can be computed explicitly as

R\ A)f(t) = / e M9 f(s) ds

0
for t € [0,1], f € C[0,1]. Moreover,

RO A <

> =

for all A > 0. Therefore, (4, D(A)) is dissipative.
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Let Xo := D(A) = {f € C[0,1] : £(0) = 0}, and consider the part 4 of
Ain Xo; ie.,

Af=—f,
D(4) = {f € C"[0,1]: f(0) = f'(0) = 0}

By the above corollary, this operator generates a semigroup on Xg. In fact,
this semigroup (To(t))tzo can be identified as the nilpotent right translation
semigroup (cf. Paragraph 1.3.17) given by

To(t) f(s) :== {g(s —t) Egi i § z,

Observe that the same definition applied to an arbitrary function f €
C[0, 1] does not necessarily yield a continuous function again. Therefore,
the semigroup (To(t))¢>0 does not extend to the space C[0, 1].

(ii) Consider a strongly continuous contraction semigroup (T'(t))¢>0 on a
Banach space X. Its generator A is dissipative with (0,00) C p(A). The
same holds for its adjoint A’, because R(A, A") = R(\, A)' and ||R(\, A")|| =
[|[R(A, A)|| for all A > 0. The domain D(A’) of the adjoint is not dense in
X' in general (see the example in [EN0O, Sect. I1.2.6]). However, taking the
part of A’ in X© := D(A’) C X', we obtain the generator of a contraction
semigroup (given by the restrictions of T'(t)’ to X©; see [ENOO, Sect. 11.2.6]
on so-called sun dual semigroups).

In the next corollary we show that the phenomenon discussed in Corol-
lary 3.18 and Example 3.19 cannot occur in reflexive Banach spaces.

3.20 Corollary. Let (A,D(A)) be a dissipative operator on a reflexive
Banach space such that A — A is surjective for some X > 0. Then A is
densely defined and generates a contraction semigroup.

PROOF. We only have to show the density of D(A). Take z € X and define
Zy :=nR(n, A)x € D(A). The element y := R(1, A)z also belongs to D(A).
Moreover, by the proof of Corollary 3.18 the operators nR(n, A) converge
towards the identity pointwise on X := D(A). It follows that

yn = R(1, A)x, = nR(n,A)R(1,A)xr -y for n — cc.

Because X is reflexive and {z,, : n € N} is bounded, there exists a sub-
sequence, still denoted by (z,,)nen, that converges weakly to some z € X.
Because x,, € D(A), Proposition A.1.(i) implies that z € D(A). On the
other hand, the elements x,, = (1 — A)y, converge weakly to z, so the
weak closedness of A (see Definition A.5) implies that y € D(A) and
r=(1—A)y=z¢€ D(A). O
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In Corollary 3.18 and Corollary 3.20, we considered not necessarily densely
defined operators and showed that dissipativity and the range condition
rg(A — A) = X for some A\ > 0 imply certain generation properties. It
is now a direct consequence of the renorming trick used in the proof of
Generation Theorem 3.8 that these results also hold for all operators sat-
isfying the Hille-Yosida resolvent estimates (3.16). We state this extension
of Generation Theorem 3.8.

3.21 Corollary. Let w € R and (A, D(A)) be an operator on a Banach
space X . Suppose that (w,00) C p(A) and

M
3.22 R\A| < ——
(322) 1RO AP € =
for alln € N, A\ > w and some M > 1. Then the part A| of A in Xo:= D(A)
generates a strongly continuous semigroup (TO(t))tZO satisfying ||To(t)| <
Me®*t for all t > 0. If in addition the Banach space X is reflexive, then
Xo=X.

PROOF. As in many previous cases we may assume that w = 0. Then the
renorming procedure (3.18) from the proof of the implication (b) = (a) in
Generation Theorem 3.8 yields an equivalent norm for which A is a dissipa-
tive operator. The assertions then follow from Corollary 3.18 (after return-
ing to the original norm) and, in the reflexive case, from Corollary 3.20. O

It is sometimes convenient to use the following terminology.

3.22 Definition. Operators satisfying the assumptions of Corollary 3.21
and, in particular, the resolvent estimate (3.22) are called Hille-Yosida
operators.

Observe that Corollary 3.21 states that Hille-Yosida operators satisfy all
assumptions of the Hille-Yosida Generation Theorem 3.8 on the closure of
their domains.

We now return to dissipative operators, which represent, up to renorm-
ing, the most general case. When introducing them we had aimed for an
easy (or at least more direct) way to characterizing generators. However,
up to now, the only way to arrive at the norm inequality (3.21) was explicit
computation of the resolvent and then deducing the norm estimate

RN, A)| < for A > 0.

1
— A
This was done in Example 3.19.(i). Fortunately, there is a simpler method

that works particularly well in concrete function spaces such as Co(2) or
LP ().
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To introduce this method we start with a Banach space X and its dual
space X’. By the Hahn—Banach theorem, for every x € X there exists
2’ € X’ such that

(@,a) = |l|* = [l']|*.

Hence, for every = € X the following set, called its duality set,
(3.23) 3(@) = {a' € X' s (w,a') = Jall’ = |o'|1*},

is nonempty. Such sets allow a new characterization of dissipativity.

3.23 Proposition. An operator (A7 D(A)) is dissipative if and only if for
every © € D(A) there exists j(x) € J(x) such that

(3.24) Re (Az, j(x)) < 0.

If A is the generator of a strongly continuous contraction semigroup, then
(3.24) holds for all x € D(A) and arbitrary x' € J(z).

PROOF. Assume (3.24) is satisfied for z € D(A), ||z|| = 1, and some j(z) €
3(z). Then (z,j(x)) = [j(z)]” = 1 and
Az — Az[| = | (Ax — Az, j(z)) |
> Re(dx — Az, j(z)) > A
for all A > 0. This proves one implication.
To show the converse, we take z € D(A), ||z|| = 1, and assume that
[IAz — Az|| > A for all A > 0. Choose y4 € J(Ax — Az) and consider the

normalized elements ,
/ Y

Zy = .
Al

Then the inequalities

A < ||Mx — Az|| = (A\x — Az, 2})
= ARe (z, z}) — Re (Az, 2})
< min{A — Re (Az, z}), ARe(z, 2}) + [|Az| }

are valid for each A > 0. This yields
1
Re(Az,23) <0 and 1- 3 |Az|| < Re(z, z}) .
Let 2’ be a weak® accumulation point of z§ as A — co. Then
2|l <1, Re (Az,2') <0, and Re (z,2') > 1.

Combining these facts, it follows that z’ belongs to J(x) and satisfies (3.24).
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Finally, assume that A generates a contraction semigroup (T(t))tzo on
X. Then, for every x € D(A) and arbitrary =’ € J(z), we have

Re (T'(h)z,2")  Re(z,a’)
( )

Re (Az,z’) = lim

hl0 h h
w17z - |="]  ||=|
<1 ( - ) <.
= o h no) S
This completes the proof. (|

Using the previous results we easily arrive at the following characteriza-
tion of unitary groups on Hilbert spaces. Its discovery by Stone was one of
the major steps towards the construction of the exponential function in in-
finite dimensions, hence towards the solution of Problem I1.2.13; cf. [EN0O,
Chap. VII].

3.24 Theorem. (STONE, 1932). Let (A, D(A)) be a densely defined op-
erator on a Hilbert space H. Then A generates a unitary group (T(t))th
on H if and only if A is skew-adjoint; i.e., A* = —A.

PROOF. First, assume that A generates a unitary group (T(t))teR. By
Paragraph 3.11, we have

TH)*=T@t) "' =T(~t) foralltcR.

Moreover, by Paragraphs 1.1.13 and 2.5 on adjoint semigroups, the gener-
ator of (T(t)*)teR is given by A*. This implies that A* = —A.
On the other hand, if A* = —A, then we conclude from

(Az|z) = (x| A%x) = — (x| Az) = —(Az | x) for all x € D(A) = D(A")
that (Az|z) € iR. Combining Proposition 3.23 with the identification of
the duality set as J(z) = {x} (see Exercise 3.25.(i) below), this shows
that both +A are dissipative and closed. From Corollary 3.17 and the
characterization of group generators in Paragraph 3.11, it follows that the
operator A generates a contraction group (T(t))icr. Because T(t)~ =
T(—t), we conclude that each T'(t) is a surjective isometry and therefore
unitary (see [Ped89, Sect. 3.2.15]). O

3.25 Exercise. Prove the following statements for a Hilbert space H.
(i) For every x € H, one has J(z) = {z}.
(ii) If A is a normal operator on H, then A is a generator of a strongly
continuous semigroup if and only if

s(A4) < o0.

(iii) Prove Stone’s theorem by arguing via multiplication semigroups.

(Hint: For (ii) and (iii) use the Spectral Theorem 1.3.9 and the results of
Paragraph 3.11.)
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c. More Examples

We close this section with a discussion of all of these notions and results for
concrete examples. We begin by identifying the sets J(z) for some standard
function spaces.

3.26 Examples. (i) Consider X := Cy(f2), Q locally compact. For 0 # f €
X, the set J(f) C X’ contains (multiples of) all point measures supported
by those points sg € © where |f| reaches its maximum. More precisely,

(3:25)  {F(s0) by 550 € Qand |f(s0)] = If]} < A(P),
(ii) Let X :=LP(Q,pu) for 1 <p < oo, and 0 # f € LP(Q, ). Then

¥ € H(f) C Lq(Qmu’)) 1/P+ 1/‘1 = la
where ¢ is defined by

(3.26) o(s) == {f(S) AFS)P2 AP f(s) A0,

0 otherwise.
Note that for the reflexive LP-spaces, as for every Banach space with a
strictly convex dual, the sets J(f) are singletons (see [Bea82]). Hence, for
1 < p < oo, one has J(f) = {®}, whereas for p = 1 every function ¢ €
Lo°(Q, p) satistying

3:27)  ellee <Mfll and () [F(s)] = f(s) [ fllL if f(s) # 0
belongs to J(f).

(iii) It is easy, but important, to state the result for Hilbert spaces H. After
the canonical identification of H with its dual H’, the duality set of x € H
is

(3.28) I(x) =A{z};

cf. Exercise 3.25.(i). Hence, a linear operator on H is dissipative if and only
if

(3.29) Re(Az|z) <0

for all z € D(A).

These examples suggest that dissipativity for concrete operators on such
function spaces can be verified via the inequality (3.24). In the following
examples we do this and establish the dissipativity and generation property
for various operators. We start with a concrete version of Theorem 3.24.

3.27 Example. (Self-Adjoint Operators). Consider on the Hilbert space
H :=L*(Q, ) the multiplication operator A := M, for some (measurable)
function ¢ :  — C. Because its adjoint is A* = Mg, this operator is self-
adjoint if and only if g is real-valued. In this case, it follows by Theorem 3.24
that the group (Tiq(t))teR generated by M, is unitary.



84 Chapter II. Semigroups, Generators, and Resolvents

However, this can be seen more directly by inspection of the correspond-
ing multiplication group (Ti4(t))¢cr, for which we have

Tig(t)” = Telt) = Toig(t) = Ty(—t)  forallt € R.

It is this argument for multiplication operators and semigroups that can be
used to give a simple proof of Stone’s Theorem 3.24. In fact, an application
of the Spectral Theorem 1.3.9 transforms the unitary group (T(t))teR and
its (skew-adjoint) generator A on an arbitrary Hilbert space into multipli-
cation operators on some L2-space. See Exercise 3.25.(iii).

The same argument, i.e., passing from a self-adjoint operator to a (real-
valued) multiplication operator, yields the following characterization of self-
adjoint semigroups.

Proposition. A self-adjoint operator (A7 D(A)) on a Hilbert space H gen-
erates a strongly continuous semigroup (of self-adjoint operators) if and
only if it is bounded above; i.e., there exists w € R such that

(Az|z) <wlz||®  for all z € D(A).

Proor. It suffices to consider the multiplication operator M, that is iso-
morphic, via the Spectral Theorem 1.3.9, to A. Then the boundedness con-
dition (Az | z) < w||z||® for all z € D(A) means that the real-valued func-
tion ¢ satisfies
esssup Reg(s) < w.
seQ

This, however, is exactly what is needed for M, to generate a semigroup
(see Propositions 1.3.11 and 1.3.12). O

3.28 First-Order Differential Operators and Flows. We begin by
considering a continuously differentiable vector field F' : R™ — R"™ satisfy-
ing the estimate sup cp. ||[DF(s)| < oo for the derivative DF'(s) of F at
s € R. With this vector field we associate the following operator on the
space X := Co(R™).

Definition 1. The first-order differential operator on Co(R™) correspond-
ing to the vector field F : R* — R" is

Af(s) : = (grad f(s ) F( )

Z 881

for f € CL(R") := {f € CY(R") : f has compact support} and s € R™.

Using Example 3.26.(i) and the fact that 8f(s0)/as, = 0 if | f(s0)| = || f|l,
it is immediate that A is dissipative. However, in order to show that the
closure of A is a generator, there is a natural and explicit choice for what
the semigroup generated by A should be. By writing it down, one simply
checks that its generator is the closure of A.
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Because F is globally Lipschitz, it follows from standard results on ordi-
nary differential equations that there exists a continuous flow ® : RxR" —
R"; i.e., ® is continuous with ®(t+r,s) = ®(¢, ®(r,s)) and ®(0,s) = s for
every 7, t € R and s € R™, which solves the differential equation

0
5 ®(t,s) = F(P(t,s))

for all t € R, s € R" (see [Ama90, Thm. 10.3]). With such a flow we
associate a one-parameter group of linear operators on Cy(R™) as follows.

Definition 2. The group defined by the operators

T(t)f(s) = f(2(t,9))

for f € Co(R™), s € R™, and t € R, is called the group induced by the flow
® on the Banach space Co(R™).

The group property and the strong continuity follow immediately from
the corresponding properties of the flow; we refer to Exercise 3.31.(2) for
a closer look at the relations between (nonlinear) semiflows and (linear)
semigroups. We now determine the generator of (T'(t))cr.

Proposition. The generator of the group (T'(t))¢cr on Co(R™) is the clo-
sure of the first-order differential operator

Af(s) == (grad f(s), F'(s))
D(A) := CL(R™).

with domain

PROOF. Let (B, D(B)) denote the generator of (T(t));cr. For f € CL(R™)
consider g := f—Af € C.(R™) and compute the resolvent using the integral
representation (1.13) in Chapter II. This yields

[R(1.B))(s) = [ e p(a(t.s) at

- /000 e " (grad f(®(t,s)), F(®(t,s))) dt
= /()

after an integration by parts. Accordingly, CL(R") C D(B) and A C B. On
the other hand, CL(R") is dense in Co(R") and invariant under the group
(T(t))+er induced by the flow. So, CL(R™) is a core by Proposition 1.7, and
the assertion is proved. O

Analogous results on first-order differential operators on bounded do-
mains ) C R” need so-called boundary conditions and have been obtained,
e.g., in [Ulm92]. In the next paragraph we discuss an example of such a
boundary condition in a very simple situation.
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3.29 Delay Differential Operators. On the space X := C[—1,0], con-
sider the operator

Af = f
D(A) :={feC'[-1,0]: f'(0)=Lf},

with domain

where L is a continuous linear form on C[—1,0]. This can be rewritten as
D(A) = ker ¢,
where ¢ is the linear form on C'[—1,0] defined by
C'[-1,0]> f+— f(0) - Lf €C.

Because this functional is bounded on the Banach space C![—1,0] but un-
bounded for the sup-norm, we deduce that D(A) is dense in C[—1,0] and
closed in C'[—1,0]; cf. Proposition A.9.

Next, we show that the rescaled operator A—||L||-I is dissipative. To this
end, take f € D(A). As seen in Example 3.26.(i), the linear form f(sg) ds,
belongs to J(f) if |f(so)| = ||f]| for some sg € [—1,0]. This means that
A — ||L|| I is dissipative, provided that

(3:30) Re(f' —IILI| £, F(50) 60 ) 0 or  Ref(s0)f (s0) < LI - 1111

In the case —1 < sp < 0 we have f’(sg) = 0, so that (3.30) certainly

holds. The same is true if s = —1, because then 2Re f(—1)f'(—1) =
(f-f)(=1) <0. It remains to consider the case where sy = 0. Here, we use
f/(0) = Lf for f € D(A) to obtain

Re f(0)f'(0) = Re fO)Lf < [IfII - [ILII- [1£1]-

So, we are now well prepared to apply Theorem 3.15 to conclude that A
is a generator.

Proposition. Let L € C[—1,0]'. The delay differential operator
Af:=f"  with  D(A):={feC'-1,0]: f'(0)=Lf}

on the Banach space C[—1,0] generates a strongly continuous semigroup
(T'(t))i>0 satisfying

|T)|| < el fort>o0.
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PROOF. By the rescaling technique, the assertion follows from Theorem 3.15
and the above consideration, provided that A\ — A is surjective for some
A > ||L||. This means we have to show that for every g € C[—1,0] there
exists f € CY[—1,0] satisfying both

AN—=f=g
and
f(0)=Lf; ie., feD(A).
The first equation has

f(s) :==ce* — /OS e/\(S_T)g(T) dr
=:cex(s) —h(s), se[-1,0],

as a solution for every constant ¢ € C. If A > ||L||, then we can choose this

constant as
_g(0) = Lh

B A= LE)\
in order to obtain f € D(A). O

The importance (and name) of this operator stems from the fact that
the semigroup it generates solves a delay differential equation of the form

u(t) = Luy  for t >0,
u(s) = f(s) for —1<s<0,

where f is an initial function from C[—1,0]. Here, u; € C[—1,0] is defined
by u(s) := u(t + s) for s € [-1,0]. In [EN0O, Sect. VI.6] and more system-
atically in [BP05] it is shown how these and more general equations can be
solved via semigroups.

3.30 Second-Order Differential Operators. (i) We first reconsider the
operator from Paragraph 2.11; i.e., we take on X := CJ0, 1] the operator

Af =", D(A) = {f € C*0,1]: /'(0) = f'(1) = 0},

This time, instead of constructing the generated semigroup, we verify the
conditions of Theorem 3.15. It is simple to show that (A4, D(A)) is densely
defined and closed. To show dissipativity, we take f € D(A) and sq € [0, 1]
such that |f(so)| = || f]|. By Example 3.26.(i) we have

f(s0) 050 € 3(f)-

Because t — Re f(so) - f(t) takes its maximum at sg, it follows that

Re (", 7o) 62, ) = (ReTG0)f)  (50) <0,
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where we need to use the boundary condition

fo)=f@1y=0
if so = 0 or sp = 1. We finally show that A\?> — A is surjective for A > 0.
Take g € C[0, 1] and define

k(s) := % {e/\s /sl e Mg(r)dr — e /81 e g(7) d’T:| for s € [0,1].
Then k is in C2[0, 1] and satisfies
Nk -k =g.
On the other hand, for each a,b € C, the function
hap(s) == ae™ + be_>‘5, s €10,1],
satisfies
Nhey — hyp = 0.

It is now an exercise in linear algebra to determine Zi,g € C such that the
function

f = k + h&,B
satisfies f/(0) = f’(1) = 0. Then f € D(A) and \°f — f" = g; i.e.,, A2 —
A is surjective. It follows from Theorem 3.15 that (A, D(A)) generates a
contraction semigroup on C[0, 1].

(ii) The above method is now applied to the same differential operator on
a different space and with different boundary conditions. Let X := L2[0, 1]
and

Af = f", D(A) = {f € C*[0,1] : f(0) = f(1) = 0}.
Then D(A) is dense in X, and for f € D(A) one has

1 - 1 r
g3 @rin= [ rFas=r7| - [ fTas<o

By Example 3.26.(iii), this means that A is dissipative on the Hilbert space
L2[0,1]. As in the previous case, for every g € C2[0,1] and A > 0 there
exists a function f € C?[0,1] satisfying f(0) = f(1) = 0 and

Xf— " =g
i.e., rg(A*—A) is dense. Again by Theorem 3.15 we conclude that (4, D(Z))
generates a contraction semigroup on L2[0, 1]. Here the domain of the clo-
sure A is given by D(A) = H3[0, 1]; see Exercise 3.31.(1).
(iii) As a somewhat less canonical second-order differential operator on
X :=C[0,1], consider (A, D(A)) defined by

Af(s):==s(1—s)f"(s), s €10,1],

for f € D(A) := {f € C[0,1] N C?(0,1) : limy_,0,1 s(1 — s)f"(s) = 0}.
We show that it generates a strongly continuous contraction semigroup by
verifying the conditions of Theorem 3.15.
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As above, it is easy to show that (A, D(A)) is closed, densely defined,
and dissipative. Therefore, it suffices to prove that A — A is surjective for
some A > 0. Observe first that the functions hg : s — 1 and hy : s — s
belong to D(A) and satisty

(3.32) (A= A)h; = Ahy, 1=0,1and X > 0.

Hence, it suffices to consider the part Ay of A in the closed subspace X :=
{feX: f0=rfQ1 ) = 0} with domain D(Ag) := {f € Xo N C?(0,1) :
lims_01 (1 — 8)f"(s) = 0} Then (AO, (Ao)) is still dissipative, but is
now surjective. Its inverse R can be computed as

Rf(s) = /O o(s,) t({@t)

(5,1) = s(t—1) for0<s<t<1,
5 T li(s—1) for0<t<s<1,

and f € Xg. This shows that 0 € p(Ag) and hence [0,00) C p(A4y). From
(3.32) we conclude that (0,00) C p(A). Accordingly, A is a generator.

dt,

where

3.31 Exercises. (1) Show that the domain of A in Paragraph 3.30.(ii) is
given by D(A) = H2[0,1] := {f € W22[0,1] : f(0) = f(1) = 0}. (Hint:
Show first that the second derivative Dy on L2[0,1] with domain H3[0, 1]
is invertible. The assertion then follows from the fact that A C Dj.)
(2) Let Q be a compact space and take X := C(2). A semiflow ® : R, x
Q — Q is defined by the properties
(t+r,s) =0t D(r,s)),

®(0,s) =

for every s € (2 and r,t € R,. Establish the following facts.

(3.33)

(i) The semiflow ® is continuous if and only if it induces a strongly
continuous semigroup (7'(t)):;>0 on X by the formula
(3.34) (T)f)(s):= fF(®(¢,5)) forse,t>0, feX.

(ii) The generator A of (T(t))>o is a derivation (cf. Exercise 1.15.(5)).

(iii*) Every strongly continuous semigroup (T(t))tzo on X that consists
of algebra homomorphisms originates, via (3.34), from a continuous
semiflow on Q. (Hint: See [Nag86, B-II, Thm. 3.4].)

(3) Show that the semigroup (T'(t))¢>0 on X := C[—1,0] generated by

the delay differential operator from Paragraph 3.29 satisfies the translation

property; i.e.,

_Jf+s) ift+s<0,
(TP) (T(t)f>(3)_{[T(t+s)f](0) ift+s>0,

for all f € X (cf. also [ENOO, Thm. VI.6.2]).
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4. Analytic Semigroups

Up to now, we have classified semigroups only as being strongly continuous
in the general case or being uniformly continuous as a somewhat unin-
teresting case. Between these two extreme cases there is room for a wide
range of continuity properties; see [EN0O, Sect. I1.4]. Here we introduce
just one more class of semigroups enjoying a rather strong regularity prop-
erty. Other natural regularity properties for semigroups are discussed in
Section 5 below.

We start our discussion by reconsidering the exponential Formula (3.2),
but now impose conditions on the operator A (and its resolvent R(A, A))
that make the contour integrals converge even if A and o(A) are un-
bounded.

4.1 Definition. A closed linear operator (A7 D(A)) in a Banach space X
is called sectorial (of angle §) if there exists 0 < 6 < 7/ such that the
sector

Yrfpts 1= {)\ e C:larg | < g +5} \ {0}

is contained in the resolvent set p(A), and if for each € € (0,0) there exists
M. > 1 such that

M, =
(41) ||R()\,A)H S W for all 0 ?é A € Zﬂ/2+5_8.

For densely defined sectorial operators and appropriate paths v, the ex-
ponential function “e*4” can now be defined via the Cauchy integral for-
mula as used in the Dunford functional calculus for bounded operators (see,
e.g., [DS58, Sect. VIL.3|, [TL80, Sect. V.8]).

4.2 Definition. Let (A, D(A)) be a densely defined sectorial operator of
angle ¢. Define T(0) := I and operators T(z), for z € L5, by

1
= — Hz
(4.2) T(z): ot /. e R(p, A) du,

where 7y is any piecewise smooth curve in ¥/, 5 going from 00 e i(7/2+0")
to oo €219 for some &' € (| arg 2|, 8).2

As a first step, we need to justify this definition. In particular, we show
that the essential properties of the analytic functional calculus for bounded
operators (cf. Definition 1.2.10) prevail in this situation.

2 See Figure 1.
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4.3 Proposition. Let (A, D(A)) be a densely defined sectorial operator of
angle §. Then, for all z € X5, the maps T(z) are bounded linear operators
on X satisfying the following properties.
(i) [|T(2)| is uniformly bounded for z € 34 if 0 < &' < 4.
(ii) The map z +— T(z) is analytic in Xs.
(iil) T(z1 + 22) = T(21)T (22) for all z1, z5 € Xs.
(iv) The map z — T(z) is strongly continuous in X5 U {0} if 0 < §' < 6.

PRroOOF. We first verify that for z € X5, with §’ € (0, ) fixed, the integral
in (4.2) defining T'(z) converges uniformly in £(X) with respect to the op-
erator norm. Because the integrand is analytic in 4 € ¥/, 5, this integral,
if it exists, is by Cauchy’s integral theorem independent of the particular
choice of 7. Hence, we may choose v =+, as in Figure 1; i.e., v consists of
the three parts

Yr1 {—pe_i(”/ﬁ‘s_s) t—o0<p< —r},
(4.3) Yo {re® (7ot —c) <a<(7h+d—c)},

where € := 0=/ > 0 and r := 1/

Imz

Rez

Figure 1

Then, for p € v, 3, 2 € ¥s/, we can write

uz = |,UIZ‘ ei(arg ptarg Z)’
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where T/o + ¢ < argp + arg z < 37” — €. Hence, we have

1
e Re(pz) = cos(arg p + arg z) < cos(7/2 +¢) = —sine,
wz

and therefore

(4.4) || < o~ uelsine

for all z € X5 and p € 7,.3. Similarly, one shows that (4.4) is true for
z € Xs and p € 7,1, from which we conclude

M.

Iul

for all z € X5 and g € 4,1 U;3. On the other hand, the estimate

(4.5) [e#* R(u, A)|| < e~ In=lsine

(4.6) o4 R(u, A)| < e ﬁ

holds for all z € £s and p € 7, 2. Using the estimates (4.5) and (4.6), we
then conclude

H/ e"*R(u, A) duH < ZH/ e"*R(u, A d,uH

< 2M5/ fe*”|2|5i“5dp+eM5|z| .
/1=

= eM.|z|

2T

||
oo 1 B .

=2M, —e P Edp + 2me M,
1 P

for all z € X5 . This shows that the integral defining T'(2) converges in
L(X) absolutely and uniformly for z € Xy i.e., the operators T(z) are
well-defined and satisfy (i).

Moreover, from the above considerations, it follows that the map z +—
T(z) is analytic for z € X5 = Up<s <5567, which proves (ii).

Next, we verify the semigroup property (iii). To this end, we choose some
constant ¢ > 0 such that yN~v" := v, N (71 +¢) = 0, where v, is as in (4.3)
with » = 1. Then, for z1, 29 € ¥/, we obtain using the resolvent equation
in Paragraph V.1.2 and Fubini’s theorem that

1
T(zl)T(zg):W// e"#1e 2 R(pu, A)R(N, A) d\ dp

eHZ1gAZ2
// (R(u, A) - R()\,A)) d\dy
27T1 ~

1
_ R4 R el
27 o ¢ (277 N ) dp

1 1 o
- — e”"RAA(/e >
271 N 2 5
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By closing the curves v and +' by circles with increasing diameter on the
left and using the fact that v lies to the left of 7/, Cauchy’s integral theorem

implies
1 Hz1 1 Azo
—/ © du=0 and —/ © d\ = et*2,
2 Jy A= 2mi A —p

Thus, we conclude

T(z1)T(22) = 2;_ /e“zle”’z?R(ﬂ A)dp
= T(2’1 + 22)

for all z1, z9 € ¥4/, which proves (iii).

It remains only to show (iv), i.e., that the map z — T(z) is strongly
continuous in X5 U {0} for every 0 < ¢’ < §. By (i) and (ii), it suffices, as
usual, to verify that
(4.7) lim T(z)r—x=0 forall ze D(A).

X5 22—0
We start from estimate (4.4) and Cauchy’s integral formula and obtain for
v =1 that
1 et
2mi ), p
for all z € ¥4. Hence, the identity R(u, A)Az = pR(p, A)z—x for v € D(A)
yields

dpu=1

ﬂ@xxgl[kW<Rm¢Di>mm

1 [ er:
2—/6—}% wy, A) Az dp
4.1) an

for all z € ¥s,. Now, by ( d (4.5), we have

eH*

R(p, A) Az

_‘|2(1+e|DHAmH
for all u € v and z € X . Using this estimate and because lim,_,qet* =1,
Lebesgue’s dominated convergence theorem implies

li T —r=— | —R( Az du =0,
S5 570 (2)z -2 = 27 / (n, A)Aw dp =

where the second equality follows from Cauchy’s integral theorem by closing
the path + by circles with increasing diameter on the right. This proves
(4.7), and the proof is complete. a

If in Definition 4.2 we only consider values z € Ry, we obtain, by the
previous proposition, a strongly continuous semigroup (T(t))tzo on X. It
turns out that its generator is the operator from which we started.
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4.4 Proposition. The generator of the strongly continuous semigroup de-
fined by (4.2) is the sectorial operator (A, D(A)).

PROOF. Denoting by (B, D(B)) the generator of (T'(t));>0, it suffices to
show that

(4.8) R(\ A) = R(\, B)

for A\ = |wo| + 2, where wy denotes the growth bound of (T'(t)):>0, cf.
Definition I.1.5. However, from Theorem 1.10 we know that the resolvent
of B in X is given as the integral

R(\, B)x = / e MT(H)axdt  forall z € X.
0

Take now ¢y > 0 and choose v = 7 as in (4.3). Then, by Fubini’s theorem,
we obtain

fo 1 [etor=d 1
—At
Ttzdt = — | ————— R(u, A)zd
/0 e T(t)x 2771/7 Y (1, A)z dps

oA 2 [ p Aved

Here, we used the formula fy %xdu = —2miR(\, A)z, which can be
verified using Cauchy’s integral formula and by closing v on the right by
circles of diameter converging to oo. Because Re(u — \) < —1, for ¢ =
(6-8")/3 we can estimate

and obtain (4.8) by taking the limit as ¢y — oo. O

eto(M—A) M.
R(mA)wduH R
/7 = ArEsEm

Combining the two previous results, we see that a densely defined sec-
torial operator is always the generator of a strongly continuous semigroup
that can be extended analytically to some sector X5 containing R . At this
point, we remark that sectorial operators are characterized by the single
resolvent estimate (4.1), whereas the Hille-Yosida Generation Theorem 3.8
requires estimates on all powers of the resolvent.

Semigroups that can be extended analytically enjoy many nice proper-
ties; see, e.g., Theorem II1.2.10, [EN00, Cors. IV.3.12, VI.3.6 and VI.7.17]
and [Lun95]. Therefore, we give various characterizations of these analytic
semigroups. First, we introduce the appropriate terminology.
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4.5 Definition. A family of operators (T(z)).es;u(0y C £(X) is called an
analytic semigroup (of angle 6 € (0, 7/2]) if

(i) T(0) =1 and T(21 + 22) = T(21)T(22) for all z1, 25 € 5.

(ii) The map z +— T(z) is analytic in Xs.

(iii) limy,, 5,507 (2)z =2 for allz € X and 0 < ' < 0.
If, in addition,

(iv) |IT(2)|l is bounded in ¥ for every 0 < ¢ < 4,
we call (T(Z))zezéu{o} a bounded analytic semigroup.

In our next result, we give various equivalences characterizing generators
of bounded analytic semigroups.

4.6 Theorem. For an operator (A, D(A)) on a Banach space X, the fol-
lowing statements are equivalent.

(a) A generates a bounded analytic semigroup (T(Z))ZEE(;U{O} on X.
(b) There exists ¥ € (0,7/2) such that the operators e’ A generate
bounded strongly continuous semigroups on X .

(c) A generates a bounded strongly continuous semigroup (T'(t));>o on
X such that rg(T(t)) C D(A) for all t > 0, and

(4.9) M :=sup [[tAT(t)| < oo.
t>0

(d) A generates a bounded strongly continuous semigroup (T(t))>0 on
X, and there exists a constant C' > 0 such that
) C
(4.10) |R(r +is, A)|| < 5l
for allr > 0 and 0 # s € R.
(e) A is densely defined and sectorial.

PROOF. We show that (a) = (b) = (d) = (e) = (¢) = (a).

(a) = (b). For ¥ € (0,6), we define Ty(t) := T(e'’t). Then, by Defi-
nition 4.5, the operator family (Ty(t)):>0 C L(X) is a bounded strongly
continuous semigroup on X. In order to determine its generator, we define
7 :[0,00) = C by 7(r) := er. Then, by analyticity and Cauchy’s integral
theorem, we obtain

R(1,A)x = / e "T(t)xdt = /e*TT(r)x dr
0
. 0 i i . .
= e‘ﬂ/ e " Ty(r)zdr = e R(e", Ay)x
0
for all z € X, hence Ay = eV A. Similarly, it follows that (T(e’wt))tzo is

a bounded strongly continuous semigroup with generator e~'? 4; i.e., (b) is
proved.
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(b) = (d). Let e = a—1ib for a,b > 0. Then, applying the Hille-Yosida
Generation Theorem 3.8 to the generator e A, we obtain a constant C' >
1 such that

[R(r +is, A

||e_wR(e_i19(r +is), e_iﬂA) ||
C C
<

~— ar +bs s

for all 7,5 > 0 and C := C/,. For s < 0, we obtain a similar estimate using
the fact that eV A is a generator on X.

(d) = (e). By assumption, A generates a bounded strongly continuous
semigroup, and hence is densely defined by Proposition 1.7. Moreover, by
Theorem 1.10 we have ¥~,, C p(A). From Corollary V.1.14, we know that

1

[R(X, Al > dist(h, o(A))

for all A € p(A).

Therefore, the estimate (4.10) implies iR \ {0} C p(A) and, by continuity
of the resolvent map,

(4.11) IR(u, A)|| < i' for all 0 # € iR.

We now develop the resolvent of A in 0 # p € iR in its Taylor series (see
Proposition V.1.3),

oo

(4.12) R\ A) =D (= N)"R(u, A"

n=0

This series converges uniformly in £(X), provided that |pu—A|-||R(u, 4)|| <
g < 1 for some fixed ¢ € (0,1). In particular, for 4 = iIm \, we see from
(4.11) that this is the case if |Re A] < 9/c|Im A|. Because this is true for
arbitrary 0 < ¢ < 1, we conclude that

1

Redl < c} C p(4),

: <
{)\E(C Re A <0 and T,

and hence X/, 5 C p(A) for 6 := arctan !/c.

It remains to estimate |[R(X, A)| for A € ¥r/,15_. and € € (0,6). We
assume first that Re A > 0. Then, by the Hille-Yosida Generation The-
orem 3.8 for the bounded semigroup (T'(t));>o, there exists a constant

M > 1 such that |R(\ A)|| € M/rex. Moreover, by (4.10), we have
[IR(A, A)|| < ©/j1m a|; hence there exists M > 1 such that

M
RN A)|| < oy if Rel > 0.
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In the case Re A < 0, we choose ¢ € (0,1) such that 6 — e = arctan(4/c).
Then |Re M1y 2| < 9/c, and from estimate (4.11) combined with the Taylor
expansion (4.12) for 4 = iIm A\ we obtain

A oo C«n+1

< n___—

1RO € 3 RN s
< 1 C <\/02+1 1
SToq TmA T 1-q A

(e) = (c). By Propositions 4.3 and 4.4, A generates a bounded strongly
continuous semigroup (T(t))tzo, and the map

(0,0)3t—=Tt)r e X
is differentiable for all x € X. In particular, the limit

lim Tlt+h) =T z = lim T(h) =1 T(t)x
h10 h hl0 h
exists for all z € X and ¢ > 0; hence rg(7T'(t)) C D(A) for ¢ > 0.

Because for ¢ > 0 the operator AT(t) is closed with domain D(AT(t)) =
X, it is bounded by the closed graph theorem.

To estimate its norm, we use the integral representation (4.2) of T'(t)
and obtain, using the closedness of A, the resolvent equation, and Cauchy’s
integral theorem that

1
AT(t) = A — / e R(u, A) dp
271 J,

= i/fz"”(uR(u,A)—I) du

2mi

1
f./ue“tR(u,A) dp.
2mi ~

Because by analyticity we may choose v = 4, for r := 1/; as in the proof
of Proposition 4.3, we conclude, using (4.5) and (4.6), that

o0 . 2meM,
[ < [ o 2
v e

1 1
< QME ( +7Te> . ;7
sme

where € := (0-9")/5 for some ¢’ € (0,d). This proves (c).
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(c) = (a). We claim first that the map ¢ — T(t)z € X is infinitely many
times differentiable for all £ > 0 and « € X. In fact, using the formula
AT(s)y = T(s)Ay, valid for s > 0 and y € D(A) (see Lemma 1.3), one
easily verifies by induction that rg(T'(t)) C D(A>) = NyenD(A™) and

AT (t) = (AT(t/n))"
for all ¢ > 0 and n € N. We now fix some ¢ € (0,¢). Then, by Lemma 1.3,

A"T(t)x = AT(t — ) A" 'T(e)x
= 4Tt —e)A" ' T(e)x

= %T(t)ac

for all € X. This establishes our claim. Combining this with (4.9) and

the inequality® n!e™ > n™, we obtain, while writing 7 (¢) := jTZ/ (1),

(4.13) % 7™ @)] < (#)n for all n € N and ¢ > 0.

Next, we develop T'(t) in its Taylor series. To this end, we choose ¢ > 0 and
x € X arbitrary. Then, by Taylor’s theorem, we have for |h| < ¢ and all
necN

n k t+h
(4.14) T(t+h)z=> % T ()2 + i, / (t+ h —s)"T"+) (5)z ds.
! n! Jy
k=0

Denoting the integral term on the right-hand side of (4.14) by R, 11 (t+h)z,
we see from (4.13) that

lim | R (t+R)] = 0

n—oo

uniformly for |h| < ¢ - t/en for every fixed ¢ € (0,1). On the other hand,
the series

— (z—1)*
(4.15) T(2) =) e T®) (t)

converges uniformly for all z € C satisfying |z — ¢| < ¢ - t/epr; hence it
extends the given semigroup (T(t))tzo analytically to the sector X5 for
§ := arctan(1/ear). This proves (ii) of Definition 4.5.

3 Taking logarithms, this inequality can be restated as 1/n Z:zl log ¥/, > —1, which
follows from fol logxdz = —1.
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In order to verify the semigroup property for (T(z))zegau{o}, we first
take some ¢ > 0. Then the map X5 3 z — T'(t)T'(z) € L(X) is analytic and
satisfies T(¢t)T(2) = T(t + z) for z > 0. Hence, by the identity theorem for
analytic functions, we conclude that T'(¢t)T(z) = T(t 4 2) for all z € 5.
Now fix some z; € X5 and consider the map X5 3 z — T(z)T(z) €
L(X). This map is analytic as well and satisfies T'(21)T'(z) = T(z1 + 2)
for z > 0. Using the analyticity again, we obtain the functional equation
T(21)T(22) = T(z1 + 22) for all z1, 29 € 5.

To verify that z — T'(z) is uniformly bounded on the sector X5/ for every
0 < ¢ < 6, we choose ¢ € (0,1) such that ¢’ := arctan (9/eas). Then, by
equations (4.13) and (4.15),

i M (k) (Re z)

k!
k=0

o0
eM \Fk 1
4.16 <S71 k<7) <.
(4.16) _kz:%lmZ\ Res) <

1T =

l—q
It remains only to prove that the map
Y5y U{0} 32— T(2) € L(X)

is strongly continuous in z = 0. To this end, we choose z € X and £ > 0.
Because (T(t))tzo is strongly continuous, there exists hg > 0 such that
IT(h)x — x| < e(1—gq) for all 0 < h < hg. Then, using (4.16), we obtain

IT(2)2 = 2|l < [|T(2)(z = T(h)2) || + | T(2 + h)z = T(h)z]| + | T(h)z — =
<2+ |[[T(z+h) =T - [|l=|
for all h € (0, hg). Because the map z — T(z + h) € L(X) is analytic in

some neighborhood of z = 0, we have lim,_,o ||T'(2+ k) —T'(h)|| = 0, which
completes the proof of the implication (¢) = (a). O

4.7 Remarks. (i) We point out that from the previous proof it follows
that for an analytic semigroup (T(t))tzo and its generator A we always
have

rg(T(t)) € D(A™)

and (by (4.13)) for every n € N
lgfg t"|A™T(t)] < oo.

(ii) We note that in concrete applications one usually verifies condition (d)
in Theorem 4.6 in order to show that an operator generates an analytic
semigroup. In the case where the semigroup (T(t))tzo is already known
one can also try to verify condition (c).

Next we give some abstract and concrete examples of analytic semi-
groups.
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4.8 Corollary. If A is a normal operator on a Hilbert space H satisfying
(4.17) 0(A) C{z e C:|arg(—2)| < ¢}
for some & € [0, 7/2), then A generates a bounded analytic semigroup.

PROOF. Because A is normal, the same is true for R(\, A) for all A € p(A).
Hence, by [TL80, Thm. VI.3.5] or [Wei80, Thm. 5.44], we have

IR, Al = r(R(A, 4)),

and the assertion follows from Theorem 4.6.(d) combined with the Spectral
Mapping Theorem for the Resolvent in Paragraph V.1.13. (|

A different proof of the previous result is indicated in Exercise 4.14.(8).

In particular, Corollary 4.8 shows that the semigroup generated by a self-
adjoint operator A that is bounded above, which means that there exists
w € R such that

(Az|z) < wlz|? for all x € D(A),

is analytic of angle 7/>. Moreover, this semigroup is bounded if and only if
w < 0.

4.9 Example. In Paragraph 11.3.30.(ii) we showed that the closure A of
the operator

Af = f", D(A):={f € C*0,1]: f(0) = f(1) = 0}
generates a strongly continuous contraction semigroup (7'(t)):>o on the
Hilbert space H = L2[0,1]. Because it is not difficult to show that

Af = f", D(A):={f e B*[0,1]: f(0) = f(1) = 0}
is self-adjoint, the semigroup (T'(t));>0 is analytic. See Exercise 4.14.(9)
and, for more general operators, [EN0O, Sect. VI1.4].

It is, however, even simpler to verify the inequality in (3.29) with A
replaced by e*? A for some ¥ € (0, 7/2) in order to conclude that e*” A are
dissipative. Because p(eT'?A) = e*Vp(A), we then conclude by the Lumer—
Phillips Theorem 3.15 that e*¥ 4 are generators of contraction semigroups.
Hence, Theorem 4.6.(b) implies that the operator A generates a bounded
analytic semigroup on H.

Another important class of generators of analytic semigroups is provided
by squares of group generators.

4.10 Corollary. Let A be the generator of a strongly continuous group
(T(t))scr. Then A* generates an analytic semigroup (S(t)):>o of angle 7/a.
Moreover, if (T(t))teR is bounded this semigroup is given by

S(t) = \/E
PROOF. We first show that A? generates an analytic semigroup where we
assume that (T(t))teR is bounded. For the general case we refer to [Nag86,
A-TI, Thm. 1.15].

S/‘“T )ds, t>0.
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Take some 0 < ¢’ < 7/> and A € X/, 145 . Then there exists a square root
rel® of A with 0 < r and |a| < ("2+8)/3 < /5, and we obtain
(A — A?) = (re'* — A)(re!* + A).
This implies A € p(A?) and R(\, A%) = R(re'®, A)R(re!®, —A). Because A

generates a bounded group, there exists a constant M > 1 such that

IR, £A)| for all € Xr/,.

| < >—
Rep
Consequently, one has

M1 MY
sy M2 _1( M
HR(/MA )H < (rcosa)? = r2 (coS(%;y)>

M
= o for all A € Xr/, 45,

and the assertion follows from Propositions 4.3 and 4.4.

The explicit representation of (S(t));>o can be proved by verifying that
the Laplace transform of S(-) is given by R(-, A%). For the details see
[ABHNO1, Cor. 3.7.15]. 0

4.11 Example. It is immediately clear from the discussion of the transla-
tion groups in Paragraph 2.9 that starting from Af := f’ (and appropriate
domain) on Cy(R) or L?(R), 1 < p < oo, the operator

A2f _ f//
generates a bounded analytic semigroup.

We now consider the slightly more involved case of several space dimen-
sions; i.e., we consider the spaces Co(R™) or L?(R™), 1 < p < oo. Denote
by (U;(t))¢cr the strongly continuous group given by

(Ul(t)f)(a:) = fxy, e i1, by X)),
where x € R™, t € R, and 1 < i < n, and let A; be its generator. Obviously,
these semigroups commute as do the resolvents of A; and hence of A?. De-
note by (Ti(t))tzo the semigroup generated by A%, which by Corollary 4.10
has an analytic extension (Ti(z))zegﬂ - These extensions also commute,
and therefore

T(z):=Ti(2) - Tu(2), 2 € Ery,

defines a bounded analytic semigroup of angle 7. The domain D(A) of its
generator A contains D(A3)N---N D(A2) by Paragraph 2.6. In particular,
it contains
Do :={f € XNC*R") : D*f € X for every multi-index o with || < 2},
and for every f € Dg the generator is given by

Af:(Af+~~+Ai)f:;87?f:Af.

Finally, we note that (T(t))tzo is given by (2.8) in Paragraph I1.2.12.
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We close this section by studying the analyticity of multiplication semi-
groups and characterize it in terms of the function defining its generator.

4.12 Multiplication Semigroups. As in Definition 1.3.3, we consider a
multiplication operator

My:fr=q-f
on X := Cy(Q) (or, if one prefers, on LP(Q, u)) for some continuous function
q:Q— C. If sup,c Reg(s) < oo, then

Ty(t)f :=e"-f
defines a strongly continuous semigroup (see Proposition 1.3.5) for which
the following holds.

Theorem. Let (Tq(t))tzo be the strongly continuous multiplication semi-
group on X generated by the multiplication operator M,. Then (Tq<t))t20

is bounded and analytic if and only if the spectrum o(M,) = q(Q) satisfies
the conditions stated in Theorem 4.6. More precisely, (Tq (t))tZO is bounded
analytic of angle ¢ if and only if

st CC\q() = p(M,).
PROOF. The condition is necessary by Theorem 4.6. Conversely, if X5/,

is contained in C\ ¢(£2), it follows that the functions g4 := e*% . ¢ still have
nonpositive real part. By Proposition 1.3.5, this implies that

eiié X Mq
are both generators of bounded strongly continuous semigroups. By Theo-

rem 4.6.(b), this proves that M, generates a bounded analytic semigroup.
O

4.13 Comment. We point out that in most of the above results the den-
sity of the domain of A is not needed. In fact, the integral (4.2) exists
even for nondensely defined sectorial operators and yields an analytic semi-
group without, however, the strong continuity in Proposition 4.3.(iv). This
is treated in detail in [Lun95].

We close this subsection by adding an arrow to Diagram 1.14 in the case
of analytic semigroups.

(T(t)) >0

Az=lim Ltz—= ROA)= [ e MT(t) dt
o ' T(t):%m eutR(u’aA) d“

~

R\ A)=(A—A)"1

(4, D(4)) = = (RO\ A)repin

A=A—R()\,A)!
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4.14 Exercises. (1) Let X be a Banach space and consider a function
F : Q — L(X) defined on an open set 2 C C. Show that the following
assertions are equivalent.

(a) F:Q — L(X) is analytic.

(b) F(-)x:Q — X is analytic for all z € X.

(¢) (F()x,z') : Q — C is analytic for all z € X and 2/ € X'.
(Hint: Use Cauchy’s integral formula and the uniform boundedness princi-
ple.)
(2) Show that an analytic semigroup (T(Z))Zezau{o} for every 0 < ¢’ < 0
is exponentially bounded on Xs/.

(3) Show that the generator A of an analytic semigroup (7'(2)).es;u{0}
coincides with the “complex” generator; i.e.,

T _
Ap— lim LR)z-z
25/924)0 zZ

T _
, D(A) = {x €X:_ lim TFz -z exists}
Y5r22—0 z
for every 0 < ¢’ < ¢

(4) Show that for an analytic semigroup (T(z)) ~exsufo} on a Banach space
X one always has T'(t)X C D(A>) for all t > 0.

(5*) Give a proof of Corollary 4.10 in the case where the group (T'(t)):er
is not necessarily bounded. (Hint: See [Nag86, A-II, Thm. 1.15].)

(6) Let (A, D(A)) be a closed, densely defined linear operator on a Banach
space X. If there exist constants § > 0, » > 0, and M > 1 such that ¥ :=
{AeC: |\l >rand |arg(A)| < 72+ d} C p(A) and ||[R(A, A)|| < M/}, for
all A € 3, then A — w is sectorial for w sufficiently large. In particular, A
generates an analytic semigroup.

(7) For an operator (A, D(A)) on a Banach space X define on X := X x X
the operator matrix

A= (8‘ ﬁ) with domain  D(A) i= D(A) x D(A).
Show that the following assertions are equivalent.
(i) A generates an analytic semigroup on X.

(ii) A generates a strongly continuous semigroup on X.

(iii) A generates an analytic semigroup on X.
(Hint: If A generates the semigroup (T'(t))¢>0, then the candidate for the
semigroup (T(t))tzo generated by A is given by T(t) = (T(()t) t’;?t()t) ) Now
use Theorem 4.6.(c).)

(8) Give an alternative proof of Corollary 4.8 based on the Spectral Theo-
rem 1.3.9 and the results on multiplication semigroups from Section 1.3.b.
(Hint: Observe the theorem in Paragraph 4.12.)
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(9) Show that the closure of the operator A in Example 4.9 is self-adjoint.

(10*) Show that for every closed and densely defined operator T on a
Hilbert space H the operator T*T is self-adjoint and positive semidefinite.
(Hint: See [Ped89, Thm. 5.1.9].)
(11) Consider the first derivative D := 4/4, on L?[a,b] with the domains
D(Dy) = Hla,b] := {f € H'a,b] : f(a) = 0 = f(b)} and D(D,,) :=
Hl[a, b].
(i) Show that (Dg)* = —D,,, and (D,,)* = —Dy.
(ii) Show that Ap := D,, Dy and Ay := DyD,,, generate bounded an-
alytic semigroups. Write down these operators explicitly. Compare
this with Example 4.9. (Hint: Use Exercise (10).)

(12) Show that the operator A = &/g,2 with domain D(A) = {f €
C?0,1] : f/(0) =0 = f'(1)} generates an analytic contraction semigroup
(T(t) )t>0 on X : C[O, 1]. In addition, show that T'(¢)f > 0 for every
f >0 ie, (T(t ))tzo is positive. (Hint: Observe Paragraphs 11.2.11 and
11.3.30.)

5. Further Regularity Properties of Semigroups

We have seen in the previous section that requiring the orbit maps ¢
T(t)x to be analytic and not just continuous yields a new and important
class of semigroups. In this section we discuss some regularity (or smooth-
ness) properties lying between strong continuity and analyticity.

For the first of these concepts we weaken analyticity (on a sector) to
differentiability (on an interval).

5.1 Definition. A strongly continuous semigroup (T'(t));>o on a Banach
space X is called eventually differentiable if there exists tg > 0 such that
the orbit maps &, : t — T'(t)x are differentiable on (to,c0) for every € X.
The semigroup is called immediately differentiable if ty can be chosen as
to = 0.

In analogy to the Hille-Yosida Theorem it is possible to characterize
eventual /immediate differentiability by certain estimates on the resolvent
of the generator (see [EN00, Sect. I1.4.b] for precise statements). More
important for both theoretical and practical purposes is the following class
of semigroups where strong continuity becomes uniform after some time.

5.2 Definition. A strongly continuous semigroup (T(t))tzo is called even-
tually norm-continuous if there exists tg > 0 such that the function

t—T(t)

is norm-continuous from (tg, 00) into L(X). The semigroup is called imme-
diately norm-continuous if ty can be chosen to be tg = 0.
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A Hille-Yosida type characterization of these semigroups is still open.
However, immediately norm-continuous semigroups on Hilbert spaces can
be characterized via a growth condition on the resolvent of the generator;
see [EN0O, Thm. I1.4.20]. As a necessary condition in Banach spaces we
show that the spectrum of their generators is bounded along imaginary
lines in the complex plane.

5.3 Theorem. Let (A,D(A)) be the generator of an eventually norm-
continuous semigroup (T(t))tzo. Then, for every b € R, the set

{)\ €c(A):Re) > b}
is bounded.

PROOF. Fix a € R larger than the growth bound wy of (T'(t))¢>0. If we
show that for every € > 0, there exist n € N and rg > 0 such that

|R(a+ir, A)"|| /" < forall r € R with |r| > ro,

then the assertion follows from the inequality

1
r(R(a+ir, A))
1

|R(a + ir, A)™|| > -

dist(a +ir,o(A4)) =

v

(see Corollary V.1.14).
First, we obtain from the integral representation of the resolvent (see
Corollary 1.11) that

1 oo
ROV A = /0 M (1) dt

forall z € X, n € N, and Re A > wg . Now choose t; > 0 such that t — T'(t)
is norm-continuous on [¢;,00) and choose w € (wp,a), M > 1 such that
|IT(t)|| < Me™ for t > 0. Finally, set N := M - fotl e %%t dt and take
€ > 0. Then there exist n € N and t5 > t; such that

Nty entl 1o entl
St and m/ e () dt < T

to

Now apply the Riemann-Lebesgue lemma (see Theorem A.20) to the norm-
continuous function ¢ — t"e~*T(t) on [t1,t2] to obtain ry > 0 such that

n+1

1" .
= / t"e e T (t) dtH <

n! Ji,
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whenever |r| > rg. The combination of these three estimates yields

|Rla+ir, Ay a] = L

‘ / e<a+i’”>tt”T(t)xdtH

0
I L,

<—/ e M || T (t)z| dt + — / the e (1) dt
n! Jo nl /g,

1 (oo}

+ 1 / o=t | T(1)z | dit
n! /i,
1 ha

2
< —t"/ e " Me" dt + 5"“) ||
(n! o 3

1 2
= (N 2] el <

for all z € X. O

By analyzing the previous proof, one sees that in the case where (T(t))tzo
is immediately norm-continuous, one can choose t; = 0 and n = 0. This
observation yields the following result.

5.4 Corollary. If (A,D(A)) is the generator of an immediately norm-
continuous semigroup (T(t)):>o, then

(5.1) Tgrjzloo |R(a+ir, A)|| =0

for all a > wyg.

Up to now we have classified the semigroups according to smoothness (or
regularity) properties of the map ¢ — T'(¢). Next, we introduce a property
of the semigroup based on the “regularity” of a single operator. We prepare
for the definition with the following lemma.

5.5 Lemma. Let (T(t))tzo be a strongly continuous semigroup on a Ba-
nach space X. If T(to) is compact for some to > 0, then T'(t) is compact
for all t > ty, and the map t — T(t) is norm-continuous on [tg, o0).

PROOF. The first assertion follows immediately from the semigroup law
(FE). By Lemma 1.1.2, we know that limy_,07T(s + h)z = T(s)z for all
s > 0 uniformly for x in any compact subset K of X. Let U be the unit
ball in X . Because T'(tg) is compact, we have that K := T (to)U is compact,
and hence

lim (T (t)z — T(s)z) = lim (T(¢t — to) — T(s — t9))T(to)z =0

s—t s—t

for arbitrary ¢t > ty and uniformly for z € U. (]
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5.6 Definition. A strongly continuous semigroup (T(t))tzo is called 1m-
mediately compact if T(t) is compact for all t > 0 and eventually compact
if there exists to > 0 such that T(ty) is compact.

From Lemma 5.5 we obtain that an immediately (eventually) compact
semigroup is immediately (eventually) norm-continuous. In addition, one
might expect some relation between the compactness of the semigroup and
the compactness of the resolvent of its generator. Before introducing the
appropriate terminology, we observe that due to the resolvent equation, a
resolvent operator is compact for one A € p(A) if and only if it is compact
for all A € p(A).

5.7 Definition. A linear operator A with p(A) # 0 has compact resolvent
if its resolvent R(\, A) is compact for one (and hence all) A € p(A).

Operators with compact resolvent on infinite-dimensional Banach spaces
are necessarily unbounded (see Exercise 5.13.(1)). For concrete operators,
the following characterization is quite useful.

5.8 Proposition. Let (A, D(A)) be an operator on X with p(A) # 0 and
take X1 := (D(A),||-|la) (see Section 2.c and Exercise 2.22.(1)). Then the
following assertions are equivalent.

(a) The operator A has compact resolvent.

(b) The canonical injection i : X1 — X is compact.

PROOF. Observe that for every A € p(A), the graph norm ||-|| 4 is equivalent
to the norm
lzll = 1A = A)z|

(see the proof of Proposition 2.15.(i)). Therefore, the operator
R()\, A) X =X,

is an isomorphism with continuous inverse A— A. The assertion then follows
from the following factorization.

R(\,A)

X X

R(MA) || A—A

X1 O

This proposition allows us to prove that differential operators on certain
function spaces have compact resolvent. It suffices to apply appropriate
Sobolev embedding theorems; see, e.g., [RR93, Sect. 6.4]. Here is a very
simple example.
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5.9 Example. Let 2 be a bounded domain in R™ and take X = Cy(2). As-
sume that (A, D(A)) is an operator on X such that D(A) is a continuously
embedded subspace of the Banach space

Co(Q) := {f € Co(Q) : [ is differentiable and f’ € Co()}.

By the Arzelad—Ascoli theorem, the injection i : C§(Q2) < C(£2) is compact,
whence A has compact resolvent whenever p(A4) # ). See Exercise 5.13.(4)
for the analogous LP-result.

The relation between compactness of the semigroup and the resolvent is
not simple. We show first what is not true.

5.10 Examples. (i) Consider the translation semigroup on the Banach
space L1([0, 1] x [0,1]) defined by

t,s) f t<1;
st = {3000 TS

This semigroup is nilpotent, hence eventually compact. However, its gen-
erator does not have compact resolvent. (See Exercise 5.13.(3).)

(ii) The generator of the periodic translation group (or rotation group, see
Paragraph 1.3.18) has compact resolvent. The group, however, does not
have any of the smoothness properties defined above.

5.11 Lemma. Let (T'(t));>0 be a strongly continuous semigroup with gen-
erator A. Moreover, assume that the map t — T(t) is norm-continuous at
some point tg > 0 and that R(\, A)T'(to) is compact for some (and hence
all) A € p(A). Then the operators T'(t) are compact for all t > t.

PROOF. As usual, we may assume that 0 € p(A). For the operators V(t)
defined by V (t)z := fot T(s)xds for z € X and ¢t > 0 one has

AVt)x =T(t)xr —x for all z € X;
V(t) = R(0,A)(I — T(t)).

hence

The norm continuity for ¢ > ¢y implies
T(tp) = lim 1 (V(to+h) — V(to))
hi0 h

in operator norm. Because it follows from the assumptions that V (tg+h) —
V (to) is compact for all h > 0, this implies that T'(¢o) as the norm limit of
compact operators is compact as well. O
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5.12 Theorem. For a strongly continuous semigroup (T(t))tzo the follow-
ing properties are equivalent.

(a) (T'(t))i>0 is immediately compact.

(b) (T(t))i>0 is immediately norm-continuous, and its generator has
compact resolvent.

Proor. If (T (t))tzg is immediately compact, it is immediately norm-
continuous by Lemma 5.5. Therefore, the integral representation for the
resolvent in Theorem 1.10.(i) exists in the norm topology; hence R(A, A) is
compact. The converse implication follows from Lemma 5.11. ]

We close these considerations by visualizing the implications between the
various classes of semigroups in the following diagram.

analytic == immediately differentiable = eventually differentiable

! I
(5.2) immediately norm-continuous = eventually norm-continuous
1) 1)
immediately compact = eventually compact

It can be shown (using multiplication semigroups and nilpotent semigroups)
that all these classes are different; see [EN0O, Sect. IT.4.¢].

5.13 Exercises. (1) Show that a bounded operator A € L(X) has compact
resolvent if and only if X is finite-dimensional.

(2) Let (A, D(A)) be an operator on a Banach space X having compact
resolvent and let B € L(X) be such that p(A + B) # 0. Then A + B has
compact resolvent. (Hint: Use the formula U=! — V-t = U}V - U)V !
valid for each pair of invertible operators having the same domain.)

(3) Show that the generator of the semigroup in Example 5.10.(i) does not
have compact resolvent. (Hint: Compute the resolvent, using the integral
representation (1.14), for functions of the form f(r,s) := h(r)g(s) for 0 <
r,s <1and h,g € L*[0,1].)

(4) Let X := LP(Q) for 1 < p < oo and a bounded domain @ C R”
with smooth boundary 9. If (A7D(A)) is an operator on X satisfying
p(A) # 0 and D(A) C WHP(Q), then A has compact resolvent. (Hint: Use
Corollary A.11 and Sobolev’s embedding theorem.)
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6. Well-Posedness for Evolution Equations

Only now we turn our attention to what could have been, in a certain
perspective, our starting point: We want to solve a differential equation.
More precisely, we look at abstract (i.e., Banach-space-valued) linear initial
value problems of the form

(ACP) {W) = Au(t)  fort >0,

where the independent variable ¢ represents time, u(-) is a function with
values in a Banach space X, A: D(A) C X — X a linear operator, and
x € X the initial value.

We start by introducing the necessary terminology.

6.1 Definition. (i) The initial value problem (ACP) is called the abstract
Cauchy problem associated with (A, D(A)) and the initial value x.

(ii) A function u: Ry — X is called a (classical) solution of (ACP) if u is
continuously differentiable, u(t) € D(A) for all t > 0, and (ACP) holds.

If the operator A is the generator of a strongly continuous semigroup,
it follows from Lemma 1.3.(ii) that the semigroup yields solutions of the
associated abstract Cauchy problem.

6.2 Proposition. Let (A, D(A)) be the generator of the strongly contin-
uous semigroup (T'(t))s>o. Then, for every & € D(A), the function

u:t—u(t) =T
is the unique classical solution of (ACP).

The important point is that (classical) solutions exist if (and, by the def-
inition of D(A), only if) the initial value  belongs to D(A). However, one
might substitute the differential equation by an integral equation, thereby
obtaining a more general concept of “solution.”

6.3 Definition. A continuous functionu : Ry — X is called a mild solution
of (ACP) if fg u(s)ds € D(A) for allt > 0 and

u(t) = A/O u(s)ds + x.

It follows from our previous (and elementary) results (use Lemma 1.3.(iv))
that for A being the generator of a strongly continuous semigroup, mild
solutions exist for every initial value x € X and are again given by the
semigroup.
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6.4 Proposition. Let (A, D(A)) be the generator of the strongly contin-
uous semigroup (T(t))tzo. Then, for every x € X, the orbit map

u:t—u(t) =Tz
is the unique mild solution of the associated abstract Cauchy problem

(ACP).

PROOF. We only have to show the uniqueness of the zero solution for the
initial value = 0. To this end, assume u to be a mild solution of (ACP)
for © = 0 and take ¢t > 0. Then, for each s € (0,t), we obtain

a (T(t— 5 /O u(r) dr) — Tt — s)u(s) — T(t— ) A /O w(r) dr =0,
Integration of this equality from 0 to ¢ gives
t
/ u(r)dr =0, hence u(t) =u(0) =0
0

as claimed. O

The above two propositions are just reformulations of results on strongly
continuous semigroups. They might suggest that the converse holds. The
following example shows that this is not true.

6.5 Example. Let (B, D(B)) be a closed and unbounded operator on X.
On the product space X := X x X, consider the operator (A, D(A)) written
in matrix form as

A= (8 g) with domain D(A) := X x D(B).

Then ¢ — u(t) := (”+;By) is the unique solution of (ACP) associated with
A for every (z ) € D(A). However, the operator A does not generate a
strongly continuous semigroup, because for every A € C, one has

(A — A)D(A) = {(M;yBy) reX,ye D(B)} C X x D(B) £ X,

and hence o(A) = C.

We now show which properties of the solutions (-, ) or of the operator
(A,D(A)) have to be added in order to characterize semigroup genera-
tors. To this end we first consider the following existence and uniqueness
condition.

(EU)
For every x € D(A), there exists a unique solution u(-, z) of (ACP).
To this condition we add the nonemptiness of the resolvent set p(A4) in (b)

or some continuous dependence of the solutions upon the initial values in
(c) below.
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6.6 Theorem. Let A: D(A) C X — X be a closed operator. Then for the
associated abstract Cauchy problem

{u(t) = Au(t)  fort >0,
u(0) ==z

the following properties are equivalent.

(ACP)

(a) A generates a strongly continuous semigroup.
(b) A satisfies (EU) and p(A) # 0.

(c) A satisfies (EU), has dense domain, and for every sequence (&, )neny C
D(A) satisfying lim, oo , = 0, one has lim,_, o u(t,z,) = 0 uni-
formly in compact intervals [0, to].

PROOF. From the basic properties of semigroup generators and, in partic-
ular, Proposition 6.2, it follows that (a) implies (b) and (c).

For (b) = (c) we first show that for all z € X there exists a unique mild
solution of (ACP). By assumption (EU), for each y := R(\, A)x € D(A),
A € p(A), there is a classical solution u(-,y) with initial value y. Then it is
easy to see that v(t) := (A — A)u(t,y) defines a mild solution for the initial
value x = (A — A)y. In order to prove uniqueness let u(-) be a mild solution
to the initial value 0. Then v(t) := fot u(s) ds is the classical solution for
the initial value 0, hence v = 0 and consequently u = 0 as well. Because for
every x € X we have, by definition of mild solutions, fot u(s,x)ds € D(A),
we obtain from

1 t
g/u(s,x)ds%u(o,m):x ast ] 0
0

that D(A) is dense. The uniqueness of the mild solutions implies linearity
of u(t,x) in . In order to show the continuous dependence upon the initial
data, we consider for fixed tg > 0 the linear map

DX — C([0,t0], X), z—u(,z)
and show that ® is closed. In fact, if 2,, = z and ®(z,,) = y € C([0, to], X)
we obtain for ¢ € [0, to],

D(A) > /Otu(s,xn) ds — /Oty(s) ds
and

t
A/ u(s, xn) ds = ul(t, z,) — xp, — y(t) — .
0

Hence, by the closedness of A we conclude that fot y(s)ds € D(A) and

Afot y(s)ds = y(t) — x. Consequently y(-) is the unique mild solution of
(ACP) with initial value x if for ¢ > ¢y we define y(t) := u(t — to, y(to))-
This shows y(t) = u(t, x) for t € [0,p] and ®(x) = y. By the closed graph
theorem @ is continuous; hence for z,, — 0 we obtain u(t,z,) — 0 in
C([0, o], X), i.e., uniformly for ¢ in the compact interval [0, ¢y]. This proves

(c).
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(¢) = (a). The assumption implies the existence of bounded operators
T(t) € L(X) defined by
T(t)x = u(t, z)

for each © € D(A). Moreover, we claim that supy<;<; [|T(t)|| < oo. By
contradiction, assume that there exists a sequence (t,)nen C [0,1] such
that ||T'(t,)|| — oo as n — oo. Then we can choose z,, € D(A) such
that lim,_eo z, = 0 and ||T(t,)x,| > 1. Because u(ty, z,) = T(tn)Tn,
this contradicts the assumption in (c), and therefore ||T(¢)|| is uniformly
bounded for ¢ € [0, 1]. Now, ¢ — T'(¢)z is continuous for each x in the dense
domain D(A), and we obtain continuity for each z € X by Lemma I.1.2.
Finally, the uniqueness of the solutions implies T'(¢t + s)x = T(t)T(s)x
for each z € D(A) and all ¢,s > 0. Thus (T'(t))¢>0 is a strongly contin-
uous semigroup on X. Its generator (B, D(B)) certainly satisfies A C B.
Moreover, the semigroup (T(t))tzo leaves D(A) invariant, which, by Propo-
sition 1.7, is a core of B. Because A is closed, we obtain A = B. a

Observe that (a) and (b) in the previous theorem imply that D(A) is
dense, whereas this property cannot be omitted in (c). Take the restriction
A of a closed operator A to the domain D(A) := {0}.

Intuitively, property (c) expresses what we expect for a “well-posed”
problem and its solutions:

ezistence + uniqueness + continuous dependence on the data.

Therefore we introduce a name for this property.

6.7 Definition. The abstract Cauchy problem

(ACP) { W(t) = Au(t)  fort >0,

associated with a closed operator A : D(A) C X — X is called well-posed
if condition (c) in Theorem 6.6 holds.

With this terminology, we can rephrase Theorem 6.6.

6.8 Corollary. For a closed operator A : D(A) C X — X, the associated
abstract Cauchy problem (ACP) is well-posed if and only if A generates a
strongly continuous semigroup on X.

Once we agree on the well-posedness concept from Definition 6.7, strongly
continuous semigroups emerge as the perfect tool for the study of abstract
Cauchy problems (ACP). In addition, this explains why in this manuscript
we

e Study semigroups systematically and only then

e Solve Cauchy problems.
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However, we have to point out that our definition of “well-posedness”
is not the only possible one. In particular, in many situations arising from
physically perfectly “well-posed” problems one does not obtain a semigroup
on a given Banach space. We refer to [ABHNO1], [Are87], [deL94], and
[Neu88| for weaker concepts of “well-posedness” and show here how to
produce, for the same operator by simply varying the underlying Banach
space, a series of different “well-posedness” properties.

6.9 Example. Consider the left translation group (T(t))teR on L!(R) with
generator Af := f’ and D(A) := WH(R). Decompose this space as

L'(R) = L'(R_) & L'(R,),

and take any translation-invariant Banach space Y continuously embedded
in L'(R_). Then the part A of Ain X := Y &L(R;) has domain D(4)) :=
{f e WHL(R) : f"]& € Y'}. The abstract Cauchy problem

u(t) = Aju(t) fort >0,
u(0)=feD(A)CX

formally has the solution ¢ — u(t) := T(t)f with (T(t)f)(s) = f(s + 1),
s € R. This is a classical solution if and only if u(t) € D(A,) for all £ > 0. As
concrete examples, we suggest taking Y := W™1(R_), or even Y := {0},
and leave the details as Exercise 6.10.

6.10 Exercise. On X := WhH!(R_)@®L*(R,), consider the operator Af :=
f' with D(A) == {(f.g) € W»'(R_) @ WM (Ry) : f(0) = g(0)}.
(i) Which conditions of Generation Theorem 3.8 are fulfilled by the oper-
ator (A, D(A))? (Hint: Use (2.1) in Section 2.b to represent R(\, A).)
(ii) Show that the abstract Cauchy problem associated with (A, D(A))
has a classical solution only for initial values (f, g) € D(A) such that
g€ WH(Ry).
(iii) Replace W21(R_) by other translation-invariant Banach function
spaces on R_ and find the initial values for which classical solutions
exist.



Chapter 111

Perturbation of Semigroups

The verification of the conditions in the various generation theorems from
Sections I1.3—4 is not an easy task and for many important operators can-
not be performed in a direct way. Therefore, one tries to build up the given
operator (and its semigroup) from simpler ones. Perturbation and approx-
imation are the standard methods for this approach and are discussed in
this and the next chapter.

1. Bounded Perturbations

In many concrete situations, the evolution equation (or the associated lin-
ear operator) is given as a (formal) sum of several terms having differ-
ent physical meaning and different mathematical properties. Although the
mathematical analysis may be easy for each single term, it is not at all clear
what happens after the formation of sums. In the context of generators of
semigroups we take this as our point of departure.

1.1 Problem. Let A: D(A) C X — X be the generator of a strongly con-
tinuous semigroup (T(t))tzo and consider a second operator B : D(B) C
X — X. Find conditions such that the sum A + B generates a strongly
continuous semigroup (S(t))¢>o-

We say that the generator A is perturbed by the operator B or that B
is a perturbation of A. However, before answering the above problem, we

115
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have to realize that—at this stage—the sum A + B is defined as

(A+ B)x := Ax + Bx

only for

x € D(A+ B) := D(A) N D(B),
a subspace that might be trivial in general. To emphasize this and other
difficulties caused by the addition of unbounded operators, we first discuss
some examples.

1.2 Examples. (i) Let (A4, D(A)) be an unbounded generator of a strongly
continuous semigroup. If we take B := — A, then the sum A+ B is the zero
operator, defined on the dense subspace D(A), hence not closed.

If we take B := —2A, then the sum is

A+B=-A with domain D(A+ B) = D(4),

which is a generator only if A generates a strongly continuous group (see
Paragraph I1.3.11).

(ii) Let A: D(A) C X — X be an unbounded generator of a strongly con-
tinuous semigroup and take an isomorphism S € L(X) such that D(A4) N
S(D(A)) = {0}. Then B := SAS~! is a generator as well (see Para-
graph 11.2.1), but A 4+ B is defined only on D(A + B) = D(A)N D(B) =
D(A)N S(D(A)) = {0}.

A concrete example for this situation is given on X := Co(Ry) by

Af:=f"  with its canonical domain D(A) := C}(Ry)
Sf=q-f

1

for some continuous, positive function ¢ such that ¢ and ¢~ are bounded

and nowhere differentiable. Defining the operator B as
Bf:=q-(¢"'-f)) on D(B):={feX:q " feDA},
we obtain that the sum A + B is defined only on {0}.

The above examples show that the addition of unbounded operators is a
delicate operation and should be studied carefully. We start with a situation
in which we avoid the pitfall due to the differing domains of the operators
involved. More precisely, we assume one of the two operators to be bounded.

1.3 Bounded Perturbation Theorem. Let (A, D(A)) be the genera-
tor of a strongly continuous semigroup (T (t))tzo on a Banach space X
satisfying

|T(#)]| < Me®™ for all t > 0
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and some w € R,M > 1. If B € L(X), then
C:=A+B with D(C) :=D(4)
generates a strongly continuous semigroup (S (t))tZO satisfying
1S(t)]| < Melw+MIBIDE for all t > 0.

PROOF. In the first and essential step, we assume w = 0 and M = 1. Then
A€ p(A) for all A > 0, and A — C can be decomposed as

(1.1) A—C=XA-A—-B=(I-BR()\A)\-A).

Because A— A is bijective, we conclude that A—C' is bijective; i.e., A € p(C),
if and only if

I — BR(\A)
is invertible in £(X). If this is the case, we obtain
(1.2) R(\,C) = R(\, A)[I — BR(\, A)] L.

Now choose Re A > ||BJ|. Then ||BR(A, A)|| < IBl/rex < 1 by Generation
Theorem I1.3.5.(c), and hence A € p(C') with

(1.3) R(X,C) = R(\, A) Y (BR(\, A)™.
n=0
We now estimate
1 1 1

\O)| < : =
IRAON < gy 12 IBl/rer  ReA— ||B]|

for all ReA > ||B|| and obtain from Corollary I1.3.6 that C' generates a
strongly continuous semigroup (S (t))tzo satisfying

15| < elBI* for ¢ > 0.

For general w € R and M > 1, we first do a rescaling (see Paragraph 11.2.2)
to obtain w = 0. As in Lemma I1.3.10, we then introduce a new norm

llz|| := sup [|7'(t)||
>0

on X. This norm satisfies
2| < llll < M ||,
makes (T(t))tzo a contraction semigroup, and yields
|Bz|| < MBI - ||| < MBI - [l

for all x € X. By part one of this proof, the sum C = A + B generates a
strongly continuous semigroup (S (t))tzo satisfying the estimate

I1S(2)] < ellBlt < MBI,

Hence
ISz < 1S@E)] < MBIz < MeMIBI |z

for all £ > 0, which is the assertion for w = 0. O
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The identities (1.1) and (1.3) are not only the basis of this proof, but
are also the key to many more perturbation results. Here, we apply them
to extend the above theorem to certain unbounded perturbations. For this
purpose we use the terminology of Sobolev towers from Section II.2.c.

For sufficiently large A, the generator A of a strongly continuous semi-
group, and an operator B € L(X), the operators

(I-BR(M\A))  and  (I—-BR(MA) ™ = i(BR(A, A))"

n=0

are isomorphisms of the Banach space X. Therefore, for large A, the 1-
norms with respect to A — A and A\ — A — B, i.e.,

]l = | — A)z|

and
2|17 == (A = A= B)z| = ||(I = BR(\, A))(A— A)z

)

are equivalent on X; := D(A) = D(A + B).
Similarly, the corresponding (—1)-norms

A
lz||%, == R\, A)z|
d
an
2|47 == |R(\, A + B)z|

are equivalent on X (use the identity
(1.4) R\ A)=[I+ R\ A+ B)B]"'R(\, A+ B)

and (1.2)), and hence the Sobolev spaces X4, for A and X*? for A+ B
from Definition I1.2.17 coincide.

Because we know from Theorem 1.3 that A+ B is a generator, we obtain
the following conclusion.

1.4 Corollary. Let (A, D(A)) be the generator of a strongly continuous
semigroup on a Banach space Xy and take B € L(Xy). Then the operator

A+ B with domain D(A + B) := D(A)
is a generator, and the Sobolev spaces

XA and XATB

K3
corresponding to A and A + B, respectively, coincide for i = —1,0, 1.

We show in Exercise 1.13.(5) that this result is optimal in the sense that
in general, only these three “floors” of the corresponding Sobolev towers
coincide. Here, the above corollary immediately yields a first perturbation
result for operators that are not bounded on the given Banach space.
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1.5 Corollary. Let (A, D(A)) be the generator of a strongly continuous
semigroup on the Banach space X. If B is a bounded operator on Xfl =
(D(A), || - |l1), then A+ B with domain D(A + B) = D(A) generates a
strongly continuous semigroup on Xj.

PROOF. Consider the restriction A; of A as a generator on X{‘. Then A1+B
generates a strongly continuous semigroup on X f‘ by Theorem 1.3. This

perturbed semigroup can be extended to its extrapolation space (X {A)i‘ﬁB ,

which by Corollary 1.4 coincides with the extrapolation space (X{1)41.

However, this is the original Banach space Xy. The generator of the ex-
tended semigroup on Xy is the continuous extension of A; + B, hence is
A+ B. O

1.6 Example. Take Af := f' on X := Co(R) with domain C}(R). For
some h € C§(R) define the operator B by

Bf = f'(0) - h, f € CAR).
Then B is unbounded on X but bounded on D(A) = C}(R), and hence
A+ B is a generator on X.

Returning to Theorem 1.3, we recall that we have the series representa-
tion (1.3) for the resolvent R(A, A + B) of the perturbed operator A + B,
whereas for the new semigroup (S (t)>t20 we could prove only its existence.
In order to prepare for a representation formula for this new semigroup, we
show first that it has to satisfy an integral equation.

1.7 Corollary. Consider two strongly continuous semigroups (T(t))tzo
with generator A and (S (t))tZO with generator C' on the Banach space X
and assume that

C=A+B

for some bounded operator B € L(X). Then
¢
(IE) St)x =T(t)x + / T(t—s)BS(s)xds
0
holds for every t > 0 and x € X.

PROOF. Take x € D(A) and consider the functions
[0,t] 3 s+ &(s) :=T(t —s)S(s)x € X.

Because D(A) = D(C) is invariant under both semigroups, it follows that
&5(+) is continuously differentiable (use Lemma A.19) with derivative

Le(s)=T(t—s)CS(s)z — T(t — s)AS(s)z = T(t — s)BS(s)z.
This implies
S(t)r —T(t)x = & (t) — €(0) = /0 & (s)ds = /0 T(t — s)BS(s)xds.

Finally, the density of D(A) and the boundedness of the operators involved
yield that this integral equation holds for all x € X. (]
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If we replace the above functions &, by
n:(s) == S(s)T(t — s)x

and use the same arguments, we obtain the analogous integral equation
t
(IE*) St)x =T({t)x + / S(s)BT(t — s)xds
0

for x € X and t > 0.

Both equations (IE) and (IE*) are frequently called the variation of pa-
rameter formula for the perturbed semigroup.

Instead of solving the integral equation (IE) by the usual fixed point
method, we use an abstract and seemingly more complicated approach.
However, it has the advantage of working equally well for important un-
bounded perturbations. For these more general perturbations we refer to
[ENO0O, Sect. IIL3].

In order to explain our method we rewrite (IE) in operator form and
introduce the operator-valued function space

X¢, := C([0, 0], £s(X))
of all continuous functions from [0, to] into Ls(X); i.e., F' € Xy, if and only

it F(t) € L(X) and t — F(t)x is continuous for each z € X. This space
becomes a Banach space for the norm

[Fllo == sup [[F(s)ll,  F€Xy
s€[0,to]

(see Proposition A.4). We now define a “Volterra-type” operator on it.

1.8 Definition. Let (T(t))tzo be a strongly continuous semigroup on X
and take B € L(X). For any ty > 0, we call the operator defined by

VF(t)x = /Ot T(t— s)BF(s)xds

for z € X, F € C([0,t0],£5(X)) and 0 < ¢ < to the associated abstract
Volterra operator.

The following properties of V' should be no surprise to anyone famil-
iar with Volterra operators in the scalar-valued situation. In fact, the
proof is just a repetition of the estimates there and is omitted (see Ex-
ercise 1.13.(1)).
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1.9 Lemma. The abstract Volterra operator V associated with the strongly
continuous semigroup (T'(t)):>o and the bounded operator B € L(X) is a
bounded operator in C([0,t],Ls(X)) and satisfies

(15 oy < L1510
n:

for alln € N and with M := sup,¢o 4,1 |7(s)||- In particular, for its spectral
radius we have

(1.6) r(V) = 0.

From this last assertion it follows that the resolvent of V at A = 1 exists
and is given by the Neumann series; i.e.,

RLV)=(I-V) = i |74
n=0

We now turn back to our integral equation (IE), which becomes, in terms
of our Volterra operator, the equation

T()=I-V)50)
for the functions T'(-), S(-) € C([0,to], £s(X)). Therefore,

o0

(L.7) S() = ROLV)T() = S voT(),

n=0

where the series converges in the Banach space C([0, o], £5(X)). Rewriting
(1.7) for each t > 0, we obtain the following representation for the semi-
group (S(t))¢>0. This Dyson—Phillips series was found by F.J. Dyson in his
work [Dys49] on quantum electrodynamics and then by R.S. Phillips in his
first systematic treatment [Phi53] of perturbation theory for semigroups.

1.10 Theorem. The strongly continuous semigroup (S(t));>o generated
by C := A+ B, where A is the generator of (T'(t));>0 and B € L(X), can
be obtained as

(18) S =3 5a(0),
n=0
where Sy (t) := T(t) and

t
(1.9) St () = VSu(t) = / T(t — 5)BSy(s) ds.
0
Here, the series (1.8) converges in the operator norm on £(X) and, be-
cause we may choose ty in Lemma 1.9 arbitrarily large, uniformly on com-
pact intervals of Ry . In contrast, the operators Sy41(¢) in (1.9) are defined
by an integral defined in the strong operator topology.
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The Dyson—Phillips series and the integral equation (IE) from Corol-
lary 1.7 are very useful when we want to compare qualitative properties of
the two semigroups. Here is a simple example of such a comparison.

1.11 Corollary. Let (T(t))i>0 and (S(t))¢>0 be two strongly continuous
semigroups, where the generator of (S (t))tzo is a bounded perturbation of
the generator of (T'(t))¢>0. Then

(1.10) 1T -S| <tM
for t € [0,1] and some constant M.

PROOF. From the integral equation (IE), we obtain
t

[T () — S(t)z|| < / |T(t — 5)BS(s)z|| ds
0

<t sup [[T(r)|| sup [IS(s)]- 1B [z
rel0,1] s€[0,1]

for all z € X and ¢ € [0, 1]. O

Conversely, one can show that an estimate such as (1.10) for the difference
of two semigroups implies a close relation between their generators; see
[ENO0O, Sect. II1.3.b] for more details.

In the final result of this section we show that analyticity of a semigroup
is preserved under bounded perturbation.

1.12 Proposition. Let (T(t))tzo be an analytic semigroup with generator
A on the Banach space X and take B € L(X). Then also the semigroup
(S(t))¢>0 generated by A+ B is analytic.

PROOF. The assertion is a consequence of Theorem I1.4.6.(b) and the
Bounded Perturbation Theorem 1.3. O

1.13 Exercises.

(1) Prove Lemma 1.9. (Hint: Show that V is a linear operator on the
space C([0, o], £5(X)). Then use induction on n € N to verify (1.5). Equa-
tion (1.6) then follows from the Hadamard formula r(V') = lim,, . ||V /»
for the spectral radius.)

(2) Let (T(t))tzo be a strongly continuous semigroup with generator A on
the Banach space X and (S (t))tzo the semigroup with generator A + B
for B € L(X).

(i) Show that instead of the integral equations (IE) and (IE*) we can
write

St)r =T(t)x + /t T(s)BS(t — s)xzds

and Ot

St)x=T({t)x + / S(t—s)BT(s)xds
0

forxe X, t>0.
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(ii) Define a Volterra operator V* based on the integral equation (IE*)
and show that

S(t) =Y Si(t),
n=0
where S§(t) := T'(t) and
* (e = VOSE () = /0 S*(s)BT(t — s)z ds

forxe X, t>0.
(3) Show that the variation of parameter formulas (IE) and (IE*) also holds
for perturbations B € L(X;) and = € D(A).
(4) Take the Banach space X := Cp(R) and a function ¢ € Cp(R), and
define i
T(0)f(s) i= el " ps =)
forse R, t>0,and f € X.
(i) Show that (7'(t)):>o is a strongly continuous semigroup on X.
(ii) Compute its generator.
(iii) What happens if the function ¢ is taken in L>(R)?
(iv) Can one allow the function g to be unbounded such that (T'(t))¢>0
still becomes a strongly continuous semigroup on X7
(v) Assume that
u(t,s) := ef: a(r) dr
is uniformly bounded for s, ¢ € R. Show that the semigroup (T(t))tzo
is similar to the left translation semigroup on X. (Hint: Use the

multiplication operator M, as a similarity transformation.)

(5) Let (A, D(A)) be an unbounded generator on the Banach space X. On
the product space X := X x X define

A= (‘3 (I)) with domain D(A) := D(4) x X

and the bounded operator B := (8 é)
(i) Show that

5P = D((A+B)) = {(5) € D(4) x X : Az +y € D(4)},

hence is different from X3 = D(A?) x X.

(ii) Prove a similar statement for the extrapolation spaces of order 2.
(Hint: Consider A := (‘3 ?) with domain D(A) := D(A) x X and
B:=(70))

This confirms the statement following Corollary 1.4.
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2. Perturbations of Contractive and Analytic Semigroups

As already shown in Example 1.2, addition of two unbounded operators is
a very delicate operation and can destroy many of the good properties the
single operators may have. This is, in part, due to the fact that the “naive”

domain
D(A+ B):=D(A)N D(B)

for the sum A + B of the operators (4, D(A)) and (B, D(B)) can be too
small (see Example 1.2.(ii)). In order to avoid this pitfall, we assume in this
section that the perturbing operator B behaves well with respect to the
unperturbed operator A. More precisely, we assume the following property.

2.1 Definition. Let A : D(A) C X — X be a linear operator on the
Banach space X. An operator B : D(B) C X — X is called (relatively)
A-bounded if D(A) C D(B) and if there exist constants a,b € Ry such that

(2.1) |Bz|| < aflAz|[ + bz
for all x € D(A). The A-bound of B is
ag := inf{a > 0 : there exists b € Ry such that (2.1) holds}.

Before applying this notion to the perturbation problem for generators
we discuss a concrete example.

2.2 Example. For an interval I C R we consider on X :=17(]), 1 <p <
oo, the operators

A_d$27
B:= i

D(A) := W*P(I),
L, D(B) := WP(I).

Proposition. The operator B is A-bounded with A-bound ag = 0.

PROOF. We choose an arbitrary bounded interval J := («, 3) C I, and set

e:=0—-aq,
Jii=(a,a+ ), Joi=(a+s,0—2fs), Js:=(8—s0).

Then, for all f € D(A) and s € Jy, ¢t € J3 there exists, by the mean value
theorem, a point z¢g = z¢(s,t) € J such that

1) = £(5)

filwo) = =——

Using this and ¢t — s > ¢/3, we obtain

(2.2) [f'(2)] = |f

o)+ [ 1w < 2011500 + [ 17wl
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for all x € J, s € Ji, and t € Js. If we denote by || - ||,,s the p-norm in

LP(J) and integrate inequality (2.2) on both sides with respect to s € J;
and t € J3, we obtain

62 !/ 52 1
Sur@is st [ a1

<|If

62 1!
1J+§ﬂfMJ

gt /a ”f//
9

where we used Holder’s inequality for !/, + 1/ = 1. From this estimate, it
then follows that

< e’ fllp,s +

|p7J’

2+ 1/
9

62 ’ VAR, 1 9
jnf”p,JSf re || fllp,g +e 7"

||fH||p7J

63 1
= el fllps + 51 b0

ie.,

9
1 Npor < ZUFllps + €l llp.-

By splitting the interval I in finitely or countable many (depending on
whether I is bounded) disjoint subintervals I,,, n € N C N, of length ¢, we
obtain by Minkowski’s inequality

1Bl = (S 1712,,) " < 2 () "+ ( 1)

neN neN neN

9
= 211l + £l Af -

Because we can choose € > 0 arbitrarily small, the proof of our claim is
complete. 0

Note that from (2.2) we immediately obtain an analogous result for the
second and first derivative on X := Cy(I). More precisely, if I C R is an
arbitrary interval and

A=L DA = {feC): [, " eCl)},
B:=4 D(B):={feCy): f €Co(I)},
then B is A-bounded with A-bound ag = 0.
We now return to the abstract situation and observe that for an A-

bounded operator B the sum A + B is defined on D(A 4+ B) := D(A).
However, many desirable properties may get lost.

2.3 Examples. Take A : D(A) C X — X to be the generator of a
strongly continuous semigroup such that o(A) = C_ := {2z € C: Rez < 0}
(e.g., take the generator of the translation semigroup on Cy(Ry); cf. Ex-
ample V.1.25.(1)).
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(i) If we take B := aA for o € C, then A + B is not a generator for

a € C\ (—1,00), and is not even closed for o = —1.
(ii) Consider the new operator A := (‘3 g) with D(A) := D(A) x D(A)

on the product space X := X x X. If we take

By = (8 664) with D(B;) := X x D(A),

then A+B; is not a generator for every 0 # ¢ € C (use Exercise 11.4.14.(7)).
For
B,— (0 A ith  D(By) := D(A) x D(A)
2 -— A —24 W1 2) = s

the sum A + By is not closed, and its closure is not a generator.

We now proceed with a series of lemmas showing which assumptions on
the unperturbed operator A and the A-bounded perturbation B are needed
such that the sum A + B

e Is closed,
e Has nonempty resolvent set, and, finally,

e Becomes the generator of a strongly continuous semigroup.

2.4 Lemma. If (A, D(A)) is closed and (B,D(B)) is A-bounded with
A-bound ag < 1, then
(A+B,D(4))

is a closed operator.

PROOF. Because an operator is closed if and only if its domain is a Banach
space for the graph norm, it suffices to show that the graph norm ||-[| ,, 5
of A+ B is equivalent to the graph norm |[|-|| , of A. By assumption, there
exist constants 0 < a < 1 and 0 < b such that

|Bz|| < a|Az|| + blz|
for all z € D(A). Therefore, one has
[Az| = (A + B)x — Bz|| <[[(A+ B)z|| + a||Az|| + bz|
and, consequently,
=bllz[+(1—a)[[Az] < [[(A+ B)z| < [|[Az[|+|Bz| < (1+a) [ Az||+b|z].
This yields the estimate
bzl + (1 —a) [[Az < [[(A+ B)a| + 2b||z]| < (1 + a) [|Az|| + 3b ],

proving the equivalence of the two graph norms. O
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2.5 Lemma. Let (A, D(A)) be closed with p(A) # 0 and assume (B, D(B))
to be A-bounded with constants 0 < a,b in estimate (2.1). If A\g € p(A)
and

(2.3) ¢ = a|[AR(o, A + b[[R(ho, A)|| < 1,
then A + B is closed, and one has A\ € p(A + B) with
(2.4). IR0, A+ B)|| < (1 =)' [[R(Ao, A)]|-

PROOF. As in the proof of Theorem 1.3, we decompose A\g — A — B as the

product
Mo — A~ B =[I - BR(A, H)](A — 4)

and observe that Ag—A is a bijection from D(A) onto X, whereas BR(\g, A)
is bounded on X (use Exercise 2.15.(1.1)). If we show that || BR(Xg, 4)| < 1,
we obtain that [I — BR(\o, A)], hence A\ — A — B, is invertible with inverse

(2.5) R(M\o, A4 B) = R(\o, A Z (BR(Xo, A

satisfying
IR(Ao, A+ B)[| < [R(Xo, A)|| (1 = [|BR(Xo, A)) "
To that purpose, take x € X and use (2.1) to obtain
[BR(Xo, A)z|| < al|AR(Ao, A)x|| + b [[R(Xo, A)z|
< (allAR(o, A)[| + b [|R(No, A)[) - 1],
whence | BR(A\g, A)|| < ¢ < 1 by assumption (2.3). O

In the last preparatory lemma, we consider operators satisfying a Hille—
Yosida type estimate for the resolvent (but not for all its powers as required
in Generation Theorem I1.3.8). It is shown that this class of operators
remains invariant under A-bounded perturbations with small A-bound.

2.6 Lemma. Let (A, D(A)) be an operator whose resolvent exists for all
0#£NeXs:={2€C:|argz| <6}

and satisfies

M

[A]

for some constants § > 0 and M > 1. Moreover, assume (B,D(B)) to be
A-bounded with A-bound

IR(A, A)| <

ag <

M+1
Then there exist constants r > 0 and M > 1 such that

= M
YsN{zeC:|z|>r} Cp(A+ B) and IR\, A+ B)|| < o

forall \€ X5N{zeC:|z| >r}.
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PROOF. Choose constants 0 < a < 1/p4+1 and 0 < b satisfying the estimate
(2.1). From this we obtain

c:=alAR(\, A)[|+b[[R(A A
= a[AR(A A) = I+ b[[R(X, A)]|

bM
SQ(M+1)+W<L

whenever |A| > r := M/q_4r+1)). Choosing M := M/;_, the assertion
now follows from Lemma 2.5. O

If we now assume the constants to be M = M = 1, we obtain a pertur-
bation theorem for generators of contraction semigroups. The surprising
fact is that the relative bound ag, which in Lemma 2.6 and for M = 1
should be smaller than 1/2, must only satisfy ag < 1. The dissipativity (see
Definition I1.3.13) of the operators involved makes this possible.

2.7 Theorem. Let (A, D(A)) be the generator of a contraction semigroup
and assume (B, D(B)) to be dissipative and A-bounded with A-bound
ag < 1. Then (A + B, D(A)) generates a contraction semigroup.

PrROOF. We first assume that ap < 1/2. From the criterion in Proposi-
tion 11.3.23, it follows that the sum of a generator of a contraction semi-
group and a dissipative operator is again dissipative. Therefore, A+ B is a
densely defined, dissipative operator, and by Theorem I1.3.15 it suffices to
find A\g > 0 such that A\g € p(A+ B). This, however, follows from Lemma 2.6
by choosing 6 = 0; i.e., X5 = [0, 00).

In order to extend this to the case 0 < ag < 1, we define for 0 < a <1
the operators

Co:=A+aB, D(C,):=D(A).

Then, for x € D(A), one has

[Bz|| < a[Az] + bzl < a(||Caz|| + || Bz[]) + ]
< a|[Cozll + a|Bz|| + b

and hence

HBngTﬁfnaﬂm+ |lz|  forall 0<a<l.
—Qa

1—-a
Next, we choose k£ € N such that

__a _1
“Tk1-a "2



Section 2. Perturbations of Contractive and Analytic Semigroups 129
Then the estimate

I B2l| < ellCazll + & |

b
(1-a)

shows that for each 0 < « < 1 the operator /1B is C,-bounded with
Cy-bound less than 1/5. As observed above, this implies that

Co+iB=A+(a+1)B

generates a contraction semigroup whenever C, = A + aB does. However,
A generates a contraction semigroup, hence A 4+ 1/xB does. Repeating this
argument k times shows that (A + (k=1)/1,B) 4+ 1/xB = A + B generates a
contraction semigroup as claimed. |

In the limit case, i.e., if one has a = 1 in the estimate (2.1), the result
remains essentially true, provided that the adjoint of B is densely defined.

2.8 Corollary. Let (A, D(A)) be the generator of a contraction semigroup
on X and assume that (B, D(B)) is dissipative, A-bounded, and satisfies

(2.6) [ Bz|| < || Az[| + bf||

for all x € D(A) and some constant b > 0. If the adjoint B’ is densely
defined on X', then the closure of (A + B, D(A)) generates a contraction
semigroup on X.

PROOF. The sum A+ B remains dissipative and densely defined. Hence, by
the Lumer—Phillips Theorem I1.3.15, it suffices to show that rg(I — A — B)
is dense in X.

Choose 3y’ € X' satisfying (z,y’) = 0 for all z € rg(I — A — B) and
then y € X such that (y,y’) = ||¢/||. The perturbed operators A+ B with
domain D(A) are generators of contraction semigroups for each 0 <e <1
by Theorem 2.7. From Generation Theorem I1.3.5 we obtain 1 € p(A+eB),
and hence there exists a unique z. € D(A) such that ||z.| < |ly|| and

ze — (A+eB)z. = y.
From the estimate

| Bze|| < [|Aze]| + b]|z||
< (A +eB)ae| + el B || + bz ||
< ”xs - yH + €||B:E5|| + beEH

we deduce
(2.7) (1= o)l Bac|| < [Jze —yl| + bllac| < (2+0)lyll

forall0<e< 1.
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We now use the density of D(B’). In fact, for 2z’ € D(B’) it follows that
(1 —e)Bze,z') | < (1 —¢)|zc] - | B'Z|
<@ =a)lyl-I1BZ,
and hence
lim ((1 — ¢)Bz., 2') = 0.
eT1

Our assumption and the norm boundedness of the elements (1 —¢) Bz, (see
(2.7)) then implies

lim ((1 — €)Bz.,y’) =0,

etl

and therefore

1yl = {y,9") = (we = (A+eB)ac,y)
= ((1—¢)Bae,y) + ((I - A= B)zc,y)
—0asetT1.

From the Hahn-Banach theorem we then conclude that rg(I — A — B) is
dense in X. ]

If X is reflexive, the adjoint of every closable, densely defined opera-
tor is again densely defined on the dual space (see Proposition A.14). Be-
cause densely defined, dissipative operators are always closable (see Propo-
sition I1.3.14.(iv)), we arrive at the following result.

2.9 Corollary. Let (A, D(A)) be the generator of a contraction semigroup
on a reflexive Banach space X . If (B, D(B)) is dissipative, A-bounded, and
satisfies the estimate (2.6), then the closure of (A+ B, D(A)) generates a
contraction semigroup on X.

In order to obtain the previous perturbation results, we used Lemma 2.6
and could estimate only the resolvent of the perturbed operator A + B
and not all its powers. Due to the Lumer—Phillips Theorem II.3.15, this
was sufficient if A was the generator of a contraction semigroup and B
was dissipative. There is, however, another case where an estimate on the
resolvent alone forces an operator to generate a semigroup. Such a result
has been proved in Theorem I1.4.6 for analytic semigroups and now easily
leads to another perturbation theorem.

2.10 Theorem. Let the operator (A,D(A)) generate an analytic semi-
group (T(Z))zezéu{o} on a Banach space X. Then there exists a constant
« > 0 such that (A + B, D(A)) generates an analytic semigroup for every
A-bounded operator B having A-bound ay < .
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ProOOF. We first assume that (T(Z))zezéu{o} is bounded, which means, by
Theorem I1.4.6, that A is sectorial. Hence, there exist constants ¢’ € (0, 7/2]
and C > 1 such that for every

O#AEE%W = {zeC:|argz|§g+5’}

we have o
repd) and RO S
If we define o := !/c41, we can apply Lemma 2.6 and obtain constants

r >0 and M > 1 such that

and M

IR(A\, A+ B)|| < o for all A € X.
By Exercise 11.4.14.(6), this implies that A+ B generates an analytic semi-
group, proving the assertion in the bounded case.

In order to treat the general case, we take w € R and conclude from
Bz < a|Az| 4+ blz] < all(A—w)z| + (aw +b) |||
for all x € D(A) that B is also A — w bounded with the same bound ay.
Because the semigroup generated by A — w is analytic and bounded in Y5

for w sufficiently large, the first part of the proof implies that A + B — w;
hence A 4+ B generates an analytic semigroup. O

2.11 Examples. (i) In Example I1.4.9 we showed that the second deriva-
tive

A=L . D(A)={feH0,1]: f(0) = f(1) =0}
generates an analytic semigroup on H := L?[0, 1]. Because by Example 2.2
the first derivative /4, with maximal domain H'[0, 1] is A-bounded with
A-bound ag = 0, we conclude by Theorem 2.10 and Exercise 2.15.(1) that
for all B € L(H'[0,1],L2[0,1]) the operator

C:=A+ B, D(C) :=D(A)
generates an analytic semigroup on H.
(i) Asin Paragraph I1.2.12, we consider the diffusion semigroup on L!(R")
given by

(T(t)f)(s) = (47) // o Ty dr = [ Ki(s — ) f(r) dr.
n Rn

It is generated by the closure of the Laplacian A defined on the Schwartz
space .’(R"). In Example I1.4.11 we have seen that (T'(t));>0 is a bounded
analytic semigroup. As a perturbation we take the multiplication operator

(Mof)(s) = q(s)f(s) for feD(My):={geL'(R"):qgeL"(R")}
induced by a function ¢ € LP(R™) for p > max{1, 7/2}.



132 Chapter I1I. Perturbation of Semigroups

We now show that B := M, is A-bounded with A-bound zero. To this
end, we estimate for f € L'(R") and A > 0

B / e MT(t)f dt
0 L' (R)

/n |/ /Kts—rlf r)| dr dt ds
/,L |/ /Kts—r>\q< )| ds dt dr

< | fllurny sup / At Ki(s—1)|q(s)|dsdt
reR™ Jo R™

IBROGA) s oy = '

[e'S) Yt
< s ooy | A( [ Kt<s>Pds) dat

with 1/, + 1/, = 1, where we used Fubini’s theorem and Holder’s inequality.
It is now easy to verify that ||[Kl|p gy = ct v for a constant ¢ > 0.
Hence, we conclude that D(A) C D(B) and

o0
[BfllLr@®ny < ellgllie®ny / e M e dt ||(A = A) L @y
0

=t ax[[(A = A) fllLigny < AaxllfllLign) + arllAf[lL@n)

for all f € D(A). Because ay := c|lq|liomn) [y et "/2r dt converges to
zero as A — oo, this proves our claim. Thus, by Theorem 2.10, the operator
(A—l—Mq, D(A)) generates an analytic semigroup for every ¢ € LP(R"™) with
p > max{1, 7/2}.

We now introduce a class of operators always having A-bound zero with
respect to a given operator A.

2.12 Definition. Let (A,D(A)) be a closed operator on a Banach space
X. An operator (B, D(B)) is called (relatively) A-compact if D(A) C D(B)
and B : X1 — X is compact, where X, denotes the domain D(A) equipped
with the graph norm || - || 4.

If p(A) is nonempty, one can show that an A-bounded operator B is A-
compact if and only if BR(\, A) € L(X) is compact for some/all A € p(A),
see Exercise 2.15.(1). Because compact operators are “small” in some sense,
one might hope that an A-compact operator is A-bounded with bound
0. This is, however, not true in general (see [Hes70]), and we need some
additional conditions to ensure it.

2.13 Lemma. Let (A, D(A)) be a closed operator on a Banach space X
and assume (B, D(B)) to be A-compact. If

(i) A is a generator and X is reflexive, or if
(ii) (B,D(B)) is closable in X,
then B is A-bounded with A-bound ag = 0.
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PROOF. (i) For 0 < y sufficiently large and x € D(A), we write
Bx = BR(u, A)(n — A)z
— uBR(, Az — BR(, A)AR(\, A)(A — A)a
= uBR(u, A)x — BR(u, A)ANR(\, A)x + BR(u, A)AR(\, A) Ax

for all A > . Because the operators appearing in the first two terms are
bounded, it suffices to show that for each € > 0 there exist A > p such that

e > || BR(p, A)AR(X, A)|| = || BR(p, A) (AR(X, A) — 1) ||
= (AR, &) = I) (BR(u, A))'.

If X is reflexive, then the adjoint operator A’ is again a generator (see Para-
graph 1.1.13). Therefore, by Lemma I1.3.4, AR()\, A’) converges strongly to
I as A\ — oo. Moreover, BR(u, A) and therefore its adjoint (BR(u, A))’ are
compact operators. Combining these two properties and applying Proposi-
tion A.3 yields

Jim [[(AR(A, A7) = 1) (BR(p, 4))'| = 0.

(ii) Assume the assertion to be false. Then there exists ¢ > 0 and a
sequence (Zn)nen C D(A) such that

(2.8) |Bxy| > e||Azyn|| + n||lzy| for all n € N.
For y, := %n/|z,|| this means
(2.9) 1Byl > el| Aynll + nllynll

Because ||yn]la = 1 for all n € N and because B is A-compact, there
exists a subsequence (z,)nen Of (Yn)nen such that (Bz,)nen converges
in X. Moreover, ||z,| < IB#ll/, and (Bzp)nen is bounded in X; hence
lim;,, 00 ||2n|| = 0. Using the assumption that B is closable, this implies
lim,, o || B2zn|| = 0 and therefore lim,,_, ||Az,|| = 0 by (2.9). This, how-
ever, yields a contradiction, in as much as

1= |zalla = llzal + | Azn]|  for all n € N.
O

We again combine this lemma with our previous perturbation results.

2.14 Corollary. Let (A, D(A)) be the generator of a strongly continuous
semigroup on a Banach space X and assume the operator (B , D(B)) to be
A-compact. If X is reflexive or if B is closable, then the following assertions
are true.
(i) If A and B are dissipative, then (A+cB, D(A)) generates a contrac-
tion semigroup on X for all c € Ry.
(ii) If the semigroup generated by A is analytic, then (A + ¢B, D(A))
generates an analytic semigroup on X for all ¢ € C.
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One can show that Corollary 2.14.(ii) holds without the extra assump-
tions that B is closable or that X is reflexive (see [DS88]).

2.15 Exercises. (1) Let A be an operator on a Banach space X having
nonempty resolvent set p(A). Show that for a linear operator B : D(A) —
X the following assertions are true.
(i) Bis A-bounded if and only if B € L(X7, X) if and only if BR(\, A) €
L(X) for some/all A € p(A).
(ii) B is A-compact if and only if BR(A, A) is compact for some/all
A€ p(A).
(2) Let (A,D(A)) be the generator of a strongly continuous semigroup
(T(t))+>0 on a Banach space X and let (B, D(B)) be a closed operator on
X. If there exists
(i) A (T(t))¢>o-invariant dense subspace D C D(A) N D(B) such that
the map t — BT (t)x is continuous for all x € D and

(ii) Constants to > 0 and ¢ > 0 such that
to
/ |BT'(t)x| dt < g||=|| for all z € D,
0

then B is A-bounded with A-bound less than or equal to ¢. (Hint: Use the
formula

0o to
(2.10) BR(M A)z = Z e~ Anto / e " BT (r)T (nto)x dr, rx €D,
0

n=0

in order to show that BR(\, A) is bounded on D. Then it follows from
Proposition A.6.(i) and Theorem A.10 that D(A) C D(B). Finally, take in
(2.10) the limit as A — oo to estimate the A-bound of B.)

(3) Assume (A, D(A)) to generate an analytic semigroup of angle § €
(0, 7]. Show that in the situation of Theorem 2.10 the semigroup generated
by A + B is analytic of angle at least ¢.

(4) Take the operators Af := f” and Bf := f’ with maximal domains in
X := Cp(R). Show that A+ aB — (3 generates a contraction semigroup for
a € R, B > 0. Can one replace the constants « and 3 by certain functions?
(5) Let (A, D(A)) be the generator of a contraction semigroup on the Ba-
nach space X.
(i) I (B,D(B)) is dissipative, then (A + B,D(A) N D(B)) is again
dissipative.
(ii) If B is dissipative and bounded, then (A + B, D(A)) generates a
contraction semigroup.
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(6) Take X := ¢g and define A(x,,) := (inz,) with domain D(A) consisting
of all finite sequences.
(i) Show that the closure A of A generates a group of isometries on X.
(ii) Construct a different semigroup generator (B, D(B)) on X such that
A and B coincide on D(A).
(7) Let B be an operator on a Banach space X such that there exists a
sequence (A )nen C p(B) satisfying lim, o [|[R(An, B)|| = 0. Show that
B is A := B?-bounded with A-bound ay = 0. (Hint: Compute B2R(\, B)
using the formula BR(A\, B) = AR(\,B) —I.)



Chapter IV

Approximation of Semigroups

1. Trotter—-Kato Approximation Theorems

Approximation, besides perturbation, is the other main method used to
study a complicated operator and the semigroup it generates. We already
encountered an example for such an approximation procedure in our proof
of the Generation Theorem I1.3.5. For an operator (A, D(A)) on X satisfy-
ing the Hille-Yosida conditions, we defined the (bounded) Yosida approxi-
mantst

A, :=nAR(n,A), neN

(see Chapter II, (3.7)) generating the (uniformly continuous) semigroups
(e')4>0. Using the fact that A, — A pointwise on D(A) as n — oo (see
Lemma I1.3.4.(ii)), we could show that the semigroups converge as well;
that is,

et S T(t) as n— oo

In this section we study this situation systematically and consider the
three objects semigroup, generator, and resolvent, visualized by the triangle

1 In this context, this notation should not cause any confusion with the operators A,
induced on the abstract Sobolev spaces from Section II.2.c.

136



Section 1. Trotter—-Kato Approximation Theorems 137

(T(t)) =0

(4,D(4)) (RN, A)) rep(ay

from Chapter II. We then try to show that the convergence at one “vertex”
implies convergence in the two other “vertices.” That the truth is not as
simple is shown by the following example.

1.1 Example. On the Banach space X := cg, we take the multiplication
operator
A($k> = (1kzxk)

with domain
D(A) := {(zx) € co : (ikzy) € co}.

As we know from Example 1.3.7.(iii), it generates the strongly continuous
semigroup (T(t))tzo given by

T(t)(z) = (e*tay), t>0.
Perturbing A by the bounded operators
P, (zx) = (0,...,n2,,0,...),

we obtain new operators

A, =A+P,.

Each A, is the generator of a strongly continuous semigroup (Tn(t))tzo
(use Theorem I11.1.3), and for each © = (x) € D(A), we have

|Anz — Az|| = || Poz|| = nlz,| — 0.
However, the semigroups (Tn (t))tZO do not converge. In fact, one has
T,(t)z = (eay,e®tay, ... Ty ot Dity )

and therefore
| T ()| > e™ forn € N andt > 0.

By the uniform boundedness principle, this implies that there exists x € X
such that (Tn(t)x) neN does not converge.

The example shows that the convergence of the generators (pointwise
on the domain of the limit operator) does not imply convergence of the
corresponding semigroups. Another unpleasant phenomenon may happen
for a converging sequence of resolvent operators.
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1.2 Example. Take A, := —n-I on any Banach space X # {0}. Then the

resolvent operators
1

-1
A+n

RN\ Ay) =

and their limit
R(N\) == lim R(\ A,)
n—0o0
exist for all Re A > 0. However, the limit R(\) is equal to zero, hence cannot
be the resolvent of an operator on X.

For our purposes we must exclude such a phenomenon. In order to do
so, we need a new concept.

a. A Technical Tool: Pseudoresolvents

In this subsection we consider bounded operators on a Banach space X
that depend on a complex parameter and satisfy the resolvent equation
(see Paragraph V.1.2, (1.2)). Here is the formal definition.

1.3 Definition. Let A C C and consider operators J(\) € L(X) for each
X € A. The family {J(\) : A € A} is called a pseudoresolvent if

(L.1) IA) = 3(p) = (p=N)IAN)I (1)
holds for all A\, u € A.

The limit operators R(\) from Example 1.2 form a (trivial) pseudore-
solvent for Re A > 0. However, they are not injective, and therefore they
cannot be the resolvent operators R(\, A) of an operator A. It is our goal,
and crucial for the proofs in Section 1.b, to find conditions implying that
a pseudoresolvent is indeed a resolvent. Before doing so, we discuss the
typical situation in which we encounter pseudoresolvents.

1.4 Proposition. For each n € N, let A,, be the generator of a semigroup
(T (t))e>0 on X satisfying || T, (t)|| < M for alln € N, t > 0 and some fixed
M > 1. Moreover, assume that for some Ag > 0

lim R()\o, An)l’

n—o0

exists for all x € X. Then, the limit

RNz := lim R(\ An)z, z€X,

n—oo

exists for all Re A > 0 and defines a pseudoresolvent {R()\) :ReA > 0}.
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PRroOOF. Consider the set

Q:={AeC:ReX >0, lim R(\ A,)z exists for all z € X },
n—oo

which is nonempty by assumption. As in Proposition V.1.3, one shows that
for given p € €2 one has

oo

R()‘v ATL) = Z(N’ - )‘)kR(Ma An)k+1
k=0

as long as |u — A| < Rep (use (3.17) from Chapter II). The convergence
is with respect to the operator norm and uniform in {\ € C : |u — )| <
aRepu} for each 0 < a < 1. Because the series M/Reu Y e @ majorizes
all the series > 17 [n—A|* || R(1, A5,)¥ ]|, we can conclude that R(X, A,)x
converges as n — oo for all A satisfying | — A| < aRe p. Therefore, the set
Q) is open.

On the other hand, take an accumulation point A of  with Re A > 0.
For 0 < a < 1, we can find p € 2 such that |u — A|] < aRepu. Hence, by
the above considerations, A must belong to §2; i.e., € is relatively closed in
S:={A € C:Rel > 0}. The only set satisfying both properties is S itself;
hence we obtain the existence of the operators R(\) for Re A > 0.

Evidently, the resolvent equation (1.1) remains valid for the limit oper-
ators. ]

In the subsequent lemma, we state the basic properties of pseudoresol-
vents.

1.5 Lemma. Let {J(\) : A € A} be a pseudoresolvent on X. Then the
following properties hold for all \, 1 € A.

(1) 3N (k) = d(w)3(A).
(ii) ker J(A\) = ker J(u).
(iif) rgd(A) = rgd(p).

PROOF. The commutativity (i) follows from the resolvent equation (1.1).
If we rewrite it in the form

IN) =3 [T+ (n=NIN)] = [T+ (u = NIN)]I(n),

we see that rgJ(A\) C rgd(pn) and kerJ(u) C ker J(A). By symmetry, the
assertions (ii) and (iii) follow. O

If we now require that ker J(A) = {0} and rgd()) is dense, then the
pseudoresolvent {J(A) : A € A} becomes the resolvent of a closed, densely
defined operator.
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1.6 Proposition. For a pseudoresolvent {J(\) : A € A} on X, the following
assertions are equivalent.

(a) There exists a densely defined, closed operator (A, D(A)) such that
A C p(A) and J(N) = R(\, A) for all A € A.

(b) kerd(A\) = {0}, and rgJ(\) is dense in X for some/all A € A.

PROOF. We have only to show that (b) implies (a). Because J(A) is injective,
we can define
A= )\0 - 3()\0)_1

for some Ay € A. This yields a closed operator with dense domain D(A) :=
rgJ(Ao). From the definition of A, it follows that

(Ao = A)3(Ao) = I(No) (Ao — A) = I;
hence J(Ag) = R(Ag, A). For arbitrary A € A, we have
(= 480 = [(A = ) + (o~ A)JIY)
= [(A=X0) + (Ao = A)]I() [T = (A = X0)d(V)]

=T+ (A=X) [3()\0) —JA) = (A= )\0)3()‘)3(/\0)]
— 1,

and similarly, J(A)(A — A) = I. This shows that J(A\) = R()\, A) for all
A € A and, in particular, that A does not depend on the choice of A\g. [

We conclude these considerations with some useful sufficient conditions
that make a pseudoresolvent a resolvent.

1.7 Corollary. Let {J(\) : A € A} be a pseudoresolvent on X and assume
that A contains an unbounded sequence (\p,)nen. If

(1.2) lim A d(Ap)r =2 forallx e X,

n—oo

then {J(\) : A € A} is the resolvent of a densely defined operator. In
particular, (1.2) holds if rg J(\) is dense and

(1.3) And(An)]l < M

for some constant M and all n € N.

PrOOF. If (1.2) holds, we have X = J,cy12d(Mn) = rgd()\), and hence
J(A) has dense range for each A € A. If x € kerd()\), we obtain z =
lim A, J(An)z = 0; hence ker J(A) = {0}. The first assertion now follows
from Proposition 1.6.(b).
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From the estimate ||[J(A,)| < ‘iw‘, n € N, and the resolvent equation,

we obtain
Jim {|(And(An) = D) = 0

for fixed p € A. Therefore, it follows that
lim A d(A\p)x =2z
n—oo

for x € rg J(u). Because this is a dense subspace of X, the norm bounded-
ness in (1.3) allows us to conclude that (1.2) holds. O

b. The Approrimation Theorems

We now turn our attention to the approximation problem stated above;
i.e., we study the relation among convergence of semigroups, generators,
and resolvents. The adequate type of convergence for strongly continuous
semigroups (and unbounded operators) is pointwise convergence.

If we assume that the limit operator is known to be a generator, we
obtain our first main result. However, we need a uniform bound on the
semigroups involved.

1.8 First Trotter—Kato Approximation Theorem. (TROTTER 1958,
KATO 1959). Let (T(t))>0 and (T (t))¢>0, n € N, be strongly continuous
semigroups on X with generators A and A,,, respectively, and assume that
they satisfy the estimate

T @), |Tn(t)] < Me®* for allt > 0, n € N,

and some constants M > 1, w € R. Take D to be a core for A and consider
the following assertions.

(a) D C D(A,) for alln € N and A,z — Ax asn — oo for all x € D.
(b) For each x € D, there exists x, € D(A,) such that

Ty — X and A,x, — Az as n — oo.

(¢) R(\, An)x — R(A, A)x asn — oo for all x € X and some/all A > w.

(d) Tn(t)x — T(t)x asn — oo for all x € X, uniformly for t in compact
intervals.

Then the implications
(a) = (b) <= (c) <= (d)
hold, and (b) does not imply (a).

PROOF. Before starting, we perform a rescaling and assume without loss
of generality that w = 0; i.e.,

IT@), |T.@)| <M for allt >0, n € N.

Because the implication (a) = (b) is trivial, we start by showing (b) = (c).
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Let A > 0. Because ||[R(\, Ap)|| < M/, for all n € N, it suffices to show
that
lim R(\ An)y = R(A\ Ay

n—oo

for y in the dense subspace (A—A)D. Take € D and define y := (A— A)z.
By assumption, there exists x,, € D(A,,) such that

Ty — X and Az, — Ax;

hence
Yn = (A= Ap)z, — y.
Therefore, the estimate
IR(A, An)y = R(A, Ayl < |R(A, An)y — R(A, A )yal
+ [[RA, An)yn — R(A, A)y||
IR, An) -1y = ynll + llon — 2]

IN

implies the assertion.
The implication (c) = (b) follows if we take = := R(\, A)y, and z,, :=
R(\, A,y for fixed A > 0 and then observe that

Apxy = AnR(/\a An)y = /\R(/\, An)y -y
converges to
AR\, A)y —y = Ax.

(d) = (c). The integral representation of the resolvent yields, for each A > 0
and z € X, that

IR, A)z — R, Ap)z|| < /OOO e M| T(t)z — Ty (t)|| dt.

The desired convergence is now a consequence of Lebesgue’s dominated
convergence theorem.

To prove the final implication (¢) = (d), we fix some ¢y > 0 and assume
that R(A, An)z — R(A, A)x as n — oo for some A > 0 and all z € X. Then
for all t € [0,t0] we obtain
|[Tn(t) = T(t)| RN, A)z|| < ||Tn () [R(A, A) = R(X, Ap)] ||

+[[RO AR [Ta(t) = T()]
+||[R(N, An) = R(A, A)] T ()|
=: Dy(n,x) + Da(n,z) + D3(n,z),

(1.4)

where we used the fact that a semigroup commutes with the resolvent of its
generator. Because || T, (t)|] < M for all n € N and ¢ € [0, tg], the first term
Di(n,z) — 0 as n — oo uniformly on [0, o]. Moreover, because (T'(t))¢>0
is strongly continuous, the set {T'(¢t)x : t € [0,%p]} C X is compact and
hence, by Exercise 1.1.8.(1), also D3(n,z) — 0 as n — oo uniformly for
t e [O,to].



Section 1. Trotter—-Kato Approximation Theorems 143
In order to estimate Dy(n,x) we first show that

(1.5)
IKAH&J[T@)ng@ﬂ}ﬁA,A)z:14 T, (t—5)[R(\, A)—R(, An)]T(s)z ds

for every z € X and ¢t > 0. To this end we first observe that, by Lemma A.19,
the function [0,¢] 3 s — T, (t — $)R(\, A,)T(s)R(A, A)z € X is differen-
tiable. Using also Lemma II.1.3.(ii) and (1.1) in Chapter V we obtain
LT, (t — s)R(\, Ap)T(s)R(N, A)z2]
=Tu(t—s) [—AnR()\, AT (s) + R(A, An)T(s)A] RN\ A)z
=T,(t—s) [R()\, A) — R(A, An)]T(s)z.
Integrating the last equation with respect to s from 0 to ¢ then gives (1.5).
This implies that
[RO\, An) [T(t) = T ()| RN, A)z||
t
< / 1Tt = )1 - [I[RO A) = RO\, 4,)]T(s)2]] ds
<toM - sup |[[[R(N,A) — R(X An)]T(s)z]|.
s€[0,to]
Using the same reasoning as above to prove that Ds(n,x) — 0, we conclude
that
| RO\, An) [T(t) = To(t)] R(A, A)z|| = || D2(n, R(A, A)z)|| = 0 as n — oo

uniformly for ¢ € [0,%y]. Because every x € D(A) can be written as z =
R(M\, A)z for z = (A — A)z € X, this shows that for x € D(A) the term
Dsy(n,z) — 0 as n — oo uniformly for ¢ € [0, to].
Summing up, we conclude that by inequality (1.4),
T, (H)x —T(t)z]| — 0 as n — 0o

for all z € D(A?), uniformly on [0,#]. Because ||T,,(t) — T'(t)|| < 2M and
D(A?) is dense in X by Proposition I1.1.8, from Proposition A.3 we finally

obtain (d).
That (b) does not imply (a) in general can be seen from Counterexam-
ple 2.8 below. O

For the above result we had to assume that the limit operator A is
already known to be a generator. This is a major defect, because in the
applications one wants to approximate the operator A by (simple) operators
A, and then conclude that A becomes a generator. Moreover, the semigroup
generated by A should be obtained as the limit of the known semigroups
generated by the operators A,,. In fact, we encountered this problem already
in the proof (of the nontrivial implication) of Generation Theorem II.3.5.
Therefore, the following result can be viewed as a generalization of the
Hille-Yosida theorem.
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1.9 Second Trotter—Kato Approximation Theorem. (TROTTER 1958,
KATO 1959). Let (Tn<t))t207 n € N, be strongly continuous semigroups on
X with generators (A,, D(Ay)) satisfying the stability condition

(1.6) 1T ()] < Me™*

for constants M > 1, w € R and allt > 0, n € N. For some Ao > w consider
the following assertions.

(a) There exists a densely defined operator (A, D(A)) such that A,z —
Az asn — oo for all x in a core D of A and such that the range
rg(Ao — A) is dense in X.

(b) The operators R(Ag, Ay), n € N, converge strongly as n — oo to an
operator R € L(X) with dense range rg R.

(c) The semigroups (T,(t))¢>0, n € N, converge strongly (and uni-
formly for t € [0,tg]) as n — oo to a strongly continuous semigroup
(T'(t))i>0 with generator B such that R = R(\o, B).

Then the implications (a) = (b) <= (c) hold. In particular, if (a) holds,
then B = A.

PRrROOF. Without loss of generality, and after the usual rescaling, it suffices
to consider uniformly bounded semigroups only, i.e., the case w = 0.

(a) = (b). As in the above proof, it suffices to show convergence of the
sequence (R(/\O,An)y)neN for y := (A\g — A)z, x € D, only. This follows,
because

R()\(), An)y = R()\O, An)[(A(] — An)(E — ()\() — An){E + ()\0 — A)id
=2+ R(X\o, An)(Apz — Ax) > = Ry

as n — 0o. Moreover, rg R contains D, hence is dense in X.

Because the implication (¢) = (b) holds by the above theorem, it remains
to prove that (b) = (c). By Proposition 1.4, we obtain a pseudoresolvent
{R(X) : A > 0} by defining

RNz := lim R(\ Ay)x, z€X.

n—oo

This pseudoresolvent satisfies, for all A > 0,
AR < M,
and, because R(\)* = lim,, . R(\, A,)*,
MR <M forall k€N.

Moreover, it has dense range rg R(A) = rg R. Therefore, Corollary 1.7
yields the existence of a densely defined operator (B7D(B)) such that
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R(A\) = R(\, B) for A > 0. Moreover, this operator satisfies the Hille—
Yosida estimate

[N*R(A, B)*|| <M forall k €N,

hence generates a bounded strongly continuous semigroup (T(t))tzo. We
can now apply the implication (c) = (d) from the First Trotter—Kato
Approximation Theorem 1.8 in order to conclude that the semigroups
(T, (t)) n>0 converge—in the desired way—to the semigroup (7'(t))>o.

In the final step, we show that (a) implies A = B. Because R(\g, B) = R,
we have

R()\(), B)()\O - A).’ﬁ =X

for all z € D. However, D is a core for A, and therefore

R()\o, B)()\o — Z).’L’ =X

for all x € D(A). From this it follows that Ao is not an approximate eigen-
value of A. Moreover, rg(\g — A) is dense in X by assumption; hence Ao
does not belong to the residual spectrum of A. Therefore, A\g € p(A), and

we obtain R(\g, A) = R(Ag, B); i.e., A = B as claimed. O

The importance of the above theorems cannot be overestimated. In fact,
they yield the theoretical background for many approximation schemes
in abstract operator theory and applied numerical analysis. However, we
restrict ourselves to rather abstract examples and applications.

c. Examples

The Hille-Yosida Generation Theorem II.3.8 was the main tool in our proof
of the Trotter—Kato approximation theorems. Conversely, this theorem was
proved using an approximation argument. It is enlightening to start our
series of examples by reformulating this part of the proof.

1.10 Yosida Approximants. Let (A4, D(A)) be an operator on X satisfy-
ing the conditions (in the contractive case, for simplicity) from Generation
Theorem I1.3.5.(b). For each n € N, define the Yosida approximant

An :=nAR(n, A) € L(X).

By Lemma I1.3.4, the sequence (A, )nen converges pointwise on D(A) to A.
Because A— A is already supposed to be surjective, we can apply the Second
Trotter—Kato Approximation Theorem 1.9 to conclude the existence of the
limit semigroup (T'(t)):>0 with

T(t)z := lim ez, z e X,

n—oo

and generator (A, D(A)).
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Clearly, in a logical sense, these arguments do not re-prove the Hille—
Yosida generation theorem, which we already used for the proof of the
Trotter-Kato approximation theorem. However, it might be helpful for the
beginner to observe that the above approximating sequence enjoys a spe-
cial feature: The operators A,,, n € N, mutually commute. This property
allows a simple and direct proof of the essential step in Approximation
Theorem 1.8.

Lemma. Let (T(t))tzo and (Tn(t))tzo, n € N, be strongly continuous
semigroups on X with generator (A7 D(A)) and bounded generators A,
respectively. In addition, suppose that (T'(t))¢>o and (T, (t))s>o satisfy the
stability condition (1.6) and that

A, T(t) = T(t) Ay

for alln € N andt > 0. If
A,z — Ax

for all x in a core D of A, then
T.(t)x — T(t)x
for all x € X uniformly for t € [0, to].

PRrROOF. For x € D and n € N, we have
T.(t)x —T({t)x = — /Ot LT, (t — s)T(s)x] ds
_ /0 T — ) (A, — AYT(s)xds
= /Ot T.(t — $)T(s)(Apz — Az) ds;

hence
| T () — T(t)x|| < tM?*e™ ||A,z — Azl -

We encounter this situation in our next example, by which we re-prove
a classical theorem.

1.11 Weierstrass Approximation Theorem. Take the function space
X :=Co(R) (or Cyp(R)) and the (left) translation group (T(t)):er with

Tt)f(s) = f(s+1) for s,t € R
and generator

Af =f, DA :={feX:f eX}
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(see Paragraph I1.2.9). The bounded operators

T(Yn) —1
4, =TTy
Uy
e Commute with all operators T'(t),

e Generate contraction semigroups, because

e Satisfy, by definition of the derivative,
Anf — Af

(1.7) [|e"4n

emtH(T'( 1/n)*I)H < e MntITC/Il = 1

and

for each f € D(A).

Therefore, the (First) Trotter—Kato Approximation Theorem 1.8 (or the
lemma in 1.10) can be applied and yields
(18) Fls+t) = Tim > (AL f)(s)

n—00
k=0

for all f € X and uniformly for s € R, ¢t € [0,1]. If we now take s = 0,
choose an appropriate sequence (my,)nen of natural numbers, and observe
that >, t“/k(AX £)(0) is a polynomial, we obtain the Weierstrass ap-
proximation theorem as a consequence.

Proposition. For every f € X there exists a sequence (my,)neny C N such
that

My )

(19) £(#) = Tim > (4% )(0)

k=0
uniformly for ¢ € [0,1].

It is very instructive to observe how convergence breaks down if we re-
verse the order of the limit and of the series summation in (1.9). See the
illuminating remarks in [Gol85, Sect. 1.8.3].

1.12 A First Approximation Formula. The idea employed in Para-
graph 1.11 is very simple and can be formulated in a general context. Let
(T(t))tzo be a strongly continuous contraction semigroup on X with gen-
erator (A, D(A)). Then the bounded operators
T(Yn) =1
An = #7 n e N,

approximate A on D(A) and generate contraction semigroups (etA")tZO
(see (1.7)). Therefore, we obtain the following approximation formula.
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Proposition. With the above definitions, one has

(1.10) T(t)z = lim e e (/n)y

n—oo
for all x € X and uniformly in t € [0, o).

This formula might seem useless, because it assumes that the operators
T(t) are already known, at least for small ¢ > 0. However, it is the first
step towards more interesting approximation formulas to be developed in
the next section.

1.13 Exercises. (1) Consider the operator Af := f” with maximal do-
main on X := Cy(R). For each n € N, we define bounded difference opera-
tors

Anf(s) = nz[f(s+ 1/") —Qf(S) +f(8— l/n)]; s € va €X.

Prove the following statements.
(i) (A,D(A)) is a closed, densely defined operator.

(ii) HetA" <1foreachn €N, and A,f — Af for f € D(A).

(iii) For each g € X, there exists a unique f € D(A) such that f— f" = g.
(Hint: Use the formal identity (I — (4/as)?)™! = (I — 4/qs5)" (I +
d/45)~1 and the resolvent formula for 4/45 from Proposition 2 in Para-
graph I11.2.9. Check that this yields the correct solution.)

(iv) (A, D(A)) generates the strongly continuous semigroup (7'(t)):>0
given by

Lk

T(t)f(s) = lim e 2t Z (nkf) Z ()£ (s + =21/,
k=0

= 1=0

forseR, feX.
(2) What happens in Exercise 1.2.15.(1) as « | 0?

2. The Chernoff Product Formula

As announced in the previous section, it is now our aim to obtain more
or less explicit formulas for the semigroup operators 7'(t). These formulas
are based on some knowledge of the generator (and its resolvent) and the
Trotter-Kato approximation theorem.

Our first approach is via the Chernoff product formula, from which many
approximation formulas can be derived. For its proof the following estimate
is essential.
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2.1 Lemma. Let S € L(X) satisfy ||S™| < M for some M > 1 and all
m € N. Then we have

(2.1) e5=Dyg — gny

| < VM Sz - a

for everyn € N and z € X.

PROOF. Let n € N be fixed and observe that

© k
n(S— n —n(.n nqQn -n n n
"8 _gn — ¢ (esfeS):e ZH(Ska).
k=0
For k > n, we write
k—1 k—1
Sh—gn =" (T - §) =) SIS -T),
j=n j=n

and similarly for & < n. Therefore, and because ||S™| < M, we obtain
||Skm —S"z|| < |n— k|- M| Sz — =

for all kK € N, x € X. This allows the estimate

© sk N\ 2 gk 2
"5y — gy \ <e "M |Sz—af- ) <k|> (k') In — k|

k=0
[o'e) 2 [e%s) Y2
—-n nk nk 2
<e "M|Sx — x| - Zﬂ Z—'(n—k‘)
k=0 k=0

1

= e "M ||Sz — || - (") 7 (ne") V2

= VM |5z — 2|,

where we used the Cauchy—Schwarz inequality and the identity

]

This lemma, combined with Approximation Theorem 1.9, yields the main
result of this section.
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2.2 Theorem. (Chernoff Product Formula). Consider a function
V:Ry — L(X)

satistying V(0) = I and H [V(t)}mH < M for allt > 0, m € N, and some
M > 1. Assume that
Az = lim 7‘/(}0% —t
hl0 h
exists for all z € D C X, where D and (Ao — A)D are dense subspaces in
X for some Ao > 0. Then the closure A of A generates a bounded strongly
continuous semigroup (T(t)):>o, which is given by

(2.2) Tt)z = lim [V(¢n)]" 2

n—0o0
for all x € X and uniformly for t € [0, to].
PRrROOF. For s > 0, define

Vis)—1

Ag = € L(X),

and observe that A;x — Az for all x € D as s | 0. The semigroups
(et44);>0 all satisfy

o0
_ . _ "V (s)|™
||etA5 <e 7 etv( /s <e "/ Z 7"[ ( )] H < M for every t > 0.
s™m)!
m=
This shows that the assumptions of the Second Trotter—-Kato Approxima-
tion Theorem 1.9 are fulfilled (with the discrete parameter n € N replaced
by the continuous parameter s > 0). Hence, the closure A of A generates a
strongly continuous semigroup (7'(t));>0 satisfying

HT(t)x —elteg

| >0 forallze X ass]O

uniformly for ¢ € [0, t], and therefore

(2.3) HT(t)x — g

‘—)0 forallz € X asn — oo

uniformly for ¢ € [0, ¢o).
On the other hand, we have by Lemma 2.1 that

o — [V ()" | = [P0 — v ()
(2.4 = V]

tM

for all x € D as n — oo, uniformly on (0, tg]. Because ||etAt/n — V()" <
2M, the combination of (2.3), (2.4), and Proposition A.3 yields (2.2).
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As before, we pass to the unbounded case by a rescaling procedure.
2.3 Corollary. Consider a function
V:Ry — L(X)
satistying V(0) = I and
V@) < M forallt >0,k eN
and some constants M > 1, w € R. Assume that

Az = lim M
t10 t

exists for allz € D C X, where D and (Ao — A)D are dense subspaces in X
for some A\g > w. Then the closure A of A generates a strongly continuous
semigroup (T(t))tzo given by

(2.5) Ttz = lim [V(t)]"x

n—0o0

for all v € X and uniformly for t € [0,to]. Moreover, (T(t));>o satisfies the
estimate
T ()] < Me™* for all t > 0.

PROOF. From the function V(-) we pass to
V(t) :=e "tV (1),
which then satisfies

H\?(t)’“H <M forallkeNandt>0

and whose derivative in zero is the operator A — w. The assertions then
follow from Theorem 2.2. O

Next, we substitute the “time steps” of size “t/,” in the definition of the
approximating operators V' (t/,) by an arbitrary null sequence (¢, )nen-

2.4 Corollary. Let V : Ry — L(X) satisfy the assumptions in Corol-
lary 2.3. If for fixed t > 0 we take a positive null sequence (t,)nen € ¢o and
a strictly increasing sequence of integers k,, such that

kptn, — t,
then
(2.6) T(t)x = ILm [V(tn)}k"a:

for all x € X.
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PRrOOF. Using the function

£(s) = {S. (tnkn)fy for s € (t/kn+1v Yl

0 fors=0 ors> t/,
we introduce a new operator-valued function W : Ry — L(X) by
W(t) =V (&), t=0.

This function still satisfies W(0) = I and HW(t)kH < Mekvt for all t > 0,
k € N. For « € D, we show that

lim ———
t10 t

Let (tn)nen € co be an arbitrary null sequence and for each ¢,, choose
Ny € N such that ¢, € (Y/k,, .1s ¥/k,,,]- Then

Witz —a  V(Etn)z —7 &(tm)

tm N E(tm) tm
V(&) —= Ky, i
E(tm) totm
hence
W}i_{noo 7W(t7;;)f T Ar mlgnoo b P, = Ax.

By Corollary 2.3, we conclude that A generates the semigroup (T(t))tzo
given by
Ttz = lim [W (/)]

n— oo

uniformly for ¢ € [0,%]. In particular, we obtain for the subsequence
(*/kn)nen that

T(t)x = lim [W(t,)]"" «

n—oo
. kn
= lim [V(§(%k.))]" @
. kn
= nh—>Holo [V(tn)] x for all z € X.

O

The following application of the Chernoff Product Formula Theorem 2.2
(or of Corollary 2.3) finally gives us an explicit formula, called the Post—
Widder Inversion Formula, for the semigroup in terms of the resolvent
of its generator. This adds a missing arrow to the “triangle” from Dia-
gram II.1.14, and, at the same time, corresponds to Hille’s original proof
of Generation Theorem I1.3.5.
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2.5 Corollary. For every strongly continuous semigroup (T(t))tzo on X
with generator (A, D(A)), one has

(2.7)  T@t)z = lim [?4R(7/, A)]" = lim [[ —t/A] "z, z€X,

n— oo n—oo

uniformly for t in compact intervals.

PROOF. Assume that [|T(t)|] < Me¥! for constants M > 1, w > 0 and
define

I for t =0,
V(t) = { 1 R(Y, A) fort € (0,9),
0 fort >0,
for some § € (0, 1/y). In this way we obtain a function V' : Ry — L(X)
satisfying
M M

||V(t)k” < HR(l/t,A)kH < T, a)F _ L < Mekw+1)t

for all ¢ € (0,4), provided that we choose § > 0 sufficiently small. Moreover,
by Lemma I1.3.4, we have

V(t)r —

lim = lim R(Ys, A)Az = Az if o € D(A).

t10 t

Therefore, the Chernoff product formula as stated in Corollary 2.3 applies,
and (2.5) becomes the above formula. O

For the sake of completeness, we add this new relation to the diagram
relating the semigroup, its generator, and its resolvent operators.

2.6 Diagram.
(T(t)) =0

_ — At
Aalim ROA)= [ e MT(t) dt

T(t):nli_,mw (/e R("/e, A"

R\, A)=(A—A)"!

(4, D(4)) = = (RO, A)repin

A=A—R()\,A)!

We now apply the Chernoff product formula from Theorem 2.2 to per-
turbation theory yielding another important formula, called the Trotter
product formula, for the perturbed semigroup. In contrast to the situation
studied in Sections I1I.1 and 2, we obtain a result that is symmetric in the
operators A and B.
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2.7 Corollary. Let (T(t)):>0 and (S(t)):>0 be strongly continuous semi-
groups on X satisfying the stability condition

(2.8) NT(t/n)S(t)]"|| < Me®  forallt >0,n €N,

and for constants M > 1, w € R. Consider the “sum” A+ B on D :=
D(A) N D(B) of the generators (A, D(A)) of (T(t))i>o0 and (B, D(B)) of
(S(t))¢>0, and assume that D and (A\g — A — B)D are dense in X for some
Ao > w. Then C := A+ B generates a strongly continuous semigroup
(U(t))¢>0 given by the Trotter product formula

(2.9) Ut)e = lim [T(t)S(4)]" 2, € X,

n—oo

with uniform convergence for t in compact intervals.

PROOF. In order to apply the Chernoff product formula from Corollary 2.3,
it suffices to define

and observe that

lim LSOy —y _ lim T'(t) SOy—y o Ty —y
t40 t 10 t 10 t
= By + Ay
for all y € D. 0

We now show first that the density of D(A) N D(B) is not necessary
for the convergence (to a strongly continuous semigroup) of the Trotter
Product Formula (2.9) and second that the converse of the implication
(a) = (b) in the First Trotter-Kato Approximation Theorem 1.8 does not
hold.

2.8 Counterexample. On X := L?(R) we take the right translation semi-
group (T(t))tzo with generator A (see Section I.3.c and Paragraph 11.2.9)
and the multiplication semigroup (S (t))tZO generated by B = M, for
¢ : R — R a measurable and locally integrable function. For f € X we can
compute (cf. [ENOO, (5.16) in Expl. IT1.5.9]) the products

[T(t/n)S(t)]" f(s) = exp(iz q (s — kt/p) t/n> f(s—=t) fort>0,seR.
k=1

They converge in L?-norm to U(t) f with

Ut f(s) 1= e e M0 (s ),

These operators U (t) form a strongly continuous semigroup (of isometries)
on X. Observe that no assumption on D(A) N D(B) was made.
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In fact, this intersection can be {0}. Take Q = {«ay : k € N} and define

q(s) =
k=1

Then ¢ € LL_(R). However, ¢ ¢ L?[a,b] for any a < b. Therefore, no

continuous function f # 0 belongs to D(B); hence D(A) N D(B) = 0.
However, at least formally, the generator C' of (U (t))tzo is the “sum” A+ B.

| =

|s — ag| 72 for s € R.

=

In fact, one can show that the domain of C' is
D(C)={f¢€ L2(R) : f is absolutely continuous and — f’ + qf € LQ(R)}

and
Cf=-f +qf for fe D).

Using the same ¢, we now define semigroups on X by

Un(t) () = " S roms, 2047

(s — 1))

for every n € N. Then lim, o, Up(t)f = T(t)f for every f € X, and
the semigroups (Un(t))tzo and the right translation semigroup (T(t))tzo
satisfy the equivalent conditions (b), (c), and (d) in the First Trotter-Kato
Approximation Theorem 1.8. However, the intersections of the respective
domains are trivial; hence condition (a) does not hold.

2.9 Exercise. Let (T'(t));>0 be a strongly continuous semigroup with gen-
erator A on a Banach space X. If B € £(X), then the semigroup (U(t))¢>0
generated by A + B is given by the Trotter product formula

— i t Yo' B/n]n

U(t)x nh_>ngo [T(tn)e /m|"x

for all ¢t > 0 and = € X. (Hint: By renorming X as in Chapter II, (3.18)
(or by Lemma I1.3.10) one may assume that (7'(f)):;>0 is a contraction

semigroup. To verify the stability condition (2.8) observe that [[e!?| <
otIBl )



Chapter V

Spectral Theory and Asymptotics
for Semigroups

Up to now, our main concern was to show that strongly continuous semi-
groups have a generator (with nice properties) and, conversely, that certain
operators generate strongly continuous semigroups (with nice properties).
In the perspective of Section II.6 this means that certain evolution equa-
tions have unique solutions, hence are well-posed.

Having established this kind of well-posedness, that is, the existence of a
strongly continuous semigroup, we now turn our attention to the qualitative
behavior of these solutions, i.e., of these semigroups. Our main tool for this
investigation is provided by spectral theory.

This is already evident from the Hille-Yosida theorem (and its variants),
where generators were characterized by the location of their spectrum and
by norm estimates of the resolvent. Moreover, the classical Liapunov Stabil-
ity Theorem for matrix semigroups (etA)tZO characterizes the stability, i.e.,
lim;_, [['4]| = 0, by the location of the eigenvalues of A (see Theorem 3.6
below).

In order to continue in this direction, we first develop a spectral theory
for semigroups and their generators. The importance of these techniques
becomes evident in Section 3, where we apply it to the study of the asymp-
totic behavior of strongly continuous semigroups.

We start with an introductory section, in which we explain the basic
spectral theoretic notions and results for general closed operators. Because
many of these notions have already been used in the preceding chapters,
the reader may skip (most of) this section.

156
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1. Spectrum of Semigroups and Generators

a. Spectral Theory for Closed Operators

The guiding idea of spectral theory is to associate numbers with linear
operators in the hope of recovering properties of the operator from these
numbers. So let

A:D(A)c X=X

be a closed linear operator on some Banach space X. Note that we do not
assume a dense domain, whereas the closedness is essential for a reasonable
spectral theory.

1.1 Definition. We call
p(A) :={AeC: - A:D(A) — X is bijective}

the resolvent set and its complement o(A) := C\ p(A) the spectrum of A.
For X\ € p(A), the inverse

R(MA) = (A—A)!

is, by the closed graph theorem, a bounded operator on X and is called the
resolvent (of A at the point \).

It follows immediately from the definition that the identity
(1.1) AR(MA)=ARNA) -1

holds for every A € p(A). The next identity is the reason for many of the
nice properties of the resolvent set p(A) and the resolvent map

p(A) 3 A= R(\A) € L(X).
1.2 Resolvent Equation. For A, u € p(A), one has
(1.2) R(A\, A) = R(u, A) = (1 — NR(\, A)R(1, A).
PROOF. The definition of the resolvent implies
IAR(A, A) — AR(\, A)JR(u, A) = R(u, A)
R(A, A)[uR(p, A) — AR(u, A)] = R(A, A).

and

If we subtract these equations and use the fact that R(\, A) and R(u, A)
commute, we obtain (1.2). O

The basic properties of the resolvent set and the resolvent map are now
collected in the following proposition.
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1.3 Proposition. For a closed operator A : D(A) C X — X, the following
properties hold.

(i) The resolvent set p(A) is open in C, and for u € p(A) one has

o0

(1.3) RO\ A) = (n— A" R(p, A"

n=0
for all A € C satisfying |pn — | < Y R(u,A)]-

(ii) The resolvent map A — R(X, A) is locally analytic with
(1.4) LR\ A) = (—1)"n! R\, A"t for alln € N.
(iii) Let A\, € p(A) with nh_{xéc An = Xo. Then Ny € o(A) if and only if

Jim [|R(An, A)| = o0

PROOF. (i) For A € C write
A=A=p-A+X—p=[—(p=NR(uA)(p—A).

This operator is bijective if [I — (u — A)R(, A)] is invertible, which is the

case for |p — A| < 1R 4)|- The inverse is then obtained as

RO\ 4) = R(u AT — (5= VR A1 = S (5 = )" R, A"

n=0
Assertion (ii) follows immediately from the series representation (1.3) for
the resolvent.

To show (iii) we use (i), which implies ||[R(u, A)|| > Ydist(u,o(a)) for
all 4 € p(A). This already proves one implication. For the converse, as-
sume that A\g € p(A). Then the continuous resolvent map remains bounded
on the compact set {\, : n > 0}. This contradicts the assumption that
limy,, 00 |[R(An, A)|| = 00; hence Ag € o(A). O

As an immediate consequence, we have that the spectrum o (A) is a closed
subset of C. Nothing more can be said in general (see the examples below).
However, if A is bounded, it follows that

a(A) c{A e C: Al < A]l},

1 A -1 o'} n

exists for all [A\| > ||A]|. In addition, an application of Liouville’s theorem
to the resolvent map implies o(A) # 0 (see [TL80, Chap. V, Thm. 3.2]).

because

1.4 Corollary. For a bounded operator A on a Banach space X, the spec-
trum o(A) is always compact and nonempty; hence its spectral radius

r(A) = sup {|A[: A€ o(A)} = lim || A" n
is finite and satisfies r(A) < ||A]|.



Section 1. Spectrum of Semigroups and Generators 159

The above formula for the spectral radius is called the Hadamard formula
because it resembles the well-known Hadamard formula for the radius of
convergence of a power series. For its proof we refer to [TL80, Chap. V,
Thm. 3.5] or [Yos65, XIII.2, Thm. 3.

Before proceeding with a more detailed analysis of o(A), we show by
some simple examples that for unbounded operators o(A) can be any closed
subset of C.

1.5 Examples. (i) On X := C[0, 1] take the differential operators
Aif = f fori=1,2

with domain
D(A;) :=C'0,1] and
D(Ay) == {f € C'[0,1] : f(1) =0}.

Then
O'(Al) = (C,

because for each A € C one has (A — A;)ey = 0 for ey :=e**, 0 < 5 < 1.
On the other hand,
U(AQ) = wv

because

1
R f(s) ;:/ AV ft)dt, 0<s<1,feX,

yields the inverse of (A — As) for every A € C.

(ii) Take any nonempty, closed subset 2 C C. On the space X := Cy(Q)
consider the multiplication operator

Mf(A) == X-f(X)
for A € Q, f € X. From Proposition 1.3.2 we obtain that
o(M) = Q.

As a next step, we look at the fine structure of the spectrum. We start
with a particularly important subset of o(A).

1.6 Definition. For a closed operator A : D(A) C X — X, we call
Po(A) :={X € C: X\ — A is not injective}

the point spectrum of A. Moreover, each A € Po(A) is called an eigenvalue,
and each 0 # z € D(A) satistying (A — A)z = 0 is an eigenvector of A
(corresponding to \).
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In most cases, the eigenvalues of an operator are simpler to determine
than arbitrary spectral values. However, they do not, in general, exhaust
the entire spectrum.

1.7 Examples. (i) For the operator A; in Example 1.5.(i), one has
O'(Al) = PO'(Al) =C.

(ii) In contrast, for the multiplication operator M in Example 1.5.(ii) one

has
o(M)=9Q, but Po(M)={\eC:\ is isolated in Q}.

As a variant of the point spectrum, we introduce the following larger subset

of o(A).

1.8 Definition. For a closed operator A: D(A) C X — X, we call
A — A is not injective or

Ac(A) = :

o(4) {A eC rg(A — A) is not closed in X}

the approzimate point spectrum of A.

The inclusion Po(A) C Ac(A) is evident from the definition, but the
reason for calling it “approximate point spectrum” is not. This is explained
by the next lemma.

1.9 Lemma. For a closed operator A : D(A) C X — X and a number
A € C one has A € Ac(A); i.e, X is an approzimate eigenvalue, if and
only if there exists a sequence (xp)neny C D(A), called an approximate
eigenvector, such that ||z, || = 1 and lim,,_, || Az, — Az, || = 0.

PROOF. We only have to consider the case in which A — A is injective. As
usual, we denote by X := (D(A), || -|la) the first Sobolev space for A; cf.
Section II.2.c. Then the inverse (A — A)~! : rg(A — A) — X exists and, by
the closed graph theorem, is unbounded if and only if rg(A—A) is not closed.
On the other hand, if (A—A)~! : rg(A— A) — X is bounded, the closedness
of A implies the closedness of rg(A — A). Hence (A — A)~! : X — X is
unbounded if and only if (A — A)~! : X — X is unbounded, and this
property can be expressed by the condition above. O

The approximate point spectrum generalizes the point spectrum. How-
ever, as we show in the following corollary, it has the advantage that it can
be empty only if ¢(A) =0 or o(A) = C.

1.10 Proposition. For a closed operator A : D(A) C X — X, the topolog-
ical boundary 0o (A) of the spectrum o(A) is contained in the approximate
point spectrum Ac(A).
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PROOF. For each \g € 9o(A4) C o(A) we can find a sequence (Ap)nen C
p(A) such that A\,, — Ag. By Proposition 1.3.(iii), using the uniform bound-
edness principle and passing to a subsequence, we find x € X such that
limy, 00 |R(An, A)z|| = c0. Define y,, € D(A) by

R(An, A)x

Yn 1=

[R(An, A)z|

The identity
(Ao = A)yn = (Ao = A)yn + (An — A)yn

shows that (y,,) is an approximate eigenvector corresponding to Ag. O

The remaining part of the spectrum is now taken care of by the following
definition.

1.11 Definition. For a closed operator A : D(A) C X — X, we call
Ro(A) :={X € C:rg(A— A) is not dense in X'}
the residual spectrum of A.

All possibilities for A — A not being bijective are now covered by Defini-
tions 1.8 and 1.11, and hence

o(A) = Ao(A) U Ro(A).

However, there is no reason for the union to be disjoint. It is easy to find
examples by applying the following very useful dual characterization of
Ro(A). Note that we now need a dense domain in order to define the
adjoint operator (see Definition A.12).

1.12 Proposition. For a closed, densely defined operator A, the residual
spectrum Ro(A) coincides with the point spectrum Po(A’) of A'.

PRrOOF. The closure of rg(A — A) is different from X if and only if there
exists a linear form 0 # 2’ € X’ vanishing on rg(A — A). By the definition
of A’, this means 2’ € D(A’) and (A — A")z’ = 0. O

In the next theorem we show that for each Ag € p(A) there is a canon-
ical relation, called the spectral mapping theorem, between the spectrum
of the unbounded operator A and the spectrum of the bounded operator
R(Xo, A). This allows us to transfer results from the spectral theory of
bounded operators to the unbounded case.

1.13 Spectral Mapping Theorem for the Resolvent. Let A: D(A) C
X — X be a closed operator with nonempty resolvent set p(A).
(i) o(R(Xo, A)) \ {0} = (Ao —o(A4)) ! = {Agl—u i € o(A)} for each
Ao € p(A)
(ii) Analogous statements hold for the point, approximate point, and
residual spectra of A and R(\Ag, A).
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PROOF. For 0 # p € C and g € p(A) we have
(,u — R( o, A))x = M[()\o - %) - A]R()\O, Az forz € X,
= pR(Xo, A)[(Xo — %) — Al for x € D(A).
This identity shows that
_ 1
ker (1 — R(Ag, A)) = ker[(Ao — 2) = Al
rg(u - R()‘O;A)) = fg[()\o - ﬁ) - A]~

Recalling Definitions 1.6, 1.8, and 1.11 for the various parts of the spectrum,
we see that € Po(R(\g, A)) if and only if (A\g—1/,) € Po(A) and similarly
for the approximate point spectrum and the residual spectrum. This proves
assertion (ii), and hence (i). O

and

This relation between o(A) and o(R(X\o, A)) determines the spectral
radius of R(Ag, A).

1.14 Corollary. For each Ao € p(A) one has

1 1
r(R0o, A)) ~ TROw AN

(1.5) dist (Ao, 0(A4)) =

The Spectral Mapping Theorem for the Resolvent combined with the
Riesz—Schauder theory for compact operators, cf. [TL80, Sect. V.7], [Yos65,
X.5], or [Lan93, Chap. XVII], gives the following result. It states that, as
in finite dimensions, for resolvent compact operators (cf. Definition I1.5.7)
the spectrum and the point spectrum coincide.

1.15 Corollary. If the operator A has compact resolvent, then
o(A) = Po(A).

We now study so-called spectral decompositions, which are one of the
most important features of spectral theory. First, we recall briefly their
construction in the bounded case (see, e.g., [DS58, Sect. VII.3], [GGKIO,
1.2], or [TL80, Sect. V.9]).

Let T € L(X) be a bounded operator and assume that the spectrum
o(T) can be decomposed as

(1.6) o(T) =0.Uoy,

where 0., 0, are closed and disjoint sets. From the functional calculus
(already used in Section I.2.b) one obtains the associated spectral projection

_ 1

1. P:=P. .=
(L.7) 2mi

/ RO\ T)d),
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where 7 is a Jordan path in the complement of o, and enclosing o.. This
projection commutes with 7" and yields the spectral decomposition

X=X.8X,

with the T-invariant spaces X. := rg P, X,, := ker P. The restrictions
T. € L(X.) and T, € L(X,,) of T satisfy

(1.8) o(T.) = o, and o(T,) = o,

a property that characterizes the above decomposition of X and T in a
unique way.

For unbounded operators A and an arbitrary decomposition of the spec-
trum o(A) into closed sets it is not always possible to find an associated
spectral decomposition (for counterexamples see [EN0O, Exer. IV.2.30] or
[Nag86, A-III, Expl. 3.2]). However, if one of these sets is compact, the
spectral mapping theorem for the resolvent allows us to deduce the result
from the bounded case. To prove this, we first need the following lemma.

1.16 Lemma. Let Y be a Banach space continuously embedded in X. If
A € p(A) such that R(A\, A)Y C Y, then A € p(A)) and R(\, A|) = R(A, A),.

PROOF. By the definition of D(A)) and because R(A, A)Y C Y, we already
know that R(\, A)] maps Y onto D(A|) and therefore is the algebraic in-
verse of A — A|. To show that it is bounded in Y, it suffices to observe that
it is a closed, everywhere defined operator. O

1.17 Proposition. Let A : D(A) C X — X be a closed operator such
that its spectrum o(A) can be decomposed into the disjoint union of two
closed subsets o. and g,; i.e.,

o(A)=o0.Ua,.

If 0. is compact, then there exists a unique spectral decomposition X =
X. P X, for A in the following sense.

(i) X. and X,, are A-invariant.
(ii) The restriction A, := A|x, is bounded on the Banach space X..
(ili) X{* = X, ® (X,){, where A, := A|x, (and X{* denotes the first
Sobolev space with respect to A as introduced in Exercise 11.2.22.(1) ).
(iv) A=A, @ A,.
(v) o(A.) = 0. and o(A,) = 0y.
(vi) If X = Xy & X5 for two A-invariant closed subspaces X; and X5 of

X such that A|x, is bounded, o(A|x,) = 0. and 0(A|x,) = 04, then
X1 = Xc and X2 = Xu
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PROOF. When A is bounded, we have already indicated a proof based on
Formula (1.7). Therefore, we may assume A to be unbounded and fix some
A € p(A). Then 0 € o(R()\, A)). Hence, by Theorem 1.13, we obtain

(RN A) =M —0) ' (A= aw) ™ U{0})

=: T UTy,

(1.9)

where 7., 7, are compact and disjoint subsets of C. Now let P be the
spectral projection for R(A, A) associated with the decomposition (1.9)
and put X, := rg P, X,, := ker P. Because R(\, A) and P commute, we
have R(\, A)X. C X,, and Lemma 1.16 implies

(1.10) A€ p(A) and R(M\ Ac) = R(N, A)x,.-

Moreover, we know that J(R()\,AC)) = 7. # 0. Therefore, the operator
A.=X—R()\ A.)" ! is bounded on X, and we obtain (ii).

To show (i) we observe that X. C D(A) and AX. = A.X. C X; i.e.,
X, is A-invariant. Because A(I — P)x = (I — P)Ax for z € D(A), also
X, =1g(I — P) is A-invariant.

To verify (iii), observe that by similar arguments as above we obtain

(1.11) Aep(A,)  and RN\ A,) = RO\ A)x, -

Combining this with (1.10) yields

X.+ D(A,) = R\ A X + RN, A X,
D(A) = R\, A) (X, + X)
R\ Ao X+ R(A, Ay) Xy,

= X.+ D(A,);

N 1N

ie., X{' = X.+ D(A,). Because P € L(X), the restriction Pixa: X{ -
X{! is closed and therefore bounded by the closed graph theorem. This
proves (iii), and assertion (iv) then follows from (ii) and (iii).

Finally, (v) is a consequence of the Spectral Mapping Theorem 1.13 and
(1.9), (1.10), (1.11), and (vi) follows from Theorem 1.13 and the unique-
ness of the spectral decomposition for bounded operators; see [GGK90,
Prop. 1.2.4]. O

1.18 Isolated Singularities. We now sketch a particularly important
case of the above decomposition that occurs when o. = {u} consists of a
single point only. This means that u is isolated in o(A) and therefore the
holomorphic function A — R(\, A) can be expanded as a Laurent series

oo

R\ A) = Y (A=p)"Un

n=—oo
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for 0 < |XA — | < ¢ and some sufficiently small § > 0. The coefficients U,
of this series are bounded operators given by the formulas

1 RN A

(1.12) Un= 5= W(A—(u)”)“ . nez,

where + is, for example, the positively oriented boundary of the disc with
radius 9/2 centered at u. The coefficient U_; is exactly the spectral projec-
tion P corresponding to the decomposition o(A) = {u} U (c(A) \ {u}) of
the spectrum of A (cf. (1.7)). It is called the residue of R(-, A) at u. From
(1.12) (or using the multiplicativity of the functional calculus in [TL80,
Thm. V.8.1]), one deduces the identities

U_tney=(A—p)"P and
(1.13) (nt1) = ( 1)
U—(n+1) . U—(m—i—l) = U—(n+m+1)

for n,m > 0. If there exists k > 0 such that U_, # 0 and U_,, = 0 for
all n > k, then the spectral value p is called a pole of R(-, A) of order k.
In view of (1.13), this is true if and only if U_x # 0 and U_(41) = 0.
Moreover, we can obtain U_j, as

U_r = lim (A — p)FR(), A).
A=

The dimension of the spectral subspace rg P is called the algebraic multi-
plicity mg of p, and my := dimker(u — A) is the geometric multiplicity. In
the case m, = 1, we call u an algebraically simple (or first-order) pole.

If k is the order of the pole, where we set k = co if R(-, A) has an essential
singularity at u, one can show the inequalities

(1.14) mg+k—1<mg<mgy-k

if we put 0o - 0 := co. This implies that
(i) mq < oo if and only if p is a pole with my < oo, and
(ii) if p is a pole of order k, then yu € Po(A) and rg P = ker(u — A)*.

For proofs of these facts we refer to [GGK90, Chap. I}, [Kat80, II1.5],
[TL80, V.10], or [Yos65, VIILS].

1.19 The Essential Spectrum. As we already mentioned above, spectral
decomposition is a powerful method to split an operator on a Banach space
into two, it is hoped simpler, parts acting on invariant subspaces. In this
paragraph we present the tools for a decomposition in which one of these
subspaces is finite-dimensional. The results are used in Sections 4, VI.3,
and VI.4. We start with the following notion.
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An operator S € L(X) on a Banach space X is called a Fredholm operator
if
dimker S < oo and dim X/rgs < 0.

For T € L(X), we then define its Fredholm domain pr(T) by
pr(T) := {A € C: A= T is a Fredholm operator},
and call its complement
GesslT) = C\ pi(T)

the essential spectrum of the operator T'. One can show (see for instance
[GGK90, Chap. XI, Thm. 5.1]) that

(1.15)

there exists T' € L(X) such that

S is a Fredholm operator <=
P {I — TS and I — ST are compact.

Using this fact, an equivalent characterization of oess(T") is obtained through
the Calkin algebra C(X) = £(X)/5(x), where K(X) stands for the two-
sided closed ideal in L(X) of all compact operators. In fact, €(X) equipped
with the quotient norm

| 7| := dist (7, K(X)) = inf{|T — K| : K € X(X)}

for T := T + X(X) € C(X) is a Banach algebra with unit. Then, by the
equivalence in (1.15), we have

pr(T) = p(T)

~

Oess(T) = o(T)

and

for all T € L(X), where the spectrum of T is defined in the Banach algebra
C(X) (see [CPY74, Chap. 1]). In particular, this implies that cess(T) is
closed and, if X is infinite-dimensional, nonempty.

In the sequel, we also use the notation

1T [less = = [IT]|
and R
Tess(T) : =1(T) = sup{\)\| A€ aeSS(T)}

for the essential norm and the essential spectral radius, respectively, of the
operator T. Because ||T||ess = ||T + K]|ess for every compact operator K
on X, we have

Tess (T + K) = Tess(T)
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for all K € X(X). Moreover, using the Hadamard formula for the spectral
radius of T', cf. Corollary 1.4, we obtain the equality

1/71

ess *

reSS(T) = HILH;O ||Tn|

For a detailed analysis of the essential spectrum of an operator, we refer to
[Kat80, Sect. IV.5.6], [GGK90, Chap. XVII], or [Gol66, Sect. IV.2]. Here, we
only recall that the poles of R(-,T) with finite algebraic multiplicity belong
to pr(T). Conversely, an element of the unbounded connected component
of pr(T) either belongs to p(T') or is a pole of finite algebraic multiplicity.
Thus ress(T') can be characterized by

(1.16) rows(T) = inf{r 50 each X € o(T) satisfying [A| > r is a pole}
ess . .

of R(-,T) of finite algebraic multiplicity

1.20 Exercises. (1) Let A be a complex n x n matrix. Show that for
Aea(A)
(i) The pole order of R(-, A) in A,
(ii) The size of the largest Jordan block of A corresponding to A,
(iii) The multiplicity of A as zero of the minimal polynomial m 4 of A
coincide.
(2) Compute the spectrum o(A) for the following operators on the Banach
space X := C[0, 1].
(i) Af = =5 -f(s), D(A) ={fe X :Af € X}.

(ii) Bf(s) :=1is?- f(s), D(B) := X.
(iii) Cf(s) = f'(s), D(C) :== {C'[0,1] : f(0) = 0}.
(iv) Df(s):= f'(s), D(D) = {f € C'[0,1] : f'(1) = 0}.
(v) Ef(s):= f'(s), D(E) = {f € C'[0,1] : f(0) = f(1)}.
(vi) Ff(s):= f"(s), D(G) := C?[0,1].
(vii) Gf(s) = f"(s), D(H) := {f € C?[0,1] : f(0) = f(1) = 0}.

(viii) Hf(s) = f"(s), D(J) := {f € C[0,1] : £(0) = 0}.
Which of these operators are generators on X7
(3) Consider X := Cy(R,C?) and

Af(s):=f'(s) + Mf(s), seR,

where M := ((1) (1)) and D(A) := C}(R,C?). Show that o(A) decomposes
into —1 + iR and 1 + iR and that there exists a corresponding spectral
decomposition. (Hint: Transform M into a diagonal matrix.)

(4) Let A be an operator on a Banach space X and let B be a restriction

of A. If B is surjective and A is injective, then A = B. In particular, A = B
if BC A and p(A4) N p(B) # 0.
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b. Spectral Theory for Generators

The Hille-Yosida theorem already ensures that the spectrum of the genera-
tor of a strongly continuous semigroup always lies in a proper left half-plane
and thus satisfies a property not shared by arbitrary closed operators. In
this section we study the spectrum of generators and its relation to the
spectrum of the semigroup operators more closely.

For (unbounded) semigroup generators, the role played by the spectral
radius in the case of bounded operators is taken over by the following
quantity.

1.21 Definition. Let A: D(A) C X — X be a closed operator. Then
s(A) :=sup{ReX: A€ g(A)}
is called the spectral bound of A.

Note that s(A) can be any real number including —oo (if 0(A) = ) and
~+o00. For the generator A of a strongly continuous semigroup T = (T(t))tzo,
however, the spectral bound s(A) is always dominated by the growth bound

there exists M,, > 1 such that
= = inf R: v
wo = wo(T) = in {w R 10| < Mye® for all ¢ > 0 }

of the semigroup! (see Definition I.1.5 and Corollary 11.1.13).
We now show that wq is related to the spectrum (more precisely, to the
spectral radius) of the operators T'(t).

1.22 Proposition. For the spectral bound s(A) of a generator A and for
the growth bound wq of the generated semigroup (T(t))tzo, one has

1 1
—00 < 8 < — inf = = lim =
i 00 < 8(A4) Swo = inf —log [T(#)]| = lim - log|[T(t)l]

= lloglr(T(to)) < o0
to

for each tg > 0. In particular, the spectral radius of the semigroup operator
T(t) is given by

(1.18) r(T(t)) = gwo! for all t > 0.

For the proof we need the following elementary fact.

L Occasionally, we write “wo(A)” instead of “wo(T),” because by Theorem I1.1.4 the
semigroup 7 is uniquely determined by its generator A.
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1.23 Lemma. Let £ : R — R be bounded on compact intervals and
subadditive; i.e., £(s +t) < &(s) + &(t) for all s,t > 0. Then
§(t) £()

inf >~ = lim >—~*
t>0 ¢ t—oo

exists.
PROOF. Fix tg > 0 and write ¢t = ktp + s with kK € N, s € [0,¢g). The
subadditivity implies

& _ 1

t = kto

(&(kto) +&(s)) <
Because k — oo if t — 0o, we obtain

Tm @ < f(to)
t—oo t to

for each tg > 0 and therefore

T &0 < e €O oy €O
t—oo 1§ t>0 ¢ t—o00
which proves the assertion. O

PROOF OF PROPOSITION 1.22. Because the function
£ (1) = log |IT(D)]
satisfies the assumptions of Lemma 1.23, we can define
v = inf Slog ||T(#)]| = lim ~ log ||T(#)|}
t>0 ¢ t—oo t
From this identity, it follows that
e’ <|IT(t)]|

for all ¢ > 0; hence v < wy by the definition of wy. Now choose w > v. Then
there exists tg > 0 such that

1
Slog | T(1)] < w

for all t > to; hence | T(t)|| < e“! for t > t5. On [0, o], the norm of T'(t)
remains bounded, so we find M > 1 such that

IT@)] < Me*

for all t > 0; ie., wg < w. In as much as we have already proved that
v < wy, this implies wy = v.
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To prove the identity wo = /¢, logr(T'(to)), we use the Hadamard for-
mula for the spectral radius in Corollary 1.4; i.e.,

r(T(t) = nh—{go T (nt)|| 7/ = nh_>H§o ot V/ntlog | T(nt)]|

t- lim (Y,¢log || T (nt
b om0 _

The remaining inequalities have already been proved in Corollary I1.1.13.
d

We now state a simple consequence of this proposition.

1.24 Corollary. For the generator A of a strongly continuous semigroup
(T(t))tzo with growth bound wy = —oco (e.g., for a nilpotent semigroup)
one has

r(T(t)) =0 forallt>0 and  o(A) =0.

The inequalities in (1.17) establish an interesting relation between spec-
tral properties of the generator A, expressed by the spectral bound s(A),
and the qualitative behavior of the semigroup (T'(t)):>0, expressed by the
growth bound wqg. In particular, if spectral and growth bound coincide, we
obtain infinite-dimensional versions of the Liapunov Stability Theorem 3.6
below. For general strongly continuous semigroups, however, the situation
is more complex, as shown by the following examples and counterexamples.

1.25 Examples. We first discuss (left) translation semigroups on various
function spaces (see Section I.3.c and Paragraph 11.2.9) and show that the
spectra heavily depend on the choice of the Banach space. Before starting
the discussion, it is useful to observe that the exponential functions

ex(s) :=e, sER,
satisfy
%5,\ = dey for each \ € C.

Because the generator A of a translation semigroup is the first derivative
with appropriate domain (see Paragraph 11.2.9), it follows that A is an
eigenvalue of A if and only if ) belongs to the domain D(A).

(i) Consider the (left) translation semigroup (T'());>o on the space X :=
Co(Ry). Its generator is

Af =f'
D(A) = {f S CO(R+) N Cl(R+) : f/ S CQ(R+)}

with domain

Therefore, we have €y € D(A) if and only if A\ € C satisfies Re A < 0. This
shows that
Po(A)={A e C:Re) <0}
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We have that s(4) < wy < 0, because (T'(t));>0 is a contraction semigroup.
This implies, because the spectrum is closed, that

o(A)={AeC:ReX <0}

The same eigenfunctions €y yield eigenvalues e* for the operators T(t).
Again by the contractivity of T'(t) we obtain that

Po(T(t)) ={2€C:|z| <1}
o(T(t)) ={2€C:|z| <1} fort>0.

and

(ii) Next, we consider the (left) translation group (T'(t))icr on X :=
Co(R). Then Po(A) = 0, because no ¢, belongs to D(A). However, for
each a € R, the functions

¢2

fals) =€ e "/n neN,

form an approximate eigenvector of A for the approximate eigenvalue ic.
This shows that

and analogously
o(T(t) ={z€C:|z| =1}

(iii) The nilpotent right translation semigroup (T(t))tzo on X := Cy(0,1]
satisfies wyg = —oo (see Example 11.3.19), hence it follows from Corol-
lary 1.24 that

o(T(t)) ={0} and  o(4)=0.

In addition, for each A € C, the resolvent is given by
(119) (RO A)f)(s) = / N f(rydr, s (0,1], f € X.
0

(iv) For the periodic translation group on, e.g., X = Cy,(R) (see Para-
graph 1.3.15), the functions ) belong to D(A) if and only if A € iZ.
Because A has compact resolvent (use Example I1.5.9), we obtain from
Corollary 1.15,

o(A) = Po(A) =iZ.

The spectra of the operators T'(t) are always contained in I' := {z € C :
|z2| = 1} and contain the eigenvalues "’ for k € Z. Because o(T'(t)) is
closed, it follows that

o (T(t)) = {F Lt

I, if t/ar = p/q € Q with p and ¢ coprime,

where I'y :={2 € C: 29 =1}.
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In each of these examples there is a close relationship between the spec-
trum o(A) and the spectra o (T(t)) implying wo = s(A). As we show next
this is not always the case.

1.26 Counterexample. Consider the Banach space
X := Co(Ry) NLY(R,, eds)

of all continuous functions on R that vanish at infinity and are integrable
for e® ds endowed with the norm

171 = 1 Fllo + £, = sup|£(s)] + / £ (5)[e" ds.
s>0 0

The (left) translations define a strongly continuous semigroup (7'(t));>0 on
X whose generator is

Af =1,
DA ={feX:feC(Ry), feX}

(use Proposition I1.2.3). As a first observation, we note that ||7'(¢)|| = 1 for
all t > 0. Thus, we have wg = 0, and hence s(A) < 0. On the other hand,
ex € D(A) only if Re A < —1. Hence, we obtain for the point spectrum

Po(A)={AeC:ReX< -1}

and for the spectral bound s(A4) > —1.
We now show that A € p(A4) if ReA > —1. In fact, for every f € X we
have that

t
: —As
- Jim [ e 1ds
exists, because || T(s)f|l; < e *||f|l; for all s > 0. Moreover, the limit
t
: —As
- fim [ e T(s) 1 as
exists, because fooo e®|f(s)] ds < co. Consequently, the improper integral

(1.20) /OOO e T (s)f ds

exists in X for every f € X and yields the inverse of A — A (see Theo-
rem I11.1.10.(i)). We conclude that

0(A)={Ae€C:ReX < -1}, whence s(4)=-1,
whereas wg = 0 and r(7(t)) = 1 by (1.18). In particular, for ¢ > 0, T'(t)

has spectral values that are not the exponential of a spectral value of A.

The above phenomenon makes the spectral theory of semigroups inter-
esting and nontrivial. Before analyzing carefully what we call the “spectral
mapping theorem” for semigroups in Section 2, we first discuss an example
showing spectral theory at work.
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1.27 Delay Differential Operators. We return to the delay differential
operator from Paragraph 11.3.29 defined as

Af:=f" on  D(A):={feC'-1,0]: f(0)=Lf}

on the Banach space X := C[—1,0] for some linear form L € X’ and
try to compute its point spectrum Po(A). As for the above translation
semigroups, we see that a function f € C[—1,0] is an eigenfunction of A
only if it is (up to a scalar factor) of the form f = ), where

ex(s) :=e, se[-1,0],

for some A € C. However, such a function €y belongs to D(A) if and only
if it satisfies the boundary condition

e\ (0) = Ley,
A= LE)\.

which becomes

Therefore, if we define {(\) := A — Le), we obtain the point spectrum
Po(A) as
Po(A)={AeC: &N =0}

Because £(+) is an analytic function on C, its zeros are isolated, and there-
fore Po(A) is a discrete subset of C.

In order to identify the entire spectrum o(A), we observe that X; :=
(D(A), |-l ) is a closed subspace of C'[—1,0] and that the canonical in-
jection

i:C=1,0] = C[~1,0]

is compact by the Arzela—Ascoli theorem. Therefore, it follows from Propo-
sition I1.5.8 that R(\, A) is a compact operator, and by Corollary 1.15, we
obtain

o(A) = Po(A).

Proposition. The spectrum of the above delay differential operator con-
sists of isolated eigenvalues only. More precisely, we call

A= E(N) = X — Ley,
the corresponding characteristic function and obtain
o(A)={reC: &) =0}.
In other words, the spectrum of A consists of the zeros of the character-

istic equation

€\ = 0.
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For arbitrary L € C[—1,0), it is still difficult to determine all complex
zeros of the analytic function &(-). However, for many applications as in
Section 3, it suffices to know the spectral bound s(A). To determine it, we
now assume that the linear form L is decomposed as

L = Lo + ady,

where Lg is a positive linear form on C[—1,0] having no atomic part in
0. This means that lim,, o Lo(fn) = 0 whenever (f,)nen is a bounded
sequence in X satisfying lim,,_,~ fn(s) = 0 for all =1 < s < 0. As usual, dgy
denotes the point evaluation at 0, and we take a € R. In this case, we can
determine s(A) by discussing the characteristic equation as an equation on
R only.

Corollary. Consider the above delay differential operator (A,D(A)) on
X := C[-1,0] and assume that L € X' is of the form

L:L0—|—a50

for some a € R and some positive Ly € X' having no atomic part in 0.
Then the spectral bound s(A) is given by

s(A) =sup{A € R: X\ = Lgey + a},
and one has the equivalence
s(4) <0 < || Lol +a <O0.

PROOF. The characteristic function A — &(X\) := X\ — Loex — a, considered
as a function on R, is continuous and strictly increasing from —oo to +oo.
This holds, because we assumed Ly to be positive having no atomic part
in 0, hence satisfying

Loex 1 0 as A — 0.
Therefore, £ has a unique real zero \g satisfying
Ao <0 < 0<&(0).

It remains to show that Ao = s(A). Take A = p+iv € o(A). Using the
above characteristic equation, this can be restated as

p+iv = Lo(e ei) + a.

By taking the real parts in this identity and using the positivity of Lg, we
obtain

p = Re(Lo(epei) +a) < |Lo(eyein)| +a < Lo(e,) + a,

which, by the above properties of the characteristic function £ on R, implies
1 < Ag. Therefore, we conclude that

uw=TReA <A =s(A)
for all A € o(A). O
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We recommend restating the above results for

Lif:=af(0)+0bf(-1)
or

0
Lof = af(0) + / k() () ds

witha € R, 0 < b, and 0 < k € L>°[-1,0].

1.28 Exercises. (1) Use the rescaling procedure and Counterexample 1.26
to show that for arbitrary real numbers a < [, there exists a strongly
continuous semigroup (T(t))tzo with generator A such that

s(A)=a and wy=0.

(2) Let (T'(t))cr be a strongly continuous group on X with generator A.
Then there exist constants m, M > 1, v, w € R such that

1
—e 2| < || T(t)x| < Me™ | z|| forallt >0, z € X.
m

Show that

—v < —s(—A) <s(A) <w.

(3) Let (T'(t))¢>0 be the semigroup from Counterexample 1.26. Find an ap-
proximate eigenvector (fy,)nen corresponding to the approximative eigen-
value A =1 of T'(¢) for ¢ > 0.

(4) Modify Counterexample 1.26 to obtain s(A) = —oo, wg = 0. (Hint:
Consider X := Co(Ry) NLY(Ry, e dz).)

(5*) Consider the translations on

5§—00 §——00

X:= {f € C(R) : lim f(s) = lim e*f(s)=0and / e?|f(s)|ds < oo}
endowed with the norm

11 = Suplf(5)|+supe3"”|f(5)l+/ | f(s)| ds.
s>0 s<0

—0o0

Show that this yields a strongly continuous group on X with growth bound
wo = 0, but spectral bound s(A4) < —1. (Hint: See [Wol81].)
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2. Spectral Mapping Theorems

It is our ultimate goal to describe the semigroup (T'(t)):>o by the spectrum
o(A) of its generator A. However, as we have already seen in Counterexam-
ple 1.26, the general case is much more complex. As a first, but essential,
step, we now study in detail the relation between the spectrum o(A) of the
generator A and the spectrum o (T'(t)) of the semigroup operators T'(t).
The intuitive interpretation of T'(t) as the exponential “e*4” of A leads us
to the following principle.

2.1 Leitmotif. The spectra o (T (t)) of the semigroup operators T'(t) should
be obtained from the spectrum o(A) of the generator A by a relation of
the form

(2.1) “o(T(t) = eto) = {e"* X ea(A)}.

a. Examples and Counterezamples

If (2.1), or a similar relation, holds, we say that the semigroup (T(t)):>0
and its generator A satisfy a spectral mapping theorem. However, before
proving results in this direction, we explain in a series of examples and
counterexamples what might go wrong.

2.2 Examples. (i) Take a strongly continuous semigroup (T(t))tzo that
cannot be extended to a group (e.g., the left translation semigroup on
Co(R4); see Paragraph 1.3.16). Then 0 € o(T'(t)) for all ¢ > 0, although
evidently 0 is never contained in et(4).

Therefore, we are led to modify (2.1) and call a spectral mapping theorem

the relation
(SMT) a(T() \ {0} = e fort > 0.

(ii) For the periodic translation group in Example 1.25.(iv) we have o(A) =
iZ and o (T(t)) =T if t/ax is irrational, hence (SMT) does not hold.

The phenomenon appearing in this example is referred to as a weak
spectral mapping theorem, meaning that only

(WSMT) o (T(t)) \ {0} = "™\ {0} fort >0

holds.

The above modifications of the spectral mapping theorem are simply
caused by properties of the complex exponential map z — e* and have no
serious consequences for our applications in Section 3. Much more prob-
lematic is the failure of (SMT) or (WSMT) due to the particular form of
the operator A and the semigroup (T(t))tzo.
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Such a breakdown always occurs for generators A for which the so-called
spectral bound equal growth bound condition

(SBeGB) s(A) = wo
does not hold. In fact, if s(4) < wp, then

et(A) {)x eC: N\ < etS(A)},

and r(T'(t)) = et“0 > e'*(4) (use Proposition 1.22).
For later reference, it is useful to state this fact explicitly.

2.3 Proposition. For a strongly continuous semigroup (T'(t));>o with
generator A one always has the implications

(SMT) = (WSMT) => (SBeGB).

Therefore, the generator and the semigroup in Counterexample 1.26 do
not satisfy (WSMT). Whereas the semigroup in this example was the well-
known translation semigroup, the chosen Banach space seems to be artifi-
cial. Therefore, we present more examples for a drastic failure of (WSMT)
on more natural spaces.

Even for semigroups on Hilbert spaces the spectral mapping theorem
may fail.

2.4 Counterexample (on Hilbert Spaces). We start by considering
the n-dimensional Hilbert space X,, := C™ (with the || - ||2-norm) and the
n X n matrix

0 1 0

A, =

_ O O

0

o

Because A, is nilpotent, we obtain o(A,) = {0}. Moreover, the semigroups
(e'n) >0 generated by A, satisfy

tAy, < et

le
for ¢ > 0. We now collect some elementary facts about these matrices.

Lemma. For the elements x,, := n_ />(1,...,1) € X,, we have ||z,| = 1
and

(i) [[Apzn —an] <n 7
(ii) ||etA"xn — et:rnH <tetn "2 fort >0 and n € N.
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PROOF. Assertion (i) follows directly from the definition, whereas (ii) is
obtained from

t
ey, —etx, = / et sesAn (Apzy, — xy)ds
0

(see (1.10) in Lemma I1.1.9) and the estimate [e* || < e’. O
Consider now the Hilbert space
2
X = @ X, = {(xn)neN tx, € X, and Z lzn|? < oo},
neN neN

with inner product

((an) | (th)) = Z(-rn | yn)

neN

on which we define A := @, en(4, +in) with maximal domain D(A) in X.
This operator generates the strongly continuous semigroup (T(t))tzo given

by .
T(t) := @(emtem”)

neN

and satisfying .
IT(®)] < sup HemtetA" | <e
neN

for t > 0. This implies that its growth bound satisfies
wo S 1.

We now show that s(A) = 0. For A € C with Re A > 0, we have

n—1
. . Ak
R()‘a An + ln) = R()‘ —1n, An) = ];:0: m
Because ||A,| = 1, we conclude that
n—1 1 1

R(A An i < . < .
[ R(A, +1n)||_k2:;)‘)\—ln|k+l_|)\—ln‘—1
for n € N sufficiently large. This implies sup,,cy | R(A, An +in)|| < 0o, and

therefore
B (R, A, +in))
neN

is a bounded operator on X, which evidently gives the inverse of (A — A).
Hence, s(A) < 0, whereas s(A) > 0 follows from the fact that each in is an
eigenvalue of A.
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To prove wg > 1, we show that r(T(to)) > el for ¢ty = 2m. Take z,, as in
the lemma, identify it with the element (0,...,xz,,0,...) € X, and consider
the sequence (x,)nen in X. Then (x,)nen is an approximate eigenvector
of T(27) with eigenvalue e*. So we have proved the following.

Proposition. For the strongly continuous semigroup (T(t))tzo with
T(t) — @(eintetAn)
neN

and its generator

A= @(An +in)
neN
on the Hilbert space X := &2 .y Xy, one has
s(A) =0<wy=1.

For still more examples we refer to Exercises 2.13.

b. Spectral Mapping Theorems for Semigroups

After having seen so many failures of our Leitmotif 2.1, it is now time to
present some positive results. Surprisingly, “most” of (SMT) still holds.

2.5 Spectral Inclusion Theorem. For the generator (A, D(A)) of a
strongly continuous semigroup (T(t))tzo on a Banach space X, we have
the inclusions

(2.2) o(T(t) e for  t>0.

More precisely, for the point, approximate point, and residual spectra the
inclusions

(2.3) Po(T(t)) > ePo),
(2.4) Ao (T(t)) D 4o,
(2.5) Ro(T(t)) D etfie

hold for all t > 0.

PROOF. Recalling the identities

¢
My —T(t)r = (A — A) / AT (s)xds  for x € X,
(2.6) , 0
= / MO () (N — A)zds for z € D(A)
0

from Lemma I1.1.9, we see that (e* —T'(¢)) is not bijective if (A — A) fails
to be bijective. This proves (2.2).
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We now prove (2.4) and, by the same arguments, (2.3). Take A € Ac(A)
and a corresponding approximate eigenvector (z,)nen C D(A). Define a
new sequence (Yn)nen by

t
Y = e, — T(t)z, = / A= (5) (N — A)z,, ds.
0
These vectors satisfy for some constant ¢ > 0 the estimate

t
llynll < /0 He’\(t_s)T(s)()\ — Az, |lds <c||(A— A)z,|| = 0 as n — oo.

Hence, e is an approximate eigenvalue of T'(t), and (x,)nen Serves as the

same approximate eigenvector for all ¢ > 0.
Next, take A € Ro(A) and use (2.6) to obtain that

rg(eM — T'(t)) C rg(A — A)
is not dense in X. Hence (2.5) holds. O

It follows from the above examples and counterexamples that not all
converse inclusions can hold in general. In fact, we show that it is only the
approximate point spectrum that is responsible for the failure of (SMT).
For the point spectrum and the residual spectrum, however, we are able to
prove a spectral mapping formula.

2.6 Spectral Mapping Theorem for Point and Residual Spec-
trum. For the generator (A,D(A)) of a strongly continuous semigroup
(T(t))tzo on a Banach space X, we have the identities

(2.7) Po(T(1)) \ {0} = '),
(2:8) Ro(T(t)) \ {0} = et
for all t > 0.

PrOOF. Takety > 0and 0 # XA € Po (T(to)). According to Paragraphs 1.1.10
and I1.2.2, we can pass from the semigroup (T(t))tzo to the rescaled semi-
group (S’(t))tzo = (e‘“og’\T(tot))tZO having the generator B = tgA —
log A. Because for this rescaled semigroup 1 is an eigenvalue of S(1), we
can assume that tg =1 and A = 1 from the beginning.

Take 0 # = € X satisfying T'(1)z = =. Then the function ¢t — T'(t)z # 0
is periodic, hence there exists at least one k € Z such that the Fourier
coefficient

1
Yk :z/ e%i’“(l_s)T(s)x ds
0
is nonzero. However, by Lemma I1.1.9, y, € D(A) and
(A —27ik)y, = T(1)z — 2™z = 0.

Therefore, 2mik € Po(A) satisfying e*™* = 1 € Po(T(1)). This and (2.3)
prove (2.7).
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The identity for the residual spectrum follows from (2.7) if we consider
the sun dual semigroup (T'(£)®);>o and use that Ro(A) = Po(A®) and
Ro(T(t)) = Po(T(t)®); cf. [EN0O, IV.2.18]. O

Because we have proved spectral mapping theorems for the point as well
as for the residual spectrum, it follows that in Counterexample 2.4 there
must be approximate eigenvalues p of T'(¢) that do not stem from some
A € o(A) via the exponential map. In order to overcome this failure and
to obtain a spectral mapping theorem for the entire spectrum, we could
exclude the existence of such approximate eigenvalues and assume

o(T(t)) = Po(T(t)) URa(T(t))

(e.g., if (T(t))tzo is eventually compact). A more interesting and useful way
to save the validity of (SMT), however, is to look for additional properties
of the semigroup that guarantee even

(2.9) Ao (T(t)) \ {0} = '),

Eventual norm continuity seems to be the most general hypothesis doing
this job.

However, we first characterize those approximate eigenvalues that satisfy
the spectral mapping property.

2.7 Lemma. For an approximate eigenvalue A # 0 of the operator T (to)
the following statements are equivalent.

(a) There exists a sequence (zp)neny C X satisfying |lz,|| = 1 and
| T (to)xsn — Azy|| — 0 such that limy o sup,,ey [|T(t)zn — 5 || = 0.
(b) There exists p € Ao(A) such that A\ = el'o,

PRrROOF. The implication (b) = (a) follows from identity (2.6).

To show the converse implication it suffices, as in the proof of Theo-
rem 2.6, to consider the case A = 1 and tg = 1 only. To this end we take
an approximate eigenvector (,)nen as in (a). The uniform continuity of
(T'(t))i>0 on the vectors z,, implies that the maps [0,1] > ¢ — T(t)zn,
n € N, are equicontinuous. Choose now z, € X', |2}, || < 1, satisfying
(@p, 2}y > /2 for all n € N. Then the functions

[0,1] 3 s = &,(8) := (T(8)wp, 2,)

are uniformly bounded and equicontinuous. Hence, there exists, by the
Arzela—Ascoli theorem, a convergent subsequence, still denoted by (&,)nen,
such that lim, . &, =: £ € C[0,1]. From £(0) = lim, o £,(0) > 1/2 we
obtain that £ # 0. Therefore, this function has a nonzero Fourier coefficient;
i.e., there exists p,, := 2wim, m € Z, such that

1
/ e"Hm3g(s)ds £ 0.
0
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If we set )
Zn ::/0 e HmiT(s)x, ds,
we have z,, € D(A) by Lemma I1.1.3. In addition, the elements z,, satisfy
(ftm — Az = (L —e #T(1))zy = (1= T(1))zn — 0
and

lim [|2,[| > Lim | (zp,2,) |
n—ro0 n—00

> lim
n— o0

1
/ e M3 (T(8)zp, z),) ds
0

1
> / e Hm3¢(s)ds| > 0.
0

This shows that (#1/.,|)nen is an approximate eigenvector of A corre-
sponding to the approximate eigenvalue p,, = 2wim. O

For eventually norm-continuous semigroups we can always construct ap-
proximate eigenvectors satisfying condition (a) of the previous lemma.
Therefore, we obtain (SMT).

2.8 Spectral Mapping Theorem for Eventually Norm-Continuous
Semigroups. Let (T(t))tzo be an eventually norm-continuous semigroup
with generator (A, D(A)) on the Banach space X. Then the spectral map-
ping theorem

(SMT) a(T(t)) \ {0} = e >0,
holds.

Proor. Taking into account all our previous theorems such as 2.5 and 2.6
and using the rescaling technique, we have to show the following.
If1 e AU(T(I)), then there exists m € Z such that u,, := 2xim €
Ao (A).
To prove this claim, we take an approximate eigenvector (z,)nen of T'(1);
i.e., we assume |z,| = 1 and ||T(1)x, — 2,|| — 0. Moreover, we assume
that ¢ — T'(¢) is norm-continuous for ¢t > ty. Now choose ¢ty < k € N and
observe that

1T (k)xn — @nll = ||T(k)xn — T(k = Day + T(k = 1)ay — - — 2] = 0

as n — oo. The semigroup (T(t))tzo is then uniformly continuous on
(T(k)xn)neN by assumption and on (T(k)xn - xn)neN, because this is
a null sequence (use Proposition A.3). Therefore, (T'(t));>0 is uniformly
continuous on (Zp,)neN = (T(k)xn)neN - (T(k)xn - xn)neN, and the asser-
tion follows from Lemma 2.7. O
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Combining the previous result with Proposition 2.3 yields the following.
2.9 Corollary. For an eventually norm-continuous semigroup (T'(t))¢>o
with generator (A, D(A)) on a Banach space X, we have
(SBeGB) s(A) =wp .

Finally, we know from Section I1.5 that many important regularity prop-
erties of semigroups imply eventual norm continuity. We state the spectral
mapping theorem for these semigroups.

2.10 Corollary. The spectral mapping theorem

(SMT) e = o (T(t)) \ {0}, t>0,
and the spectral bound equal growth bound condition
(SBeGB) s(A) = wo

hold for the following classes of strongly continuous semigroups:
(i
(ii

(iii) Analytic semigroups, and

Eventually compact semigroups,

Eventually differentiable semigroups,

— — — —

(iv) Uniformly continuous semigroups.

It is the above condition (SBeGB) that is used in Section 3 (e.g., in Theo-
rem 3.7) to characterize stability of semigroups. However, not all of (SMT)
is needed to derive (SBeGB). The weaker property (WSMT), already en-
countered in Example 2.2.(ii), is sufficient. Therefore, the following simple
result on multiplication operators (see Section I.3.a and Paragraph 11.2.8)
is a useful addition to the above corollaries.

2.11 Proposition. Let M, be the generator of a multiplication semigroup
(Ty(t)) >0 on X = Co(Q) (or X := LP(, p1)) defined by an appropriate
function q :  — C. Then

(WSMT) o (Ty(t)) = eto(Ma) fort >0,

hence (SBeGB) hold.

PROOF. In Proposition 1.3.2.(iv), we stated that the spectrum of a multipli-

cation operator is the closed (essential) range of the corresponding function.
Therefore, we obtain

U(Tq(t)) — etq(CSS)(Q) — etq(CSSJ(Q) — etU(Mq)
for all ¢t > 0. |
A simple, but typical, example is given by the multiplication operator

Mg(zn)nez = (in@n)nez
for (zn)nez € (P(Z). Then o(M,) = iZ and o(T,(t)) = T whenever
t/or ¢ Q. Therefore, only (WSMT) but not (SMT) holds. See also Ex-
ample 2.2.(ii).
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Most important, the above proposition can be applied to semigroups
of normal operators on Hilbert spaces. In fact, due to the Spectral Theo-
rem 1.3.9, these semigroups are always isomorphic to multiplication semi-
groups on L2-spaces; hence (WSMT) holds.

2.12 Corollary. Let (T(t))tzo be a strongly continuous semigroup of nor-
mal operators on a Hilbert space and denote its generator by (A, D(A)),
Then

(WSMT) o(T(t)) =etvA  fort >0,
hence (SBeGB) hold.

2.13 Exercises. (1) Show that the semigroup in Counterexample 2.4 is in
fact a group whose generator has compact resolvent.
(2) (Counterexample on reflexive Banach spaces). Take 1 < p < ¢ < o0
and the (reflexive) Banach space X := LP[1,00) N L4[1,00) with norm
1£N == 1Ifllp + I fllg- Then the following hold.
(i) The operator family (T'(t))¢>0 given by T'(t) f(s) := f(se') for s > 1,
t >0, and f € X, defines a strongly continuous semigroup on X.
(ii) The generator A of (T'(t))>0 is given by Af(s) = sf'(s), s > 1, with
domain

D(A) = { fex: f is absolutely continuous }

and s — sf’(s) belongs to X

(iii) Spectral and growth bound of A are given by s(A) = —% < =

(Hint: See Exercise 1.1.8.(3) and [EN00, IV.3.3].)

(3) On the space L3, of all 2r-periodic functions on R? that are square
integrable on [0, 27]? consider the second-order partial differential equation

1
= = Wwq.
q 0

Pult,z,y)  Pult,xy)  Pult,z,y) |, 0ult,z,y)
T = e e R E A P
(2.10) Su(0 )y
U(vaay) :U0($,y), % :Ul(ﬂf7y)

for (x,y) € [0,27]? and t > 0.
(i) Show that (2.10) is equivalent to the abstract Cauchy problem (ACP)
for the operator (A, D(A)) defined by

Alu,v) := (v, %u + %u + ei'%u), D(A):=H3 xH)_

on X :=H}_x LZ_ and for the initial value (uq,u1).
(ii) Show that A generates a strongly continuous semigroup on X.
(iii*) Show that s(A) = 0, whereas wo > 1/2. (Hint: See [HWO03], [BLX05],
[Ren94].)
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(4) Assume that for some t; > 0 the spectral radius r(7'(to)) is an eigen-
value of T'(ty) (or of its adjoint T'(tp)’). Show that in this case one has
(SBeGB); i.e., s(A) = wo.

(5) Let (T'(t))i>0 be a strongly continuous semigroup on some L*(€, 11)
and assume that 0 < T'(t)f for all 0 < f € LY(Q, u) and all ¢ > 0. Show
that (SBeGB) holds; that is, s(4) = wp. (Hint: Use Lemma VI1.2.1.)

(6*) A strongly continuous semigroup (T(£)):>o with growth bound wy is
called asymptotically norm-continuous if
lim (Thme™ =0 !|T ~T(@®)) =o.
Jin (lime™ AT (¢ +h) —T(t)l| ) =0
(i) Show that a semigroup (7'(t)):>¢ is asymptotically norm-continuous
if it can be written as T(t) = Uy(t) + Uy(t) for operator fami-
lies (Uo(t))tzo and (Ul(t))tzo where (UO(t))tZO is eventually norm-
continuous and lim;_, e~ “°*||Uy(¢)]| = 0.
(ii) Construct an example of such a decomposition using Theorem III.1.10.

(iii) For a semigroup (T'(t))¢>o that is norm-continuous at infinity, the
spectral mapping theorem holds for the boundary spectrum; i.e.,

a(T) NN CT: N\ =1(T(t))} = e oDNEAHR)
for t > 0 and r(7'(t)) > 0. See [MM96], [Bla01], and [NP0O0].

3. Stability and Hyperbolicity of Semigroups

We now come to one of the most interesting aspects of semigroup theory.
After having established generation, perturbation, and approximation the-
orems in the previous chapters, we investigate the qualitative behavior of
a given semigroup. We already dealt with this problem when we classified
strongly continuous semigroups according to their regularity properties in
Section I1.5, but we now concentrate on their “asymptotic” behavior. By
this we mean the behavior of the semigroup (T(t))tzo for large t > 0 or,
more precisely, the existence (or nonexistence) of

tll>rg<> (),

where the limit is understood in various ways and for different topologies.
If we recall that the function ¢ — T'(¢)x yields the (mild) solutions of the
corresponding abstract Cauchy problem

z(t) = Az(t), t>0,

z(0) =z

(see Section I1.6), it is evident that such results will be of utmost impor-
tance.
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Among the many interesting types of asymptotic behavior, we first study
stability of strongly continuous semigroups (T (t))t20~ By this we mean that
the operators T'(¢) should converge to zero as t — oo. However, as is to
be expected in infinite-dimensional spaces, we have to distinguish different
concepts of convergence.

a. Stability Concepts

For a strongly continuous semigroup (7'(t))¢>o with generator A : D(A) C
X — X we now make precise what we mean by

“ lim T(t) = 0”

t—o0

and vary the topology and the “speed” of the convergence by proposing
the following concepts.

3.1 Definition. A strongly continuous semigroup (T'(t)):>o is called
(a) Uniformly exponentially stable if there exists e > 0 such that

(3.1) lim e* | T(t)|| = 0;

t—o0

(b) Uniformly stable if

(3.2) lim |17)]| = 0

t—o00

(c) Strongly stable if

(3.3) tlim IT(t)z|| =0 for all z € X;
—00

(d) Weakly stable if

(3.4) lim (T'(t)x,2') =0  forallz € X and 2’ € X'.

t—o0

We start our discussion of these concepts by noting that the two “uni-
form” properties coincide and are even equivalent to a “pointwise” condi-
tion.

3.2 Proposition. For a strongly continuous semigroup (T(t))fzo, the fol-
lowing assertions are equivalent.

(a) (T(t)):>o0 is uniformly exponentially stable.
(b) (T'(t))¢>0 is uniformly stable.
(c) There exists € > 0 such that lim_,o, €' | T(t)z| = 0 for all z € X.



Section 3. Stability and Hyperbolicity of Semigroups 187

PROOF. Clearly, (a) implies (b) and (c). Because e“°* = r(T(t)) < || T(¢)||
for all t > 0 (see Proposition 1.22), (b) implies wy < 0, hence (a). If
(c) holds, then (e**T'(t));>o is strongly, hence uniformly, bounded, which
implies lim;_,, e 72| T(¢)| = 0. O

It is obvious from the definition that uniform (exponential) stability im-

plies strong stability, which again implies weak stability. The following ex-
amples show that none of the converse implications holds.

3.3 Examples. (i) The (left) translation semigroup (T'(t))i>0 on X :=
LP(Ry), 1 < p < oo, is strongly stable, but one has
[T@)] =1

for all ¢ > 0; hence it is not uniformly stable.

(ii) The (left) translation group (T(t))icr on X = LP(R), 1 < p < oo, is
a group of isometries hence is not strongly stable. However, for functions
feX,ge X =LYR), 1/, + /4 = 1, with compact support and large ¢,
one has that T'(t)f and g have disjoint supports, whence

9) :/:X’ f(s+1t)g(s)ds =0.

For arbitrary f € X, g € X’ and for each n € N, we choose f, € X and
gn € X' with compact support such that || f — fulp < Vn and ||g — gnllqy <
1/n. Then

(T( f79>|<|< )(f = fa)sgn)| + T@)f,9 = gu)| + [T () fr: 9n)|
< E(lgllg + 1+ 171p) + [{T(E) frr gn)| -

Because the last term is 0 for large ¢, we conclude that
Jim (7(1).g) = 0
forall fe X,ge X';1ie., (T(t))tzo is weakly stable.

It is now our goal to characterize the above stability concepts, it is hoped
by properties of the generator. In the following subsection we try this for
uniform exponential stability.

3.4 Exercises. (1) Discuss the above stability properties for multiplication
semigroups on LP(R) and Cy(R). (Hint: See [EN00, Expl. V.2.19.(ii) and
(iii)].)

(2) Let u be a probability measure on R that is absolutely continuous with

respect to the Lebesgue measure. Use the Riemann—Lebesgue lemma (see
Theorem A.20) to show that the multiplication semigroup (7'(t))>o with

(T(0)f)(s) =€ f(s), seR,
is weakly stable on LP(R, ) for 1 < p < oo.



188 Chapter V. Spectral Theory and Asymptotics for Semigroups

(3) Show that the adjoint semigroup of a strongly stable semigroup is
weak*-stable; that is, lims o (T'(t)z,2’) = 0 for all x € X, 2/ € X/, but
not strongly stable in general.

(4) Show that a strongly continuous semigroup with compact resolvent
which is weakly stable is necessarily uniformly exponentially stable. In par-
ticular, an immediately compact semigroup that is weakly stable is already
uniformly exponentially stable.

b. Characterization of Uniform FExponential Stability

We start by recalling the definition of the growth bound
Wwo + = wo(‘J') = WQ(A)
(3.5) :=inf {w € R:3M,, > 1 such that |T(t)|| < M,e"* Vt >0}
=inf{w eR: hm e | T(t)| =0}

of a semigroup T = (T'(t))¢>o with generator A (compare Definition I.1.5).
From this definition it is immediately clear that (7'(t));>o is uniformly
exponentially stable if and only if

(3.6) wo < 0.

Moreover, the identity
3.7) —'fll T(t)|| = L 11 T(t —ll T(t
(37w = jnf Zlog T = Jim 7log |[7(1)] = ;- logr((t)

for each ty > 0, proved in Proposition 1.22, yields the following character-
izations of uniform exponential stability.

3.5 Proposition. For a strongly continuous semigroup (T(t))tzo, the fol-
lowing assertions are equivalent.

(a) wo < 0; ie., (T(t))tzo is uniformly exponentially stable.

(b) limy o0 [|T'(2)]| = 0.
(¢) ||IT(to)]| < 1 for some tg > 0.
(d) r(T(t1)) < 1 for some t; > 0.

All these stability criteria, as nice as they are, have the major disadvan-
tage that they rely on the explicit knowledge of the semigroup (T(t))tzo
and its orbits ¢ — T'(t)z. In most cases, however, only the generator (and
its resolvent) is given. Therefore, direct characterizations of uniform ex-
ponential stability of the semigroup in terms of its generator are more
desirable. Spectral theory provides the appropriate tool for this purpose,
and the following classical Liapunov theorem for matrix semigroups serves
as a prototype for the results for which we are looking.
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3.6 Theorem. (LIAPUNOV 1892). Let (e'“)y>o be the one-parameter
semigroup generated by A € M, (C). Then the following assertions are
equivalent.

(a) The semigroup is stable; i.e., lim;_,o ||| = 0.

(b) All eigenvalues of A have negative real part; i.e., ReA < 0 for all
A€ o(A).

In particular, one hopes that the inequality
(3.8) s(A) <0

for the spectral bound s(A) = sup{Re A : A € 0(A)} of the generator A (see
Definition II1.1.12) characterizes uniform exponential stability. Counterex-
ample 1.26 (see also Exercises 2.13.(2) and (3)) shows that this fails drasti-
cally. The reason is the failure of the spectral mapping theorem (SMT) as
discussed in Section 2. On the other hand, if some (weak) spectral mapping
theorem holds for the semigroup (T(t))tzo and its generator A, then by
Proposition 2.3 the growth bound wy and the spectral bound s(A) coincide,
and hence the inequality (3.8) implies (3.6).

The coincidence of growth and spectral bounds clearly implies that uni-
form exponential stability is equivalent to the negativity of the spectral
bound. So in this case the inequality s(A) < 0 characterizes uniform expo-
nential stability of the semigroup (T(t))tzo in terms of its generator A and
its spectrum o(A). This is one reason for our thorough study of spectral
mapping theorems in Section 2. The results obtained there, in particu-
lar Theorem 2.8 and its corollaries, pay off and yield the spectral bound
equal growth bound condition (SBeGB) already stated in Corollary 2.9.
We restate this as an infinite-dimensional version of Liapunov’s stability
theorem.

3.7 Theorem. An eventually norm-continuous semigroup (T(t))tzo is uni-
formly exponentially stable if and only if the spectral bound s(A) of its
generator A satisfies

s(A) <0.

Looking back at the stability results obtained so far, i.e., Proposition 3.5
and Theorem 3.7, we observe that in each case we needed information on
the semigroup itself in order to conclude its stability. This can be avoided
by restricting our attention to semigroups on Hilbert spaces only.

3.8 Theorem. (GEARHART 1978, PRUSS 1984, GREINER 1985). A strong-
Iy continuous semigroup (T(t))tzo on a Hilbert space H is uniformly expo-
nentially stable if and only if the half-plane {\ € C : Re A > 0} is contained
in the resolvent set p(A) of the generator A with the resolvent satisfying

(3.9) M := sup ||R(\A)| < oo.
ReA>0
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This stability criterion is extremely useful for the stability analysis of
concrete equations; see [BP05, Sects. 5.1 and 10.4], [CL03], [LZ99]. For
a proof we refer to [EN0OO, Thm. V.1.11]. Its theoretical significance is
emphasized by the following comments.

3.9 Comments. (i) The theorem does not hold without the boundedness
assumption on the resolvent in the right half-plane. Take the semigroup
(T(t))¢>0 from Counterexample 2.4. Then (e 72T(t)):>o is a semigroup
on a Hilbert space having spectral bound s(A) = — /2, and hence we have
{A € C:ReX >0} C p(A), but its growth bound is wg = 1/a.

(ii) The theorem does not hold on arbitrary Banach spaces. In fact, for the
semigroup in Counterexample 1.26 one has

[R(A +is, A)[| < [[R(A, A)|

for all A > s(A) = —1 and s € R (use the integral representation (1.20)
of the resolvent in Section 1.b). Because ||T'(t)|| = 1 for all ¢ > 0, this
semigroup is not uniformly exponentially stable, but the resolvent of its
generator exists and is uniformly bounded in {A € C: Re A > 0}.

3.10 Exercises. (1) Show that for a strongly continuous semigroup J =
(T(t))tzo on a Hilbert space X with generator A its growth bound is given
by
wo = inf{A > s(A) s sup |R(A +is, A)|| < oo}.
seR

(2*) Let (T'(t)):>0 be a strongly continuous semigroup with generator A
on a Hilbert space H.

(i) Define W(t)T :=T'(t) - T -T(t)* for t > 0 and T € L(H) and show
that (U(¢))¢>0 is a semigroup on L(H) that is continuous for the
weak operator topology on L(H).

(i) Define R(NT = [~ e U(t)Tdt, T € L(H) and X large, in the
weak operator topology and show that R(A) is the resolvent of a
Hille-Yosida operator (G, D(G)) on L(H).

(iii) Formally, G is of the form G(T) = AT —TA for T € D(G). Can you
give a precise meaning to this statement? (Hint: See [Alb01].)

(iv) Show that the following assertions are equivalent.

(a) (T'(t))i>0 is uniformly exponentially stable.

(b
(c

( (t ))t>0 is uniformly exponentially stable.
s(G) <

(d) [ ut )T dt exists for every T € L(H).

(e) There exists a positive definite R € L(H) such that GR = —1.
(Hint: See [Nag86, D-IV, Sect. 2].)

)
)
)
)
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c. Hyperbolic Decompositions

We now use the previous stability theorems in order to decompose a semi-
group into a stable and an unstable part. More precisely, we try to de-
compose the Banach space into the direct sum of two closed subspaces
such that the semigroup becomes “forward” exponentially stable on one
subspace and “backward” exponentially stable on the other subspace.

3.11 Definition. A semigroup (T'(t)):>o on a Banach space X is called hy-
perbolic if X can be written as a direct sum X = X,® X, of two (T'(t))¢>0-
invariant, closed subspaces Xz, X, such that the restricted semigroups
(Ts(t))y>o on X and (T, (t)),~, on X, satisfy the following conditions.

(i) The semigroup (T(t)),>, is uniformly exponentially stable on X.

(ii) The operators T,(t) are invertible on X, and (Ty(t)~") ., is uni-
formly exponentially stable on X,. -

It is easy to see that a strongly continuous semigroup (T(t))tzo is hy-
perbolic if and only if there exists a projection P and constants M,e > 0
such that each T'(¢) commutes with P, satisfies T'(¢) ker P = ker P, and

(3.10) T ()| < Me™=!||z|| fort >0 and x € rg P,
1
(3.11) T ()x|| > i e |z for t > 0 and x € ker P.

As in the case of uniform exponential stability, we look for a spectral
characterization of hyperbolicity. Using the spectra o(T'(t)) of the semi-
group operators T'(t), this is easy.

3.12 Proposition. For a strongly continuous semigroup (T'(t));>o, the
following assertions are equivalent.

(a) (T(t))s>o0 is hyperbolic.
(b) o(T(t)) NT = for one/all t > 0.

PRrROOF. The proof of the implication (a) = (b) starts from the observation
that o(T(t)) = o(Ts(t)) Uo(Tu(t)) because of the direct sum decompo-
sition. By assumption, (TS (t))tZO is uniformly exponentially stable; hence
r(Ts(t)) <1 for t >0, and therefore o (T,(t)) NT = 0.

By the same argument, we obtain that r (T, (f)~") < 1. Because

o(T.@)={A":xea(Tu(t)™ ")},

we conclude that [A| > 1 for each A € o(T,,(t)); hence o (T, (t)) NT = 0.



192 Chapter V. Spectral Theory and Asymptotics for Semigroups

To prove (b) = (a), we fix s > 0 such that o(7(s)) NI = 0 and use
the existence of a spectral projection P corresponding to the spectral set
{X€a(T(s)) : |A| <1}. Then the space X is the direct sum X = X, ® X,
of the (T(t))tzo—invariant subspaces X := rg P and X, := ker P. The
restriction Ts(s) € L(Xy) of T'(s) in X, has spectrum

o(Ts(s)) = {Ae€a(T(s)) : |\ < 1},

hence spectral radius r(Ts(s)) < 1. From Proposition 3.5.(d), it follows
that the semigroup (74(¢)):i>0 := (PT(t))¢>0 is uniformly exponentially
stable on X,. Similarly, the restriction T, (s) € L(X,) of T(s) in X, has
spectrum

o(Tu(s)) ={X€o(T(s)) : |A| > 1},

hence is invertible on X,,. Clearly, this implies that T, (¢) is invertible for
0 <t < s, whereas for t > s we choose n € N such that ns > t. Then

Tu(s)" =Ty(ns) = T(ns — )T, (t) = Ty (t) Tu(ns — t);

hence T, (t) is invertible, because T, (s) is bijective. Moreover, for the spec-
tral radius we have r(T, '(s)) < 1, and again by Proposition 3.5.(d) this
implies uniform exponential stability for the semigroup (T, (t)™');>0. O

The reader might be surprised by the extra condition in Definition 3.11.(ii)
requiring the operators Ty, (¢) to be invertible on X,,. However, this is nec-
essary in order to obtain the spectral characterization in Proposition 3.12.

3.13 Example. Take the rescaled (left) shift semigroup (T'(t))¢>0 on
LY(R_) defined by

_Jetf(s+t) fors+t<0,
T®)f(s) = {0 otherwise,

for f € LY(R_), s <0, and some fixed € > 0. Then

IT@)f1| = e[| £l

for all f € LY(R_); i.e., estimate (3.11) holds for all f € L*(R_). However,
the operators T'(t) are not invertible and have spectrum

o(T(t) ={reC: A<t}
for all ¢ > 0.

This phenomenon is due to the fact that an injective operator on an
infinite-dimensional Banach space need not be surjective. We can exclude
this by assuming dim X,, < oo. See also Exercise 3.16.(2).
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Up to now, our definition and characterization of hyperbolic semigroups
use explicit knowledge of the semigroup itself. As in Section 3.b, we want to
find a characterization in terms of the generator A and its spectrum o(A).
As we should expect from Proposition 2.3, we need some extra relation
between o(A) and o (T(t)). Clearly, the spectral mapping theorem (SMT)
or even the weak spectral mapping theorem (WSMT) from Section 2 is
sufficient for this purpose. However, we show that an even weaker property
does this job.

3.14 Definition. We say that the strongly continuous semigroup (T(t)) >0
with generator A satisfies the circular spectral mapping theorem if

(CSMT) I-o(T(t)\{0}=T"- et for one/all t > 0.

That “for one” implies “for all” in (CSMT) follows from Proposition 3.12
(and rescaling). Indeed, (CSMT) allows us to characterize hyperbolicity by
a condition on the spectrum of the generator.

3.15 Theorem. If (CSMT) holds for a strongly continuous semigroup
(t))t>0 with generator A, then the following assertions are equivalent.
(a) (T(t))s>o0 is hyperbolic.

(b) o(T(t)) NT = 0 for one/all t > 0.

(c) o(A)NiR = 0.

PROOF. The equivalence of (a) and (b) has been shown in Proposition 3.12.
Property (b) always implies (c) (use Theorem 2.5), whereas (c) implies (b)
if (CSMT) holds. 0

We finally remark that
(SMT) = (WSMT) = (CSMT)

and refer to [GS91] and [KS05] where (CSMT) has been shown for inter-
esting classes of generators and semigroups.

3.16 Exercises. (1) Show, by rescaling the semigroup and the estimates in
(3.10) and (3.11), that a decomposition analogous to Definition 3.11 holds
whenever

o(T(t)Nal =0

for some a > 0.

(2) Let (T'(t))¢>0 satisfy (3.10) and (3.11) for a projection P commuting
with T'(¢t) for all ¢ > 0. Assume that for some tg > 0 the restriction Ty, (¢o)
to ker P is compact. Show that dimker P < oo and that (T'(¢));>o is hy-
perbolic.
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(3) Show that the generator A of a hyperbolic strongly continuous semi-
group (T(t))tzo is invertible and its inverse is given by

A x:/o Tu(t)- (I—P):cdt—/o (1) P dt.

Derive an analogous representation of R()\, A) for Re A < &, where ¢ is the
constant in (3.10) and (3.11).

(4*) Given a hyperbolic semigroup (T'(t));>0 and a corresponding decom-
position X = X, & X, prove that
Xo={zeX: lim T(t)z = 0}.

Conclude from this that X, and X,, are uniquely determined.

4. Convergence to Equilibrium

In contrast to the previous section, we now suppose that 0 is an eigenvalue
of the generator A of a strongly continuous semigroup (T(t))tzo on the
Banach space X. This means that fized space

ﬁx(T(t))tzo = {x eX:Tt)xr=x for all t > 0},

which coincides with ker A by Exercise 4.12.(1), is nontrivial. It is our goal
to understand under which assumptions (and in which sense) each orbit

t— T(t)x
converges to such a fixed point (or, equilibrium point).

We first state some consequences if the semigroup converges for the weak
operator topology.

4.1 Lemma. Let (T(t))tzo be a strongly continuous semigroup with gen-
erator A on X and assume that there exists an operator P € L(X) such
that

lim (T'(t)z,2') = (Pz,a’) forallz e X, 2’ € X'

t—o00

Then P = P? is a projection onto the fixed space fix (T(t))tzo with ker P =
rg A and commutes with every T(t), t > 0.

PROOF. Because for convergence with respect to the weak operator topol-
ogy we have

T(s) - Jim T(t) = (tlggc T(t)) T(s) = lim T(t+5) = P
for all s > 0, it follows that rg P = fix(T(t)):>0. By the same argument we

conclude that
P? = (hm T(t)) P = lim (T(t)P) = P

t—o0

is a projection which evidently commutes with each T(¢).
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It only remains to show that ker P = rg A. To that purpose we observe
first that
rgA=Iin{z - T(t)z:z € X, t >0}
by the definition of the generator A and formula (1.6) in Lemma IT.1.3. This
immediately shows that each x — T'(t)x belongs to ker P. For the converse
inclusion we show that each 2’ € X’ vanishing on lin{z—T(t)z: z € X, ¢t >
0} also vanishes on ker P. Indeed, for such 2’ we obtain T'(t)'z’ = 2’, hence

(z,2') = (&, T(t)'2") = (T(t)z,2') — (Pz,2’) ast— .
For = € ker P this yields (z,z’) = 0 as claimed. O

We observe that weak convergence implies, by the uniform boundedness
principle, that the semigroup is uniformly bounded. Moreover, the space
X splits into the direct sum

X = ﬁX(T(f))tEO S?) Xs

with X, := rg A such that the restricted semigroup on X, is weakly stable
(see Definition 3.1.(d)).

Up to now there are few sufficient conditions, and no satisfactory charac-
terizations, for weakly converging (or weakly stable) semigroups. We refer
to [EFNS05] for recent results in this direction. The case of strong con-
vergence is much better understood and useful spectral criteria have been
found by Arendt—Batty [AB88] and Lyubich-Vu [LV88] (see also [ENOO,
Thm. V.2.21] and [CTO06]). A systematic study of the asymptotic behavior
of semigroups can be found in [Nee96]. We restrict our considerations to
the case of uniform convergence and again start with a necessary condition.

4.2 Lemma. Let (T(t))tzo be a strongly continuous semigroup with gen-
erator A on X and assume that

P |- |- lim T() #0
exists. Then 0 is a dominant eigenvalue, i.e., ReA <e <0 forall0 # X €
o(A). In addition, this eigenvalue is a simple pole of the resolvent R(-, A).

PROOF. By Lemma 4.1, P = P2 is a projection onto ﬁx(T(t))tZO commut-
ing with (T(t))tzo. Hence we can decompose the space X into the direct
sum of the two (7'(t));>o-invariant subspaces

X =rgP®rg(l — P) = fix(T(t))i>0 ®rg(I — P) =ker A rg(I — P).

Now T(t)|sgp = Ligp and from limy o T(t)(I — P) = P — P? = 0 and
Proposition 3.2 we conclude that (Ts(t))i>0 = (T(t)|ig(r—p))e>0 is uni-
formly exponentially stable. Hence, (T (t))tzo can be decomposed as

T(t) = Lgp & Tu(t), t>0.
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The proposition in Paragraph I1.2.3 yields the corresponding decomposition
A= Org p® As

for the generator A, where A, := Al,5(;—p). Because the growth bound of
(Ts (t))tzo, and hence also the spectral bound of Ay is negative, all claims
follow easily. O

If the spectral mapping theorem (SMT) from Section 2 holds on every
closed subspace Y C X (e.g., if (T'(t))¢>0 is eventually norm-continuous),
then these spectral conditions are even sufficient for uniform convergence.

4.3 Proposition. Let (T(t))tzo be a strongly continuous semigroup with
generator A on X such that (SMT) holds for every subspace semigroup
(T(t)}y)i>0 and any (T(t))¢>o-invariant, closed subspace Y C X. Then
the following are equivalent.

(a) P :=lim;_, o T(t) exists in the operator norm with P # 0.

(b) 0 is a dominant eigenvalue of A and a first-order pole of R(-, A).

PROOF. By the previous lemma it suffices to show that (b) implies (a).

Let Py be the residue of the resolvent R(-, A) in A = 0. Then by Para-
graph 1.18 the operator Py is the spectral projection of A with respect to
the decomposition o(A) = {0} U (0(A)\ {0}) =: o.U0, of o(A); cf. Propo-
sition 1.17. Let X, :=rg Py = ker(I — Py) and X,, := ker Py = rg(I — Pp).
Then X, and X, are (T(t))tzo—invariant and X = X.® X,,. Because by as-
sumption A = 0 is a first-order pole of R(-, A), by (1.13) in Paragraph 1.18
we conclude AP = 0 and hence A. := A|x, = Ox,. This implies that
T.(t) == T(t)|x, = Ix,. Next we define T, (t) := T(t)|x, which by Para-
graph I1.2.3 defines a strongly continuous semigroup (7,(t)):>0 on X, with
generator A, := A|x,. Because 0 is dominant in ¢(A4) = {0} Uo(A,) and
o(A,) = oy, we obtain s(4,) < 0. Hence (SMT) applied to (T, (t)):>0 and
Proposition 2.3 imply wo(A,) = s(4,) < 0 and therefore lim;_, o, T,,(t) = 0.
Summarizing these facts we conclude that

lim T(¢) = lim T.(t) & lim T,(t) = Ix, & 0x, = Py = P.

t—o00

]

From Theorem 2.8 we know that eventually norm-continuous semigroups
are covered by this result. However, many semigroups arising naturally do
not satisfy (SMT), hence Proposition 4.3 does not apply. In addition, it is
clear from the proof above that we do not need a spectral mapping theorem
for the entire spectrum.

In order to handle these aspects we introduce a new class of semigroups.

4.4 Definition. A strongly continuous semigroup (T (t))>o on a Banach
space X is called quasi-compact if there exists tg > 0 such that the essential
spectral radius Tegg (T (to)) < 1.
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The operators in a quasi-compact semigroup (T(t))tzo need not be com-
pact, but only have to approach the subspace X(X) of all compact operators
on X. More precisely, the following holds.

4.5 Proposition. For a strongly continuous semigroup (T(t))tzo on a
Banach space X the following assertions are equivalent.

(a) (T'(t))i>0 is quasi-compact.

(b) ress(T'(t)) < 1 for all t > 0.

(c) hm dlst( (1), K(X)) := lim inf { |T(t) — K| : K € X(X)} = 0.
(d) H ( 0)— K| <1 forsometo >0 and K € X(X).

PROOF. To show that (a) implies (b) we observe that for the essential
spectral radius regs(+) from Paragraph 1.19 we have

Tess (T'(t)) = e¥ess?,

where 1
Wess += tlgj(f) T log ”T(t) [less

denotes the essential growth bound of (T(t))tzo. This can be proved ex-
actly as the corresponding formula for the spectral radius r(-) given in
(1.18) from Proposition 1.22. By assumption (a) there exists ¢ty > 0 such
that ree (T(to)) = elowess < 1 which implies wess < 0. Hence Tege (T(t)) =
etwess < 1 for all ¢ > 0 as claimed.

To prove that (b) implies (¢) we note that

<1

ess

€ess

e (T(1) = lim [ T()")| 22 = lim_|[T(n)]

for |9« := dist (S, K(X)). Thus, we find ng € N and a < 1 such that

ess

1T(1n)]|0ss < a” for all n > ny.

Now choose compact operators K, € K(X) such that | T(n) — K| < a™
for n > ny and define M := supy<,<; ||T'(s)||. We then obtain

IT(t) =Tt —n)Knl < T =n)-IT(n) - Knl < Ma"
for t € [n,n+ 1] and n > ng. Because T'(t —n)K,, is compact for all n > ny
this implies lim;_,o dist(7(¢), K(X)) = 0 as claimed.
Clearly, (c) implies (d), and (d) = (a) follows from
reSS(T(tO)) < ||T(t0)Hess = ”T(tO) - KHeSS < HT(tO) - K” <1l

This completes the proof. O
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The simplest examples of quasi-compact semigroups are eventually com-
pact semigroups on one side and uniformly exponentially stable semigroups
on the other side.

In the next theorem we show that any quasi-compact semigroup can be
decomposed into the direct sum of a semigroup on a finite-dimensional
space and a uniformly exponentially stable semigroup.

4.6 Theorem. Let (T(t))tzo be a quasi-compact strongly continuous semi-
group with generator A on a Banach space X. Then the following holds.
(i) The set {\ € o(A) : ReA > 0} is finite (or empty) and consists of
poles of R(-, A) of finite algebraic multiplicity.
If we denote these poles by A1, ..., Ay with corresponding orders kq, . .., kn,
and spectral projections P, ..., P, we have
() 70 = Ta) + To(t) 4+ Tolt) (0, whre
kol
(4.1) T —e“Z A N)P;, t>0and1<i<m,
and '

(4.2) R < Me_at for some e >0, M > 1 and all t > 0.

PROOF. Let T := T(ty) where o > 0 such that ress(T(t)) < 1. Be-
cause every u € o(T) satisfying |u| > ress(T) is isolated, the set o(T) N
{z € C: |z| > 1} is finite. Hence we can write

oci=0(T)N{zeC:|z| > 1} ={p1,...,tu}
Now let oy, := 0(T) \ 0c. Then o(T) is the disjoint union of the closed sets

o. and o, and hence we can define the associated spectral projection P, as
n (1.7). This projection yields the spectral decomposition

X =rg(P.) ®ker(P,) =: X, ® X,.

Observing that o, is finite and any of its elements is a pole of R(-,T)
of finite algebraic multiplicity we conclude that X, is finite-dimensional.
Moreover, because for all A € p(T) the resolvent R(\,T) = R(X, T'(to))
commutes with every T(¢t), t > 0, the spaces X, and X,, = rg(I — P.)
are (T(t))tzo—invariant. Hence we can consider the subspace semigroups
T, = (Tc(f))tzo and T, = (Tu(t))tzo on X, and X, respectively, de-
fined by Te(t) := T'(t)|x. and Ty(t) := T(t)|x,. By Paragraph II1.2.3 the
corresponding generators are given by the parts A, := Alx, € L(X,) and
A, = A|x,. Because X, is finite-dimensional, o(A.) is finite. Moreover,
for T, the Spectral Mapping Theorem 2.8 holds and hence for all t > 0 we
can write

o(Ac) ={\1,.... A} and o(Tu(t)) = {e)‘t tAEo(An)}.
In particular, for ¢t = ¢y we obtain
oc=0(Te(to)) = {eM : N e o(A)} C{z € C: 2| > 1}
and hence Re A > 0 for all A € o(4,).
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Next we show that T, is uniformly exponentially stable. By contradiction
assume that wo(T,) > 0. Then (1.18) in Proposition 1.22 implies that
r(Tu(to)) = 1; i.e., there exists i € (T, (to)) satisfying || > 1. Because
by (1.8), 0w = o(Tu(to)) we obtain fi € o,. However, by construction,
o, C {z € C: |z| < 1}. Hence || < 1 which is a contradiction. Therefore
wo(Tw) < 0 which also implies that s(A,) < 0. Hence we conclude from the
disjoint decomposition o(A4) = o(A.)Uo(A,) that {A € 0(A) : Re XA > 0} =
0. is finite. Moreover, because X, is finite-dimensional and A = A, ® A,
every element of o, is a pole of finite algebraic multiplicity of R(-, A) =
R(-,A;) ® R(-, Ay). This proves (i).

In order to verify (ii) we define the spectral projection P := Y"1 | P, of A
corresponding to the spectral set {\1,..., A\, }; cf. Proposition 1.17. Then
P = P_ by Proposition 1.17.(vi). Next we decompose T'(t) = T'(¢t)P, +-- -+
T(t)Py, +T(t)(I — P) where, by Paragraph I1.2.3, the restricted semigroup
(T'(t)|vg P, ) ¢>0 has generator A, p,. Because rg P is finite-dimensional and
((A=X;)|rg p;)" = 0 we obtain as in the proof of Proposition 1.2.6,

ki—1 -
i t‘] .
Ti(t) =T(H)P =M Y~ = (A= X)’P; forall t > 0.

=0 gt

This proves (4.1). In order to verify (4.2) it suffices to note that R(t) =
Tt)(I—-P)="T,(t)I — P.) and wo(T,) < 0. O

Because the spectral mapping theorem (SMT) holds for the above finite-
dimensional semigroups (Ti(t))tZO, 1 < i < m, we obtain the following
stability criterion.

4.7 Corollary. A quasi-compact strongly continuous semigroup with gen-
erator A is uniformly exponentially stable if and only if

s(A) <0.

From (4.1) and (4.2) it is now clear which additional hypotheses imply
norm convergence of T'(t) to an equilibrium as ¢ — oco. First, we assume
the existence of a dominant eigenvalue \o; i.e.,
(4.3) Re o > sup{ReX: Ao # X € 0(A)}.
Moreover, A has to be a pole of order 1; hence Ty(t) simply becomes e*o* Py.
Considering the rescaled semigroup (e=**T'(t));>¢ we obtain by estimate
(4.2),

[e™ Y T(t) — Po| < e RN () — To(t)|| = = "M | R(t)|| < Me ™"

for some € > 0 and M > 1.
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4.8 Corollary. Let (T(t))tzo be a quasi-compact strongly continuous semi-
group. If \g is a dominant eigenvalue of the generator and a first-order pole
of the resolvent with residue Py, then there exist constantse > 0 and M > 1
such that

||e*>‘°tT(t) — Py|| < Me™!

for allt > 0.

It should be evident that the most interesting case occurs if A\g = 0 in
the above corollary, and we refer to [Nag86, B-IV, Thm. 2.5 and Expl. 2.6]
for an important class of examples.

Generators of quasi-compact semigroups can now be perturbed by an
arbitrary compact operator destroying the uniform exponential stability
but not the quasi-compactness.

4.9 Proposition. Let (T(t))tzo be a quasi-compact strongly continuous
semigroup with generator A on the Banach space X and take a compact
operator K € L(X). Then A + K generates a quasi-compact semigroup.

PROOF. By (IE) in Corollary I11.1.7 we know that the semigroup (S(t)) >0
generated by A + K can be represented as

St)=T(t) + /tT(t — $)KS(s)ds

where the integral is understood in the strong sense. In view of Proposi-
tion 4.5 it is now enough to show that the operator fot T(t—s)KS(s)ds is
compact.

Because the mapping (¢,x) — T(t)z is jointly continuous on Ry x X
and because K is compact, the set M := {T(s)Kx :0 < s <t |z| <1} is
relatively compact in X. Having in mind that f(f T(t—s)KS(s)xds, z € X,
is the norm limit of Riemann sums, we observe that

1 t

— | T(t—s)KS(s)xds
ct 0

is an element of the closed convex hull €6 M, provided that ¢ := sup{||S(s)|| :
0 <s <t} and ||z| < 1. Because ¢o M is compact by Proposition A.1, the
assertion follows. O

We have noted above that every exponentially stable semigroup is quasi-
compact. Therefore we obtain from Proposition 4.9 the following important
class of quasi-compact semigroups.

4.10 Example. If (T(t))tzo generates an exponentially stable semigroup
with generator A and K € L(X) is compact, then A + K generates a
quasi-compact semigroup.

We now discuss quasi-compactness and its consequences in a concrete
example.
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4.11 Example. On the Banach space X := C(R_ U {—o0}) we consider
the first-order differential operator

(4.4) Af = f'+mf
with domain
(4.5)  D(A):={f € X : f is differentiable, f’ € X and f'(0) = Lf},

where m € X is real-valued and L is a continuous linear form on X. As
in Paragraph I1.3.29 we can show that the operator (A, D(A)) generates a
strongly continuous semigroup (T(t))tzo.

Lemma 1. The semigroup (T'(t)),>o satisfies
efso m(o) do [e(s+t)m(0)f(0)
s+t
T@t)f(s) = +/ MO LT(s+t—7)fdr for s+t >0,
0

s+t
efs m(a)daf(s+t) for s+t < 0.
PROOF. For f € D(A) and 0 < r <t we have

a% <erm(0) (T(t — T’)f) (0) + /OT eTm(O)LT(t _ T)f d7'> —0.

This implies

(T(t)f)(0) = ™) £(0) + /O t O LT(t — 1) f dr.

On the other hand, we have

d

2 (efs”" O (T ) f) (5 + m) 0.

Therefore, we obtain

0

efs m(e) da(T(s +1)f)(0) for s+t >0,
st

o). m@)de o g 4 ) for s+t <0.

(T®)f)(s) =

O

This lemma allows us to give a condition that forces the semigroup
(T(t))4>0 to be quasi-compact.
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Lemma 2. If m(—o0) < 0, then the semigroup (T(t))tzo is quasi-compact.

PROOF. We define operators K (t) € L(X) by
efsﬂ m(o) do [e(ert) m(o)f(O)
s+t
+/1 eHt=mO L (7 fdr|  for 0 < s+t
0

0
(t+s+1)oefsm(a)d0f(0) for —1<s+t<0,
0 for s+t < —1.

These operators are compact by the Arzela—Ascoli theorem. On the other
hand, because m(—o0) < 0, we have

lim || T(t) — K(t)]| = 0.

t—o0
Therefore, the semigroup (T(t))tzo is quasi-compact. O

Assume in the following that m(—oo) < 0. In order to apply Theorem 4.6
and Corollary 4.8, we have to find the eigenvalues A of A with ReA > 0.
An eigenfunction f € D(A) with eigenvalue \ satisfies

"= —mf,
hence is of the form f = cgy, where
0
gas) 1= ol Ao

for all s € R_. Because Re A > 0, the functions gy and g} vanish at —oo,
hence belong to X. Consequently, gy € D(A) if and only if

A— Lgy —m(0) =0.

This shows that A is an eigenvalue of A if and only if the characteristic
equation

(4.6) E(AN):=X—Lgy—m(0)=0
holds.

Now, suppose that A with Re A > 0 is not an eigenvalue of A. For each
g € X we want to find a function f € D(A) such that

fr=Af-mf—g.
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This equation is solved by

f=cgx+ hy,

where
0 .
ha(s) ::/ o @) AT g () dr

for all s € R_. If the constant ¢ is chosen as

(4.7) ¢m IO LM
A = Lgx —m(0)

we then obtain the unique f € D(A) satisfying (A — A)f = g. This even

yields an explicit representation of the resolvent of A in A.

In the remaining part of this section we look for conditions implying the
existence of a dominant eigenvalue and convergence to an equilibrium. In
Chapter VI we show that positivity of the semigroup is the key to such
results. Here it suffices to assume that L is of the form

(48) L = Lo + ady,

where a is a real number and Lj is a positive linear form on X. We then
have the following lemma proving the existence of a dominant eigenvalue.

Lemma 3. Suppose that m(—oo) < 0. If §(0) <0, i.e., Lgo > —m/(0), then
the characteristic function & has a unique zero \y > 0 that is a dominant
eigenvalue of the operator A.

PROOF. The function § : Ry 5 A+ A\—Logy—a—m(0) is strictly increasing
from £(0) to co. Consequently, if £(0) < 0, it has a unique zero Ao that is an
eigenvalue of A. Now take an arbitrary eigenvalue A\ of A with Re A > Ag.
Then, we have

|IA—a—m(0)] = |Logr| < Logr, = Ao —a —m(0).
This implies A = g, and therefore \y is a dominant eigenvalue of A. [

The eigenspace corresponding to the dominant eigenvalue A\ is spanned
by the function g,,, hence is one-dimensional. Moreover, it is a first-order
pole, as can be seen from (4.7).

After these preparations, we can give a precise description of the asymp-
totic behavior of the semigroup (T(t))tzo. In particular, it follows that the
rescaled semigroup (e’)‘otT(t))tZO converges in norm to a one-dimensional
projection.
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Proposition 4. Assume that m(—o0) < 0, L = Lo + ady as in (4.8), and
Logo + a > —m(0). Then there is a dominant eigenvalue \g > 0 of A, a
continuous linear form ¢ on X, and constants £, M > 0 such that

e (1) f = (gr © @)f]| < Me~|f|  forall f € X, ¢ >0,

where (g>\0 ® s@)f = %O(f) “Gxo-

4.12 Exercises. (1) Show that for a strongly continuous semigroup T =
(T(t))4>0 with generator A on a Banach space X the fixed space fix(T'(t))¢>0
and the kernel ker A coincide. (Hint: Use Lemma I1.1.3.(iv).)

(2) Let (T'(t)):>0 be an eventually compact semigroup such that the spec-
trum o(A) of its generator A is infinite. Show that there exists a se-
quence (tn)nen in C such that o(4) = Po(4) = {u, : n € N} and
lim,,—, o Re 1, = —0o. (Hint: Use Theorem 4.6 and Theorem I1.5.3.)



Chapter VI

Positive Semigroups

In many concrete problems solvable by semigroups, there is a natural no-
tion of “positivity,” and only “positive” solutions make sense. In terms of
the corresponding semigroup (T(t))tzo this means that the operators T'(t)
should be “positive” on some ordered Banach space.

The complete theory of such “one-parameter semigroups of positive op-
erators” on Banach lattices and other ordered vector spaces can be found
in [Nag86]. In the following we present the basic ideas and some typical
results from this theory.

1. Basic Properties

For our purposes it suffices to restrict our attention to Banach spaces of
type X = LP(Q, u) or Cy(£2). On these spaces we call a function f € X
positive (in symbols: 0 < f) if

0< f(s) for (almost) all s € Q.

For real-valued functions f,g € X we then write f < ¢ if 0 < g — f and
obtain an ordering making (the real part of) X into a wvector lattice; cf.
[Sch74, Sect. II.1]. To indicate that 0 < f and 0 # f we use the notation
0 < f.Moreover, for an arbitrary (complex-valued) function f € X we
define its absolute value |f]| as

[f1(s) :==1f(9)] for s € Q.

205
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Recalling the definition of the norm on X, we see that
(1.1) |fl<lgl implies [|f]|<]g]  forall f,geX.

These properties make the space X a Banach lattice, and we refer to
[Sch74], [MN91], or [AB85] for the abstract definitions. It is convenient
to use this general terminology and to state the results for general Banach
lattices. However, the reader not accustomed to this terminology may al-
ways think of the space X as one of the concrete function spaces LP (€2, p1)
or Cy(2) with the canonical ordering.

This is why in this chapter we use the symbol f to denote an element in
a Banach lattice X.

1.1 Definition. A strongly continuous semigroup (T (t)):>0 on a Banach
lattice X is called positive if each operator T'(t) is positive, i.e., if

0< feX implies 0<T(t)f for each t > 0,
or equivalently, if
|T(t)f| <T(t)|f] holds for each f € X,t > 0.

As in the preceding chapters, it is important to characterize positivity
of the semigroup through a property of its generator. At least in the finite-
dimensional case this is simple.

1.2 Proposition. A matrix A = (a;j)nxn € M, (C) generates a positive
semigroup (T(t))tzo if and only if it is real and positive off-diagonal; i.e.,
ai; € Rand a;; >0 forall1 <i4,j <n,i#j.

PrOOF. By Proposition 1.2.7 we know that T'(t) = e!* and

etd — T

A =lim
tl0 t

b

which means

. Jette; —e;
(1.2) aij = ltlﬁ)l<]t]’ei>

fori,j =1,...,n and e; the i th unit vector in C". If we denote the (i, j) th
entry of !4 by 7;;(¢), then (1.2) implies
iz (t)
7

limg for i # j,
(1.3) Qij = i + i (1) —1 .
limg o =2 for i = j.

For (e!4);>o positive, i.e., 7;;(t) > 0 for all ¢, 4, and j, this implies
a;; >0 for i # j

and
ai; € R for i = 7.
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To prove the converse implication we suppose that A is real and positive
off-diagonal. Thus we can find p € R such that

(1.4) B, =A+pl >0

(e.g., take p := maxj<;<n, |a;;|). Hence we obtain

etA — e[t(A+pI)—th]

— e—tp 3 eth Z 0

for all t > 0. O

Various characterizations of generators of positive semigroups on infinite-
dimensional Banach spaces can be found in [Nag86, C-1I]. We give only an
elementary characterization in terms of the resolvent.

1.3 Characterization Theorem. A strongly continuous semigroup T :=
(T(t))tzo on a Banach lattice X is positive if and only if the resolvent
R(\, A) of its generator A is positive for all sufficiently large .

PROOF. The positivity of T implies the positivity of R(\, A) by the integral
representation (1.13) in Section II.1. Conversely, the positivity of T'(t) =
limy, o0 ["/eR(7/t, A)]™ (see Corollary IV.2.5) follows from that of R(), A)
for A large. O

In the next two sections we show the special features of a positive semi-
group with respect to its spectrum and its asymptotic behavior.

2. Spectral Theory for Positive Semigroups

In the years 1907-1912, O. Perron and G. Frobenius discovered very beau-
tiful symmetry properties of the spectrum of positive matrices. Many of
these properties still hold for the spectra of positive operators on arbi-
trary Banach lattices (cf. [Sch74, Sects. V.4 and 5]), and even carry over
to generators of positive semigroups (cf. [Nag86]).

In order to prove the basic results of this theory, we need the following
lemma. It shows that for positive semigroups the integral representation of
the resolvent holds even for Re A > s(A4) and not only for Re A > wy(A) as
shown in Theorem II.1.10.

2.1 Lemma. For a positive strongly continuous semigroup (T(t))tzo with
generator A on a Banach lattice X we have

(2.1) RNA)f = / e MT(s)f ds, feX,
0
for all Re A > s(A). Moreover, the following properties are equivalent for
Ao € p(A)
(a) 0 < R(Xg, A).
(b) s(4) < Ao.



208 Chapter VI. Positive Semigroups

PROOF. Using the rescaling techniques from Paragraph 1.1.10 it suffices to
prove the representation (2.1) for Re A > 0 whenever s(A) < 0.

Because the integral representation (2.1) certainly holds for Re A >
wo(A), we obtain from the positivity of (T(¢));>0 the positivity of R(, A)
for A > wp(A). The power series expansion (1.3) in Proposition V.1.3 of
the resolvent yields 0 < R(A, A) for all A > s(A).

The assumption s(A4) < 0 and Lemma I1.1.3.(iv) then imply

0<V(t) = / "T(s)ds = R0, A) — RO, AYT(t) < R(0, A),

hence ||V (t)|| < M for all ¢ > 0 and some constant M. From this estimate

we deduce that
o0

e MV (s) ds, Re A >0,
0

exists in operator norm. An integration by parts yields

t t
/ e MT(s)ds = e MV (t) + )\/ e MV (s) ds,
0 0

which converges to A [ e **V(s)ds as t — oo. This first proves (2.1) by
Theorem I1.1.10.(i) and then the implication (b) = (a).

Moreover, as shown in Theorem 2.2 below, the integral representation
(2.1) implies that s(A) € o(A). Therefore, by Corollary V.1.14, we obtain
for the spectral radius of the resolvent

1

(2.2) r(R(\A)) = Py~

for all A > s(A).

In order to prove (a) = (b) we now assume that R(\g, 4) > 0 and
observe that this can be true only for A\g real. As we have shown above,
R(\, A) is positive for A > max{)\g,s(A)}. Hence, an application of the
resolvent equation yields

R(Xo, A) = R(A, A) + (A = M) R(A, A)R(Ao, A) = R(A, A) = 0
for A > max{Ag,s(A4)}. It follows from (2.2) and (1.1) that

1

A—s4) r(R(A,A)) < RN A < [[R(X, A)|

for all A > max{Ao,s(A)}. This implies that Ag is greater than s(4). O

O. Perron proved in 1907 that the spectral radius of a positive matrix is
always an eigenvalue. The semigroup version of this result assures that the
spectral bound of the generator of a positive semigroup is always a spectral
value.
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2.2 Theorem. Let (T(t))tzo be a positive strongly continuous semigroup
with generator A on a Banach lattice X. If s(A) > —oo, then

s(A) € o(A).
PROOF. The positivity of the operators T'(t) means that
[T@)f] <T®®)|f] forall f e X, t>0.

We therefore obtain from the integral representation (2.1) that

RO\ A)f| < / o ReNST(5)] f] ds

for all Re A > s(A) and f € X. Using the inequality in (1.1) we deduce that
(2.3) IR, A)|| < [|[RReX, A for all Re A > s(A).

By Corollary V.1.14, there exist A, € p(A) such that Re ), | s(A) and
[IR(Any A)|| T co. The estimate (2.3) then implies ||R(Re A, A)|| T oo and
therefore s(A) € o(A) by Proposition V.1.3.(iii). O

For positive matrix semigroups much more can be said on the spectral
value s(A).

2.3 Proposition. If the matrix A = (a;j)nxn Is real and positive off-
diagonal, then s(A) is a dominant eigenvalue of A.

ProOOF. Take the matrix B, = A + pI from (1.4) above which is positive
by assumption for p € R sufficiently large. Therefore, Perron’s Theorem
(see [Sch74, Chap. I, Prop. 2.3]) implies that the spectral radius r(B,) is
an eigenvalue of B,. Evidently, r(B,) is dominant in o(B,). Because

o(B)=o(A)+p and  s(B,) =s(A)+p,
we obtain that s(A) is dominant in o(A). O

Another useful property of positive semigroups is the monotonicity of
the spectral bound under positive perturbations.

2.4 Corollary. Let A be the generator of a positive strongly continuous
semigroup (T'(t))¢>0 and let B € L(X) be a positive operator on the Ba-
nach lattice X. Then the following hold.
(i) A+ B generates a positive semigroup (S(t))>o satisfying 0 < T'(t) <
S(t) for all t > 0.
(ii) s(4) <s(A+ B) and R(A\,A) < R(\, A+ B) for all A > s(A + B).



210 Chapter VI. Positive Semigroups

PROOF. Because B is bounded, we obtain the generation property of A+ B
from Theorem III.1.3. Moreover, the perturbed resolvent is

R(\, A+ B) = R(\, A) +R/\AZBR/\A for A large

(see Section II1.1, (1.3)). Because B and R(A, A) are positive for A > s(A),
this implies

(2.4) 0< R(\A) <R\ A+B)

for A large. The inequality in (i) then follows from the Post—Widder inver-
sion formula in Corollary IV.2.5. Next, we use the representation (2.1) for
the resolvents of A and A + B, respectively, and infer that (2.4) and hence

IR, A < [R(A, A+ B)

hold for all A > max{s(4),s(A+ B)}. The inequality in (ii) for the spectral
bounds then follows, because s(A) € o(A) by Theorem 2.2 and therefore
limy 504y [|R(A, A)|| = O

Due to these results, the spectral bound becomes the supremum of all real
spectral values only, hence is much easier to compute. Moreover, Lemma 2.1
says that

s(4) <0

if and only if 0 € p(A4) with 0 < R(0,4) = —A~!. So in order to have
s(A) < 0 for a positive semigroup it suffices to show that A is invertible
with negative inverse. This is behind many maximum principles for partial
differential operators.

On the other hand, we know from the example in Section V.2.a that
the spectral bound and the growth bound do not coincide in general,
hence s(A4) < 0 does not imply uniform exponential stability. Counterexam-
ple V.1.26 and Exercise V.2.13.(2) show that this even happens for positive
semigroups on Banach lattices. However, on special Banach lattices posi-
tivity, as eventual norm continuity in Corollary V.2.9, makes the spectral
bound and the growth bound coincide.

2.5 Theorem. Let (T'(t));>0 be a positive strongly continuous semigroup
with generator A on a Banach lattice LP(Q, ), 1 < p < co. Then

s(A) = wo
holds.

PROOF. We only prove the case p = 2. By the usual rescaling technique
and because s(A) < wo(A) it suffices to show that (T'(t)):;>0 is uniformly
exponentially stable if s(A) < 0.
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Because L2(, ) is a Hilbert space, we can use Theorem V.3.8 and there-
fore have to show that

sup ||[R(A,A)| < 0.
Re A>0

However this follows from the estimate |R(A, A)|| < [[R(Re A, A)||, Re A >
0, proved in (2.3) above.

For the proof for p = 1 we refer to [ABHNO1, Thm. 5.3.7] whereas the
general case, due to Weis [Wei95], [Wei98], can be found in [ABHNOLI,
Thm. 5.3.6]. O

3. Convergence to Equilibrium, Revisited

In this section we return to the question of when the semigroup (T(t))tzo
converges to a nontrivial projection

P = lim T(t).

t—o00

For a strongly continuous semigroup (T(t))tzo with generator A satisfying
(SMT) we showed in Proposition V.4.3 that this is true if and only if 0 is a
dominant eigenvalue of A and a first-order pole of the resolvent R(-, A). We
see now that positivity and quasi-compactness of the semigroup combined
with irreducibility imply these conditions, hence convergence.

Although all the following results hold in any Banach lattice, we again
restrict our considerations to concrete function spaces. Hence we assume
that (T(t))tzo is a positive strongly continuous semigroup on a Banach
lattice

X =17(Q,p)

for some o-finite measure space (€2, 1) and 1 < p < oco. We call a function
f € X strictly positive (in symbols, 0 < f), if
0 < f(s) for almost all s € Q.

Similarly, a positive linear form ¢ € X' is called strictly positive (in sym-
bols, 0 < ¢), if

0<feX and (f,¢)=0 imply f=0.

Observe that if we identify X’ with LI(£, i), then a strictly positive linear
form corresponds to a strictly positive function. With this terminology we
can now introduce the concept of an irreducible semigroup in the following
way.
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3.1 Definition. A positive semigroup with generator A on the Banach
lattice X = LP(Q, p) is irreducible, if for some A > s(A) and all 0 < f €
LP($2, 1) the resolvent satisfies

0< R\ A

This notion is fundamental for the theory of positive semigroups and we
refer to [Nag86, C-III] for a list of different characterizations and many
nice properties. In particular, it is shown there that a strongly continuous
semigroup is irreducible if and only if 0 < R(A, A)f for all A > s(A) and
all0 < fe X.

For our purposes we need that for an irreducible positive semigroup every
positive fixed element is strictly positive.

3.2 Lemma. Let (T(t))tzo be an irreducible positive semigroup. Then

g 0 < f € fix(T(t)) >0 implies 0« f
an
0<¢efix(T(t))>0  implies 0< .

PROOF. Assume that 0 < f € fix(T'(t));>0 = ker A is not strictly positive.
Then R(A, A)f = 1/nf is also not strictly positive for A > s(A), hence
(T(t))4>0 is not irreducible.

For the second statement we take 0 < ¢ € fix(T'(t)');>0 = ker A’. Again
we obtain R(A, A)p = /xp > 0 for A > s(A). If ¢ is not strictly positive
there exists 0 < f € X such that (f, ¢) = 0. This implies

0=(f,1/xe) = (fi R\, A)p) = (RN, A)f, ),
hence R(X, A) f is not strictly positive and (T'(t));>0 not irreducible. [
We now give some typical examples of irreducible semigroups.

3.3 Examples. (i) On X = C", the semigroup (etA)tZO generated by a
real, positive off-diagonal matrix A is irreducible if and only if there is no
permutation matrix () such that

o (:42)

For more details, see [Sch74, Chap. I] and [BP79).
(ii) If (T(t))tzo is the semigroup induced by a measure-preserving flow
(pt)e>0 on Q, ie.,
T(t)f = o for f € LP(Qp), £ >0,
then (T'(t));>o is irreducible if and only if (¢;)¢>0 is ergodic. See [Kre85].

(iii) The diffusion semigroup on LP(R™) defined in Paragraph 11.2.12 is
irreducible. This follows because each operator T'(t), hence each resolvent
operator R(\, A), X\ large, is an integral operator with strictly positive
kernel (see (2.8) in Paragraph 11.2.12).
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From these and many other examples one sees that irreducibility occurs
naturally. In the next result we show that it has strong consequences on
the spectrum of the generator.

3.4 Proposition. Let (T(t))tzo be an irreducible, positive, strongly con-
tinuous semigroup with generator A on the Banach lattice X and assume
that s(A) = 0. If 0 is a pole of the resolvent R(-, A), then the following
properties hold.
(i) fix(T(t))s>o0
heX.
(ii) fix(T'(t)")s>0 = ker A’ = lin{¢} for some strictly positive linear form
pe X'
(iii) 0 is a first-order pole with residua P = ¢®h, where h € fix(T(t)):>o0,
¢ € fix(T(t)") >0, and (h, ) = 1.

ker A = lin{h} for some strictly positive function

PROOF. (i) We first show that fix(T'(¢));>¢ contains a strictly positive
element. If s(A) = 0 is a pole of order k, it follows from the positivity of
(T(t))4>0, hence of R(A, A) for A > 0, and from Paragraph V.1.18 that

U_r =limA*R()\, A) >0
210

and

AU,]C = U,(kJrl) =0.

Hence there exists 0 # f € X such that U_i f # 0. Again by positivity we
obtain

h:= U,k|f| > ‘U,kf‘ > 0.

Because Ah = 0, the positive function h belongs to ﬁx(T(t))tZO. The irre-
ducibility of (T'(t))s>o implies 0 < h by Lemma 3.2.

(ii) By analogous arguments and by taking adjoints we obtain that
ﬁx(T(t)’ ),20 contains strictly positive elements.

We now continue the proof of (i) and show that fix(T'(t))¢>0 is one-
dimensional. Because f € fix(T(t)):>o if and only if f € fix(T'(t))¢>0 it
suffices to prove that the real vector space

{fefix(Tt)z0: f=[}

is one-dimensional. Take 0 # f € ﬁx(T(t))tZO. The positivity of the oper-
ators T'(t) yields

[fI=1T@f <T@

Moreover,

(TO = IfL o) = LT ¢) = (Ifl,9) =0
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for every 0 < ¢ € fix(T'(t)")>0. Because we have shown that such ¢ exists
and is strictly positive, we conclude that

T =11, ie,  |fl € fix(T(t))eo

Then also

fr=5(f+1f)  and  fT=g(-f+If])

belong to ﬁx(T(t))tZO. Again the strict positivity of the elements in the
fixed space fix(7T'(t))>o implies

ff=o0 or =0
i.e., for each f € fix(T'(t)):>0 we have
f>0 or f<o.

This means that ﬁx(T(t))tZO is a totally ordered Banach lattice, hence
one-dimensional by [Sch74, Prop. 11.3.4].

(iil) It remains to show that 0 is a first-order pole of R(-, A). Assume that
the pole order is £ > 1 and take some 0 < g € ker A. With the notation
from Paragraph V.1.18 and P the residua of R(-, A) in 0 we have

PAFL = AF1p —U_,,

which is a positive operator as already seen above. This operator vanishes
on g, hence on all functions f € X such that

lfl<n-g for some n € N.

These functions form a dense subspace in X because ¢ is strictly positive.
Therefore U_j, = 0, a contradiction. O

If we now add quasi-compactness to the above properties, we obtain not
only convergence but convergence to a (up to scalars) unique equilibrium.

3.5 Theorem. Let (T(t))tzo be a quasi-compact, irreducible, positive
strongly continuous semigroup with generator A and assume that s(A) = 0.
Then 0 is a dominant eigenvalue of A and a first-order pole of R(-, A). More-
over, there exist strictly positive elements 0 < h € X, 0 < ¢ € X', and
constants M > 1, ¢ > 0 such that

IT(@)F — (f.0)-hl| < M| | forallt =0, f € X.

PROOF. The quasi-compactness of (T'(t))>o implies that o(4)NiR consists
of finitely many poles only (see Theorem V.4.6). Assume that there exists
0 # i € 0(A) NiR. Then i« is an eigenvalue and we have

Af =iaf and T(t)f =ef forallt>0
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and some 0 # f € X. This means that
feker(I-T) =Y,

where we set T : =T (QW/M). The characterization of quasi-compactness in
Proposition V.4.5 implies that

Tess(T) < 1.

Therefore (use the characterization of the essential spectral radius in (1.16)
in Paragraph V.1.19) 1 is a pole of finite algebraic multiplicity such that

dimY < oo.

Clearly this subspace is (T (t))tzo—invariant and the generator of the re-
stricted semigroup has 0 as spectral bound and i« in its spectrum. In
addition, Y is a (closed) sublattice of X as can be seen as follows.

For y € Y we have |y| = |Ty| < T|y| by the positivity of T. Applying a
strictly positive linear form ¢ € fix(T'(t)’)¢0 yields

(Tlyl = lyl,0) = (lul, T'¢) = (lyl, ¥) =0,

hence T'|ly| = |y| and |y| € Y.

We showed that Y is a finite-dimensional (complex) Banach lattice, hence
isomorphic to C™. The restricted semigroup is still positive, hence has dom-
inant spectral bound by Proposition 2.3. This contradicts our assumption
that 0 # ia € 0(A).

The remaining assertions now follow from Theorem V.4.6 and Proposi-
tion 3.4. ]

3.6 Remark. If the semigroup (7'(¢));>¢ satisfies all the assumptions above
but has spectral bound s(A4) > 0, one obtains, via rescaling, that

lim He* sty — PH )

t—o0

for a projection P := ¢ ® h as above. Such a behavior is called balanced
exponential growth and occurs frequently in models on population growth
(see [Web85] and [Web87]).

3.7 Outlook. The above theorem is a typical but not the most general
example for what positivity can do for the spectral theory and asymptotic
behavior of semigroups. We mention two generalizations.
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(i) If the semigroup is only quasi-compact and positive, then the spectral
bound is still a dominant eigenvalue of the generator, but, in general, no
longer a pole of first order. The asymptotic behavior is again described by
a positive matrix semigroup; see [Nag86, C-IV, Thm. 2.1 and Rems. 2.2]
for more details.

(ii) If the semigroup is only positive and s(A) a pole of the resolvent, then
the boundary spectrum

o(A) N {s(A) +iR}

is cyclic; i.e., if s(A) +ia € o(A) then also s(A) +ika € o(A) for all k € Z.
Recall that if, in addition, the semigroup is eventually norm-continuous,
then this boundary spectrum must be bounded by Theorem I1.5.3. There-
fore, s(A) again becomes a dominant eigenvalue of A. See [Nag86, C-III.
Cors. 2.12 and 2.13].

4. Semigroups for Age-Dependent Population Equations

In this section we show how the previous results on the asymptotic behavior
of positive quasi-compact semigroups can be used to study a model for an
age-dependent population described by the Cauchy problem

of () 0t

ot (a,t) + %(a,t) + p(a)f(a,t) =0 for a, t > 0,
(APE) ) 100 = [ sla)f(a,t)da for £ > 0,
0
f(a,0) = fo(a) for a > 0.

Here t and a are nonnegative real variables representing time and age,
respectively, f(-,t) describes the age structure of a population at time t
and fp is the initial age structure at time ¢ = 0. Moreover, u and 3 are
supposed to be bounded, measurable, and positive functions describing the
mortality rate and birth rate, respectively. For further details as well as
for nonlinear and vector-valued generalizations of this model we refer to
[Gre84] and [Web85].

In order to rewrite (APE) as an abstract Cauchy problem we take the
Banach space X := L!}(R; ) and define on it the closed and densely defined
operator A,, by

Anf = —f' —pf. f€D(Ay) =W (Ry).
In the sequel we will always assume that

(4.1) too := lim p(a) >0 exists.
a—» 00
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Then for Re A > —p it’s an exercise in calculus to show that
(4.2) rgA—A,)=X and ker(A — A,,) = lin{eyx},
where

(4.3) ex(a) :=e" fon’('\Jr“(s))ds.

Next we define the restriction
@) ari=anf, D)= {1 e D) 50 = [ @)@

of A, which incorporates the birth process given by the second equation
of (APE) into the domain D(A). Then (APE) is equivalent to the abstract
Cauchy problem

(ACP) {ﬂ(ﬂ = Au(t)  fort >0,

for u(t) :== f(-,t).

So instead of studying (APE) we solve (ACP) by semigroup methods. To
this end, by Theorem I1.6.6, we have to prove that A generates a strongly
continuous semigroup (T(t))t>0 on X. In this case the unique solution of

(APE) is given by f(a,t) := (T(t)fo)(a).
As a preparatory step we discuss the case § = 0; i.e., we consider the
operator

Aof == Amf, D(A¢):={f € D(An): f(0) =0}.

Then it is not difficult to verify that Ay generates a positive strongly con-
tinuous semigroup (To(t)):>0 given by

) . - 0 ) for 0 <a<t,
(4.5) [ O(t)ﬂ (a) = {e_ fa,t“(s) ds fla—t) fort<a.

Moreover, the following holds.

4.1 Proposition. The spectra of Ay and Ty(t), t > 0, are given by
={AeC:ReA<—px}, o(To(t)) ={reC:|) <e =t}

ProOOF. For A € C we define

ha(a) i= efo OrneNds
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Then hy € X' = L*®(R;) for ReA < —pioe and (A — Ag)f, ha) = 0 for
all f € D(Ap). This shows that A— Ay is not surjective for Re A < —po and
hence {A € C: ReA < —io} C 0(Ap). On the other hand (4.1) implies
that

u(a) = lim w(s)ds

t—0 J,

converges uniformly in @ € R. Using this fact together with the explicit
representation of Ty(t) in (4.5) we conclude from Proposition V.1.22 that
wo(Ag) < —fie. Now the assertion follows because e'”(40) C o (Ty(t)) by
the Spectral Inclusion Theorem V.2.5 and r(T'(ty)) = et*“*(40) by Proposi-
tion V.1.22. ]

We now consider the case 8 # 0, i.e., the operator A given by (4.4). The
functions ey defined by (4.3) are positive and satisfy |lex|| < 1/x for all
A > 0. Thus for A > ||§]|« the operator

P, = ea®p e L(X)

1
1—(ex,0)
is well-defined and positive.

4.2 Lemma. For A > ||8||« the operator I + ®, is invertible with inverse
(4.6) (I+®y) '=T—ey®0.

Moreover, (I + ®,)D(Ay) = D(A) and

(4.7) (A= A)(I+®y) = A — Ap.

PROOF. Formula (4.6) can be verified by inspection. Moreover, from ¢ €
D(Ay,) and D(A) = {f € D(Ay,) : f(0) = (f,8)} it follows easily that

(I +®\)D(Ag) CD(A)  and (I +®))"'D(A) C D(Ap);
i.e., (I +®,)D(Ag) = D(A). Finally, for f € D(Ag) we have
A=A +2:0)f = A= An)f + (A= An)®rf = (A — Ao) f
because rg @ = lin{ey} = ker(A — 4,,). O

The following proposition opens the door for the application of the results
from the previous section. Here and in the sequel we always assume that

(4.8) B € D(Ap) = WH™(Ry).

4.3 Proposition. The operator A is the generator of a positive strongly
continuous semigroup (T'(t))¢>0 on X. Moreover, T(t) — Ty(t) is compact
and positive for every t > 0.
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PROOF. By (4.7) the operators A — X and (I + @) 1(4p — \) = Ay —
A+ ey ® B — (ex @ B)Ap are similar for A > ||3||oc. From the assumption
(4.8) it follows that () ® (3)Ap has the bounded extension £ ® AjS to
X. Thus by the Bounded Perturbation Theorem III.1.3 and by similarity
(see Paragraph 1.1.9) we conclude that A generates a strongly continuous
semigroup (7'(t))¢>0 on X. Next we observe that (4.7) implies

RN A)=(I+Pry)R(N Ap) > R(ANAy) >0 for A > ||F]lo-
From the Post—Widder inversion formula in Corollary IV.2.5 we then obtain
T(t) > To(t) > 0; ie., T(t)—To(t)>0 forallt>0.

It only remains to show that T'(¢t) — Tp(t) is compact. To this end we recall
that by the above considerations

A-XA=T+3)) - (Ag— A+ dea®@B—ex®@ApB8) - (I + &))" !

for A > || B]loo. If (S(¢)) >0 denotes the semigroup generated by the operator
Ap + Aex ® B — ex ® A{S, this implies

T)=I+®y) SE) - (I+0y)"

Because the operator Aey ® § — e ® Ajf is compact, by (the proof of)
Proposition V.4.9 the perturbed semigroup (S(t))tZO has the form

S(t) = To(t) + K(t),

where K (t) is compact for all ¢ > 0. Combining these facts and using (4.6)
we finally obtain

Tt)=I+®x) - (Tot)+ K1) - (I —ex®p).

Because &) and €\ ® 8 are both compact, this implies the compactness of
T(t) — To(t) for all ¢ > 0. O

Summarizing the above results we obtain the following where, in partic-
ular, we make the assumptions (4.1) and (4.8).

4.4 Theorem. The operator A generates a positive quasi-compact semi-
group (T(t))tzo on LY(R, ). This semigroup is irreducible if and only if

(4.9) there exists no ag > 0 such that (][4, ) = 0 almost everywhere.

PROOF. We already showed above that (T'(t));>o is positive. The essen-
tial spectral radius is invariant under compact perturbations (see Para-
graph V.1.19), hence its quasi-compactness follows from Propositions 4.1
and 4.3 because

ress(T(l)) = ress(TO(l) + [T(l) - To(l)]) = Tess (TO(l))
<r(To(1) =e M~ < 1.
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In order to prove the claim concerning irreducibility we first observe that it
is a simple exercise in linear ODEs to show that for A > || 3]l the resolvent
of Ag is given by

(4.10)  [R(\, Ao)f](a) = /a o IO B g pe X a0
0

Now assume that (4.9) does not hold, i.e., that there exists ag such that
Bllag,00) = 0. Then for each f > 0 such that f| 4, = 0 we obtain from
(4.10) that [R(X, Ag)f](a) = 0 for all a € [0, ag]. This implies

RN A)f = (T4 QxRN Ao) f

= RO\ A0)f + 7

T—end) (R(X, Ao)f,B) - ex

= R(X\, Ao)f.

Hence, R(\, A)f is not strictly positive in general for 0 < f and A > [|5]|0o
and hence (T'(t));>0 not irreducible.

Conversely, assume that (4.9) holds and take some A > ||5]|c and 0 < f.
Then by (4.10) we conclude that [R(), Ag)f](a) > 0 for a > 0 sufficiently
large and therefore <R()\, Ao)f, 5> > 0. Now we obtain as above

b
1- <€)\a6>

: <R()‘7A0)f76> *EN-

RN A)f =R\ A)f +

> b
- 1_<5)\7ﬂ>

’ <R(/\7 AO)fv 6> CEX

Because (g3, 3) < 1 and ¢} is strictly positive this implies that R(A, A)f is
strictly positive; i.e., (T'(t)):>o is irreducible. O

After these preparations we are in the position to analyze the stabil-
ity and convergence of the semigroup (T(t))tzo solving the age-dependent
population equation (APE).

4.5 Corollary. The following assertions are equivalent.
(a) (T'(t))i>0 is uniformly exponentially stable.
(b) s(A) < 0. .
(©) (c0.5) = J5" Bla) -~ o "™ da < 1.

PROOF. Because by Theorem 4.4 we know that (T(¢));>¢ is positive and
quasi-compact, the equivalence of (a) and (b) follows from Corollary V.4.7
or Theorem 2.5.
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To prove the remaining implications we observe that by the same argu-
ments as in the proof of Lemma 4.2 it follows that

(4.11) A—A=A—-A){I —ex®P) forall A eR.
Next we define the function
r(A) = (e, / Bla)-e o XN Gy -\ e,

which is continuous and strictly decreasing. Moreover,

(4.12) lim r(\) = oo, lim r(A\) =0
A——00 A—00

and o(ey ® ) = {r(\)}.

Now assume (b). Because s(Ap) = —fice < 0, the assumption s(A) < 0
together with (4.11) implies that I — ey ® 8 is invertible for all A > 0; i.e.,
r(A) # 1 for all A > 0. By the continuity and monotonicity of r(-) and
(4.12) this is possible only if r(0) = (g9, #) < 1. This proves (b) = (c).

Conversely, if {g9,3) < 1, then (I — ey ® 3)~! = @ exists and (4.11)
implies that

—AT = (T +®0)A; "
Here, because s(4g) = —peo < 0, the inverse Aal exists and is negative
by Lemma 2.1. Now ®; > 0 shows R(0,4) = —A~! > 0 and again by
Lemma 2.1 we conclude that s(A) < 0. This proves (¢) = (b) and completes
the proof. O

Our final result deals with convergence to a one-dimensional projection
in case s(A4) = 0.

4.6 Corollary. Assume that (4.9) holds and
(€0, B / G(a)-e” 0 , u(s)ds da=1.

Then there exists a strictly positive linear form ¢ € fix(T(t)');>0 and
constants M > 1, € > 0 such that

|T(t)f—(f.0)-eo| < Me || f|| forallt>0 fe€X.

PROOF. First we observe that by Theorem 4.4 the condition (4.9) implies
that (T'(t)):>o is irreducible. Moreover, the assumption (gg, 3) = r(0) = 1
implies by the same reasoning as in the proof of Corollary 4.5 that s(A4) = 0.
The assertion then follows immediately from Theorem 3.5. ]

4.7 Remark. The conditions imposed above can be relaxed without chang-
ing the conclusions. In particular, one can eliminate the assumptions (4.1),
(4.8), and (4.9), still getting stability and convergence of the semigroup
(T(t))tzo as in Corollaries 4.5 and 4.6, respectively. Moreover, these results
can be generalized to higher dimensions. For further details see [Gre84] and
[Web85].



Appendix

A Reminder of Some Functional
Analysis and Operator Theory

This book is written in a functional-analytic spirit. Its main objects are
operators on Banach spaces, and we use many, sometimes quite sophisti-
cated, results and techniques from functional analysis and operator theory.
As a rule, we refer to textbooks such as [Con85], [DS58], [Lan93], [RS72],
[Rud73], [TL80], or [Yos65]. However, for the convenience of the reader we
add this appendix, where we

e Introduce our notation,
e List some basic results, and

e Prove a few of them.

To start with, we introduce the following classical sequence and function
spaces. Here, J is a real interval and €2, depending on the context, is a
domain in R", a locally compact metric space, or a measure space.

0 i= {(@n)nen € Cisup lall < 00}, [l@a)nenll = sup |l
neN neN

ci= {(wn)neN cC: lim z, exists} C £,
n—0o0

Q

0 1= {(mn)neN cC: li_>m T, = O} C ¢,

= {(ennen © € Lleal <ok, 22 1 [awhenll = (X lonl?)

neN neN

222
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C(Q):={f:Q—K] f is continuous},
Ifllco :=sup|f(s)| (if Q is compact),
sEN

Co(Q) :={f € C(Q) : f vanishes at infinity}; cf. p. 20,

Cp(2) :={f € C(Q) : f is bounded},

Cc(R2) :={f € C(Q) : f has compact support}; cf. p. 21,
Cub(2) :={f € C(Q) : f is bounded and uniformly continuous},

AC(J) :={f:J — K| f is absolutely continuous},
Ck(J):={f € C(J) : f is k-times continuously differentiable},
C>(J):={f € C(J) : f is infinitely many times differentiable},
LP(Q,p) == {f :Q — K| f is p-integrable on Q},

v
1= ([ 1P dut)) ™
Q
L®(Q,p) == {f :Q — K| f is measurable and p-essentially bounded},
Iflloo :=esssup|f]; cf. p. 28,

Eproy . prey . J is k-times distributionally differentiable
WHH(Q) = {f €LY Gith DO € 12(Q) for all |a] < k ’
H*(Q) := Wr2(Q),

HE(J) :={f € H*(J): f(s) =0 for s € 8T},
S (R™) := Schwartz space of rapidly decreasing functions; cf. p. 55.

Clearly, we may combine the various sub- and superscripts for the spaces
of continuous functions and obtain, e.g., CL(J) = C*(J) N C.(J).

For an abstract complex Banach space X we denote its dual by X’ and
the canonical bilinear form by

(x,2')y forze X, a2'e€X.

As usual, we also write /() for (z,z') and denote by o(X, X’) the weak
topology on X and by o(X’, X) the weak* topology on X’. Then the fol-
lowing properties hold.

A.1 Proposition.
(i) For convex sets in X (in particular, for subspaces) the weak and
norm closure coincide.
(ii) The closed, convex hull @ K of a weakly compact set K in X is
weakly compact (Krein’s theorem).
(iii) The dual unit ball U° := {2’ € X' : ||2'|| < 1} is weak® compact
(Banach—Alaoglu’s theorem).



224  Appendix. A Reminder of Some Functional Analysis and Operator Theory

The space of all bounded, linear operators on X is denoted! by L(X)
and becomes a Banach space for the norm

IT) = sup{|ITz] < ol <1}, T € £(X).
The operators T' € L(X) satisfying
(|Tx| < |z forall z € X
are called contractions, whereas isometries are defined by
ITz|| = ||z for all z € X.

Besides the uniform operator topology on L(X), which is the one induced
by the above operator norm, we frequently consider two more topologies
on L(X).

We write L4(X) if we endow L(X) with the strong operator topology,
which is the topology of pointwise convergence on (X, ||]).

Finally, £,(X) denotes L(X) with the weak operator topology, which is
the topology of pointwise convergence on (X, o(X, X’)).

A net (Th)aeca C L(X) converges to T € L(X) if and only if

(A1) [T —T|| = 0 (uniform operator topology),
(A2) |[Tox—Tz|| > 0V2x € X (strong operator topology),
(A3) |{(Tox —Tx,2'y| -0V z e X, 2’ € X' (weak operator topology).

With these notions, the principle of uniform boundedness can be stated as
follows.

A.2 Proposition. For a subset K C L(X) the following properties are
equivalent.

(a) K is bounded for the weak operator topology.
(b) K is bounded for the strong operator topology.
(¢) K is uniformly bounded; i.e., |T|| <cforallT € K.

Continuity with respect to the strong operator topology is shown fre-
quently by using the following property (b) (see [Sch80, Sect. I111.4.5]).

A.3 Proposition. On bounded subsets of L(X), the following topologies
coincide.

(a) The strong operator topology.
(b) The topology of pointwise convergence on a dense subset of X.

(¢) The topology of uniform convergence on relatively compact subsets
of X.

L For the space of all bounded, linear operators between two normed spaces X and Y
we use the notation L(X,Y).



Appendix. A Reminder of Some Functional Analysis and Operator Theory 225

The advantage of using the strong or weak operator topology instead of
the norm topology on L(X) is that the former yield more continuity and
more compactness. This becomes evident already from the definition of a
strongly continuous semigroup in Section I.1.

As an example for the functional-analytic constructions made throughout
the text, we consider the following setting.

Let Xy, := C([0,to], L5(X)) be the space of all functions on [0, o] into
L(X) that are continuous for the strong operator topology. For each F €
X, and x € X, the functions ¢t — F(t)z are continuous, hence bounded,
on [0, tp]. The uniform boundedness principle then implies

[Flloc := sup [[F(s)|| < oo.

s€|0,to
Clearly, this defines a norm making X, a complete space.

A.4 Proposition. The space
Xy = (C(10, 0], £6(X)), - 1 )
is a Banach space.

PROOF. Let (F),)nen be a Cauchy sequence in X;,. Then, by the definition
of the norm in Xy, (Fy(-)x)nen is a Cauchy sequence in C([0,to], X) for
all x € X. Because C([0,to], X) is complete, the limit lim,, o F,,()z =:
F(-)x € C([0,tg], X) exists, and we obtain lim,,_, . F, = F in Xy,. O

Familiarity with linear operators, in particular unbounded operators,
is essential for an understanding of our semigroups and their generators.
The best introduction is still Kato’s monograph [Kat80] (see also [DS58],
[GGK90], [Gol66], [TL80], [Wei80]), but we briefly restate some of the basic
definitions and properties.?

A.5 Definition. A linear operator A with domain D(A) in a Banach
space X, i.e., D(A) C X — X, is closed if it satisfies one of the following
equivalent properties.

(a) If for the sequence (zp)neny C D(A) the limits lim, oo 2, = 2 € X
and limy, oo Az, =y € X exist, then x € D(A) and Az = y.

(b) The graph G(A) := {(z, Ax) : x € D(A)} is closed in X x X.
(¢) X1:=(D(A),| -|la) is a Banach space?* for the graph norm

2]l 4 = llz]] + | Az[l, 2 € D(A).

2 Most of the following concepts also make sense for operators acting between different
Banach spaces. However, for simplicity we state them for a single Banach space only
and leave the straightforward generalization to the reader.

3 This definition of X; also makes sense if A has an empty resolvent set. Because
if p(A) # 0, the graph norm and the norms || - ||1,y from Exercise 11.2.22.(1) are all
equivalent, this definition of X7 will not conflict with Definition I11.2.14 for n = 1.
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(d) A is weakly closed; i.e., property (a) (or property (b)) holds for the
o(X, X")-topology on X.
If A — A is injective for some A € C, then the above properties are also
equivalent to

(e) (A — A)~! is closed.

Next we consider perturbations of closed operators. Whereas the additive
perturbation of a closed operator A by a bounded operator B € L(X)
yields again a closed operator, the situation is slightly more complicated
for multiplicative perturbations.

A.6 Proposition. Let (A, D(A)) be a closed operator and take B € L(X).
Then the following hold.

(i) AB with domain D(AB) := {x € X : Bx € D(A)} is closed.

(i) BA with domain D(BA) := D(A) is closed if B~ € L(X).

PROOF. (i) is easy to check and implies (ii) after the similarity transfor-
mation BA = B(AB)B~!. O

It will be important to find closed extensions of not necessarily closed
operators. Here are the relevant notions.

A.7 Definition. An operator (B, D(B)) is an extension of (A, D(A)), in
symbols A C B, if D(A) C D(B) and Bx = Ax for x € D(A). The smallest
closed extension of A, if it exists, is called the closure of A and is denoted
by A. Operators having a closure are called closable.

A.8 Proposition. An operator (A,D(A)) is closable if and only if for
every sequence (Tp)nen C D(A) with x, — 0 and Az, — z one has z = 0.
In that case, the graph of the closure is given by

G(A) =G(A).
A simple operator that is not closable is
Af := f'(0)-1 with domain D(A):= C[0,1]

in the Banach space X := C|0, 1]. This follows, e.g., from the following
characterization of bounded linear forms and the fact that the kernel of a
closed operator is always closed.*

A.9 Proposition. Let X be a normed vector space and take a linear
functional ' : X — C. Then x’ is bounded if and only if its kernel ker x’
is closed in X. Hence, x' is unbounded if and only if ker 2’ is dense in X.

4 Here, for a linear map ® : X — Y between two vector spaces X and Y its kernel is
defined by ker ® := {z € X : &z = 0}.
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PROOF. If 2/ is bounded, then clearly ker(z’) is closed. On the other hand,
if ker 2’ is closed, then the quotient /ker;v’ is a normed vector space of
dlmenblon 1. Moreover, we can decompose =1 a:’ by the canonical maps

X kerer — Cand 2/ : X — X/yer . Because ||x’|| < 1, this proves that
2’ is bounded. The remaining assertions follow from the fact that for each
linear form 2’ # 0 the codimension of ker z’ in X is 1. O

A subspace D of D(A) that is dense in D(A) for the graph norm is
called a core for A. If (A, D(A)) is closed, one can recover A from its
restriction to a core D; i.e., the closure of (A, D) becomes (A, D(A)). See
Exercise 11.1.15.(2).

The closed graph theorem states that everywhere defined closed opera-
tors are already bounded. It can be phrased as follows.

A.10 Theorem. For a closed operator A : D(A) C X — X the following

properties are equivalent.
(a) (A, D(A)) is a bounded operator; i.e., there exists ¢ > 0 such that

Az < cllz|| for all x € D(A).
(b) D(A) is a closed subspace of X.

By the closed graph theorem, one obtains the following surprising result.

A.11 Corollary. Let A : D(A) C X — X be closed and assume that
a Banach space Y is continuously embedded in X such that the range
rg A := A(D(A)) is contained in Y. Then A is bounded from (D(A), ||| 4)
into Y.

If an operator A has dense domain D(A) in X, we can define its adjoint
operator on the dual space X'.5

A.12 Definition. For a densely defined operator (A, D(A)) on X, we
define the adjoint operator (A', D(A’)) on X' by

D(A") := {2’ € X' : 3y € X' such that (Az,2’) = (z,y') Vo € D(A)},
A'z" =y for 2’ € D(A).

A.13 Example. Take A, := 4/3s on X, := LP(R), 1 < p < oo, with

domain D(A,) := WLP(R) := {f € X, : f absolutely continuous, f’' €

X,}. Then A," = —A, on X,, where 1/, + 1/4 = 1. For a proof and many

more examples we refer to [Gol66, Sect. I1.2 and Chap. VI] and [Kat80,
Sect. II1.5]. Compare also Exercise 11.4.14.(11).

Although the adjoint operator is always closed, it may happen that
D(A’") = {0} (e.g., take the nonclosable operator following Proposition A.8).

5 Similarly, one can define the Hilbert space adjoint A* by replacing the canonical
bilinear form (-, -) by the inner product (-|-).
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On reflexive Banach spaces there is a nice duality between densely defined
and closable operators.

A.14 Proposition. Let (A,D(A)) be a densely defined operator on a
reflexive Banach space X. Then the adjoint A’ is densely defined if and
only if A is closable. In that case, one has

(A" = A.
We now prove a close relationship between inverses and adjoints.

A.15 Proposition. Let (A, D(A)) be a densely defined closed operator on
X. Then the inverse A=t € L(X) exists if and only if the inverse (A’)~! €
L(X') exists. In that case, one has

PROOF. Assume A~! € L(X). Because (A~1)" € L(X'), one has
(z, (AN A2y = (A e, A’y = (AA  2,2) = (2,2)
for all z € X, 2’ € D(A’); i.e., A’ has a left inverse. Similarly,
(Az, (AN 2"y = (A7 Az, 2') = (z,2)

holds for all z € D(A), 2’ € X';i.e., (A71)'2’ € D(A") and A/(A~1)'2’ = 2'.
On the other hand, assume (A’)~! € L(X’). Then

(Az, (A1) = (z, A(A) 1) = (z,2)

for all z € D(A) and 2’ € X'. For every x € D(A), choose 2’ € X’ such
that ||z'|| = 1 and | (z,2") | = ||z|| and obtain

]| = [(Az, (A")"'a")| < || Az] - [|(A)7H].
This shows that A is injective and its inverse satisfies

I < )™

)

hence is bounded. By Theorem A.10, D(A™!) = rg A must be closed. A
simple Hahn—Banach argument shows that rg A = X, hence A~ € L(X).
|

A.16 Corollary. For a densely defined closed operator (A, D(A)) the spec-
tra of A and of A’ coincide; i.e.,

o(A) =o(4")

and R(A\, A) = R(\, A") for all X € p(A).
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Now we turn again to the unbounded situation and define iterates of
unbounded operators.

A.17 Definition. The nth power A™ of an operator A: D(A) C X — X
is defined successively as
A= A(A" ),
D(A™) :={xz € D(A): A" 'z € D(A)}.
In general, it may happen that D(A?) = {0} even if A is densely defined

and closed. However, if A=! € L(X) exists (or if p(A) # 0), the infinite

intersection
o0

D(A®):= ] D(A™)
n=1
is still dense. This is proved in Proposition I1.1.8 for semigroup generators
and in [Len94] or [AEMKO94, Prop. 6.2] for the general case.
Next, we give some results concerning the continuity and differentiability
of products of operator-valued functions.

A.18 Lemma. Let J be some real interval and P, Q : I — L(X) be
two strongly continuous operator-valued functions defined on J. Then the
product (PQ)(-) : J = L(X), defined by (PQ)(t) := P(t)Q(t), is strongly
continuous as well.

PrROOF. We fix ¢ € X and ¢t € J and take a sequence (t,)neny C J
with lim, . ¢, = t. Then, by the uniform boundedness principle, the
set {P(t,) : n € N} C L(X) is bounded, and therefore

1P(tn)Q(tn)z — PO)Q)x|| < [|P(tn)l] - [Q(tn)z — Q)|
+HII(P(tn) — P(1)Q(1)z]l,

where the right-hand side converges to zero as n — oc. O

A.19 Lemma. Let J be some real interval and P, Q : J — L(X) be
two strongly continuous operator-valued functions defined on J. Moreover,
assume that P(-)x : J — X and Q(-)x : J — X are differentiable for
all x € D for some subspace D of X, which is invariant under (). Then
(PQ)(-)x : J = X, defined by (PQ)(t)x := P(t)Q(t)z, is differentiable for
every x € D and

4 (POQEIT) (to) = % (P()Q(to)) (to) + Pto) (£Q()x ) (to).
PROOF. Let ty € J and (hy,)nen C R be a sequence such that lim,—, oo by, =
0 and tg + h,, € J for all n € N. Then, for x € D, we have

P(to + hn)Q(to + hn)x — P(to)Q(to)x
hn
Q(fo + hn)x — Q(to):l) P(to + hn) — P(to)
h + h

P(tO + hn) Q(tO)x

=: Li(n,z) + La(n,x).
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Clearly, the sequence (Lg(n,x))neN converges for all z € D and its limit
is limy, 00 La(n,2) = P'(to)Q(to)x. In order to show that (Ll(n,x))neN
converges for x € D, note that

{Q(to + hn})::" - Q(to)x ne N}

is relatively compact in X and that {P(tg + hy,) : n € N} is bounded.
Because by Proposition A.3 the topologies of pointwise convergence and of
uniform convergence on relatively compact sets coincide, we conclude that
(Ll(n, m))neN converges for z € D and

lim Li(n,z) = P(to)Q'(to)x.

n—oo
This completes the proof. O

In the context of operators on spaces of vector-valued functions it is
convenient to use the following tensor product notation.

Assume that X, Y are Banach spaces, F(J,Y) is a Banach space of Y-
valued functions defined on an interval J C R, T' € L(X,Y) is a bounded
linear operator, and f : J — C is a complex-valued function. If the map
fey:J>s— f(s) -y €Y belongs to F(J,Y) for all y € Y, then we
define the linear operator f @ T': X — F(J,Y) by

(f @ T)z)(s) := (f ® Tx)(s) = f(s) - T

forallx € X, s € J.
Independently, for a Banach space X and elements z € X, 2’ € X', we

frequently use the tensor product notation x ® 2’ for the rank-one operator
on X defined by

(x@x)v:=2(v) =, veX.

We conclude this appendix with the following vector-valued version of
the Riemann—Lebesgue lemma.

A.20 Theorem. If f € L'(R,X), then fe Co(R, X); ie., we have

~

lims—, 100 f(s) = 0.

For the proof it suffices to consider step functions, for which, as in the
scalar case, the assertion follows by integration by parts.
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