
Faculty of Science

Department of Mathematics

Dr. Martin Kell
Jason Ledwidge

Linear PDE

Summer semester 2017 15.05.2017
Exercise sheet 5

Exercise 19
Let Ω be an open, bounded and connected domain in Rn. Assume L is an elliptic operator with c ≤ 0
and supnk=1

|bk|
λ ≤ const where λ : Ω → (0,∞) is the lower ellipticity constant of (ai,j : Ω → R)ni,j=1.

Assume u ∈ C2(Ω) ∩ C0(Ω̄) and define u+ = max{0, u}.

(a) (2 points) Show the following form of the maximum principle: If Lu ≥ 0 in Ω then

sup
Ω
u ≤ sup

∂Ω
u+.

(Hint: Look at Ω+ = int{u ≥ 0} and use facts of the elliptic operator L̃ = L− c.).

(b) (1 point) Conclude that Lu = 0 on Ω and u
∣∣
∂Ω = 0 implies u = 0. (Hint: What is the corresponding

minimum principle?)

(c) (1 point) Show that if Lu ≥ 0 and u assumes a positive maximum at some x ∈ Ω then u is constant
in Ω.

Exercise 20
Let Ω be as above. For T > 0 set Q = Ω× (0, T ) and define ∂′Q = ∂Ω× (0, T ) ∪Ω× {0}. Assume L is
an elliptic operator on Ω with c = 0 and u ∈ C2(Q) ∩ C0(Q̄).

(a) (2 points) Show that if ∂tu− Lu < 0 then the strong (parabolic) maximum principle holds in Q,
i.e.

sup
Q
u = sup

∂′Q
u > u(x, t) for all (x, t) ∈ Q.

(Hint: Choose Q′ = Ω× (0, T ′) for T ′ ∈ (0, T ) and argue as in the elliptic case with Q′. The same
argument also excludes maximum points in Ω× {T ′}. Conclude by letting T ′ → T ).

(b) (1 point) Use the function v(x, t) := −t to show that the weak maximum principle holds for
functions u satisfying ∂tu− Lu ≤ 0 in Q, i.e. supQ u = sup∂′Q u.

(c) (1 point) Conclude that ∂tu−Lu = ∂tv−Lv and u
∣∣
∂′Q

= v
∣∣
∂′Q

for functions u, v ∈ C2(Q)∩C0(Q̄)
implies u = v in Q.

(d) (4 points *) Assume c = bk = 0, k = 1, . . . , n, to show the strong parabolic maximum principle
for the parabolic operator ∂t − L. Use functions of the form

vα,y,t,R(t, x) = e−α(‖x−y‖2+|t−s|2) − e−αR2
.

Exercise 21
(2 points) Let u ∈ C1((0, 1)) show for x, y ∈ (0, 1) and p ∈ (1,∞) it holds

|u(x)− u(y)| ≤ |x− y|1−
1
p ‖u′‖p.
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