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Preface

These notes are a work in progress. If you find any mistakes, please let me know.

The parts marked with (x) are not part of the lectures, but we might discuss some of them in
the exercise sessions.
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Chapter 1

Primes that are a sum of two squares

Algebraic Number Theory is essentially the study of integer (meaning in Z) and rational
(meaning in Q) solutions to algebraic equations.

Example 1.0.1 (Fermat’s Equation). One of the most famous examples is Fermat’s equation
X"+ Yr=27"

The integer solutions of this equation for n = 2 are called Pythagorean triples, and there’s

infinitely many of them. Pierre de Fermat wrote in the margin of a book in 1637 that this

equation has no integer solutions for n > 3 and he stated to have a proof that was unfortunately

too long to fit in the margin. The statement was ultimately proved by Andrew Wiles in 1994,
after the development of a huge amount of new mathematics on the way.

1.1 Primes as difference of squares

We consider a simpler example. We want to solve the equation
p=2>—y* p,x,y €Z pprime number. (1.1.1)

Equivalently, we want to know which prime numbers are differences of two squares, and then
possibly we would also like to find the squares.

We observe right away that we can factor the right-hand side as

p=(z—y)(r+y),

and since p is a prime number, it is irreducible in Z so one of x — y or x 4+ y must be invertible
in Z, meaning equal to 1 or —1. We can furthermore assume that the invertible factor is z — vy,
otherwise we can just replace y with —y (observe that the equation does not change if
we multiply either of z,y by —1). Hence we write

T+y=p rT+y=-—-p
r—y=1 " rT—y=—

We can solve both systems by linear algebra and we obtain

_ ptl __p+l
r =" r=—"
_ p—1 ’ _p-1
y== y=
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These are almost all the solutions, the others can be found by changing sign to y. So all the
possible solutions are:

_ p+l _ ptl _ _ptl _ _ ptl
T = —F T =5 T = =5 xr = 5
_ 1 ? _ _p-1 ’ _ p—1 ’ _ _p-1
Y= Yy=—= y== Y=

Notice that we want x,y to be in Z so that both p+ 1, p — 1 must be even, meaning that p must
be an odd prime. We have proved:

-]
NS

Proposition 1.1.1. A prime number p € Z is a difference of two squares if and only if it is

odd. In this case, we can write p = x* — y* with x = 251y = 21 and all the other possibilities

obtained changing signs to x ory.

Observe that once we have explicit formulas for x,y the result is easy to check:

p+1 2_ p—1 2_ p+1_p—1 p—|—1+p—1 C1.p—
2 > ) ~\ 2 2 2 o )T PTP
and this does not even use that p is a prime number. However if we want both 1%1, p%l to be
integers, we need p to be an odd number. Hence we proved

Proposition 1.1.2. Any odd number k € Z is the difference of two squares in Z

() ()

At this point it is natural to ask about even numbers. Proposition shows that 2 is
not the difference of two squares, but of course there are even numbers with this property, for
example 12 = 16 — 4 = 4% — 22, Which even numbers are the difference of two squares? The
answer is known and its proof is left as an exercise.

Exercise 1.1.3. Show that an even number is the difference of two squares in Z if and only if

it 1s divisible by 4.

1.2 Primes as sum of squares

We consider the analogous question for the sum of squares. We want to solve the equation
p=a>+1y* p,x,y€Z pprime number .

Equivalently, we want to know which primes can be written as the sum of two squares, and if
possible we want to find the squares. If we try to proceed as for the case of the difference
of two squares, we immediately get stuck because we cannot factorize 22 + 2. Let’s then try to
look at some examples:

p 2 [ 3] 5 711 13 17 |19
.08 || 17412 | no | 124+2%2 |no |no | 22432 | 12+4% | no

Is there a pattern? It turns out that there is indeed one
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Theorem 1.2.1 (Fermat-1640 , Euler-1750, Lagrange-1770, Gauss-1800, Dirichlet-1870, Za-
gier-1990,...). An odd prime p is a sum of two squares if and only if p =1 (mod 4). If this is
the case, then p is a sum of squares in a unique way, meaning that if

p=a*+y* forx,ycZ
then x,y are uniquely determined, up to swapping them and changing sign.
One implication is fairly simple:
Lemma 1.2.2. If an odd prime p is a sum of two squares, then p =1 (mod 4).

Proof. Modulo 4, the squares are:

n (01 2 3
n® (mod4) [0 1 0 1

If p =22 + 92, and p is odd, one of x, y must be even and the other odd. Hence, p=0+1=1
(mod 4). O

The converse is more difficult. Consider again the expression p = 22 + 32. One problem is
that we could not factor the right hand side in Z. However, we can factor the expression once
we add in the imaginary unit ¢ € C:

p=a’+y* = (v —iy)(z +1iy) (1.2.1)
This factorization takes place not in Z but in the ring of Gaussian integers Z[i].
Definition 1.2.3 (Gaussian integers). The ring of Gaussian integers is the set
Zji)={a+1ib|a,be Z}
This is a actually a subring of the field
Q(i) ={a+ibla,be Q}

which is a Galois extension of Q of degree 2, with Galois group generated by the complex
conjugation
o: Qi) — Q(i), a+ibr a—ib, o =id

Notice that this restricts to an isomorphism
o: Z]i] — ZJ[i]

Consider again the factorization ((1.2.1)). If we want to proceed as in the case of the difference
of squares, we would need to consider the irreducibility of p in Z[i]. To study this, it is useful to
consider the norm:

Definition 1.2.4 (Norm of Gaussian integers). The norm is the map N : Z[i| — Zso :
N(a)=a-o(a)=a-a=|a|*, N(a+ib) =a*+ b

Lemma 1.2.5. The norm is multiplicative: N(af) = N(a)N(B).for all o, 5 € Z]i].
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Proof. 1f o, € Z[i] then using the properties of the complex absolute value we see that
N(ap) = |ap|? = |al* - |B]* = N(a)N(B). Otherwise we can also use the fact that the complex
conjugation is a homomorphism, so that N(af) = af-o(af) = ap-o(a)o(f) = N(a)N(5). O

Corollary 1.2.6. The units in Z[i] are the elements of norm 1:
Zi* ={1,i,—1,—i}

Proof. If N(a) = 1 then a - o(a) = 1 so that o(«) is the inverse of a in Z[i]. Conversely,
if o, 8 € Z[i] satisfy aff = 1, then N(a)N () = N(1) = 1 and since the norm is always
non-negative it must be that N(«a) = N(/) = 1. Finally, the elements of norm one are precisely
those listed above. ]

Corollary 1.2.7. If the norm of a € Zl[i] is a prime number N(«) € Z, then « is irreducible in
Z]i].

Proof. Assume that o = (- for 8,7 € Z[i]. Then N(«a) = N(f) - N(v) and since N(a) is
prime one of N(f3), N(vy) must be invertible in Z, hence equal to 1. But then one of 3,y must
be invertible in Z[i]. O

Consider again the factorization in Z[i]:

p= (v —iy)(z +1y)

If p is irreducible in Z[é], then one of x — iy, x + iy must be an unit in Z[i] and up to changing
sign to y we can assume that it is x — 7y. Hence we get four cases

T+ =p T4y =—p T4y = —1ip T4y =1p
r—iy=1 " r—iy=—-1 " rT—y =1 ’ T —iy=—i
but all these cases are impossible: for example in the first one we can compare real and imaginary

parts and we get x = p = 1, which is impossible since p is prime in Z. So, we have proved that
if p is the sum of two squares, then it is not irreducible in Z[z].

Assume now that p is not irreducible in Z[i]. Then we can factor
p=a-f in Z[i]

where «, 5 € Z[i] are not units, so that N(«a), N(8) > 1. Taking the norm we see that

so it must be that N(a) = N(8) = p. If we write o = x + iy for certain =,y € Z, this means
that
p=N(a)=2"+y

so that p is the sum of two squares in Z. We have proved

Lemma 1.2.8. A prime number p € Z is the sum of two squares if and only if it is not
irreducible in Z[i].
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What we need to show now is that an odd prime integer number p = 1 (mod 4) is not
irreducible in Z[i]. We will actually show that p is not a prime element in Z[i], but this is the
same as being irreducible because it turns out that the Gaussian integers form an Euclidean
Domain and hence a Unique Factorization Domain:

Proposition 1.2.9. The Gaussian integers are an Euclidean Domain with respect to the norm.
More precisely, given o, € Zli],B # 0, there are q,r € Z[i] with N(r) < N(B) such that
a = qB +r. In particular, the Gaussian integers are a Principal Ideal Domain and an Unique
Factorization Domain.

Proof. This proof is geometric. Consider all the multiples g8 for ¢ € Z[i]. These form the set
A ={af +ibf|a,b € Z} which is a lattice in C generated by the two elements (,i/5. As an
exercise, prove that any o € C can be brought inside the disk D = {z- |z € C,|z| < 1} via a
translation with an element of the lattice A:

This means that we can write « = ¢ + r where r = z8 with z € C, |z| < 1. In particular
N(r) = [z |8]" = [2* - N(B) < N(B). O

Lemma 1.2.10. Let p € Z be an odd prime integer such that p =1 (mod 4). Then —1 is a
square in F,.

Proof. The group of units F i = F, \ {0} is cyclic because a finite multiplicative subgroup
of a field, so there is an element a € F, of order p — 1 such that —1 = @ in F;. Then

a® = (—1)? = 1 so that p — 1| 2n, meaning that £ | n, and we can write —1 = a"7* for a
certain k € Z. If p=1 (mod 4), then p — 1 = 4m for a certain m € Z so that p%l = 2m and
—1 = (a™*)? is a square in F,,. O

Corollary 1.2.11. Let p be an odd prime such that p =1 (mod 4). Then p is not irreducible
Proof. We know that —1 is a square modulo p, meaning that there are m,k € Z such that
—1=m? — kp. We can write this in Z[i] as

kp=m?—+1=(m—i)(m+1)

Assume that p is irreducible in Z[i]. Since this ring is an UFD, p is also prime, so that p|m + i
or p|m — ¢ in Z[i]. But this is impossible: for example, in the first case we have m 414 = p(a +ib)
for certain a,b € Z, so that 1 = pb, which is absurd. Hence, p cannot be irreducible. n
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Proof of Theorem[1.2.1] If an odd prime p € Z is a sum of squares, we know from Lemma
that p =1 (mod 4). If instead p =1 (mod 4), then Corollary shows that p is not
irreducible in Z[i] and then Lemma shows that p is a sum of squares.

Now we address the uniqueness of the squares: assume that p = 22 + y? = 22 + w? for
x,y, 2z, w € Z. Then in Z[i] we have

(z +iy)(z —iy) = p = (¢ +iw)(z — iw)

and all z + iy, x — iy, z + iw, 2 — iw have norm p, so that they are irreducible in Z[i] because of
Corollary[1.2.7 Since Z[i] is an UFD, these two factorizations must coincide, up to multiplication
by an unit. Up to replacing w with —w we can assume that « + 1y = u - (2 + iw) for v € Z[i]*.
If w =1, this means z = z,y = w if u = —1 this means x = —z,y = —w, if u = 7 this means
r = —w,y = z and if u = —i this means z = w,y = —z. O]

The main step in the previous proof was proving that if p is an odd prime number such that
p =1 (mod 4), then p is not irreducible in Z[i]. One can actually characterize completely the
irreducible elements of Z[i] as in the following exercise:

Exercise 1.2.12. Show that an element o € Z[i| is irreducible if and only if N(«) is prime in
Z orif a =u-p where w € Z[i]* and p € Z is a prime number such that p =3 (mod 4).

1.3 Themes of the course

Many ideas that appeared in the previous discussion will be central throughout the course. We
saw that to solve a problem over Z it was useful to pass to a larger ring Z[i], which enjoys nice
factorization properties. In order to study these factorization properties we used the norm, that
was defined via the isomorphism of rings given by the conjugation. We also used some geometric
techniques via lattices,. . .

These are (some of) the themes that we will explore in this course.



Chapter 2

Number fields and their rings of
integers

2.1 Integral extensions of rings

Definition 2.1.1 (Integral Elements). Let A C B be rings. An element o € B is called integral
over A if there is a monic polynomial f(x) € Alz] that vanishes on «. Equivalently, there are
ag,...,a,_1 € A such that

Q"+ ap_ 1" P+ aa+ag=0.
The extension of rings A C B is called integral if every element of B is integral over A.

Example 2.1.2. The square root v/3 € C is integral over Z, since it is a root of the polynomial
2% — 3. The n-th primitive root of unity ¢, = e € Cis also integral over Z because it is a
root of ™ — 1. Instead % € Q is not integral over Z even if it is the root of the polynomial
2x — 1 € Z[z]. The requirement that an integral element is a root of a monic polynomial is
essential. Proving that % is not integral is easy but we will see it as the consequence of a more
general result later on.

Example 2.1.3. Let d € Z be an integer such that d = 1 (mod 4), and let v/d € C be any

square root. The complex number a = %& € C is integral over Z. Indeed 2a — 1 = V/d so
that 40 + 1 — 4o = d, meaning that d — 1 = 40 — 4. By hypothesis we can write d — 1 = 4k
for a k € Z, and then o® —a — k = 0.

If A C B is aring extension and if & € B is an element, we have an evaluation map at «
evy : Alx] — B,  f(z) = f(«)

which is a ring homomorphism. The image of this map is denoted by Ala] = {a,a™ +- -+ aja+
ap|a; € A} and it is a subring of B with A C Ala] C B. If ay,...,a, € B we can analogously
define the subring Alay, ..., a,] C B by evaluating all polynomials in Az, ..., z,] at the a;.

Definition 2.1.4 (Finite extension). An extension of rings A C B is called finite if B is finitely
generated as an A-module.

Lemma 2.1.5. Being finite is transitive: let A C B C C be ring extensions such that C' is
finite over B and B is finite over A. Then C' s finite over A.

7
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Proof. Since C'is finite over B, there are x1,...,x, € C such that every element in C' has the
form
byxy + -+ bz, b; € B.

Since B is finite over A, there are y,...,ys € B such that any b is of the form a;y; + - - - + asys
with a; € A. Plugging this into the previous expression shows that any element of C' is a linear
combination of the products x;y; with coeflicients in A. O

Proposition 2.1.6. Let A C B be a ring extension and let o € B. The following are equivalent
1. « is integral over A.
2. Ala] is finite over A.
3. there is an intermediate ring extension Ala] C C' C B, with C' finite over A.

In particular, any finite extension is integral.

Proof. (1) = (2): Since « is integral, there are a,_1,...,a9 € A such that
= anflOéni1 + -+ ap

Let M C Ala] the A-module generated by 1,,a?, ..., a""'. The previous relation shows that
a" e (1,a,...,a" ). If we multiply the relation by o we see that

" =a, 10"+ + a
so that "™ € (1,c,...,a"" 1 a") = M. This way, we show that o* € M for any k € Z>g, and
since these generate Ala] as an A-module, we are done.
(2) = (3): just take C' = Alq].
(3) = (1): Consider the multiplication-by-a map

f=(a):C—C, T Q.

This is an endomorphis of a finitely generated A-module, so that Corollary shows that
there is a monic polynomial P(t) € A[t] such that P(f) = 0. Hence 0 = P(f)(1) = P(«). O

Corollary 2.1.7. Let A C B be a ring extension and let oy, ...,a, € B. The «; are integral
over A if and only if Alay, ..., ay] is a finite extension of A.

Proof. Since a is integral over A, the extension Ala;] is finite over A. Since «s is integral over
A, it is also integral over A[ay] because any polynomial with coefficients in A has also coefficients
in Ala;]. Hence Alag, as] = Afag][aw] is finite over Alay]. Since finiteness is transitive, we see

that A[ag, as] is finite over A, and if we continue this way we see that Afay, ..., q,] is finite
over A. Conversely, if Alaq,...,a,] is finite over A, then all the a; are contained in a finite
extension of A so they must be integral. O]

Corollary 2.1.8. Being integral is transitive: Let A C B C C' be ring extensions with B integral
over A and C integral over B. Then C is integral over A.
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Proof. Let a € C. Since C' is integral over B there are by, ...,b,_1 € B such that

A"+ by bia+ by =0

Hence « is integral over A[by, by, ...,b,—1]. This means that Albo,...,b,—1, ] is finite over
Albg, ..., b,_1], which is finite over A because the b; are integral over A. Hence A[by, ..., b, 1,q]
is finite over A, and « is integral over A. m

We now define the integral closure of a ring into an extension:

Corollary 2.1.9 (Integral Closure). Let A C B be a ring extension. The set
A={a e B|a«isintegral over A}
is a ring extension of A. It is called the integral closure of A in B.

Proof. We first prove that A is a ring. Let o, 3 € B be integral over A. We need to show that
a+ 3 and af are both integral over A. Corollary shows that Ala, ] is a finite extension of
A, and since any finite extension is integral, we see that Afa, 3] € A. Now assume that o € A
is invertible in B. Let P(t) € A[t] be a monic polynomial of the minimum possible degree such

that P(a) = 0 and write P(t) = t" + a,_1t" ' + -+ + ait + ag O

Definition 2.1.10 (Integrally closed and normal rings). Let A C B be a ring extension. A is
called integrally closed in B if the only elements in B that are integral over A are those of A
itself

A=A

If A is a domain, A is called integrally closed or normal if it is integrally closed in F' = Frac A.

Example 2.1.11. The ring of integers Z is integrally closed. More generally, we have the
following;:

Proposition 2.1.12. Any UFD is integrally closed.

Proof. Let A be an UFD and let o € F' = Frac(A) an element integral over A, that we can

write as a = § with s,¢ € A coprime. Since « is integral,there are ao, ..., a, € A such that
(S)n+ (8>n1+ +a tap=0
— an_ — . a1 — an =
t "\t T
So that

S 4 Ay 1S apt" =0

This means in particular that ¢ | s" so that any prime factor of ¢ must be a prime factor of
s as well. Since t, s are coprime, this means that ¢ has no prime factor, so that t € A* and
a=stteA O

Corollary 2.1.13. Let A C B be a ring extension and A the integral closure. Then A is
integrally closed in B.

Proof. Let a € B be integral over A, which is integral over A. Hence « is integral over A, which
means « € A. O
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2.2 Number fields

2.2.1 Definition and examples of number fields

We now introduce the main objects of interest of the course:
Definition 2.2.1 (Number fields). A number field is a finite field extension Q C K C C.

Example 2.2.2 (Quadratic extensions of Q). Let d € Z be a square-free integer and let VdeC
be a square root. This is a root of the polynomial 2% — d, hence it is integral over Z and algebraic
over Q. Furthermore, since this polynomial is irreducible over Q, it is the minimal polynomial
of v/d. This shows that

Q(Vd) = {a+bVd|a,be Q}

is a finite extension of Q of degree [Q(v/d) : Q] = 2. Conversely, let Q C F C C be a finite
extension of Q of degree 2, and let o € F,a ¢ Q. The degree [Q(«a) : Q] must divide [F': Q] = 2
and it cannot be equal to 1, since « ¢ Q, hence [Q(«) : Q] = 2 so that F' = Q(«). The minimal
polynomial m,_ () has the form m, p(x) = 22 + bz + ¢ and since « is a root, it must have the

form
b+ b2 — 4c
N 2

where v/b%2 — 4c¢ € C is one choice of a square root. We then see that F' = Q(«a) = Q(v/b? — 4c) =
Q(ﬂ) where s,t € Z,t # 0 are integers. We can then write

F=Q<\/§)=Q< %f):q(%@):cz(@)

and st € Z. Finally, we can write st = e? - d for two integers e, d € Z with d square-free, hence
F = Q(Verd) = Q(evd) = Q(VA).

This shows that all finite extension Q C F of degree [F : Q] = 2 have the form Q(+/d), where
d € Z is a square-free integer. These are called quadratic extensions of Q.

(%

2mi

Example 2.2.3. Consider the primitive third root of unity given by (3 =es € C. This is a
root of 3 — 1 = (z — 1)(2? + = + 1) so it must be a root of the polynomial ®3(x) = 2% + z + 1.
This is irreducible over Q (otherwise (3 € Q) hence it is the minimal polynomial of (3. In

particular we see that
~ —1+v-3

G =—"

so that Q(G) = Q(v=3).

The examples of number fields that we have seen up to now are principal. This is always the
case:

Theorem 2.2.4 (Primitive element theorem). Let F' C K be a finite extension of number fields.
Then K = F(«) for a certain o € K. In particular, any number field K is a principal extension
of Q, meaning that K = Q(«) for an o € K.

Remark 2.2.5. This theorem, as well as all the results that we are going to present in this
section about extension of number fields are true more generally for any finite and separable
field extension. If a field F' has characteristic zero, any extension is separable, so that this is the
case of number fields. The same is true also of other fields, for example all finite fields.
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2.2.2 Embeddings of number fields

Recall that a field K is called algebraically closed if every algebraic extension of K C F is equal
to K itself: K = F. Equivalently, this means that every polynomial in K|[x] splits as a product
of linear factors in K[x| (why is this equivalent?).

Example 2.2.6 (The fundamental theorem of algebra). The fundamental theorem of algebra
asserts that field of complex numbers C is algebraically closed.

By definition, any number field is an extension Q C K C C. How many other subfields of C
are there that are isomorphic to it? This is answered more generally by the following simple
but fundamental result

Proposition 2.2.7. Let F' C K be an extension of number fields, let a € K be such that
K = F(«a) and let mq p(x) be its minimal polynomial over F. Let o: F — C be a field
embedding and assume that the polynomial o(m, r) € Clz| splits as

o(Mmar)(z) =(r—0o1)...(z — an), a; € C.
Then the embeddings o' : K — C such that 0|’F = o are all those of the form
o' K=F(a) = C, op=idp, o(a)=a.
In particular, there are [F : K] such embeddings.

Proof. We know that F'(a) = F[z]/(ma,r(x)), so that an embedding o’: F'(a)) < C corresponds
to an homomorphism o': F[z] — C such that o’(mq(x)) = 0. If we ask that g’|p = o', the
homomorphism ¢ is completely determined by the image o'(x) € C and this needs to be a root
of o(mq r(z)) because we want that o’(m, r(x)) = 0. Since we are in characteristic zero, the
polynomial o(m, r(z)) has n = deg o(ma r(z)) = degma r(x) = [F(a) : F| distinct roots in C
and this proves the last statement. O

As an immediate consequence of Proposition |B.2.20, we get:

Corollary 2.2.8. 1. If FF C K is an extension of number fields, there are [K : F| distinct
embeddings o: K — C such that op = idp.

2. If Q C K is a number field, there are [K : Q] distinct embeddings K — C.

Proof. The first point follows from Proposition |B.2.20| with the base embedding being idy: K —
K. For the second point, we observe that any embedding o: K — C satisfies the property
o)q = idq (why?). O

Example 2.2.9. Consider the number field Q C Q C Q(v/d), where d € Z is a square-free
integer. We know that the minimal polynomial of v/d is ma.q(2z) = > — d and its roots are
++/d. Hence there are two embeddings Q(v/d) that restrict to idq:

idq(\/g):a+b\/c_lr—>a+b\/g, U:a+b\/3|—>a—b\/a,

Notice that the image of both these embeddings is again the same field Q(v/d) and these two
embeddings give rise to two automorphisms Q(v/d) — Q(v/d).



CHAPTER 2. NUMBER FIELDS AND THEIR RINGS OF INTEGERS 12

Example 2.2.10. Consider the number field Q € Q(+/2). The minimal polynomial of v/2 over
Q is 2 — 2 and this splits over C as

23— 2= (z — V2)(z — V2G)(x — V2¢2)

where (3 = e isa primitive third root of unity. Hence, there are three embeddings Q(\?’/i) — C,

defined by ‘ ‘ ,
idg g2 V2 V2, 0aV2 1 V2, 03V2 = V202

Notice that the only one of these that sends Q(+/2) to itself is the identity: indeed the image of
the other two is not even contained in R.

2me

Example 2.2.11 (Cyclotomic fields). For n € Z define (,, = e™ . This is a primitive n-th

root of unity, hence a root of
n—1

2" —1=[]-¢)

i=0
This shows that ¢, integral over Z. The number field Q((,) is called the n-th cyclotomic field.
The n-th cyclotomic polynomial is

eu(r)= [] (@-¢)

1<i<n—1
GCD(i,n)=1

which is a priori a polynomial with complex coefficients. We want to consider the minimal
polynomial m¢, q(x): we know that

me.qr)= ][ (@-0)
o Q) C

and since mg, q(z)z™ — 1, we see that o((,) = ¢!, for some 0 < ¢ < n — 1. Now we observe that
(, has order n as an element in the multiplicative group C* so that the same must be true of

0(¢,) for any embedding o: Q((,) = C. This shows that o(¢,) = ¢! for some 0 <i<n—1
with GCD(n, i) = 1. In other words

Mg, o(t) | @n(z)  in Clz]
It turns out that these two polynomials are actually equal
me, q(x) = Pn()
so that Q((,) is a number field of degree
Q) =#{i€{0,...,n—1}| GCD(i,n) = 1} = ¢(n)

where ¢ is Euler’s totient function (or phi-function). The fact that m¢, q(z) = ®,(z) or,
equivalently, that the cyclotomic polynomial has integer coefficients and is irreducible in Q[z],
is non-trivial and we will maybe see a proof later for the general case. However, the case of
n = p a prime number is easier: in this case

n—1
, P —1
o, (x) = [[(z - ¢) = — S|
=1

and you are asked to prove in one exercise sheet that this is irreducible in Q[z] via Eisenstein’s
criterion.
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2.2.3 Normal extensions and the Galois group

From the last two examples, we are naturally led to the following definition:

Definition 2.2.12 (Normal extension). An extension of number fields /' C K is called normal
if for every embedding o: K < C such that o|p = idp it holds that o(K) = K.

Example 2.2.13. Previous examples show the extension Q C Q(v/d) with d square-free is
normal, while the extension Q C Q(+/2) is not.

Lemma 2.2.14. Let F C K be an extension of number fields. Then the following are equivalent:
1. The extension F' C K s normal.

2. If o € K is such that K = F(«), then minimal polynomial m, () splits as a product of
linear factors in K|x].

3. K =F(ay,...,a,) where the a; € C are the roots of a polynomial P(z) € F|x].

Proof. (1) = (2). If the extension is normal and if oy, ...,0,: K < C are all the embeddings
such that o; | = idp, then we know that o;(a) € K and that the o;(«v) are precisely the roots
of mg p(x) over F.

(2) = (3). Let ay,...,a, € C be the roots of my(z) in C and assume that o = «1. Then
a; € K by assumption, and K = F(a) C F(ay,...,a,) € K, hence K = F(ay,...,a,).

(3) = (1). Any embedding o: K — C such that oy = idp preserves the polynomial P(t),
meaning that o(P(t)) = P(t). We can assume that P(t) is monic, so that

(t—ai)...(t—a,)=P(t)=0(Pt) =(t—0c(a))...(t —o(ay))
Hence o permutes the «; and in particular o(K(aq,...,a,)) C K(ag,...,q,). O

In particular, if K C K(«) is an extension of number fields and if m,(z) = (z—aq) ... (x—ay,)
with «; € C, the smallest normal extension of K that contains K(«) is K (o, ..., ). This is
called the normal closure of the extension K C K(«).

Example 2.2.15. The normal closure of Q C Q(v/2) is Q(v/2, V23, v2¢2) = Q(V/2, (3).
The terminology of normal extension comes from group theory:

Definition 2.2.16 (Galois group). The Galois group of an extension K C F' of number fields is
Aut(F/K)={o: F — F | 0 isomorphism, o|x = idg}

Remark 2.2.17. By definition, an element of Aut(F/K) is a field embedding o: F' < C such
that ox = idg and o(F) = F. In particular, we see that | Aut(F/K)| < [F : K] with equality
if and only if K C F'is a normal extension.

If K C F is an extension of number fields, for every subgroup G' < Aut(F/K) we define its
fixed field (you should check that this is indeed a field) as

Fix(G) ={a € F|o(a) =a, forall c € G}
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and this is an intermediate extension K C Fix(F/K) C F. Conversely, if there is an intermediate
extension K C F’ C F', then there is a subgroup

Aut(F/F'") < Aut(F/K)

The correspondence between subgroups and intermediate extension is particularly nice if
F' C K is a normal extension, and it is described by the following:

Theorem 2.2.18 (Fundamental theorem of Galois theory). Let K C F' be a normal extension
of number fields. Then there is a bijection

subgroups subextensions . y ,
{of Gal(F/K)} — {K CFC F}’ G — Fix(G), Gal(F/F') < F".

Furthermore, the extension K C F' is normal if and only if Aut(F/F") < Aut(F/K) is a normal
subgroup, and in this case

Aut(F'/K) = Aut(F/K)/ Aut(F/F")
In particular, if we apply the bijection to the extension K C K C F' itself we get.
Corollary 2.2.19. If K C F is a normal extension of number fields, then Fix(Aut(F/K)) = K.

Example 2.2.20. Let d € Z be a square-free integer and let Q C Q(\/ﬁ) be the corresponding
number field. Then this is a normal extension and its Galois group is Aut(Q(vd)/Q) = Z/2Z,
generated by o: Q(\/E) — Q(\/c_l), Vd — —+/d. The only intermediate extensions Q C K C
Q(Vd) are K = Q and K = Q(v/d). This reflects the fact that Z/2Z has no non-trivial
subgroups.

Example 2.2.21. (x) The Galois group of the extension Q C Q(+/2) is trivial Aut(Q(v/2)/Q) =
{idg(#s)}- Consider now the normal closure K = Q(+/2,(3). We first claim that [K : Q] = 6.
Indeed, we have Q C Q(v/2) and Q C Q(¢3) so that [Q(+/2) : Q] = 3 and [Q((3) : Q] = 2 must
divide [K : Q], so that this is a multiple of 6. On the other hand, the minimal polynomial of /2
over Q((3) must divide the minimal polynomial 2° — 2 of ¥/2 over Q, so that [K : Q((3)] < 3.
Since [K : Q] = [K : Q(¢3)] - [Q(¢3) : Q] < 6, we see that [K : Q] =6,[K : Q((3)] = 3.

Now we want to determine the Galois group Aut(K/Q): the intermediate extension Q C
Q(+/(3) has two embeddings Q(v/(;) = C,i = 1,2, given by

idgg),o: QG) = Q(¢), o(¢s) =¢

Thanks to Proposition [B.2.20] we see that idq(,g) extends to three different embeddings
7,0 K — C,1 =1,2,3, while 0 extends to other three different embeddings o;: K — C,j =
1,2,3. These six must then be all the elements in Aut(X/Q) (think about it until it is clear).
Proposition tells us also how to determine the 7; and the o; explicitly: the minimal
polynomial of v/2 over Q((3) is 22 — 2 = (z — V/2)(x — ¥/2(3)(z — v/2) and both idg) and o
leave it invariant. Then Proposition shows that

_ (3 > (3, _ GGl .
TZK_}K’%H%C;’ UZK_)K’%H\“/?C% f0r2—1,273.
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As a group, one can show that Aut(K/Q) = &3 the symmetric group of order three. The
only non-trivial normal subgroup of &3 is the alternating subgroup generated by the even
permutations, which in this case are the elements of order three, given by 71, 79, 73. Hence the
unique non-trivial normal intermediate extension is Fix (71, 72, 73) = Q((3). Each one of the o;
has order two and it gives to an intermediate extension F; = Fix(o;) = Q(3/2 - ¢%). These are
all the non-trivial intermediate extensions Q C K.

Remark 2.2.22. (x) Notice that in the previous example we have studied the field extension
K = Q(v/2,¢3) without writing it as K = Q(«) for a generator a € K. Indeed, even if it
useful to know that a single generator exists, it is often non-trivial to find one, and it is often
not necessary. In this case, you can check as an exercise that a a generator of K is given by

a=(+ V2.

2.2.4 Trace, norm and the characteristic polynomial

Let F' C K be an extension of number fields. Then K is a F-vector space of degree n = [K : F|
and for any o € K the multiplication-by-a map

(a): K — K, =+ ax.
is an F-linear map.

Definition 2.2.23 (Trace, norm and characteristic polynomial). In the above notation, the
trace and the norm of o with respect to the extension F' C K are the trace and the determinant
of the F-linear map (-a): K — K:

Trg p(a) = Tr(-a), Ng/p(a) = det(-a).

The characteristic polynomial of o with respect to the extension F' C K is the characteristic
polynomial of the F-linear map (-«). This is a monic polynomial of degree n = [K : F] of the
form

Xo,k/F(x) = det(x - I, — (-a)) = 2" — TrF/K(a)mnfl + -+ (=1)"Np/k ().

The coeflicients of the characteristic polynomial X, x/r(z) are in the base field F' and in
particular this is true of norm and trace. So this defines two maps

TI“K/FZK—)F, NK/FK—)F

Example 2.2.24. Assume that a € F' so that the matrix representing (-a): K — K as an
F-linear map is simply « - I,,, where n = [K : F|]. Then

Xi/Fa(2) = (€ — a)[K:F}, Trg/r(a) = [K : F]-a, Ngp(a)= QK

Remark 2.2.25. Let F' C K be an extension of number fields and let a € K. The Cayley-
Hamilton theorem [A.5.20| shows that xx/r(a) = 0 (think about this until it is clear), hence
the characteristic polynomial is divided by the minimal polynomial:

Mmpa(t) | Xx/pa(z) in Flz].
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Example 2.2.26. Assume that K = F'(«) has degree [F(a) : F] = n. In particular both the
minimal polynomial mp(x) and the characteristic polynomial X r(a)/Fq(x) are monic of degree
n, and since the minimal polynomial always divides the characteristic polynomial we must have
mF,oa(x) = XF(a)/F,a(x)
So we can read off the trace Trp(,)/r(a) and norm Nge)/r(a) from the coefficients of the
minimal polynomial:
Mpa(x) = 2" = Trpg@)p(@)z" ™ + -+ (=1)" Npg@)/r(a)
This is actually the most important example, because of the following:

Lemma 2.2.27. Let F C K be an extension of number fields and let o € K. Then
Xk /Fa(t) = Xr@yr(@) TN T p(a) = [K 2 F(@)] Trp)r(@), Nige(a) = Negye(a)F O

Proof. The statement on the characteristic polynomial implies the other two (why?). To show
the one about the characteristic polynomial, let f1,. .., 5, be a basis of K as an F(«)-vector
space. Then there is a decomposition of F(a)-vector spaces K = @, F(«) - §; and these are
invariant subspaces for the multiplication-by-o map (-«). The restriction of (-«) to each of

these, seen as a F-linear map, has characteristic polynomial X p()/r(2), hence the characteristic

polynomial of (-a): K — K, seen as an F-linear map is xx/pa(2) = Xp(a)/ﬂa(.%)[K:F(a)]. O

Theorem 2.2.28 (Properties of trace and norm and characteristic polynomial). Let FF C K be
an extension of number fields.

1. The trace is F-linear and the norm is multiplicative: for all o, f € K, a,b € F' it holds that
Trpc(a-a+b-f)=a-Trpg(a) +b-Trpk(B),  Npx(a-8) =Npx(e) - Nx(5)
2. If o1,...,0n: K = C are all the embeddings of K such that op = idp, it holds that
Xi/pa() = (x = 01(q)) ... (x — on(@)),
Trg/p(a) = o1(a) + - +on(a), Ngjp(a) =o1(a)...o() forala e K

Proof. 1. This follows from the fact that the trace is a linear function on matrices and the
determinant a multiplicative one.

2. If we prove the statement on the characteristic polynomial, the other two follow because
(z—01(q))...(x—0ou(a)) = 2" — (o1(a) +... 4o ()" 4+ -+ (=1)"01(a) ... 0n().
For the characteristic polynomial, assume first that X = F'(«). Then we know from Exam-

plethat the characteristic polynomial is equal to the minimal polynomial x g/ p (%) =
mpq(2), and we know from Proposition [B.2.20] that mpq(z) = (z — 01()) ... (z — 0, ().
In the general case, consider the tower of extensions F' C F(«a) C K and let n =
[F(a) : F],m = [K : F(a)]. Lemma [2.2.27 shows that xx/ma(%) = Xr(a)/ra(®)™. Let
o1,...,0,: F(a) = C be the embeddings such that ;| = idp. Proposition shows
that each one of these extends to m distinct embeddings 0; ;: K — Cfor j =1,...,m
and these are all the embeddings K < C that act as the identity on F'. Hence we see that

[11]¢ - ois(0) = [[ (= = il = <H<x - az-<a>>m> — Xr(w/ra()". T

i=1 j=1 =1 i=1
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The phenomenon that we have seen in the proof of Theorem [2.2.28| generalizes

Theorem 2.2.29 (%). Trace and norm are transitive: if F C L C K is a tower of number fields,
it holds that
TrL/F = TI”K/F o TI"L/K, NL/F = NK/F © NL/K .

(x) Comments on the proof. 1 will maybe write the proof of a more general fact in an appendix.
In the meantime, if you are curious, observe that this result is related to the following natural
question: if V is a finite-dimensional K-vector space, then it is also a finite-dimensional vector
space ovee F', and if f: V — V is a K-linear map, then f is also an F-linear map. What is the
relation between the trace (or the determinant, or the characteristic polynomial) of f seen as a
K-linear map and the one of f seen as an F-linear map? O

The trace as a bilinear form

Let F' C K be an extension of number fields. The trace gives an F-bilinear map
Trg/p: K x K — F, (a, B) — Trg/p(af),
of F-vector spaces. Equivalently, this gives an F-linear map
Tty /p: K — Homp(K, F), ar— Trg/p(a-)
This is a non-degenerate bilinear form:
Theorem 2.2.30. The bilinear form Trg/r is nondegenerate. This means, equivalently, that
(a) there is no o # 0 such that Try/p(af) =0 for all f € K,
(b) the map Ty p: K — Homp (K, F) is an isomorphism of F-vector spaces.

(c) for any basis aq,...,a, € K of K as an F-vector space, there is a unique other basis
b1y Bn € K of K as an F-vector space such that

1, ifi=j

Trryp(eif;) = {0 it

Proof. The equivalence of the three statements is a fact from linear algebra. We prove that (a)
holds: if there is such an «, then for any v € K it holds that

Tri/r(v) = Trgr(a(a™'y) = 0.

It is enough to prove that Trg,p is not identically zero: observe that, Try/r(1) = [K : F| # 0. O

2.3 Rings of integers of number fields

In the first chapter we considered the Gaussian integers Z[i] as a subring of the number field
Q(i). We generalize this to a key definition:
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Definition 2.3.1 (Ring of integers of a number field). Let Q C K be a number field. Its ring
of integers is the integral closure of Z inside K:

Ok = {a € K| « integral over Z}.
Remark 2.3.2. We know from Corollary that this is indeed a subring of K.

Example 2.3.3. Let d € Z be a square-free integer and consider the corresponding quadratic
extension Q(v/d). We have of course that Z[v/d] € Og(v/d), but the ring Ok could be larger:

for example, we have seen in Example [2.1.3|that if d = 1 (mod 4), then %ﬁ € Og(Vd).

We want to study number fields and their rings of integers in a systematic way.

Lemma 2.3.4. Let K be a number field and let 0: K — C be an embedding. If a € K 1is
integral over Z, then o(«) is also integral over Z.

Proof. By assumption, there are a,_1,...,ay € Z such that a" +a,_ 10"t +-- -+ aa+ag =0
Since any embedding o: K — C is the identity on Q, we see that

()" + ap_10()" 7+ +ajo(a) +ag =0,
Then o(«) is integral over Z. O

We also observe that integral elements in a number field can be characterized by their
minimal polynomial and characteristic polynomial.

Lemma 2.3.5. Let K be a number field and o« € K. The following are equivalent:
1. « is integral over 4.
2. The characteristic polynomial xk;q.«(x) has coefficients in Z.
3. The minimal polynomial ma.q(z) has coefficients in Z.
In particular, if o € Ok the trace and the norm are integers: Tri,q(a), Nk q(a) € Z

Proof. If one of the two monic polynomials mq.q () or Xk/q,.(z) has integer coefficients, then
« must be integral, since « is a root of both.

Assume instead that « is integral over Z and let oy,...,0,: K < C be all the embeddings
of K in C. Then we know from Lemma that o;() is integral over Z for each i, and then
Theorem 2.2.28 shows that

Xre/Qa(®) = Iy (x — 0i(e))
so that the coefficients of xx/q,«(7) are polynomial expressions of the o;(«). This means that

Xx/q(x) is a polynomial with rational coefficients that are integral over Z. As Z is integrally
closed in Q, this means that these coefficients are in Z. In particular, if we take K = Q(«) we

see that mq,q(7) = XQ()/Q.e(t) € Z[z].
The last statement follows because Trg,q(a), Ng/q(a) are coefficients of xx/q.a(%). O

We can now determine the ring of integers of a quadratic extension:
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Example 2.3.6 (Ring of integers of a quadratic extension). Let d € Z be a square-free integer
and consider the quadratic extension Q(\/a) of Q. The ring of integers of Q(\/E) is by definition
the integral closure of Z in Q(+/d):

Oqva ={a € Q(Vd) | o integral over Z}

We will show that
Z[\/d| d=2,3 (mod 4),

d=1 (mod 4).

(notice that if d = 0 (mod 4) then it is not square-free). Let a = a + bv/d € Oq(va) with
a,b € Q. If b= 0, then a € Q so that & € Z. Assume then that b # 0 so that a ¢ Q. We

observe that the polynomial
(z —a—bVd)(z—a+bVd) = (x — a)? — db? = 2% — 2az + (a® — db?)

is monic, with rational coefficients and vanishes at a. It must then be the minimal polynomial
of a over Q (why?). Lemma proves that 2a € Z, a®> — db* € Z. Write a = % for A € Z and
b= g for B, C' € Z coprime. Then

A? B?
a2_db2:z_dE:K€Z

and then A?C? — 4K(C? = 4d - B?>. We see that C? | 4d and since d is square-free it must be
that C? | 4, so we can write

4=EC? dEB*>=A?—-4K for a certain F € Z.

The first equation gives only the two possibilities F = 4,0? =1 or E = 1,C? = 4. In the first
case, we see that b € Z and A% = 0 (mod 4) so that A is even and a € Z as well, meaning
o € Z[V/d]. In the second case, we can assume C' = 2 so that we have

A+ BVd
o= —

SR A? —dB? = 4K

We consider the three cases, recalling that A2 is only 0, 1 modulo 4, according to whether A is
even or odd.

e d=1 (mod 4): A? = B? (mod 4) so that A, B are either both even or both odd. In the
first case o € Z[v/d] and in the second case a € Z [%ﬁ]
e d=2 (mod 4): A% =2B? (mod 4), so that A, B must be both even, and then o € Z[v/d].
e d=3 (mod 4): A= —B? (mod 4), so that A, B must be both even, and then a € Z[V/d].
Example 2.3.7. The previous example shows that Oqq) = Z[i].

We now look at applications of the norm and the trace. The norm characterizes invertible
elements as in the examples that we have seen:
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Proposition 2.3.8. Let K be a number field
1. If a € K, then Nk q(a) = 0 if and only if o = 0.
2. If a € Ok, there is € Ok such that aff = Ng/q(a).
3. If a € Ok, then a € O if and only if Ng/q(a) € Z*.

Proof. 1. If we look at K as a Q-vector space, the multiplication-by-a map -a: K — K fails
to be an isomorphism if and only if it is zero. Hence, it has zero determinant if and only
if it is itself zero.

2. The characteristic polynomial X x/qa(%) = 2" + a,—12" "' + ... + @12 + ao has constant
term ap = (—1)" Ng/q(«). The Cayley-Hamilton theorem shows that xx,q(a) = 0, hence

(=1)"Ngjqla) = —(a" 4+ a0 '+ ...+ ara) = —(@" ' +a,10" 2+ 4 ar)a

Since a € Ok we know that a; € Z for all i = 1,...,n — 1, so that 8 = (—=1)"" (o™ ! +
...+ a1) € O satisfies af = Ng/q().

3. Assume o # 0 and let 3 € Ok such that af = Ng/q(a). If Ngq(a)™ € Z, then
o™l = Ngjq(a)™ - 8 € Ok. Conversely, if a™! € Ok, then Ngq(a™') € Z and
Ni/q(a) - Nijq(a™) = Ngjq(aa™) = Ng/q(1) = 1.

]

This was a result about the multiplicative structure of O, which was obtained via the
multiplicative norm. Instead the additive trace is going to give us a fundamental result about
the additive structure of Ok as an abelian group.

2.3.1 The ring of integers as an abelian group

We start with a simple but useful lemma:
Lemma 2.3.9. Let Q C K be a number field and Ok its ring of integers.
1. For any a € K, there is b € Z such that b- o € Ok.

2. There is a € Ok such that K = Q(«).

3. There is a basis a1, ...,q, of K as a Q-vector space with o; € Ok for allt=1,... n.
Proof. 1. We know that « is a root of a monic polynomial with coefficients in Q, hence we
can write a a a
n n—1 n-1 1 0
a'+—a" o+ —a+— =0
bnfl bl bO
for some a;,b; € Z,b; # 0. If we set b = bgb; ...b,_1 and we multiply this equation by b",
we get
n—1 n
(ba)™ + ap_1 - (ba)" '+ +a - (ba) +ag-— =0
bn—l bl bO

which is a monic equation with coefficients in Z. Hence ba € Ok.
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2. Let § € K be such that K = Q(8) and let b € Z such that b8 € Ok. Then K = Q(bp).

3. Take any basis aq, ..., «a, of K as a Q-vector space and by, ...,b, € Z such that b;a; € Ok.
Then by, ..., b,q, is a Q-basis of K made of integral elements. Alternatively, we can
also take @ € Ok such that K = Q(«) and notice that 1,a,...,a" ! is a Q-basis of K
made of integral elements. O]

Let now K be a number field and let aq,...,a, € Ok be a basis of K as a Q-vector space,
which exists by the previous lemma. These elements are linearly independent over Z so that the
Z-submodule of Ok that they generate

A= (Oél,...,Oén)z g OK
is a free Z-module of rank n. This brings us to the following definition:

Definition 2.3.10 (Lattice in a ring of integers). Let K be a number field with and O be its
ring of integers. A lattice in O is a free Z-submodule A C Ok of rank [K : Q].

Remark 2.3.11. Equivalently, a lattice in Ok is a subgroup A C Ok generated by elements
ai, ..., a, € Ok that form a basis of K as a Q-module. These exist because of Lemma [2.3.9]

If K is a number field and let A C Ok is a lattice in Ok the trace gives us a nondegenerate
Q-bilinear map
KxK-—Q, (of)~ Trgqlap)

The dual of A with respect to the trace is defined as
AN ={f e K| Trg/q(af) € Z for all o € A}

Lemma 2.3.12. Let K be a number field of degree and A C Ok a lattice in Og. The following
hold:

1. A* is a Z-submodule of K and A C Og C A*.
2. If A C N C O is another lattice in O, then A T A" C A™* C A*.

3. Ifaq,...,«an € Ais a basis of A as a free Z-module, then there is a unique basis b, ..., 3, €
A* of A* as a free Zi-module such that

1, ifi=j
0, ifi #j

In particular, N* is a free Z-module of rank [K : Q].

Tri/q(aif;) = {

Proof. 1. If a, 8 € A* and m,n € Z then for any v € A we have that

Trx/q((ma+np)y) =m - Trg/qlay) +n - Trx/q(B7y)

which is in Z since Trg/q(a), Trk/q(87) € Z. Hence ma + nf € A* and this shows that
A* is a Z-submodule. Furthermore, it holds that Ox C A* because the trace of an element
in Ok is in Z.
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2. All inclusions are straightforward ( but check them yourself if this is not immediately
clear).

3. Since the ay,...,a, are linearly independent over Z, they are also linearly independent
over Q, hence they are a basis of K as a Q-vector space. Since we know that the trace is
non-degenerate by Theorem [2.2.30] there is another basis fi,. .., 3, of K as a Q-vector
space such that

1, ifi=j
0, ifi #j

We claim that these give a basis of A* as well: any element in K can be written as

Tri/q(aif;) = {

522@'@7 for some b; € Q
i=1

and 3 € A* if and only if b; = Trx/q(Ba;) € Z for all i = 1,...,n (why?). This shows that
the B1,..., [, generate A* as a Z-module and since they are also linearly independent,
they are a basis. O

As a corollary of this and of the classification of finitely generated Z-modules, we get:

Theorem 2.3.13 (Finiteness of Integral Closure). let K be a number field. Then the ring of
integers Oy is a free Z-module of rank [K : Q].

Proof. Let A C Ok be any lattice in Og. Then A C O C A*. We know that A* is a finitely
generated Z-module, hence Noetherian because of Proposition [A.5.15] so that O must also be
finitely generated. It is also torsion-free because it is contained in K, hence by the classification
theorem it must be free of finite rank. Finally as a consequence of Lemma [2.3.12] and of

Corollary we have
[K : Q] =rank(A) < rank(Og) <rank(A*) = [K : Q]
so that rank(Of) = [K : Q] as well. O

Remark 2.3.14. This can also be stated by saying that Oy is a lattice in Ok or that there is
a basis aq, ..., q, of Og as a Z-module. This is called an integral basis of O.

Example 2.3.15. Let d € Z be square-free. We know that

1+d
9

d=1 (mod 4),

Z[Vd] d=2,3 (mod 4).

Then an integral basis of Ok is given by 1, 1+2\/& if d=1 (mod 4) and by 1, Vd otherwise. In

general, finding an integral basis of a ring of integer of a number field can be a hard problem.

The statement that the ring of integers O is a lattice in Ok can be generalized to ideals.
We first start with an easy observation:
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Lemma 2.3.16. Let A C B be an extension of rings and let I C B be an ideal in B. Then
I N A isan ideal in A. Furthermore, if I is prime in B, then AN I is prime in A.

Proof. Straightforward exercise. ]

Proposition 2.3.17. Let K be a number field and I C Og a non-zero ideal in its ring of
integers. Then it holds that

1. INZ #(0). In particular Z/1 NZ is a finite ring.
2. Ok/I is finitely generated as an Z /1 N Z-module. In particular, Ok /I is a finite set.
3. I is a lattice in Ok, meaning that it is a free abelian subgroup of rank [K : Q).

Proof. 1. Let @« € I,a # 0. We know from Proposition that there is 8 € Ok such
that aff = Nk/q(a), so that Ng/q(a) € I NZ, Ng/q(a) # 0. This proves that INZ is a
non-zero ideal in Z so that I NZ = (m) for a certain m € Z, and Z/I NZ = Z/mZ is
finite.

2. The inclusion Z C Ok induces an extension of rings Z/Z N [ — O /I that makes Ok /I
into a Z/Z N I-module. It is easy to show that if ay,...,a, € O are generators of
Ok as a Z-module, then the classes [a1],...,[a,] € Ok/I are generators of Ok/I as
a Z/I N Z-module. In particular, this means that there is a surjective homomorphism
(Z/INZ)®" — Ok/I, and since Z/I NZ is finite by point (1), it must be that Ok /I is
finite as well.

3. Since [ is a subgroup of a free abelian group, it is free. Furthermore, since the quotient
O /1 is finite, it follows from Lemma |A.5.35| that the rank of  is the same as the rank of
Of, which is precisely [K : Q].

m

Example 2.3.18. If K = Q(«) is a number field of degree [K : Q(a)] with o € O integral
over Z, then Z[a] C Ok is a subring and hence a subgroup. Notice that Z[a] 2 (1,¢,...,a" 1)y
and moreover, since the minimal polynomial m, q(x) € Z[x] of a is monic, we can use it to
express all o™, o™ ... aselements in (1,q,...,a" !)z. This shows that

Zla] = (1,a,0%,...,a" g

and in particular, it is a lattice in Q. Notice that the previous argument is equivalent to saying
that the kernel of the evaluation map

evy: Ziz)— K, f(x)— f(a)
Is the ideal generated by (mq,q(x)). Hence there is an isomorphism of rings

Z[o] = Z[x]/(ma.q(2)).
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2.3.2 The discriminant

Let K be a number field of degree n = [K : Q]. The trace induces a non-degenerate bilinear
form

Trl}(/Q: KxK-—Q, (o,p) Trg/q(af)

Let now aq,...,qa, € K be a basis of K as a Q-vector space. With respect to this basis the
bilinear map Tr(k /q is represented by the n X n matrix

T(a,...,on) = (Trjq(euicy))i<ij<n € Q™"

This means that if we write o = a1 + ... + apa,, 8 = by + ... + by, for certain a;,b; € Q,
then

by
Trx/q(af) = (a1 ... an) -T(ar,...,00) | ¢
bn

For another interpretation of the matrix T'(a, ..., a,), let 51, ..., B, be the basis that is dual
to aq, ..., a, with respect to the trace, in the sense of Theorem [2.2.30] Then

ag :ZTI'K/Q(O[ZO[]) ﬁj fOI‘ allj: 1,,TL

i=1
(why is this true?). This means precisely that T'(aq,...,a,) is the matrix representing the
identity
dg: K — K
as a Q-linear map with respect to the bases ay,...,«, and fy,..., 3,.

Definition 2.3.19 (Discriminant of an n-tuple). If K is a number field and if a4,...,a, € K
are a basis of K as a Q-vector space, the discriminant of (aq, ..., ;) is the determinant

disc(aq, ..., an) =detT'(ay,...,q,) € Q

Lemma 2.3.20. Let K be a number field and let oy, ..., o, € K be a basis of K as a Q-vector
space.

1. disc(ay, ..., ) # 0.

2. If o, ...,al, € K is another basis and if M € GL,(Q) is the change of basis matriz, so
that (aq, ..., ap) = (af,...,al) - M, then disc(ay, . .., a,) = det(M)? - disc(a, . . ., al,).

n

3. If o, ... al, € K is another basis that generates the same Z-submodule (o, ..., o)z =

(o), ..., )z, then disc(ay, ..., ay) = disc(a), ..., al).

4. If aq, ..., € Ok, then disc(ay, ..., o) € Z.

Proof. 1. Since T(aq,...,q,) is a matrix representation of the identity map idgx: K —
K with respect to the basis aq,...,qa, and the dual basis f3i,...,3,, we know that
det(T (o, ..., ay,)) # 0 (Why can’t we say that since this is a matrix representation of the
identity map then its determinant must be 17) .
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2. One sees from linear algebra that T'(o},...,a)) = M"-T(a,...,a,) - M and we conclude
taking the determinant.

3. If the two bases generate the same Z-module, then the matrix M of the previous point
must be in GL,(Z) so that det(M) € {—1,+1} and det(M)? = 1. We conclude using the
previous point.

4. This follows because T'(av, ..., a,) € Z™™ has integer coefficients. O

Thanks to Lemma [2.3.20], the following definition makes sense:

Definition 2.3.21 (Discriminant of a lattice and of a number field). Let K be a number field
and let A C Ok be a lattice in Og. The discriminant of A is the discriminant of any basis
ai,...,a, € Aof A as a free Z-module:

disc(A) := disc(ay, . .., ap)
In particular, the discriminant of K is defined to be
disc(K) := disc(Ok).

Example 2.3.22. Let d € Z be a square-free integer. If d = 2,3 (mod 4), we know that an
integral basis of OQ(\/&) is given by 1,v/d. Then

: _di _ Trovael)  Troyae(Vd)) _ (2 0) _
disc(Q(Vd)) = disc(1,Vd) = det (TrQ(\/a)/Q(\/E) Trg,ym o (d) = det 0 2d) = 4d.

If instead d =1 (mod 4) then an integral basis of Oq(va) s given by 1, %ﬁ. We compute

disc(Q(Vd)) = disc (1, 1+2\/E) = det G %l) =d.

We can also interpret the discriminant in terms of cardinality:

Proposition 2.3.23. Let K be a number field, let A C N C Ok be two lattices in Ok. The
following statements hold

1. AJN is finite and

disc(A) = [A'/A|? - disc(A)
2. N =N if and only if disc(A) = disc(A').

3. Ok C MA. FEquivalently, disc(A) -« € A for all a € Ok.

In particular, A = O if and only if disc(A) = disc(K).
Proof. Since A C A’ is an inclusion of free Z-modules of the same rank, we know that the
quotient is finite because of Lemma |A.5.35, Let now aq,...,a, € A and o), ..., o/, € A’ be two

bases as free Z-modules of A and A’ respectively. It we express the a; as linear combinations of
the o/ we obtain a matrix M € Z™*" such that (aq,...,a,) = (af,...,a)) - M so that

disc(A) = disc(ay, ..., ap) = det(M)? - disc(cf), . .., o)) = det(M)? disc(A')

Now we notice that the matrix M represents the inclusion A C A’ with respect to the two bases
above, so that Lemma |A.5.35 shows that det(M)? = |det(M)|* = [N /A%
The last statement follows by considering the inclusion of lattices A C O. O
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A sometimes useful corollary is:

Corollary 2.3.24. Let K be a number field and oo, ..., a, € Og be a Q-basis of K made up
of integral elements such that disc(ay, ..., a,) € Z is square-free. Then oy, ..., ay, is an integral

basis of Ok.

Proof. Let A = (a,...,a,)z be the lattice generated by the aq, ..., a,. We apply Proposition
2.3.23| to the inclusion of lattices A C Ok and we see that

disc(ay, ..., an) = |Ok /A|? - disc(Ok)
Since disc(ay, . .., ay) is square-free, it must be that |Ox/A| = 1, so that Og = A. O

We mention a couple of other ways to compute the discriminant:

Proposition 2.3.25. Let K be a number field of degree n = [K : Q] and let 04, ...,0,: K — C
be all the embeddings of K in C.

1. Ifaq,...,ap € K is a basis of K as a Q-vector space, let S(ay, ..., 0) = (0i()))1<ij<n €
Q™ ™. Then
disc(av, ..., ) = (det S(aq, ..., a,))>.

2. If K = Q(a), let mq.a(v) € Q[z] be the minimal polynomial of o, and m, o(z) be its
derwative. Then

dise(L,a,0?,...,a" ) = ] (0ua) — 05(a))* = (~1)"F" - Nijq(miga()),

1<i,j<n

Proof. 1. Let S = S(ay,..., o) = (0i(a;))1<ij<n. Then for any 1 <14, 5 < n we have
(S"-8)ij=>_ ShSu=>_ onlai)onlay) = on(aiey) = Triqlaia;)
h=1 h=1 h=1
This shows that S-S = T(ay,...,a,) so that taking determinants we have det(S)? =

disc(aq, . .., ap).

2. Let 01,...,0,: K — C be the embeddings of K inside C and consider the matrix
S = S(l,Oé, c ,Oén_l) = (O’i(Oéj_1>)1Si,an = (O’Z‘(Oé)j_l)lgi,jgn. USiIlg pOiIlt (1), together
with the Vandermonde formula for the determinant of S we see that

disc(1,c, ..., " 1) = det(9)* = H (oi(ar) — Uj(a))Q

= I (D00) ~ oy(@)(os(0) ~ oi(a)
— 0" T (oua) = o)

On the other hand, we know that , m, q(z) = (x — 01(a)) ... (z — o,()), so that

it = =l =)

j=1
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In particular

m q(oi(@) = ] (os(a) = o5(e)).
1<i<n
i#]
Applying the norm, we see that

Ni/q(m H 7j(mg,q(a)) = H myqlo(@) = [ (oi() = o;(a))

1<i,j<n
i#]

Which is what we wanted to prove. O

Remark 2.3.26. Observe that if K = Q(«) is a number field of degree n and o € Ok is

integral over Z then the abelian group generated by 1,a,...,a" ! is equal to Z[a] because of

Example [2.3.18] Hence Proposition [2.3.25| gives a way to compute
disc Z[a] = disc(1, ..., h).

Example 2.3.27. Let p € Z be an odd prime and consider the cyclotomic number field Q(¢,),
of degree [Q((p) : Q] = p — 1. We want to compute the discriminant

disc Z[¢,] = disc(1, ¢, ..., E77)

using the previous formula. We know that the minimal polynomial of ¢, over Q is the cyclotomic

polynomial ®,(z) = £=1 = 277! + .. + 2+ 1. We see that @/ (z) = pxpfl(f;_li)}(xp_l), hence

(¢p) = ﬁ, and disc(1,(p, ..., (1) = (—1)% : %, where we just denoted
N = Nq,)/q for simplicity. We know that N(p) = p*~! and also that N((,) = (—1)P"'®,(0) =
(—1)P~!. Finally, we see that the minimal polynomial of ¢, — 1 is f(z) = ®,(x + 1) (why?), so
that N(¢, — 1) = (=171 f(0) = (—=1)P"'®,(1) = (—1)?"'p. In summary

(p=1)(p—2) (p—1)
2 2

disc Z[¢,] = disc(1, Gy, ..., 271 = (—1) = (1) prh

where the last equality follows from the fact that p is odd.

We can use this computation to find the ring of integers in Q((,). Recall that a monic
polynomial
fx)=2" +ap 12" "+ .. +ax+ag

is Eisenstein with respect to a prime number p € Z if p | a; for all i = 0,...,n — 1 but p? { .

Proposition 2.3.28. Let K = Q(«a) be a number field, with o € O and assume that the
minimal polynomial my q(x) is Fisenstein with respect to a prime p. Then pOx N Z[a] = pZ]a]
and p1|Ok/Z[d]|.

Proof. Write
Maq(x) = 2" + 1z L+ aiz+ ag

where p | a; for i = 0,...,n — 1 and p*{ ag. First observe that

Q" = —a,_ 10" — ... — a1 — ag € pZ[a]
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hence o"Z]a] C pZ[a]. We show now that pOx NZ[a| = pZ|a]. This means that if § € Ok and

p-B:bo+bla+...+bn_1a"_1

for certain b; € Z, then p | b; for all i = 0,...,n — 1. To show this, multiply the above equality
by a"~! on both sides, so that pBa™ = bya"~! + py for a certain v € Z[a]. Then we can write
boa™ ! = pd for a certain § € Of. Taking the norm, we get

P"Nijq(8) = by - Nigjq(a)" ' = (=1)""" - bgag ™
Since p | ag but p* f ag, it must be that p | by. So we can write by = pbj, for by, € Z and then
p- (ﬁ - b6> = blOé + ...+ bn_lOén_l

Now we can multiply both sides by o™ 2 and proceed as before. This shows that pOy N Z[a] =
pZ[a]. Assume now that p | |Ok/Z[ca]|: then in the finite abelian group Ok /Z[a] there is an
element of order p, meaning that there is 5 € Ok such that pS € Z[a]| but § ¢ Z[a|. But this
is impossible, since from what we have proved before we know that pg = py for v € Z[a] and
then g = v € Z|al. O

Corollary 2.3.29. Let p € Z be an odd prime number. Then Oq,) = Z[Cp).

Proof. Let v = ¢, — 1 so that Q(¢,) = Q(a) and Z[(,] = Z[c]. The minimal polynomial of « is
®,(z + 1) which is Eisenstein. Then we know from Proposition [2.3.28 that p { |Oqa)/Z[a]|. On

the other hand, we have seen in Example [2.3.27| that disc Z]a] = disc Z[(,] = (—1)%]37’*2, and
we know from Proposition [2.3.23| that

(—1)%]?_2 = disc Z[a] = |(’)Q(<p)/disc Z[a]| disc Oq(¢e)

Hence it must be |Oq(c,)/Z[a]| = 1 and we are done. O



Chapter 3

Dedekind domains

3.1 Definition and basic properties

We are aiming to prove that every ideal in the ring of integers Ok of a number field K has a
unique factorization as a product of prime ideals. There is a general class of rings for which this
holds, named after the German mathematician Richard Dedekind (1831-1916).

Definition 3.1.1 (Dedekind domain). A Dedekind domain is a domain A such that:
1. A is Noetherian.
2. A is integrally closed.
3. Every non-zero prime ideal in A is maximal, and there is at least one non-zero prime ideal.

Remark 3.1.2. Saying that A has a non-zero prime is equivalent to saying that A is not a field.
Another way to phrase the third condition in the previous definition is to say that A has Krull
dimension 1.

Example 3.1.3. If A is a PID which is not a field, then A is a Dedekind domain. Indeed, A is
clearly Noetherian because every ideal is generated by a single element. Since A is a UFD it is
also integrally closed because of Proposition 2.1.12] Finally, we know that every non-zero prime
ideal in A is maximal from Lemma [A.4.T0l

More importantly, rings of integers in a number field are Dedekind domains. We start with
an observation:

Lemma 3.1.4. Let F' C A be a finite extension of rings where F is a field and A is a domain.
Then A is a field as well.

Proof. Take a non-zero element o € A,a # 0 and consider the multiplication-by-a map
(\): A — A. This is injective because A is a domain, and since A is a finite-dimensional
F-vector space, it is also surjective. Then there is § € A such that af = 1, meaning that
a e A O

Theorem 3.1.5. If K is a number field, the ring of integers Ok is a Dedekind domain.

29
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Proof. We first show that Ok is Noetherian: if I C Ok is a non-zero ideal, then we observed
in Proposition that it is finitely generated as an abelian group, so that it is also finitely
generated as an ideal.

Next, Lemma2.3.9) shows that Frac Ox = K and any element in « that is integral over O
must also be integral over Z because of Lemma [2.1.8 Hence a € O.

Finally, let p C Ok be a non-zero prime ideal. Then we know from Proposition that
Ok /p is a finite exension of Z/p NZ. Observe that p N Z is a non-zero prime ideal, so that
the quotient Z/p NZ is a finite field. Then Ok /p is a field because of Lemma [3.1.4] meaning
that p is maximal. Finally, Ok is not a field because otherwise Ok = Frac O = K, so that
any element Q C K is integral over Z. This is a contradiction because Z is integrally closed in

Q. 0

3.2 Fractional ideals and unique factorization

To prove the unique factorization in a Dedekind domain, it will be useful to work not only with
ideals but with fractional ideals as well.

Definition 3.2.1 (Fractional ideal). Let A be a Dedekind domain with fraction field F' = Frac A.
A fractional ideal is a non-zero finitely-generated A-submodule I C F.

Remark 3.2.2. If A is a Dedekind domain, a non-zero ideal I C A is the same as a fractional
ideal contained in A. For this reason, we will also sometimes call it an integral ideal of A.

Example 3.2.3. A non-zero element x € F, generates the A-submodule Az = {ax|a € A},
which is a fractional ideal. A fractional ideal generated by just one element is called principal.

Remark 3.2.4. If A is a Dedekind domain and if I C F = Frac A is a fractional ideal, then it
is generated as an A-module by finitely many elements ‘;—11, oprel. In particular, if we take
b==>b1...0, € A;b# 0, we see that b- I C A, and it is easy to see that b- I is an ideal in A.
Hence we can also write

1

I = 3 J,  for an integral ideal J C A

Conversely, if J C A is an integral ideal and b € A,b # 0, then %J C F'is a fractional ideal.

Definition 3.2.5 (Product of fractional ideals). Let A be a Dedekind domain with fraction
field F' = Frac A and let I,J C F be two fractional ideals. Their product I - J C F' is the
A-submodule generated by all the products zy for x € I,y € J. The product of no fractional
ideals (empty product) is defined to be A.

Remark 3.2.6. Notice that the product I.J of two fractional ideals is indeed a fractional ideal:
if I is generated as an A-module by x1,...,x, and J is generated as an A-module by y1,...,ys,
then I - J is generated as an A-module by z;y; fori=1,...,rand j=1,...,s.

Theorem 3.2.7 (Fractional ideals form a group). Let A be a Dedekind domain with fraction
field F = Frac F'. The set of fractional ideals

Div(A) ={I C F'|I fractional ideal }

with the product is an abelian group. The neutral element is the ring A itself, and the inverse of
a fractional ideal I is
" ={xeF|xzl C A}
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Remark 3.2.8. To get a sense of this theorem, consider first the set of principal fractional
ideals:
Prin(A) = {I C F|I principal fractional ideal } = {Az |z € F*}

If Ax, Ay are two principal fractional ideals, then their product is
Ax - Ay = Axy

which is again a principal fractional ideal. It is straightforward to see that Prin(A) with this
operation is a group: the neutral element is A = A -1 and the inverse of Az is Az~!. Notice
that if [ = Ax

Az ' ={yeFly-1e A}

Indeed, y - Az € A if and only if 2y = a for a certain a € A, meaning that y = ax™! € Az~
We have just showed that Prin(A) is a group but also a bit more. Indeed, the previous
reasoning shows that the map

F* — Prin(A), z+— Ax

is a surjective homomorphism of groups. Notice that the kernel of this map is given by set of
units A of A. Hence, as abelian groups, Prin(A) = F*/A*.

To prove Theorem [3.2.7, we use a couple of general lemmas about (Noetherian) rings which
are surprisingly useful:

Lemma 3.2.9. Let A be a ring p C A a prime ideal and I, ..., I, C A ideals such that
Li...[,Cp
Then one of the I, ..., I, is contained in p.

Proof. Assume otherwise so that there are a; € I; \ p for all j =1,...,n. Then a;...a, €
I ... 1, C p and since p is prime it must be that one of the factors a; belongs to I. ]

Lemma 3.2.10. Let A be a Noetherian ring and I C A a non-zero ideal. Then I contains a
product py - ... - p, where each p; C A is a non-zero prime ideal.

Proof. Consider the set of non-zero ideals that do not satisfy this property. Since A is Noetherian,
if this set is non-empty, it has a maximal element I with respect to the inclusion. If we show
that I is prime, we have reached a contradiction and we are done. Let a,b € A such that
ab € I and assume that a,b ¢ I. Then I + (a), I + (b) are ideals that are strictly larger than I,
and by construction of I, there are non-zero prime ideals py,...,p,,q1,...,qs € A such that
p1...p, C I+ (a)and qy...q9s € I+ (b). But then

ProcPrdr.. ., C (T4 (@) (T+(8) ST+ (ab) 1

which is a contradiction by construction of I. O]

Remark 3.2.11. If A is a Dedekind domain, Lemma [3.2.9] and Lemma [3.2.10] give a way to

measure “how far” an ideal is from being prime. Let I C A be an ideal I # (0) and define

Q(I) = min{n € Z>(| there are prime non-zero ideals py,...,p, C A with p;...p,, C I}
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Notice that (1) = 0 if and only if I contains the empty product A, meaning I = A. If instead
Q) =n>1,let py,...,p, € A be non-zero prime ideals,such that

p1...p, C 1.

Since I # A, I is contained in a maximal ideal p, and by Lemma we can assume, up to
renumbering, that p, C p. Since A is Dedekind, these are both maximal ideals, hence p,, = p.
So that we can write

Pr... PP CICyp

In particular if Q(I) =n = 1, then I = p is itself prime. So we can think of {2(I) as a way that
measures how far [ is from being prime. We are going to make this more precise later, but let
us consider for now the case of a PID.

Example 3.2.12. Let A be a PID, for example A = Z and take a non-zero ideal I = (a) and
assume that a = ¢y ... ¢, is a product of n prime elements (not necessarily pairwise coprime).
In particular, we see that Aa is equal to a product of n prime ideals, so that

Q(Aa) <n

On the other hand, if py,...,p,, € A are non-zero prime ideals, then p; = p; A for some prime
elements p; € A, and then

PP CI <= @1 - Gul|DP1 - Pm

So that p; ... p,, has at least n (not pairwise coprime) prime factors: this proves that Q(Aa) > n,
so that 2(Aa) = n. If we write a = p{*...p;" where the p; are pairwise coprime and the e; are
the respective multiplicities, then Q(Aa) =n =e; + ...+ ep, hence

Q(Aa) = number of prime factors of a counted with multiplicity .

If A =7 this coincides with the Omega function of https://en.wikipedia.org/wiki/Prime_
omega_function.

Now we can prove that the set of fractional ideals in a Dedekind domain forms a group:

Proof of Theorem[3.2.7. 1t is straightforward to see that the product of fractional ideal is
associative and commutative. Furthermore, if I C F'is a fractional ideal, then A -1 C I because
I is an A-submodule and I C A - I because 1 € A. Hence A- I = I. To conclude, we need to
show that if [ is a fractional ideal, then the set ™' := {z € F'|2I C A} is a fractional ideal,
and I - 171 = A. To show that I~! is a fractional ideal, let 4, ...,y, € I be non-zero generators
of I as an A-module. Then x € F belongs to I~! if and only if z-y; € A for all i = 1,...,n,
meaning that I=! = NP, Ay;'. Since I is the intersection of sub-A-modules of F it is itself
a sub-A-module. Furthermore, since it is a sub-A-module of Ay; ' and A is Noetherian, it is
finitely generated.

The actual work that we need to do is in proving that if I is a fractional ideal, I - I~! = A.
This is where we use the fact that A is a Dedekind domain. By Remark [3.2.4] there is b € A such
that I = 7 - J for an integral ideal J C A. Tt is then straightforward to see that ' =b-J!
and that - I~'=.J.J ! To conclude we need to prove the following:


https://en.wikipedia.org/wiki/Prime_omega_function
https://en.wikipedia.org/wiki/Prime_omega_function
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Claim: If J C A is a non-zero integral ideal, then JJ ! = A.

We first consider the case when J = p is a non-zero prime ideal. We notice that A C p~! so that
p=p-ACp-pCA

and since p-p~t C A is an ideal, and p is maximal, we must have either p-p~t = Aorp-p~! = p.
We assume that p - p~! = p and we look for a contradiction. Take any b € p,b # 0 and choose
m € Z>; minimal such that there is a product p; ...p,, C Ab: we have

pr...pmCAaCp=p p!

Up to renumbering, Lemma |3.2.9| shows that p,, C p and since both ideals are maximal, it must
be p,, = p, so we can write

Pr. P PCACp=p-p !

If m = 1, then p = Ab is principal and we are done because of Remark [3.2.4] If m > 1 then
P1-..Ppm_1 € Ab by minimality, so that there is a € p; ... p,—1 such that a ¢ Ab, meaning that
v =% ¢ A On the other hand z - p = %(z-p - %AbgA, so that x € p~!, and xp C p. Now we
use that A is integrally closed: consider the multiplication-by-z map

(@) p—>p

Since p is a finitely generated A-module, the Cayley-Hamilton theorem in the version of Corollary
shows that there are aq,...,as,_1 € A such that

(25 + as_125 P+ aw Fag)y =0 for all y € p

Taking any y € p,y # 0 and using that A is a domain, we see that x is integral over A, hence
x € A. But this is a contradiction.

Now we prove the claim for an arbitrary non-zero integral ideal J C A. We proceed by induction
on the minimum number n = Q(J) such that there is a product p; ...p, C J of non-zero prime
ideals contained in J. Remark [3.2.11] shows that if n = 0 then J = A and if n = 1 then J is
prime and in both cases we know the result to be true. If n > 2 then Remark [3.2.11| shows that
there is a prime ideal p and prime ideals pq,...,p,_1 so that

P PpapCSJCp
If we multipluy everything by p~* we get
P1.. . Ppn1=P1...Ppnap .p—l C Jp—l C pp_1 —A

By induction, the result holds for the integral ideal I = Jp~! and in particular there is a
fractional ideal H = p~*I~! such that JH = A. Then H C J~! by definition and

A=JHCJ-J'CA

This implies JJ ! = A and we are done. O
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3.2.1 Unique factorization of ideals in a Dedekind domain

We can now prove the unique factorization of ideals in a Dedekind domain:

Theorem 3.2.13 (Unique factorization of ideals in a Dedekind domain). Let A be a Dedekind
domain and let I C A an ideal I # (0). Then there are unique (up to reordering) mutually
distinct non-zero prime ideals p1,...,9,, C A and ey, ..., e, € Zvq such that

I =pt..  pim.
Furthermore, the same results holds for a fractional ideal I # (0), A if we allow e; € Z.

Proof. Let us first consider the case of an integral ideal I C A. We prove the statement by
induction on n = Q(I) as in Remark [3.2.11} If Q(/) = 0 then / = A and it can only be written
as an empty product of primes. If instead (1) = n > 1, then as in Remark |3.2.11{ we can write

pl---pnflpn g[gpn

for certain non-zero prime ideals py,...,p, C A, and then

Pro..Pp1 CI-p ' Cppl=A

By induction, the integral ideal J = Ip, ! has a factorization as a product of prime ideals, so the
same is true of I = Jp,,. Assume now that there is another factorization Jp, =1 =qy ... qm,
where the g; are non-zero primes. Then p,, 2 q; ..., so that via Lemma we can assume
that p, = q,. Then ¢y ... fgn_1 = Ip,' = J which is what we wanted to show.

Assume now that [ is a fractional ideal. Recall that there is a b € A such that J =bl C A is an
integral ideal. Write then J = p;...p;, 0A = Pyt ... ps for certain non-zero prime ideals so
that

[=0bA) " T =p1 PPy s

This shows that any fractional ideal has a factorization into prime ideals. Let us show now that
this is unique. Assume that

1

Proe P P Py =l = qn G-y

for pairwise distinct non-zero prime ideals q; € A. Then we can write

P1. P Yht1--- Gt =0q1---9n * Pm+t1-- - Ps

Since we already proved the uniqueness of the factorization for integral ideals, it is straightforward
to conclude from here. O

Example 3.2.14. Consider the number field K = Q(+/—5) and its ring of integers Oq(,/=5) =
Z[v/—5|. In this ring the element 6 has two distinct factorizations into irreducible elements (see

Exercise Sheet 1):
(1+vV=5)(1-y=5)=6=2-3

If we pass to the ideals, we get a factorization of the ideal (6) into two product of product of
ideals

(1+ V=51~ V=5)=(6) = (2)(3)
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Consider now the three ideals of Z[\/—5] given by
p1:(3a1+ V_5)a p2:(3a1_ V_5)7 q= (271+ V_5)
We claim that
(2) =% (3)=p1-p2
and we can check it with a computation:
0> = (4,1 = 54+2vV=5,2+2V=2) = (4, —4 + 2v/=5,2 4+ 2v/=5) = (4,2/=5,2 + 2v/=5) = (2)
P1-p2 = (97673(1 T+ v _5)a3(1 -V _5)) = (3)
We claim that pi, po, q are all prime and mutually distinct. Observe that
Z[V=5]/p1 = Zz]/ (2" +5,3,1 + x) = (Z/3Z)[2]/ (2" + 5,z + 1) = Fs[a]/(2® — 1,z + 1)
=Fslz]/(z +1)=F;
Z[V=5]/p2 = Zlz]/(2* +5,3,1 — x) = (Z/3Z)[z]/(2* + 5,2 — 1) = F3[a]/(2* — L,z — 1)
= Ffz]/(z—1) = F;
ZIV=5/q 2 Z[x]/(2* +5,2,1 + ) =2 (Z/2Z)[x]/ (2 + 5,2 + 1) 2 Fafz]/(2* + 1,2 + 1)

This also shows that q is not equal to pi,ps. To show that p;,ps are not equal, observe that
2=(1++vV-5+(1—-+v=5) € p;+pyand 3 € p; + py so that 1 = 3 —2 = p; + py and
p1 + p2 = (1). Hence the unique factorization of (6) as a product of prime ideals is

(6)=(2)-(3)=p1-p2-q°

By uniqueness, we should get the same result if we consider (6) = (1 ++/—5)(1 —+/—5) and
indeed you should check as an exercise that

(1+vV=5)=p1-q, 1-vV=-5)=p2-q.

Remark 3.2.15. If A is a Dedekind domain and if I C A is an integral ideal with factorization

I=p5 gy
where the p; C A are non-zero prime ideals, we call the pq, ..., p,, the prime factors of I and

the e; are the multiplicities. Then, it is easy to prove, as in the case of a PID of Example |3.2.12]
that the quantity (1) of Remark |3.2.11|is the same as

Q(I) =e1 + ...+ e, = number of prime factors of I counted with multiplicities.

Remark 3.2.16. If A is a Dedekind domain and if I, .J C A are integral ideals, we say that [
divides J and we write I | J if one of the following equivalent conditions is satisfied (prove that
they are equivalent as an exercise):

1. I D2 J.

2. J =1- H for another integral ideal H C A.
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3. I7'J C Ais an integral ideal.
4. All prime factors of I counted with multiplicity are also factors of J.

In particular, if I C A is a non-zero ideal, the pairwise distinct prime ideals appearing in the
factorization

I=pf .. .ppm

are precisely those prime ideals that contain I.

We also record the following useful fact, which is the Chinese Remainder Theorem for a
Dedekind domain:

Proposition 3.2.17. Let A be a Dedekind domain, I C A a non-zero ideal with a factorization
I = p{' .. .p&m where the p; are pairwise distinct non-zero prime ideals and e; € Z>y. Then
I'=p"N...0pé and the map

AJT — Afs x . x Afpir, avs (lal lal,- - o)
1 an isomorphism of rings.
Proof. This follows from the Chinese Remainder Theorem O

To conclude, we study the ring structure of each factor appearing in Proposition [3.2.17]

Definition 3.2.18 (Residue field of a Dedekind domain). If A is a Dedekind domain and p C A
is a non-zero prime ideal, hence maximal. The residue field of A at p is the field

Proposition 3.2.19. Let A be a Dedekind domain, p C A a non-zero prime ideal and e € Z>.
1. All the ideals of A/p® are

(0)=p/p° Cp ' /p° C ... Cp°/p° Cp/p° C AJp°

2. All the ideals are principal: there is t € A such that p'/p® = ([t']) as ideals in A/p¢ for all
1=0,...,e

3. There are isomorphisms of A-modules

F, — p/p >~ p’/pitt fori=0,...,e—1.

prtt/pe
Proof. 1. We know that the ideals of the quotient A/p® are of the form I/p® where p¢ C I C A
is an ideal. This means that I | p¢, so that [ = p® for i = 0,..., e and these are mutually
distinct.

2. Take any t € p \ p2. Then p C p% + (t) C p and the only possible prime factorization of

(t
the ideal in the middle is p% + (t) p. Then we see
PCO+P SO+ () +p) SO +p°C...C(t)+p"Cp

Hence p = (t) + p°. This shows that p/p® = ([t]) in A/p® and the rest follows.
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3. We have seen before that p = (t) + p?, hence p* C (') + p*™! C p’ so that p* = (¢%) + p**i.
This means that the homomorphism of rings

pr A—p'/p™ a [at']

is surjective. Notice that p C Ker ¢ hence either p = Kerp or A = Ker p. The second
possibility cannot happen because ¢(1) = [t'] # 0 so it must be that p = Ker p and we
conclude. O

3.2.2 The class group of a Dedekind domain

Let A be a Dedekind domain and consider the group Div(A) of fractional ideal. Remark
shows that the subset Prin(A) C Div(A) is actually a subgroup. Hence we can consider the
quotient:

Definition 3.2.20 (The class group of a Dedekind domain). The class group of a Dedekind
domain A is

Cl(A) = Div(A)/ Prin(A).

This group detects whether a Dedekind domain has unique factorization of elements, not
only of ideals:

Proposition 3.2.21. Let A be a Dedekind domain. The following are equivalent
1. CI(A) = {1} is the trivial group.
2. Ais a PID.
3. Ais a UFD.

Proof. (1) = (2) This means that any fractional ideal is principal, so that any integral ideal
is principal as well.

(2) = (3): we know that every PID is an UFD.

(3) = (1): Assume that A is an UFD. We want to show that any fractional ideal is
principal. Since any fractional ideal is a product of non-zero prime ideals (possibly with negative
multiplicity), it is enough to show that any non-zero prime ideal p is principal. Let a € p, a # 0:
since A is an UF'D, this has a factorization a = p; ...p, where the p; are prime elements. By
Lemma [3.2.9) we can assume that Ap; C p but since they are both maximal ideal, it must be

3.3 Prime splittings in rings of integers

Let K be a number field and let Ok be its ring of integers, which is a Dedekind domain and
a finite extension Z C Ok. We have seen in Proposition that if p C Ok is a non-zero
prime ideal in Ok then p N Z is a non-zero prime ideal in Z, hence it is of the form p NZ = pZ
for a prime number p € Z.

Definition 3.3.1 (Lying over). We say that a prime ideal p C Ok lies over a prime number
p € Zif
pNZ=pZ.
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Conversely, for any prime number p € Z, we can consider the ideal pOg that it generates in
Ok.

Remark 3.3.2. The ideal pOy is a proper ideal of Og. Equivalently, this means that p is not
invertible in Ok which we know to be true since the norm Ng/q(p) = pl%Q is not invertible in
Z and because of Proposition [2.3.8|

Since pOk is a proper ideal, we have a unique factorization
POK = p5'pt.
for certain mutually distinct non-zero prime ideals p;, C O with multiplicities e; € Zy.

Remark 3.3.3. The prime ideals appearing in the previous factorization are precisely those
prime ideals of Ok lying over p. Indeed, we know from Remark that the prime ideals
p C Ok appearing in the factorization are precisely those such that pOg C p, meaning that
pZ C p N Z. Since these are two non-zero prime ideals of Z it must be that pZ =p N Z.

Let p C Ok be a non-zero prime ideal such that p N Z = pZ. Then we have seen in

Proposition [2.3.17] that
F, =Z/pZ — Ok/p =F,

is a finite extension of fields.

Definition 3.3.4 (Ramification indexes and inertia degree). Let p € Z be a prime number with
a factorization into pairwise distinct prime ideals

pOx =pit...pim e, € Zwg

in the ring of integers O .For any p; we define the:
e Ramification index of p at p; to be the multiplicity e;.
e Inertia degree of p at p; to be f; = [F, : F)] = dimg, F,.
We say that p ramifies in K if one of the ramification indexes is at least 2.

Example 3.3.5. Let K = Q(v/—5) so that Ok = Z[\/—5]. We have seen in Example [3.2.14
that the prime factorizations of (2) and (3) in Z[v/—5] are

(2) =a° (3) = p1- 2
where q = (2,1 4+ +v/—=5),p1 = (3,1 +v=5),p2 = (3,1 — /—5). Hence 2 has ramification index

2 at q while 3 has ramification index 1 at both p;,ps. Furthermore, we have also seen that
[Fy, : F3] =1 for : = 1,2 and that [F, : Fy] = 1 so all inertia degrees are equal to 1.

It turns out that the number of prime ideals of Ok appearing in the factorization of pOg is
always equal to the degree [K : Q], if we count the prime ideals with the ramification index and
the inertia degree. Before stating and proving the precise result, we start with a lemma:

Lemma 3.3.6. Let K be a number field and let p C Ok be a non-zero prime ideal ying over a
prime p € Z with inertia degree f = dimgp, F,. Assume that p € p° for a certain e € Z~y. Then
the inclusion Z/pZ — O [p® makes Ok /p® into a Fy-vector space of dimension

dimpp OK/pe = €f
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Proof. We prove the statement by induction on e. For e = 1 the statement is clear. Assume
now that e > 1 and consider the map

7 Ok /p® — Ok [p*"

I

This is a surjective homomorphism of F,-vector spaces and the kernel is isomorphic to p¢~! /p®
Ok /p because of Proposition [3.2.19] Then by induction we see that

dimp, = dimp, Ok /p°~" 4+ dimp, Ok /p = (e = 1)f + f = ef.

Now we give the statement on the ramification indexes and inertia degrees:

Proposition 3.3.7. Let K be a number field of degree [K : Q] = n and let p € Z a prime
number with prime factorization

p@K:p?...pis in Ok

and let f; be the inertia degree of p at p; fori=1,...,n. Then Ok /pOk is an F,-vector space
and

dime OK/pOK = 61f1 + ...+ esfs =nNn.

Proof. If ay,...,a, € Ok form a basis of Ok as a Z-module then it is straightforward to check
that the classes [a1], ..., [a,] € Ok /pOk form a basis of Ok /pOf as a F,-vector space. Hence
dime OK/pOK =n.

On the other hand, the Chinese Remainder Theorem gives an isomorphism of F-vector
spaces

OK/p(’)K = (QK/)JT1 X ... X OK/pzs

and Lemma m shows that each Ok/p;" is a F,-vector space of dimension e;f;. Hence
n:61f1+...+€sfs. ]

3.3.1 Computing a factorization

To compute the factorization of a prime in a ring of integers, a result of Dedekind and Kummer
is often useful. Recall from Lemma that if K is a number field, then we can always write
K = Q(a) for a € Ok, but it is not necessarily true that Ox = Z[a]. It is however true from
Example that Z[a] is a lattice in Ok so that Ok /Z[a] is a finite abelian group.

Theorem 3.3.8 (Dedekind-Kummer). Let K = Q(«) a number field with « € Ok and let
p € Z be a prime such that p1 |Ok/Z[a]|. Let mqa(z) € Z[z] be the minimal polynomial of a
over Q and assume that the prime factorization of Mq q(x) in Fylz] is

Ma.q() = hi(2)* ... hy(z)*

where h;i(x) € Z[z] are monic with hi(z) € F,[x] irreducible, pairwise coprime in F,[z] and
e; € Zi~g. Then the unique factorization of pOk into prime ideals is

pOr = pi' ... pY°

where p; = (p, hi(«)). Furthermore, Fy, = F,[x]/(hi(x)) so that the inertia degree of p at p; is
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The key to this result is the following simple lemma:

Lemma 3.3.9. Let A C A’ be two free abelian groups of rank n and let p € Z be a prime such
that p1|A/N'|. Then pA’ N A = pA and the map

A/pA — N /pN',  [z] — []
is an isomorphism of F,-vector spaces.

Proof. Take any two bases f,..., 0, of A and f],...,5, of A" and let A € Z"*" be the matrix
representing the inclusion A < A’ with respect to these bases. We know from Lemma
that |A’/A| = | det Al so that p t det(A). Now we see that the classes [51],...,[8,] are a basis of
A/pA and [B],...,[B)] are a basis of A’/pA" as F-vector spaces, and the matrix representing
the map in the statement of the proposition with respect to these bases is given by A € | ol
By hypothesis det(A) # 0 in F, so that this is an isomorphism. In particular, the map is
injective, meaning that pA = pA’ NA. O

With this we can prove the Dedekind-Kummer theorem:

Proof of Theorem[3.3.8, The map Z[a|/pZ]a] — Ok /pOy, [z] — [z] is an homomorphism of
rings and Lemma shows that it is an isomorphism. Consider the ideals H; = pZ[a] +
hi(a)Zla] C Zla] for i = 1,...,s. We claim that these are all the prime ideals in Z[«a] that
contain pZla]. This is equivalent to showing that the H,/pZ|a] are all the prime ideals in
Zlo]/pZa): we see that

Zlol/pZ]e] = Zlxl/(p, maq(2)) = Fylz]/ (M q())

and since M, q(7) = hi(2) ... hy(z)® is the prime factorization in the PID F,[z], the prime
ideals in F,[7]/(Ma.q(z)) are all those generated by the h;(z). These ideals correspond precisely
to the H;/pOk in Z[a]/pZ[a]. This proves our claim, and the isomorphism Z[a|/pZ[a] =
Ok /pOk maps H;/pO to p;/pOk. Hence the p; are all the prime ideals in Ok that contain
pOg. We also observe that

~ Ox/pOx , Z[o]/pZ]a]

Fo & Oxc/ps pi/pOx — H;/pZ[a]

At this point, we know that the prime factorization of pOy has the form pOx = pill . .pig
for certain e, € Z-y and we want to prove that e, = e;. To do so, it is enough to show that
pOx | p1"* ... p7 if and only if m; > e; for each i = 1,...,s. Equivalently

1%

F,[z]/(hi(x)).

(p1/pOr)™ - ... - (ps/POK)™ =0 in Ok /pOf if and only if m; >e; foralli=1,...s.
and using the isomorphism Z|[a]/pZ[«] this means that
(Hy/pZ[a])™-...-(Hs/pZ[a])™ =0 in Z[a]/pZ[a] if and only if m; >e¢; foralli=1,...,s.

Using the previous isomorphism Z[a]/pZ[a] = F,[z]/(Ma,q (7)) and using the fact that the ideal
(H;/pZ]a)])™ corresponds to the ideal generated by [h;(x)] in Fplx]/(ma,q(x)), we see that the
statement can be rephrased as

Maq(®) | hi(z)™ .. h(z)™ inF,[z] ifandonlyif m;>e; foralli=1,...,s.

and this is clearly true. O]



CHAPTER 3. DEDEKIND DOMAINS 41

Example 3.3.10. We have seen in Example [3.2.14| that if K = Q(v/—5) with Ox = Z[v/—5],
then

20k = (2,14+vV=5)%, 30k = (3,14 v=5)(3,1 —+/-5)

is the prime decomposition of the ideals generated by 2 and 3 in Og. This can also be seen from
the Dedekind-Kummer Theorem [3.3.8 indeed the minimal polynomial of v/=5 is f(z) = 2® +5
and its factorization into irreducible in Fy[z] and Fs|x] is

?+5=a2+1=(x+1)* in Fyfz],
P +5=2~1=(@+1)(r—1) inFsfz].

Example 3.3.11. Let now d € Z be a square-free number and consider K = Q(v/d). We want
to compute the factorization of 20 into prime ideals. We consider various cases:

e d=2 (mod 4): then Ox = Z[/d] and the minimal polynomial of v/d is 22 — d. In F[z]
this polynomial factors as 22 — d = 22, hence the Dedekind-Kummer theorem tells us that

20k = (2,Vd)?

is the prime factorization. In particular we see that the ramification index at the unique
prime is 2 while the inertia degree is 1.

e d=3 (mod 4): then Ox = Z[/d] and the minimal polynomial of v/d is 22 — d. In Fy[z]
we have that 22 —d = 22 + 1 = (z + 1)?, hence the Dedekind-Kummer theorem tells us
that

20K = (2,Vd +1)?

is the prime factorization. In particular we see that the ramification index at the unique
prime is 2 while the inertia degree is 1.

e d=1 (mod 4): then Ox = Z[a] where a = %&. If we write d = 4k + 1 for k € Z, the
minimal polynomial of «v is 22 — x — k. Now we have two subcases

— k=1 (mod 2), meaning d =5 (mod 8): then the minimal polynomial 22 — z — k is
already irreducible in Fy[z] so that the ideal 20k is prime in Ok. The ramification
degree is 1 and the inertia degree is 2.

— k=0 (mod 2), meaning that d =1 (mod 8): then the minimal polynomial factors
in Fo[z] as 22 —z — k = z(z — 1) so that 20k = (2,a)(2,a — 1) is the unique
factorization. The ramification index and the inertia degree at both prime ideals are
equal to 1.

Example 3.3.12. Let K = Q(«) be a number field of degree n = [K : Q(«)] with a € Ok
and assume that the minimal polynomial m, q(z) € Z[z] is Eisenstein with respect to a prime
number p € Z. Then Proposition shows that p 1 |Ok/Z[a]| so that we can apply
the Dedekind-Kummer theorem. Observe that in F,[z] the minimal polynomial factors as
Ma,q(z) = 2™, so that
POk = (p, )"

is the prime factorization of the ideal pOg. The ramification index of p at the unique prime
p = (p, @) is n and the inertia degree is 1: we say that p completely ramifies in K. An example
of this is the cyclotomic field Q((,) = Q(1 — ¢,) for an odd prime number p.
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3.3.2 Discriminant and ramification

Let K be a number field and Oy its ring of integers. Consider a prime number p € Z and the
prime factorization
POk = prpy’ ... oy

The prime number p ramifies if and only if at least one of the ramification indexes e; is at least
two.

Lemma 3.3.13. The prime number p € Z ramifies if and only if the ring Ok /pOk is not
reduced: this means that there is an element v € Oy [pOx such that x # 0 but 2% = 0 for a
certain N > 0.

Proof. Assume pOg = p{'...p¢ is the prime factorization of pOg. The Chinese remainder
theorem shows that

OK/pOK = OK/pil X ... X OK/]J?

If e; =1 for each i, then this ring is a product of fields, and it is easy to see that such a ring is
reduced. Otherwise, we can assume that e; > 2. Take an element o € py \ pj* and consider the
element = = ([a],0,0,...,0) € Og/py* X ... x Og/p¢. Then 2°* =0 but = # 0. O

Theorem 3.3.14. Let K be a number field. A prime number p € Z ramifies in K if and only
if p divides the discriminant disc(K).

Proof. Fix an integral basis ay, ..., a, of Ok and consider the matrix T = (Trx/q(asa;)). By
definition disc(K) = det(7") so that p divides the discriminant if and only if the matrix 7" is
singular modulo p. This means that there are mq,...,m, € Z not all divisible by p such that
a=myay + ...+ mya, satisfies

Trg/q(a- ;) €pZ  foralli=1,...,n8 € Ok
In other words, there is @ € O, a ¢ pOf such that
Trg/q(a- B) € pZ  for all B € Ok.

We can rephrase this again in terms of the ring A = Ok /pOf, which is also a finite-dimensional
F,-vector space. We can define the trace as the usual linear map

Trap,: A—F,, x— Tryp, (rv: A= A)
and this also gives a bilinear form over the F,, vector space A given by
Trap,: AXA—F, (v,y)— Trar,(zy)

This bilinear form is represented by the matrix 7', taken modulo p. Hence we can see that p
divides the discriminant if and only if the bilinear form Tr, /g, is degenerate.

Let now pOx = pi'...po be the irreducible factorization of pOk: then there is an
isomorphism of rings and of F, vector spaces given by the Chinese remainder theorem
A = Og/pit x ... x Og/psr. It is easy to see that the trace of A , taken as a bilinear
form, splits into a direct sum of traces Try /g, = Tr(OK/pfl)/Fp & ... D Trog pery/r,, S0 what we
need to prove is that the bilinear form given by Tr(e, /550 /Fy is degenerate if and only if e; > 1.
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If e; = 1, then Ok/p; is a finite field extension of F, and it is a fact of field theory that any
such extension has a non-degenerate trace (because every finite extension of a finite field is
separable). If instead e; > 1 we can take as in Lemma an element x € Ok /pi", x # 0 but
Y =0 for a certain N > 0. Then for any other y € Ok /p$ we have that (xy)Y = 2VyN =0
so that the multiplication map -zy: Ok /p;" — O /p;" is nilpotent. Hence it trace must be zero
by linear algebra. O



Chapter 4

Geometry of numbers

4.1 The absolute norm

Let K be a number field and Oy its ring of integers. If I C Ok is a non-zero ideal, we have
seen in Proposition that Ok /I is a finite set. Hence we can define:

Definition 4.1.1 (Ideal norm). Let K be a number field with ring of integers Og. The abosolute
norm of a non-zero ideal I C O is

1] := 1Ok /1] € Zo
This is related to the norm of elements, as the name suggests:

Lemma 4.1.2. Let K be a number field with ring of integers Ok. If I = () € Ok is a
principal ideal, then

(@) = |Njq(@)]

Proof. Fix a basis 1, ..., 3, of Ok as a Z module so that af, ..., ab,, is a basis of (a) = a-Ok.
Consider the inclusion (o) = a- O C Ok and let M be the matrix that represents the inclusion
with respect to the bases above. Then M is also the matrix that represents the multiplication-
by-a map (-a): K — K with respect to the basis a, ..., a,, of K as a Q-vector space. Then

we know that
Ok /()| = |det(M)| = | Ng,q(a)|. O

Remark 4.1.3. A non-zero ideal I C Ok has norm ||| = 1 if and only if I = Ok. Instead
I C Ok is a non-zero prime ideal if and only if Ok /I is a field. In particular ||| must be the
power of a prime number. There is a partial converse: if ||I]| is a prime number, then O /I
must be a finite field, hence [ is a non-zero prime ideal.

We can express the norm in terms of the prime factorization of the ideal
Proposition 4.1.4. Let K be a number field.
1. If p € Ok is a non-zero prime ideal with p NZ = pZ and f = [F, : F,], then

Ipell = llpll® =" for alle > 0.

44
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2. If I C Ok is a non-zero ideal with a prime factorization I = p7*...pSr, then
LI = {lpa - el
3. If I,J C Ok are two ideals, then
12T = ]| - [[71]

Proof. 1. We prove the statement by induction on e. If e = 0 then I = A and ||I|| = 1.
Assume now that e > 0. Then as in the proof of Lemma we consider the natural map

T OK/pe — OK/pe_l

~

This is a surjective homomorphism of Ox-modules whose kernel is isomorphic to p¢~! /p®

Ofk /p because of Proposition [3.2.19] By induction we get
Ok /p°| = |0k /| - | Ok [p| = "D - pT = p.

2. By the Chinese Remainder Theorem of Proposition [3.2.17] and the previous point we have
= H”Pi
i=1

3. This follows from the previous point by taking the unique factorization of both ideals.
]

€i

]| = Ok /1] = Ok /15 x ... x O [per| = [ [ 1Ok /b5
=1

Remark 4.1.5. Let I C O be an ideal and let ||I|| = p}* ... pl" the factorization into prime
numbers in Z. Then Proposition [£.1.4] shows that I C Ok is a product of prime ideals lying
over the py,...,pr.

Remark 4.1.6. Using the unique factorization property for fractional ideals, we can extend the
ideal norm to a homomorphism of multiplicative groups

-l Div(Ok) — Q% pi ... pir = [Ipal[ - [

where in the previous expression the p; are mutually distinct non-zero prime ideals in Ok and
e; € 1.

An important fact is that there are only finitely many ideals with norm bounded by a fixed
number:

Lemma 4.1.7. For any fized M € Z>, there are finitely many non-zero ideals I C Ok such
that ||I]| = M.

Proof. Assume that [|I|| = M and write [ = p{* ... pcm where the p; C Ok are mutually distinct
non-zero prime ideals, and e; € Z>(. Write then p; N Z = p;Z for certain prime numbers p; € Z
fori =1,...,m and set f; :=[F,, : F,,]. Then

M = [lpal|* - ol = P - pf
Hence there are finitely many possibilities for the p; because they must be among the prime
factors of M, so we only have finitely many possibilities for the p;, because there are finitely
many ideals lying over each prime. Since we must also have finitely many possibilities for the e;,
we conclude. O
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Example 4.1.8. Fix K = Q(v/—5). We want to find all ideals I C Ok with norm ||| = 2.
Notice that any such ideal must be prime and must lie over 2. The factorization of 2 in Ok is

20k = (2,1 ++v/—=5)*

and 4 = ||20k|| = ||(2,1++/—5)||* so that ||(2,1++v/—5)|| = 2. Then (2,1++/—5) is the unique
ideal in O of norm 2.

4.2 Minkowski’s bound and finiteness of the class group

We now look at class groups in the context of number fields:

Definition 4.2.1 (Class group of a number field). If K is a number field, its class group is
Cl(K) := Cl(Ok) = Div(Og)/ Prin(Ok)

Remark 4.2.2. As for any Dedekind domain, the ring Ok is an UFD, and then also a PID, if

and only if Cl(Ok) = {1}.

The key result on this group is due to Hermann Minkowski (1864 - 1909). To state it, we
start with a definition and a remark:

Remark 4.2.3. An embedding 0: K — C is called real if o(K) C R, and it is called complex
otherwise. Notice that if o is a complex embedding and if .: C — C is the complex conjugation,
then ¢ oo is another complex embedding which is distinct from o. Hence, the number of complex
embeddings must be even. If r is the number of real embeddings, and 2s is the number of
complex embeddings, then

r+2s=[K:Q].

Example 4.2.4. For example, let d € Z be a square-free integers. The embeddings of Q(v/d)
in C are given by the identity and by

o: Q(Vd) — C,o(vVd) = —Vd
These are both real if d > 0 and they are both complex if d < 0.

The surprising theorem of Minkowski is the following:

Theorem 4.2.5 (Minkowski’s bound). Let K be a number field of degree n and let 2s be
the number of its complex embeddings. Then each element in the class group CI(K) can be
represented by an ideal I C Ok such that

i< 22 (2) - Vi

Before giving the proof, let us give a couple of important consequences:
Theorem 4.2.6. If K is a number field, its class group Cl(K) is finite.

Proof. By Minkowski’s Theorem there is Bx > 0 such that any element in the class group
can be represented by an ideal I C O with ||I|| < Bg. By Lemma [4.1.7] there are finitely
many such ideals. O]
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Definition 4.2.7 (Class number). If K is a number field, its class number is
hk = |CI(K)|.

Example 4.2.8. Let us consider the field KX = Q(¢). This has degree 2, two complex embeddings
and disc(Q(i)) = —4. The bound appearing in Minkowski’s Theorem is

2! (4 — 4

™

Hence each element in C1(Q(¢)) can be represented by an ideal I C O of norm ||I]| < 1. The
unique such ideal is I = A, hence

CUQ®)) = {1}, hqu =1.
and this gives another proof that Oq;) = Z[i] is a PID.

Example 4.2.9. If we consider the field K = Q(v/—5). Minkowski’s bound shows that each
element in the class group is represented by an ideal I C Ok of norm

21 4 4-4/5
<% —-VI-45=—=<3

™

Hence we can assume ||I]| < 2. On the other hand, we have already seen that there is precisely
one ideal of norm 2, given by (2,1 + y/—>5). This ideal is not principal otherwise it would be
generated by an element z + +/—5y, x,y € Z of norm +2. But the equation

2 = |NK/Q(x+ V=5)| = %+ 5y2

has no integer solutions. This shows that the class of [(2,1 + /—5)] in the class group is not
trivial, so that

CUQVTE)) = {L[(21+ VB)} 2 2/28,  hous =2
This shows in a different way that Oq ,-5) = Z[v/—5] is not an UFD.

Another consequence of Minkowski’s bound is the following

Theorem 4.2.10. If K is a number field and there is no prime p € Z that ramifies in K, then
K =Q.

Proof. Since a prime ramifies if and only if it divides the discriminant, this is equivalent to
showing that |disc(K)| > 1if n = [K : Q] > 1. To do so, we can invert Minkowski’s bound: we
know that the non-empty class group is made of elements represented by ideals I C Ok such

that .
_ n"tomys
VIdise(K)| = = (5) M)
Now notice that [|I|| > 1 and that s < %, hence
[ disc(K)| > % (%)7

Finally, one can check that the right hand side is strictly larger than 1 whenever n > 1, so we
are done. O
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4.2.1 Lattices in R"

Now we go towards the proof of Minkowski’s bound. We consider the real vector space R™ with
the metric given by the standard scalar product and norm

<$,y>:$t-y, |I|: xt-x

Definition 4.2.11 (Lattices in R"™). A lattice in R" is a free and finitely generated subgroup
A C R” of rank n that generates the whole of R™ as a real vector space.

Example 4.2.12. The most fundamental example of a lattice is Z™ inside R".
If A C R" is a lattice, an integral basis of A is a basis ay, ..., «a, of A as a free Z-module.

Definition 4.2.13 (Discrete subgroup). A subgroup A C R" is discrete if the induced topology
is the discrete one. Equivalently, each element A € A has an open neighborhood U C R" such
that U N A = {\}.

Lemma 4.2.14. 1. A lattice is a discrete subgroup of R™.

2. A discrete subgroup of R"™ is a closed subset of R™. It is furthermore a free and finitely
generated abelian group of rank s < n and it spans a vector space of dimension s. In
particular, it is a lattice if and only if it has rank n.

3. A discrete subgroup A C R is a lattice if and only if there is a bounded subset B such
that the map B — R"™ /A is surjective.

Proof. 1. Assume that A is a lattice and fix an integral basis aq, ..., a,. Since they generate
R" as a real vector space, they are also a basis of R™. Consider the linear map f: R* — R"
that sends the canonical basis eq,...,e, to ay,...,a,. This is a linear isomorphism and
then also an homeomorphism of topological spaces. By construction f(Z") = A and since
Z" is clearly discrete in R™ it follows that A is also closed and discrete in R”™.

2. We first show that a discrete subgroup A C R"™ is closed. Choose a ball B centered in
0 such that BN A = {0}. Observe that if (z;) is a sequence of elements in A such that
x; — x for © — oo, then there is N > 0 such that x; — x; € B for all 7,5 > N. Since
x; —x; € A, it must be that x; — z; = 0 for all ¢,7 > N, meaning that the sequence is
eventually constant, so that € A. For the rest of the statement, look at Proposition 4.15
in Milne, “Algebraic Number Theory”.

3. If A is a lattice, then using the argument of point (1) we can reduce to the case A = Z",
where the statement is clear. Conversely, assume that A C R" is a discrete subgroup and
that there is a bounded set B C R"™ such that B — R"/A is surjective. We want to use
point (2) and prove that the subspace H C R"™ spanned by A is the whole space. Assume
that this is not true and let v € H+, v # 0. Then for any M > 0 and h € H we see that
IM - v+ h|? = |M -v|? + |h|* > M?|v|*>. If we choose M large enough, this implies that
M v+ h ¢ B for any h € A, which is impossible by hypothesis.

O

Corollary 4.2.15. If A C R" is a lattice and B C R™ a bounded subset, then AN B is finite.
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Proof. Tt is enough to prove the statement for the closed ball B = {x € R™||z| < M} where
M > 0 is fixed. Observe that since A is closed and discrete, it follows that A N B is compact
and discrete, so that it must be finite. n

Let ay, ..., a, be an integral basis of a lattice A C R". To any such basis we can associate

the fundamental domain
P= {inaim e o, 1)} CR"
i=1

which is a measurable subset of volume (or measure) given by the determinant of the matrix
that has the o; as column vectors.

vol(P) = |det(]. . . |awm)|

Lemma 4.2.16. With the previous notation it holds that Two fundamental domains of A
corresponding to different bases have the same volume.

Proof. If o), ..., al, is another integral basis of A then

(... ]a)) = Alay] ... |a)

n

where A € GL,,(Z). Since |det A| = 1, this shows what we want. O
Then we can make the following definition:

Definition 4.2.17 (Volume of a lattice). The volume of a lattice A is the volume of a fundamental
domain. We denote it by vol(A).

The key observation, due to Minkowski, is the following:

Theorem 4.2.18 (Minkowski). Let A C R" be a lattice and S C R"™ a measurable subset with
measure vol(S) > vol(A). Then there are distinct x,y € S such that x —y € A.

Proof. Fix an integral basis of A and a corresponding fundamental domain P. Then

R'=||P+x S=|]Sn(P+)
AEA AEA

so that
vol(S) = vol(SN (P + X)) =Y vol((S—A\)NP)
AEA AEA
Notice that the sets (S — ) N P cannot be mutually disjoint, otherwise the last sum would be
less or equal than vol(P), which is impossible by hypothesis. Hence there are distinct A\, u € A
such that (S —A)N (S —pu) NP # (). Then there are z,y € S so that z — A = y — u so that
r—y=A—pu€eA. m

We recall another couple of definitions: a subset S C R" is called convez if whenever xz,y € S
the whole segment between them is contained in S. It is called symmetric if whenever S contains
x then it contains —x as well. From analysis one knows that each convex subset is measurable,
so its measure, or volume vol(S) is well-defined.
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Theorem 4.2.19 (Minkowski’s convex body theorem). Let A C R" be a lattice and S CR" a
convex, symmetric subset such that one of the following conditions hold

1. 2"vol(A) < vol(95).
2. S is compact and 2" vol(A) < vol(S5).
Then S contains at least one non-zero element 1 A.

Proof. For the first case, consider the set 7' = 1.5, of volume vol(T') = 5= vol(S) > vol(A). We
can apply Theorem and we see that there are z,y € .S such that %x — %y = X € A with
A # 0. Hence A lies in the segment between the point x € S and the point —y € S (since S is
symmetric). Since S is convex, A € S.

For the second case, consider the subsets S. = (1 +¢) -85 = {(1 +¢e)x|xz € S} for
each € > 0. It is straightforward to show that each of these is symmetric and convex with
vol(S;) > vol(S) > vol(A). Hence by what we have already proved S. N (A —{0}) # 0. Since S.
is compact, it is also bounded, and then the sets S. N (A — {0}) are non-empty and finite. Since
S. C S, for € < & we have that

M50 (A~ {0}) = (ﬂse) (A= {oh) =Sn(A-{0})

e>0 e>0

must also be non-empty. O

4.2.2 The canonical embedding of a number field

We want to apply the previous theory to the case of number fields. Let K be a number field of
degree n. Recall that we have n distinct field embeddings o: K < C and of these r are real
and 2s are complex, for certain r,s € N. If 0: K — C is an embedding, we denote by & the
composition of ¢ with the complex conjugation C — C. Then we take all the real embeddings
01,...,0.: K — C and then choose complex embeddings 0,11, ...,0,1s: K — C such that

(O1y ooy Opy T1y ey 05,01,y Os) = (01, ..., 0p)

are all the embeddings of K in C. The corresponding canonical embedding of K associated to
this choice is

UV: K — R xC° aw(0(a),...,00(a),0011(a), ..., 00 5()) (4.2.1)

This is an injective ring homomorphism,as well as an homomorphism of Q-vector spaces.

Observe now that if we take the usual basis 1,7 of C over R, we have isomorphisms of real
vector spaces
R? = C, (1Y) x+ iy, C—R? 2z (Rz,32)

Note that under this isomorphism, the usual scalar product on R? becomes the scalar product
on C given by

(z,w) = R(2)R(w) + 3(2)S(w) =RN(z - w) = %(z S+ W - 2)

and in particular we see that the norm in R? corresponds to the usual norm on C. With this
identification C = R? in mind, we can also think of R" x C* as the real vector space R"?* = R"
, S0 we can also speak of lattices inside R" x C®. Now we can relate our two definition of lattices
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Proposition 4.2.20. Let A C Ok be a lattice of discriminant disc(A). Under the canonical
embedding V: K — R" x C*, the image W(A) is a lattice in R” x C* of volume

vol(T(A)) %\A dise(A)].

Proof. Since VU is also an injective homomorphism of groups, we know that W(A) is a free abelian
group of rank n. We will now prove that this spans the whole space as a real vector space and
we will also compute the volume at the same time. Let a,...,a, be an integral basis of A as a
free abelian group. With the identification R” x C* = R"*2* we see that

U(a) = (o1(a),...,o0(a), Rori1(a), Soppi(a), ..., Rops(a), So,is(@))
= (o1(a),...,00(a),0p41(), 041 (), ..., 0p1s(a), T 15()) - A

= (o1(a),...,on(a)) - A

where A is the n X n matrix

oo o+
oo Yo

Lo O O
N
|
N | —
VR
— =
I
—_
~_

in particular det J = % and det A = QL Then, the matrix that has the ¥(a;) as columns has
determinant we get

| det(W(a)] ... |¥(an))| = | det(oi(a;))] - det(A) = %\4 disc(A)].

Where the second equality comes from Proposition [2.3.25] In particular, this shows that the
U(qy;) are linearly independent over R, so that the group W(A) that they span is indeed a lattice
of volume given by the previous expression. O]

Since any non-zero ideal in O is also a lattice, we get

Corollary 4.2.21. let I C Ok be a non-zero ideal. Then V(1) C R" x C*® is a lattice with

volume
vol(W(1)) = o /[ dise(R)] - 1]

Proof. Using Proposition |4.2.20, we need to show that |disc(l)| = ||I||* - | disc(K)|, but this
follows immediately from Proposition [2.3.23 [

Now we can give the key proposition for the proof of Minkowski’s bound:

Proposition 4.2.22. Let [ C Ok be a non-zero ideal. Then I contains a non-zero element

a € I with AN
n. -
Nioa(@] < 2% (2) - VT il
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Proof. For any fixed M > 0 consider the set

By = {(ﬁl,...,xr,Zl,...,Zs)GRTXCS| Z|xl|+22|2’]| SM}

i=1 j=1

One can show (see for example Lemma 4.22 in Milne, “Algebraic Number Theory”) that this is
a symmetric, convex and compact subset of volume :

™

vol(Byy) = 2" - <§>

s M
n!

This is a strictly increasing function of M that goes to 0 to infinity, so there is exactly one M
such that vol(By;) = 2" - vol(¥ (7)), meaning that

s =t (2) a1

By Theorem [4.2.19| there is o € I, v # 0 such that ¥(«) € By,. By definition, this means that
o loi(a)] < M and using the inequality between the arithmetic and the geometric mean we

see that
Nia(@)l = T [los(e)l < | =D lesl@)] | < <=
i=1 i=1

which is what we wanted to prove. O

As a consequence, we can prove Minkowski’s bound for the representatives of the class group:

Proof of Theorem[{.2.5. Let K be a number field of degree n. Take any fractional ideal H C F.
We want to show that the class of H in the class group is the same as the class of an integral
ideal I C Ok with

n! [4\° .
||| < Bg == — (—) | disc(K)].
n" \m
Choose a principal fractional ideal Ok - 8 such that O3 - H~! = J C Ok is an integral ideal.
By Proposition [4.2.22] there is an element o € J, o # 0 such that |Ng/q(«)| < Bk - [|J||. Now

notice that since a € J, it must be that aOg = I - J for another ideal I C O and since the
norm is multiplicative, we see that ||/|| < Bg. Finally, we see that

I = (OKa) . Jil = (OKOJ)(OKﬁil)H

so that I and H have the same class in the class group. O

4.3 Dirichlet’s unit theorem

Let K be a number field. We consider the set O of invertible elements in the ring Ok. This
is an abelian group with respect to the multiplication. A very deep result is that it is finitely
generated and that its torsion-free part has a rank that can be computed precisely:
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Theorem 4.3.1 (Dirichlet’s Unit Theorem). Let K be a number field with r real embeddings
and 2s complex embeddings. Then Oy is finitely generated and there is an isomorphism of

abelian groups
O}x{ ~ Zr—i—s—l X LK.

where g is the torsion part of Of. Furthermore, g is a finite cyclic group.

Example 4.3.2 (Quadratic extensions). Let d € Z be a square-free integer. Recall that
ZVd  d
OK = i/ |:1+\/3i| d

So an element in O is of the form = + yv/d or x + y(

2,3 (mod 4),
1 (mod 4).

1+Vd
2

and only if their norm is 1. Computing the norm we get:

), x,y € Z, and these are units if

Ngjqlz +yvd) =a2> —y*d=+1 (d=2,3 (mod 4)),
Nija(z+ 5% = (2 +§)" = Sd=+1 (=1 (mod 4)).

The torsion part px. Observe that o € Op is torsion of order m if and only if ™ =1
for a certain m > 0 and o # 1 for all 0 < n < m. This means precisely that o = ¢, is a
primitive m-th root of unity. Observe that if (,, € K is a primitive root of unity of order m > 3
(otherwise (,,, = £1) then Q((,,) C K, so that

p(m) =[Q(¢n) : Q| [K: Q] =2,

hence p(m) = 1,2. Since we are assuming m > 3, it must be that ¢(m) = 2 and then
K = Q((n). Moreover p(m) = 2 if and only if m = 3,4,6, and in those cases we get the fields

Q(¢) =Q(),  Qé%) = Q&) = QV-3).

Hence we get

Gy ifd=—1,
HqQa) = (Co) ifd= -3,
{£1} otherwise.

The torsion-free part. We divide into two sub-cases:

e d < 0: In this case the field K = Q(v/d) has two complex embeddings and no real
embeddings. Hence, Dirichlet’s theorem tells us that
OIX( = MUK,

so that the group of units is finite cyclic and we have already given the full classification
before. Notice that the characterization of the invertible elements via the norm shows
that this group is indeed finite, but it is not clear at all that it is cyclic.
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e d > 0: In this case the field K = Q(\/a) has two real embeddings and no complex
embeddings. Furthermore,we have already seen that px = {£1} (which is also clear from
the fact that these are the unique roots of unity contained in R). Hence

O = {£1} X Z,
In concrete terms, this means that there is a unit u € O} such that
O ={xu" | n € Z}.
This is called a fundamental unit. In particular, this tells us that the equations given by
the norm have infinitely many integer solutions, which is a priori not clear.

We now start the proof of Dirichlet’s theorem, considering the torsion part first:

4.3.1 The torsion part

We start by considering the torsion part

UK = (O;()tor
Lemma 4.3.3. The elements in ux coincide with the roots of unity that are contained in K.
Furthermore, py is a finite set.

Proof. An element a € O has order m if and only if it is a primitive m-th root of unity.
Conversely if a root of unity is contained in K, then it is also contained in O since it is integral
over Z, and then it is invertible in O

For the finiteness: let (,,, € px be a primitive m-th root of unity. Then Q((,) C K, so that
o(n) =[Q(¢) : Q] | [K : Q]. Hence K can contain only those primitive m-th roots of unity
such that ¢(m) | [K : Q], and these are finitely many. O

Once we know that this group is finite, it is not hard to show that it is cyclic, because of the
following general fact:

Lemma 4.3.4. Let K be any field and G C K* a finite subgroup. Then G s cyclic.

Proof. Let n = |G|. For any d | n, let G4 = {x € G | « has order d}. We claim that |G4| = 0 or
|G| = ¢(d). Suppose that G4 # 0, so there is & € G4. Now we see that

GiCl{reG|2t—1=0}, (a)C{reG|z’-1=0}

We observe that the polynomial 2¢ — 1 can have at most d roots in a field. On the other hand
() has exactly d elements because a has order d, so that

(a={rcG|2?—1=0}

and G, consists precisely of the elements in () = Z/dZ of order d, and there are ¢(d) of them.
Observe that G = | |;,, G4, hence

n=101=Y16d < ¥ ed) =n.
din din

Hence it must be that |G4| = ¢(d) for all d | n. In particular |G,| = ¢(n) # 0, so there is an
element of order n, meaning that G is cyclic. O

Corollary 4.3.5. The group ux is finite and cyclic.
Proof. Follows from Lemma [4.3.3] and Lemma [4.3.4] O
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4.3.2 The torsion-free part
To prove Dirichlet’s theorem, we use again the canonical embedding (4.2.1]):
UV: K -R"xC°, aw— (0(a),...,00(a),0011(), ... 00 1s()).

Recall that oq,..., 0, are all the real embeddings of K while o,,1,...,0,14,0p41,...,0,15 are
all the complex embeddings of K. Since we care about the units of Ok, we care about the
multiplicative structure, but we still want to study it with linear methods. The standard way to
transform multiplicative problems into linear problems is to take a logarithm. Thus, we consider
the map

L: Op —R" xR’ a > (logloi(a)l, ..., log|o.(a)l, log|o,s1(a)l, ..., log|ois(@)]).
We make some observations:
Lemma 4.3.6. If B C R" x R® is a bounded subset, then L™ (B) is finite.
Proof. 1t is enough to show that for any M > 0 the set
S ={a € O log|o;(a)| < M for all i} = {a € OF | |oi(a)| < &M for all 4}
is finite. However, if we define the subset
C={(x1,. ., Tr,Tyy1, - Trys) € R x C*||24| < M for all 4}

we see that this is a bounded subset of R" x C* so that W(Og) N C is finite because ¥(Ok) is a
lattice. Since W is injective, it follows that U~(C) is finite, and S C ¥~(C) by definition. [

Lemma 4.3.7. The map L is a well-defined homomorphism of groups, whose kernel is equal to
i . Moreover, the image is a discrete subgroup of the hyperplane

in —i-ZZyj = 0} ~ R

Proof. If o € K* then o;(c) # 0 for all i so that |o;(a)| > 0 for all ¢ and the logarithm is
well-defined. The fact that the map is an homomorphism of groups means simply that

log|o;(aB)| = log|oi(a)o;(B)| = log|oi(a)| + log|oi(8)]  for all i.

Finally, the kernel of L is by definition the set of elements of O such that log|o;(a)| = 0 for all

i, meaning that |o;(«)| = 1 for all 4. This is of course satisfied by the elements of pf, since the

o; send roots of unity to roots of unity and each root of unity has norm one. For the converse,

observe that Ker L = L™1(0) is finite because of Lemma hence any element in it must have

finite order, so that it must be a root of unity. This shows that Ker L C pg, hence Ker L = pg.
We see that the image of L is contained in H because if o € O then

H = {(Z)’Jl,...,l'r,yl,...,ys) e R" xR’

1= [Nia(@)] = [Tls@l- T] los@)- it = [[lost@)l T loste)f

and taking the logarithms we see that L(a) € H. Finally, we show that L(Oj) is a discrete
subgroup in H. Take any ball B C H centered at 0, then L(Of) N B is a finite subset by
Lemma [£.3.6] so that shrinking the ball if necessary we can assume that L(O%) N B = {0}.
Then if h € L(Oj) we see that B + h is a ball centered at h and L(Ox) N (B + h) = {h}. This
shows that L(O%) is indeed a discrete subgroup of H. O
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Corollary 4.3.8. O is finitely generated, and O = ux x L(Oj).

Proof. Since L(O}) is a discrete subgroup of H = R~ it is finitely generated by Lemma
4.2.14] The isomorphism follows from the fact that pg is the torsion part of O so that

O = i x (O /ux) = px x L(Og)
where the last isomorphism follows from the fact proved in Lemma that ux = Ker L. [

To conclude, we need to show that L(Of) C H is a discrete subgroup of rank r + s — 1:

Proof of Dirichlet’s Theorem. After Lemma and Corollary 4.3.8] what we need to show
is that L(O}) is a lattice in H. We already know that it is discrete, so we can use Lemma
and prove that there is a compact subset B C H such that B — H/L(Oj) is surjective.
Consider again the canonical embedding

UV: K —5R"xC* aw (0(a),...,00(a),001(a),...,005())

The space R"x C? is a ring with the coordinate-wise multiplication and W is a ring homomorphism.
IfxeR"x C®and S C R" x C? we denote

x-S={x-s|seS}

where the multiplication is the coordinate-wise one given by the ring structure. Consider now
the norm map

r+s

N: (R x (C*)) > R*, (T1,.. Ty i,y Tpss) — HIZ H T - Ty

i=r+1

This is a group homomorphism and moreover N(¥(«a)) = Ng/q(«) for any o € K*. Consider
also the subgroups

V(0g) CGE:={xeR" xC°||IN(x)| =1} C (R*)" x (C*)?

Taking coordinate-wise absolute value and logarithm, we get a surjective and continuous map
U: G — H that induces a surjective map G/V(Ox) — H/L(Oj). Hence, it is enough to show
that there is a compact subset C' C G such that C' — G/U(Of) is surjective, because then
B = ¥(C) is a compact subset such that B — H/L(O}) is surjective. We will actually prove
that there is a compact subset 7' C R” x C?® such that

GCT U(O%)={y Ua)|ac O} (4.3.1)

and then we can conclude by taking C'=TNG.

To construct a set as in (4.3.1)), a relatively straightforward computation shows that that if
A C R" x C* is a lattice, then for any x € (R*)" x (C*)" the set x - A is again a lattice with
volume

vol(x - A) = |N(x)]| - vol(A).

We also know that ¥(Ok) is a lattice in R" x C*. Fix now a convex and symmetric compact
subset S C R" x C* such that vol(S) > 2" - vol(¥(Ok)). By Minkowski’s Theorem 4.2.19| for
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any x € G with it holds that SN x - U(Ok \ {0}) # 0. Hence there is an a € Ok \ {0} such
that x - U(a) € S,or, equivalently, x € ¥(a™!) - S

Claim: There are finitely many aq,...,ay € Ok \ {0} such that

Gl Ju(o'-05)- 5= (U U(a;)- S) -V (Ok)

If we prove the claim, we are done, because the set T = UY W(a; ') - S is compact and it
satisfies the condition in (4.3.1)). We prove the claim: consider all possible ideals in Ok of the
form aQp, where o € O is such that x - U(«a) € S for a certain x with |N(x)| = 1. For any

such ideal, we see that
|00k || = |Nkjqla)| = IN(¥(a))| = [N(x - ¥(a))| < M :=max{N(y) |y € 5}

and the set of ideals with norm bounded by M is finite by Lemma [£.1.7 Let oy Ok, ..., anOk
be all these ideals and take any x € R” x C® with |N(x)| = 1. We have seen before that there
is @ € Ok \ {0} such that x - U(a) € S and then Ok = a;Ok for a certain 7. This means that
o = a; - u for a certain u € OF,and then x € U(a; ' -u™t) - S, O



Chapter 5

Prime splitting and (alois groups

5.1 Ramification and inertia in Galois extensions

Let K be a number field and assume that Q C K is a normal extension of Q. Let also
G = Aut(K/Q) be the Galois group. Observe that if we take o € K and if

Maq(®) = 2" + ap12" '+ ... + @12 + ap € Q[z]

is the minimal polynomial of o over Q, then m, q(z) is also the minimal polynomial of o ()
for every o € G. In particular, a € Ok if and only if m, q(z) has integer coefficients, so that
o(a) € Ok for all 0 € G. This shows that every element o € GG induces an automorphism

o: O — Ok

We want to study how this acts on the prime splitting of an ideal in Ox. We start with a
general lemma:

Lemma 5.1.1. let R be a ring, I C R an ideal and p, ..., p, C R prime ideals such that I C p;
for alli. Then I C Ui, pi.

Proof. We prove the statement by induction on n, the base case n = 1 being obvious. Take now
n > 1. By induction I C Ui#pi for any j =1,...,n. Hence for any j =1,...,n thereis z; € I
such that z; ¢ p; for any ¢ # j. If x; ¢ p;, then z; ¢ |J;_, p;, and we are done. Asusme that
x; € pj for j =1,...,n. Take now the element

n
i=1

. Assume that x € p;. Then it must be that z,...2;... 2, € p; as well, and since p; is prime, we
have that x; € p; for one i # j. This is impossible by construction. This proves that = ¢ (., p;
and we are done. O

Now we can prove

Proposition 5.1.2. Assume that the number field K is a normal extension of Q and let p € Z
be a prime,with decomposition

pOr = pi ... p

o8
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for pairwise distinct non-zero prime ideals p; © Ok. Then G acts transitively on the set
{p1,...,p-} and furthermore for the ramification degree and inertia degree it holds that

e(pi) =e, f(pi)=f for alli
for certain e, f such that
efr=[K:Q].
Proof. The key part of the statement is the transitivity. Assume by contradiction that the action
is not transitive, then r > 1 and we can assume that p; # o(ps) for all ¢ € G. Since both ideals
p1,p2 are maximal, this is the same as p; € o(py) for all o € G, and by the prime avoidance

lemma there is x € p; such that z ¢ o(py) for all o € G or, equivalently, 7(x) & p, for all
T € G (why are the statements equivalent?). Consider now the norm, which we can write as

Nijq(z) = H ()
TG

because the K is a normal extension of Q. Then Ng/q(z) ¢ p2 because py is prime, but
Nkjq(x) € p1 NZ = pZ C p,, a contradiction.

Once we know the transitivity, the other statements are easy: if ¢ € G then o(pOk) =
o(p)Ok = pOk so that

pit . pr = pOk = a(p)™ ... o(p,)”
So if o(p1) = p; we must have that e; = e;. Furthermore, in this case we also have an isomorphism
of fields
F,, = Ok/p1 = Ok/o(p1) = Fy,

which fixes F,, = Z/pZ, so that
fi=1[Fy : F)] =[Fy, : Fylfi
By the transitivity it follows that e; = e; = e, f; = f; = f for all i and then

(K Q] = Zelfl =efr
i=1

]

In the following, we fix a normal finite extension Q C K with Galois group G = Aut(K/Q).
We also fix a prime p € Z and we let {p1,...,p,} be the set of primes in Ok lying over it and
we let e, f be the common ramification and inertia degree, so that [K : Q] = efr.

Definition 5.1.3. In this setting let p C Ok be a prime lying over p. The associated
decomposition group is

Dy ={oeGlo(p) =p}
Remark 5.1.4. It is easy to show that the decomposition group is indeed a subgroup of G.

More precisely it is the stabilizer of the action of G on the set {p1,...,p,} of primes lying over
p. Since the action of G on this set is transitive, we see that

Gl _[k:al

r r
Furthermore, if p’ is another prime lying over p then we have shown before that there is
o € G such that p’ = o(p), and then D, = 0 Dyo~'. Hence the subgroup D, is independent of
p, up to conjugation inside G.

|Dp| =
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Remark 5.1.5. Let p C Ok be a prime lying over p. Then there is a finite field extension
F, C F, of degree f. We know that this is a normal extension with Galois group cyclic of
order f and generated by the Frobenius automorphism Frob. Now notice that if o € D,, then o
induces an isomorphism

o Fp — Fp, OF, = idg

P

It is easy to see that the induced map
D, — Aut(F,/F,), o—70
is a group homomorphism.

Definition 5.1.6. In the notation of the last remark, the inertia group I, at p is the kernel of
the map
D, — Aut(F,/F,), o—70

Proposition 5.1.7. With the previous notation, the map
D, — Aut(F,/F,), o—7
is surjective and |I,| = e.

Proof. Assume that pOg = pf...p5 and that p = p,. Since F, C F,, is a finite extension of
a finite field, we know from the Primitive Element Theorem that there is an element
a € Fy, such that F,, = F,(a). By the Chinese Remainder Theorem, we can find o € Ok such
that « = @ mod p; and @ =0 mod p; for i > 2. We consider the polynomial:

f(z) =]~ o(a))

ceG

The coefficients of this polynomial are in Ok and they are furthermore invariant under G, so
that they are in Ox N Q = Z. Then if we look at the polynomial f(z) modulo p; we see that
f(z) € Fp[z]. Since the action of G on the set {p;,...,p,} is transitive, we can find oy, ..., 0,
such that o;(p;) C p; for all t = 1,...,7 and moreover G = UI_; Dy, - 0;. We can assume that
o1 = id. For every 7 € D,, we see that if i > 2 then 70,(a) € 7(0;(pi)) = 7(p1) = p1. Hence if

we look at f(x) modulo p; we get

r

7@ = [T w—7@) IT I - 7o) = I] (= 7la)) - a2

TEDy 1=2 7€Dyp, TEDy

Since f(@) = 0, the minimal polynomial of @ must divide f(x) so that the minimal polynomial
must divide the polynomial

TED)y

Let now n € Aut(F,/F,): this is defined by sending @ to one of the roots of its minimal
polynomial over F,,. This root must be of the form 7(«) for a certain 7 € D,, and this means
that n is the image of 7 according to our map. O]
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5.1.1 The Frobenius element

Assume now that we have a Galois extension Q C K and and that a prime p € Z does not
ramify in K so that
POk =p1...pn

for pairwise distinct non-zero prime ideals in O, and the common ramification degree is e = 1.
Then Proposition shows that for every prime p C O lying over p, the restriction map

is an isomorphism. We know that the group on the right is cyclic generated by the Frobenius
automorphism. Hence there is a unique Frobenius element Frob, € D, C Aut(K/Q) which is a
generator of D,, it has order f and is the unique element in Aut(K/Q) with the properties that:

Froby(p) =p, Froby(z) =2 mod p for all x € Ok

Let now Q C K’ C K be an intermediate field extension and assume that the extension
Q C K’ is also Galois. Let p’ = p N Ogs. This is a prime in O lying over p and moreover p
is not ramified in Ok, otherwise it would also be ramified in Ok (why?). Hence we can also
define the Frobenius element Frob, € Aut(K/Q). Notice that since the extension Q C K’ is
normal, we have a restriction map

Aut(K/Q) — Aut(K'/Q), o= ok
Lemma 5.1.8. In the previous setting it holds that

Fl"Obp| K= Frob, .

Proof. We know that Frob,(p N Ok) = p N Of since Frob,(p) = p. It is now straightforward to
check that Frob,(z) = 27 (mod p’) for all € O and this shows what we want. O

5.2 Cyclotomic fields

We now want to discuss again cyclotomic fields: let n € N and ¢, = e’ be a primitive root of
unity. The corresponding cyclotomic field is Q((,). We have already defined the cyclotomic

polynomial
bu(x)= ] (=-¢)

1<i<n—1
GCD(i,n)=1

so that this is a polynomial of degree ¢(n) and

"t —1= H@d(x).

dn

We have also already seen that any embedding o: Q((,) = C must send ¢, + ¢’ for i coprime
to n. Hence m¢, q(x) divides ®,(z) in Clz], the extension Q C Q((,) is normal, and we have
an injective map

Aut(Q(6h)/Q) — (Z/nZ)", (Gu = C,) = [i]
In [Q(¢n) - Q] < o(n).
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Lemma 5.2.1. Let p € Z be a prime number that does not divide n. Then p does not ramify in

Q(Gn)-

Proof. We compute disc Z[(,]. Let us write 2" — 1 = me, q(z) - f(z) for f(z) € Z[z]. Then if
we derive and we evaluate in (,, we get

nCﬁl = an_l = mlgn,Q(Cn)f<<n>

and taking the norm we get

n[QE QA N = Naeoa(mt, o(6) - Naga(f(G)

and since (, is invertible in Ogq(,) we see that if p does not divide n, then it does not
divideNgq(c,)/q(m¢, (Cn)) either, and then this means that p does not divide disc Z[(,]. Now
we know that

disc Z[¢o] = [O0q(c,) /2G| - disc Oqe,
hence p does not divide disc Oqc,) meaning that it does not ramify. [

As a consequence we get:

Theorem 5.2.2. The extension Q C Q((,) is normal of degree ¢p(n) and Galois group (Z/nZ)*.
The cyclotomic polynomial ®,(z) is the minimal polynomial of (, over Q: in particular it has
integer coefficients and it is irreducible.

Proof. 1f we show that the map
Auwt(Q(.)/Q) — (Z/nZ)*, (G — G,) = [i]

is surjective, then it is also an isomorphism and we are done (why?). Notice that it is enough
to show that the image contains all classes of primes 1 < p < n — 1 coprime to n, because
they generate (Z/nZ)* as a group. Let p be such a prime: then it does not ramify in Q((,)
and if we denote by p a prime lying over it in Ogq(c,) we have a well-defined Frobenius element
Frob, € Aut(Q((,)/Q) such that Frob,(p) = p and Frob,(z) = 2P (mod p) for all z € Oq,)-
This Frobenius element must have the form Frob,((,) = ¢! for a certain 1 < i <n — 1 coprime
with n, so that ¢! — (P € p. If we show that ¢! — (P ¢ p for all 0 < i < n — 1,7 # p, we are done.
If we take the derivative of the polynomial 2" — 1 and we evaluate it at (¥ we get

V= J[  (@-¢)

0<i<n—1//i#p

so it is enough to show that n(ﬁ(n_l) ¢ p, and since (, is invertible, this is equivalent to
n ¢ pNZ = pZ, which is true by hypothesis on p. O

One can also compute explicitly the ring of integers of the cyclotomic field, but we will first
need a preliminary result. If K and L are two number fields, then the field LK is the smallest
field that contains both of them: for example if K = Q(«a), L = Q(f), then LK = Q(«, ). In
this case we define

OOy, = {Z a;fBi|a; € Ok, B € Op,n € N}
=1

For example, if Ox = Z[a], O, = Z[3] then OxOp, = Z[a, S].
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Lemma 5.2.3. Let K and L be two number fields such that
(KL:Q]=[K:Q]-[L:Q] and disc(K),disc(L) are coprime
Then it holds that Oxr, = O Or,.
With this we can prove:
Theorem 5.2.4. It holds that Oqc,) = Z[G).

Proof. First we assume that n = p* is the power of a prime p. The minimal polynomial of Cph 18

K K p—
P —1 P —1 1

—_= —_= —_= :L‘Zp
[Lupe appr @alz) 2Pt =1

I
o

Observe that if we look at this modulo p we get, using the Frobenius that

(x — 1"

K1/
m =(z—1)7 (r—1) (mod p)

D (z) =

Consider then the element wyr = 1 — (. The minimal polynomial of wyk is @« (1 — ) and then
the previous computation shows that

Pr(l—x)= 2770 (mod p)

However, the constant term of ® (1 — z) is @, (1) = p, so it is not divisible by p?. This shows
that the minimal polynomial of w, is Eisenstein with respect to p. On the other hand, we know
that | disc Z[w,]| = | disc Z[¢p"]| is a power of p, hence |OQ(<pk)/Z[ka]| is also a power of p, and
then it follows from Proposition that it must be |OQ(Cpk) /Z[w,:]| = 1. This shows that
Oq(c,) = Z[Gp]-

For the general case, let n,m € N be coprime integers and assume that Oq(,) = Z[C.], Oqc.,) =
Z[(): then we observe that

Q(Cna Cm) = Q(Cnm)a Z[Cna Cm] = Z[Cnm]

Indeed ¢, = (", G = (), and if we choose h, k € Z such that hn + km = 1, then
CECh, = o™ = G

We also know that [Q(Gun) + Q] = 6(nm) = 6(n)o(m) = [Q(G,) : QIQG) : Q). And a
previous Lemma shows that any prime dividing both discriminants of Q(¢,,) and Q((,,) must
divide both n and m, so the two discriminants are coprime. Then we can use the previous and
get that Oqc,) = Oqc.)Oa(cm) = Z[Cum] by what we have done before. Since we can factor
any number as a product of pairwise coprime prime power, we are done. O



Appendix A

Commutative algebra

A.1 Rings and ideals

All the rings in this course will be commutative rings with unity 1. Let R be a ring. An element
u € R is called invertible or an unit if there is another element v € R such that

uv =1

The set of invertible elements in R is denoted by R*. Two elements a,b € R are called associated
if they are the same up to multiplication by a unit, meaning that there is u € R* such that

a=ub

An element a € R is a zero-divisor if it is non zero, a # 0 and if there is another non zero
element b € R, b # 0 such that
ab=10

A ring without zero-divisors is called a domain. Equivalently, a ring R is a domain if for any
a,b € R it holds that
ab=0 = a=0o0rb=0.

Remark A.1.1. Another way to see this is in terms of a cancellation property for equations in
R. If R is a domain and a € R,a # 0 then

ab=ac = b=c forall b,c e R

Indeed, we can write the first equation as a(b — ¢) = 0 and since a # 0 it must be b = c.

A ring R is a field if any non-zero element is invertible: R* = R\ {0}. If R is a domain, its
field of fractions or fraction field is

Frach{%MGR,bGR,b#O}

a/

where § = % if and only if ab’ = a'b and the addition and the multiplication is the usual one
between fractions. There is an inclusion R C Frac R, a +— 1 and this the smallest field containing
R, meaning that if R C K and K is a field, then Frac R C K as well. The inclusion of a domain

into its fraction field shows that a ring R is a domain if and only if it is a subring of a field.

64
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An ideal of R is an additive subgroup I C R which is “sticky” with respect to the multipli-
cation:
acl,be R = abel

If I,J C R are two ideals, then the sum [ + J = {a+b|a € I,b € J} is an ideal and it is
the smallest ideal containing both I, J. The intersection I N J is also an ideal and it is the
largest ideal contained in both I, J. The product ideal I.J is the ideal generated by the products
abae I,be J,and IJ CINJ.
An ideal p C R is called prime if it is a proper ideal p € R and if for any a,b € R it holds
that
abep = acporbeyp

An ideal m C R is called mazimal if it is a proper ideal m C R which is not contained in any
strictly larger proper ideal. It holds that

m maximal == m prime

Remark A.1.2. Via the axiom of choice in the form of Zorn’s lemma, we can assume that any
ring has a non-zero maximal ideal.

If I C R is an ideal, then the quotient R/I is a ring, and it holds that

I is prime <= R/I is a domain,
I is maximal <= R/I is a field.

Furthermore, any ideal in R/I has the form J/I for a unique ideal I C J C R and J/I is prime
(resp. maximal) in R/I if and only if J is prime (resp. maximal) in R. Finally, if S is another
ring, there is a correspondence between homomorphisms f: R/I — S and homomorphisms
f: R — S such that f(I) = 0.

A.1.1 Homomorphisms

If R, S are two rings, a ring homomorphism from R to S is a map f: R — S such that

FA) =1, fla+b)=fa)+ fB), fab) = f(a)f(b)  foralla,be R

An invertible ring homomorphism is called an isomorphism, and in this case the inverse map is
also a homomorphism. If f: R — S is a ring homomorphism, its kernel is the ideal

Ker f ={a € R| f(a) =0}
while the image Im f C S is a subring of S. The map
R/Ker f — Im f, [a] — f(a)

is a ring isomorphism.
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A.2 Finitely generated ideals, principal ideals and Noethe-
rian rings

Let R be a ring. Elements aq,...,a, € R generate the ideal
(al,...,an) :{a1b1+---+anbn|bi GR}

An ideal I C R is called finitely generated if I = (aq,...,a,) for a finite number of elements a;.
The ideal I is called principal if it is generated by one element: I = (a).

Rings where all ideals are finitely generated are particularly nice and deserve a name:

Definition A.2.1 (Noetherian rings). A ring R is called Noetherian if one of the following
equivalent conditions is satisfied

1. Any ideal in R is finitely generated.

2. There is no infinite strictly increasing chain of ideals in R:

LCLCLC...

Proof. We proof that the two conditions above are equivalent: assume that any ideal in R is
finitely generated and let I; C I, C I3 be an infinite increasing chain of ideals. It is easy to
check that the union / = (Jj_, I; is an ideal, so that I = (as,...,a,) for finitely many a; € I.
Since these are finitely many, there is one m such that a; € I, for all i = 1,...,n and then
I = I,,, so that the chain is not strictly increasing. Conversely, assume that there is no strictly
increasing chain of ideals in R and let I be any ideal. If I is not finitely generated, then there
are ai, as,as,--- € I such that

(al) g (a17a2) g (a'17a27a3) g s
but this is impossible. O

Example A.2.2. A field K contains only two ideals: the zero ideal (0) and the whole field
K = (1). Since these two ideals are principal, a field is Noetherian.

Example A.2.3. All ideals in Z are principal, hence Z is Noetherian.
We get many more examples of Noetherian rings from the following fundamental theorem:

Theorem A.2.4 (Hilbert’s basis theorem). If R is a Noetherian ring then the polynomial ring
Rz] is Noetherian as well.

A.3 Divisibility

Let R be aring. If a,b € R we say that a divides b in R if there is ¢ € R such that b = ac, and
we write a | b. Equivalently, this means that b belongs to the ideal generated by a:

alb <= be (a) <= (b) C (a).
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Exercise A.3.1. Let R be a domain and let a,b € R. Prove that the following are equivalent:

1. a,b are associated.

2. alb and bla.
3. (a) = (b).

An element a € R is called prime if it is non-zero and if the ideal (a) that it generates
is prime. Equivalently, this means that a is non-zero, is not invertible and when a divides a
product, then it divides also one of the factors: for any b,c € R

a|lbc = alboralc, for any b,c € R.

An element a € R is called irreducible if it is non-zero, if a is not invertible and if whenever a is
factored as a product, one of the factors is invertible: for any b,c € R

a=bc = be R  orce R for any b,c € R.
Lemma A.3.2. If R is a domain, then any prime element is irreducible.

Proof. Let a € R be prime, so that a is nonzero and and assume that a = bc for b,c¢ € R. Then
a must divide one of b,c. We can assume that b = a - u for u € R, so that a = auc. Since a # 0
and R is a domain, this means that uc = 1, so that c is invertible. O

Lemma A.3.3. If R is a Noetherian domain then any element a € R which is non-zero and
not invertible has a factorization as a product of irreducible elements

a=Dp1...Pn with p; € R irreducible.

Proof. 1f a itself is irreducible, we are done. Otherwise there is a factorization a = a1b; where
a1, by are both non-zero and not invertible. This implies that (a) C (a1) and the inclusion is
actually strict, otherwise a; = acy so that 1 = byc; and by would be invertible. Hence (a) € (ay).

Now observe that if both aq,b; are irreducible, we are done. Otherwise, we can assume that
ay is not irreducible so we can write a; = asbsy for as, by € R non-zero and not invertible. Then
we see as before that (a) C (a1) € (ag). Hence if the factorization does not stop, we will find an
infinite strictly increasing sequence of ideals

(@) G (a1) G (a2) G (as) & -

and this is impossible since R is Noetherian. O

A.4 Euclidean domains, principal ideal domains and
unique factorization domains

A.4.1 Euclidean domains

Definition A.4.1 (Euclidean domain). An Euclidean domain is a domain R that admits an
Euclidean function D: R\ {0} — Z>( such that R has the Euclidean division property with
respect to D. This means that for any a,b € R with b # 0 there are ¢,r € R such that

a=q-b+rv and r=0or D(r) < D(b)
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Example A.4.2. The integers Z are an FKuclidean domain with respect to the usual Euclidean
norm | - |: Z — Z>y.

Example A.4.3. If K is a field, the polynomial ring K[z] is an Euclidean domain with respect
to the degree deg: K[z] \ {0} — Z>o.

Example A.4.4. The Gaussian integers Z[i] are an Euclidean domain with respect to the norm
N:Zi| > Z,a+ib— a® + b*.

A.4.2 Principal ideal domains

Definition A.4.5 (Principal ideal domain). A principal ideal domain (PID) is a domain R
such that any ideal in R is principal.

Proposition A.4.6. Any Fuclidean domain is a PID.

Proof. Let R be an Euclidean domain with respect to a function D: R\ {0} — Z>, and let
I C R be an ideal. If I = 0, it is principal. If I # 0, let a € I be an element such that
D(a) = min{D(b) |b € I,b # 0}. We want to show that I is generated by a. To do so, let b be
any nonzero element in I, then by the Euclidean division with respect to D there are elements
¢, € R such that b = aq + r. In particular r = b —aq € I. If r = 0, then b € (a) and we are
done. If 7 # 0 then we know that D(r) < D(a) and this is impossible by construction. O

Remark A.4.7. The above proof tells us also how to find a generator of a nonzero ideal in an
Euclidean domain. We need to take one nonzero element with the minimum possible value with
respect to the Euclidean function.

Example A.4.8. The integers Z, the Gaussian integers Z[i] and the polynomial ring K|[x] over
a field K are Euclidean domains, hence they are also PID.

Remark A.4.9. The converse of Proposition is not true. It can be shown that the rings
Z [H— V2_19} and Rz, y|/(z* + y? + 1) are PID but not Euclidean

Lemma A.4.10. Let R be a principal ideal domain and let p € R,p # 0. Then the following
are equivalent:

1. (p) is maximal.
2. p is prime.
3. p s irreducible.

Proof. If the ideal (p) is maximal, then it is prime, so that p is a prime element in R. Since
R is a domain, if p is prime it is also irreducible. To conclude, we need to show that if p is
irreducible then (p) is maximal: assume that there is a proper ideal I C R such that (p) C 1.
We want to show that (p) = I. Since R is a PID, it must be that I = (¢) for a certain ¢ € I so
that p = uq for an v € R. Since p is irreducible, one of u or ¢ must be invertible, and it cannot
be g otherwise I = (¢) = R. Hence u is invertible and then (p) = (¢) = I. O

1See K. Conrad, “Remarks about Euclidean domains”, Theorems 5.22 and 5.23. The notes are available at
https://kconrad.math.uconn.edu/blurbs/ringtheory/euclideanrk.pdf
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A.4.3 Unique factorization domains

Definition A.4.11 (Unique factorization domain). An unique factorization domain (UFD) is
a domain R such that any non-zero and non invertible a € R can be written as a product of
irreducible factors

a=p1...pr with p1,...,p, € R irreducible

Furthermore such a factorization is unique up to invertible elements: this means that if
qi,---,qs € R are irreducible and

aG=PpP1r.--Pr=4q1---Gs
then r = s and, up to reordering, p; is associated to ¢; for all i =1,... r.
Lemma A.4.12. A domain R is an UFD if and only if both the following conditions are satisfied

1. Any non-zero and not invertible element a € R has a factorization a = py - p, with the p;
irreducible.

2. Irreducible elements are the same as prime elements

Proof. We know that prime elements in a domain are always irreducible. Assume that R is an
UFD and let p € R be irreducible. We need to prove that p is prime. Let a,b € R such that
p | ab, so that there is ¢ € R such that

ab = pq

If a is invertible then p | b and if a is zero then p | a, so that we can assume that a,b are both
non-zero and not invertible. Write a = a;...a, and b = b;...b, as a product of irreducible
factors so that

ai...a,-by...by =pq

We can also write the right-hand-side of the previous equation as a product of irreducible factors
where one of these factors is p. By uniqueness of the factorization, p must be associated to one
of the a;, and then p | a, or to one of the b;, and then p | b.

Conversely, assume that R is a domain where both the above conditions are satisfied. Since
we are assuming that any non-zero and not invertible element has a factorization, we need to
prove that this is unique. let py,...,p,, q1,...,qs € R be irreducible elements such that

P1---Pr=4q1...45s

Assume that » < s. By assumption, the p; are prime, hence p; must divide one of ¢, ..., ¢qs. Up
to reordering,we can assume that p; | ¢; so that ¢; = uyp; for a certain u; € R. Plugging this in
in the previous equation we get

P2 Dr=U1 Q2. .G

and if we keep going we see that for any ¢ = 1,...,r we can find u; € R such that ¢; = u;p; and
moreover

l=wu... U - Gry1-..qs

This shows that r = s and that all the u; are invertible, which is what we wanted to prove. []

Corollary A.4.13. A PID is an UFD.
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Proof. Since a PID is a Noetherian domain, we know that any non-zero and not invertible
element has a factorization into irreducible. Moreover we also know from Lemma [A.4.10] that
all irreducible elements are prime. We conclude thanks to Lemma [A.4.12] O

Example A.4.14. This shows that the integers Z, the Gaussian integers Z[i] and the polynomial
ring K[z] with K a field are UFD. Other sources of UFD are given by the following result

Theorem A.4.15 (Gauss). If R is an UFD, the polynomial ring R|x] is an UFD as well.

Example A.4.16. In particular the polynomial rings K|z, ..., z,| with K afield and Z[z1, .. ., x,]
are UFD.

It is not true in general that any UFD is a PID.

Exercise A.4.17. Show that the ideal (x,y) in the ring Qlx,y] is not principal, so that Q[z,y]
1s an UFD which is not a PID.

Remark A.4.18. We have seen that
R Euclidean domain =— R PID =— R UFD

and we have also seen that none of these implication is reversible.

A.4.4 Coprime elements and greatest common divisor

Let R be a ring and let a,b € R. A common divisor of a,b is an element ¢ € R such that
¢ | a,c|b. The elements are called coprime if the only common divisors are invertible.

Lemma A.4.19. If R is a domain and if p,q € R are two irreducible elements, then they are
either coprime or associated.

Proof. Assume that they are not coprime, so that there is a not invertible element r € R such
that p = ar,q = br for some a,b € R. Since p, q are irreducible, a,b must be invertible so that
P, q are associated. O

Definition A.4.20 (Greatest common divisor). Let R be a domain and let a,b € R. A greatest
common divisor is an element ¢ € R such that:

1. ¢ divides both a,b: ¢ | a,c | b.
2. if ¢ € R divides both a, b then ¢ divides ¢: ¢ | a,d |b = | c.

If ¢ is such a greatest common divisor we write ¢ = GCD(a, b). This is an abuse of notation,
since a greatest common divisor is not uniquely determined, see the remarks below.

Remark A.4.21. Two elements a,b € R in a domain R are coprime if and only if 1 = GCD(a, b).

Remark A.4.22. A greatest common divisor is not unique: if ¢ is a greatest common divisor of
a,b and if ¢ is associated to ¢ then ¢ is a greatest common divisor of a, b as well. The converse
is also true: if ¢, ¢’ are two greatest common divisors of a, b, then ¢ | ¢ and ¢ | ¢ and since R is
a domain ¢, ¢ must be associated.
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Remark A.4.23. More importantly, a greatest common divisor does not always exist. For an
example, [| consider the domain R = Z[v/—3] and prove that the two elements a = 4,b = 2+2/—3
have no greatest common divisor.

If our ring is an UFD, everything is fine:

Lemma A.4.24. Let R be an UFD. Then any a € R which is non-zero has a factorization of
the form

a=u-pi'py...p<r
where uw € R* 1s invertible, the p; € R are iwrreducible and pairwise coprime and e; € Zi~g.

Furthermore, if
a=v-ql'q’. . .qf

s another such factorization, then r = s and, up to reordering, p; is associated to q;, and e; = f;
foralli=1,... r.

Proof. If a is invertible the result is straightforward. Assume a is not invertible. Then there
is a factorization a = p) ...p), into irreducible elements. If we collect the associated elements
together, we get a factorization of the form that we want. The second statement follows from
the uniqueness of the factorization in R. O]

Corollary A.4.25. Two non-zero elements a,b in an UFD R always have a greatest common
divisor. It can be computed by the common associated irreducible factors in a factorization of
a,b with the minimum common exponent.

(x) Gauss’ Lemma

If R is a UFD, then a polynomial f(z) € R[x] of positive degree is called primitive if the
coefficients of f are coprime, meaning that the only common divisors are the invertible elements.

Remark A.4.26. Let f(z) € K[x] be a polynomial of positive degree. Then we can find
b € K[z],b # 0 (for example, the product of all denominators appearing in the coefficients
of f(z)) such that b- f(z) = F(z) € R[z]. Let now a = GCD( coefficients of F'), so that
F(z) = a- F'(x) where F'(z) is a primitive polynomial. This shows that there are a,b € R, b # 0
such that

f(x) = TF'()

with F'(z) € R[x] primitive, and we can also assume a, b to be coprime.
Lemma A.4.27 (Gauss’ Lemma). Let R be a UFD and let K = Frac(R) be its field of fractions.
1. The product of two primitive polynomials in R[z| is primitive.

2. If f(x),g9(x), h(z) € Kz] are monic polynomials such that f(z) = g(x)h(x), then f € R[z]
if and only if g(x),h(x) € R|x].

3. A non-constant polynomial f(x) € R[z] is irreducible in R[x] if and only if it is primitive
and irreducible in K|x].

2Due to Arturo Magidin on Mathoverflow https://math.stackexchange.com/q/4864187
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Proof. 1. Assume that G(z), H(z) € R[z| are two primitive polynomials and assume that
there is a prime p € R[z] that divides all factors of G(z)H(x). Then G(z)H(z) = 0 in
(R/(p))[z] and since (p) is prime, R/(p) is a domain and R/(p)[z] is a domain as well,
meaning that G(z) = 0 or H(z) =0 in R/(p)[z]. But this is impossible, because it would
mean that p divides all coefficients of G(z) or of H(z).

2. Thanks to Remark we can write

a c
gle) = 3G (@), hz) = -H'(z)

for G'(x), H'(x) € R[x] primitive and a, b coprime and ¢, d coprime. In particular, b-g(z) €

R[z] and a divides all coefficients of this polynomial. Since g(z) is monic, a must divide

b and since a, b are coprime, we can assume, up to multiplying by an invertible element,

that @ = 1. Hence

Then we have

be - f(x) = G(x)H (x)

Assume now that f(x) € R[z]: since G(z), H(x) are primitive, the product bc - f(x) must
be primitive. In particular, be must be invertible in R and then g(z), h(x) have coefficients
in R.

3. Assume that f(z) is primitive and irreducible in K[z] and write f(z) = g(x)h(x) in R[z].
Since f(x) is irreducible in K[z], we can assume that g(z) is constant, so that g(z) = b € R.
Since f(z) is primitive, b must be invertible in R.

Conversely, assume that f(z) is irreducible in R[z]. First we prove that it is primitive:
write f(x) = d - F(x) where d € R is a common divisor of the coefficients of f(z)
and F(x) € R[z]. Since f(z) is of positive degree, F'(z) must be of positive degree as
well, and since f(z) is irreducible, d must be invertible. We now show that f(z) is
irreducible in K[x]: assume that f(x) = g(z)h(z) with g(x),h(x) € Klz|. If one of
f(x), g(x) has degree zero, we are done, otherwise there are elements b, ¢,d,e € R such
that b- g(z) =d-G(x),c- h(x) = e- H(z) with G(z), H(z) € R[z] primitive, and then

be- f(z) =de- G(x)H(x)

Since both f(z) is primitive, we see that a greatest common divisors of the coefficients
on the left-hand-side is bc and since G(z)H (x) is primitive, we see that the greatest
common divisor of the coefficients of the right hand side is de. Hence, we can write
f(z) =uG(x) - H(x) for a u € R*. Since f(z) is irreducible in R|z], one of uG(x), H(x)
must be of degree zero, and then one of g(z), h(x) is of degree zero as well. ]

As a consequence, we can prove

Proof of Theorem[A.{.15 We want to use Lemma and show that any non-zero and not
invertible element f(x) € R[z| is a product of irreducible factors and that any irreducible
element is also prime.

For the existence of a factorization, consider f(z) € R[z] of positive degree (the case of
degree zero is covered by R itself). We can write f(x) = d- F(z) for d € R and F'(z) primitive,
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so it is enough to show that F'(x) has a factorization in irreducible. This factors into irreducible
polynomials in Kz]: F(x) = pi(z)...p.(x) with the p;(z) € K[z], and we can write p;(z) =
3 P(x) for a;,b; € R and P;(x) € R[z] primitive. Then by ...b, - F(z) = a1...a.Pi(x) ... P(2).
Notice that since Pj(x)... P.(x) is primitive, the greatest common divisor of all coefficients on
the right-hand-side must be a; ... a,, and the same reasoning shows that the greatest common
divisor of all coefficients on the left-hand-side must be b;...b,. Then these two must be
associated so that F(z) = uP(z) - ... P.(z) where u € R* and each P;(z) € R[z] is primitive
and irreducible in K[x], hence irreducible in R|x].

Let now f(z) € R[x] be irreducible We want to prove that it is prime. Let us consider only
the case where f has positive degree, so that f(x) is primitive in R[z] and irreducible in K|z].
Assume that f(z) | g(z)h(x) for g(z), h(z) € R[x]. Since f(z) is irreducible in K[z] and this
is an UFD, it is also prime in K|z], so that we can assume that f(x) | g(z) in R[z]. Then
g(x) = f(x) - k(z) for k(z) € K[r]. We can write k(x) = $ K (x) for a,b € R coprime, so that

by(z) = af (z)K(x)

Since f(x)K (z) is primitive, the greatest common divisor of all coefficients on the right-hand-side
must be a which must then divide all the coefficients on the left-hand-side, and then b must
divide a. This means that § € R so that f(z) | g(x) in R[z]. O

A.4.5 Factorization in a PID

The unique factorization property in a PID can be rephrased in terms of ideals rather than in
terms of elements. First we state Bezout’s lemma for PIDs:

Lemma A.4.28 (Bezout). If R is a PID and a,b € R then an element ¢ € R is a greatest
common divisor of a,b if and only if it is a generator of the ideal generated by a,b:

(a) + (b) = (GCD(a, b)).
In particular there are h,k € R such that
GCD(a,b) = ha + kb

Proof. Let ¢ be a generator of (a) 4+ (b): this means in particular that ¢ | a,c | b, because
a,b € (a)+ (b). Furthermore, since ¢ € (a) + (b) it must be that ¢ = ah + bk for certain h, k € R
so that any common divisor of a, b is also a divisor of c. O

Definition A.4.29 (Coprime ideals). Two ideals I, J C R in a ring R are called coprime if the
only ideal containing both of them is the whole ring: I + J = R. Equivalently, this means that
there are a € I,b € J such that

a+b=1.

Lemma A.4.30. Let R be a ring and (a), (b) two principal ideals generated by a,b € R.
1. If (a), (b) are coprime ideals then a,b are coprime elements.
2. If R is a PID and a,b are coprime elements then (a), (b) are coprime ideals.

3. If R is a PID and (a), (b) are prime ideals, then they are either equal or coprime.
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Proof. 1. Let ¢ € R such that ¢ | a,c | b. Since the ideals are coprime there are h, k € R such
that 1 = ah + bk so that ¢ | 1. This means that c is invertible.

2. Since R is a PID and a,b are coprime we know from Bezout’s Lemma that
(a) + (b) = (1) meaning that the ideals are coprime.

3. If (a), (b) are prime ideals, then a, b are prime elements, hence irreducible. Then Lemma
A.4.19  shows that they are either associated (and then (a) = (b)) or coprime (and then
(a), (b) are coprime).

[

With this in mind, we can translate the statement about unique factorization of elements
into unique factorization of ideals:

Proposition A.4.31 (Unique factorization of ideals in a PID). Let R be a PID and let I C R be
an ideal which is not zero and not R. Then there are mutually distinct prime ideals p1,...,p, C R
and eq, ..., e, € Zi~q such that

=5 p

Furthermore the prime ideals p; and the exponents e; are uniquely determined by I.

Proof. Since R is a PID, I = (a) for one a € I which is not zero and not invertible. Then we
can write a in the form a = w - p* ... pf" where u € R* and the p; € R are prime elements,
pairwise coprime, and e; € Z,. The ideals p; = (p;) are prime and pairwise coprime as well,
and we can write

I'=(a)=(upi"...p;) = @1") - (p7) = (p1)" ... ()" = 97" ... P

For the uniqueness, assume that I = qy'...qJ* where the q; are prime ideals, mutually distinct
and f; € Z~o. Since R is a PID there are ¢; € R mutually coprime such that q; = (¢;) and
then (a) = (q{1 ...q!*). This means that a = vq{1 ...ql* for v € R*, and by the properties of
unique factorization in R, it must be that » = s, and up to reordering, that e; = f; and that p;
is associated to ¢;, meaning precisely that p; = q;. O]

Remark A.4.32. It is not hard to show that the statement of unique factorization for ideals in
a PID as in Proposition implies the unique factorization for elements in a PID.

A.5 Modules

A module over a ring is the generalization of a vector space over a field.

Definition A.5.1 (Module). A module over a ring R is an abelian group M together with a
scalar multiplication by elements of R:

Rx M — M, (a,m) —a-m
such that for all a,a’ € R, m,m' € M it holds that
L.a-(m+m)=a-m+a-m

2. (a+d) - m=a-m+d-m
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3. (ad')-m=ua-(a"-m)
4. 1-m=m.
Example A.5.2. Modules over a field are the same as vector spaces.

Example A.5.3. Modules over Z are the same as abelian groups (Why? Think about it until
it is clear to you).

Example A.5.4. If R C S is an extension of rings, then S is naturally an R-module where the
scalar multiplication is given by the multiplication in S: ab for a € R,b € S. In particular, R is
a module over itself.

Example A.5.5. If R is a ring and n € Z~q, the set R®" of column vectors with entries in R is
an R module with the usual operations of entry-wise addition and scalar multiplication

ax by ay + by aq cay
+1: | = : , ¢ | | = : for a;,b;,c € R
a, b, a, + b, a, cay,

In general, if M, N are two R-modules, their direct sum
M@® N ={(m,n)|me M,ne€ N}
is an R-module with the operations
(m,n)+(m/,n") = (m+m',n+n'), a-(m,n)=(am,an) forallae R,m,m' € M,n,n" € N

If M is an R-module, a submodule of M is an additive subgroup N C M which is closed
with respect to the multiplication by scalars:

a e RmeN = ame N forallae RRme M

Example A.5.6. A module M has always two submodules: the zero submodule M = (0) = {0}
and the full module M.

Example A.5.7. A submodule of the ring R itself is the same as an ideal I C R.

If M is an R-module and N, N’ C M are two submodules, then the intersection N N N’ and
the sum N + N’ C M are also submodules of M. In particular, the sum N + N’ is the smallest
submodule that contains both N, N’, i.e. the submodule generated by N, N’.

If M is an R-module and N C M a submodule, then the quotient M/N is an R-module
with the operations

m] + [m] = [m+m], a-[m]=][a-m] for alla € R,m,m' € M

Example A.5.8. If R is a ring and I C R is an ideal, the quotient ring R/I has a natural
structure of R-module.
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If M, N are R-modules a homomorphism of R-modules or an R-linear map from M to N is
amap f: M — N such that

fim+m')=f(m)+ f(m')  fla-m)=a- f(m) for alla € R,m,m' € M

An invertible homomorphism is called an isomorphism and in this case the inverse map is also
an homomorphism. If f: M — N is a homomorphism of R-modules then its kernel

Kerf={me M| f(m)=0}

is a submodule of M and the image Im f is a submodule of N. There is an isomorphism of
R-modules given by the map:

M/Ker f —TImf  [m]— f(m)

Furthermore, if N C M is a submodule, any submodule of M /N has the form N’/N for a
unique submodle N € N’ C M, and the map

(M/N)/(N'/N) — M/N',  [m] = [m]
is an isomorphism.

Example A.5.9. Consider the free modules R®", R%® and let A € R"™** be a r X s matrix with
coefficients in R. The matrix induces a R-linear map via the usual matrix multiplication that
we know from linear algebra

La: R — R%", v Av

Furthermore, if f: R®* — R®" is an arbitrary R-linear map, consider the vectors e, ..., e, €
R® such that e; is zero everywhere apart from the i-th position, where it is equal to 1, and
take the r x s matrix A = (f(e1)|...|f(es)) that has the images f(e;) as column vectors. Then
it is easy to see that

J=1La

This shows that any R-linear map f: R®® — R®" is of the form L, for a unique matrix
A € R"™*. Furthermore, the usual composition rules from linear algebra work so that, if
A€ R B € R then AB € R*** and Ly o Ly = L. Assume now that a linear map
L,: R®® — R®" corresponding to A € R™** is an isomorphism. Then there is an inverse map
Lp: R¥" — R®* corresponding to a matrix B € R¥*" such that

AB = Ir, BA = Is

Choose any maximal ideal m C R, and let A € (R/m)™* B € (R/m)**" the matrices obtained
looking at all coefficients of A, B modulo m. Then it holds that

A-B=1,, B-A=1I,

and since (R/m) is a field, we know from linear algebra that r = s. We now see that L, is an
isomorphism if and only if the matrix A is invertible in R™", meaning that there is another
matrix B € R™" with coefficients in R such that

AB=BA=1,
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The set of invertible matrices forms a subgroup of R"™*" denoted by GL, (R). A matrix A € R™"
is invertible in R™*" if and only if its determinant is invertible in R:

GL.(R) = {A € R™" | A invertible } = {A € R™" | det(A) € R*}

Indeed, if there is B € R™" such that AB = I}, then det(A) det(B) = det(AB) = det(/,) =1
so that det(A) € R*. Conversely, if A € R"™*" is an arbitrary matrix, then its adjoint matriz
B = adj(A) is an r x r matrix whose coefficients are the (r — 1) x (r — 1) minors of A, up to a
sign, and it holds that

Aadj(A) = adj(A)A = det(A) - I,

Hence, if det(A) € R*, then B = det(A)~! - adj(A) is the inverse matrix for A.
In the previous example, we proved the following

Lemma A.5.10. The two R-modules R®", R®* are isomorphic if and only if r = s.

A.5.1 Finitely generated modules and Noetherian modules

If M is an R-module the submodule generated by mq, ..., m, € M is the smallest submodule
(mq,...,m,) € M containing these elements, and it is the set of all possible linear combinations
of these elements with coefficients in R:

(ma,...,my) ={aimi + -+ aymy, |a; € R}

The module M is called finitely generated if there are mq,...,m, € M such that M =
(mq,...,my). A cyclic module is a module that is generated by a single element: M = (m).

Remark A.5.11. If M is generated by one element m, then the map
R—M, a—a-m

is a surjective homomorphism of R-modules, so that M = R/Ker f. Conversely, if I C R is an
ideal, then R/I is generated by the class [1] as an R-module. Hence, an R-module is cyclic
if and only if it is isomorphic to a quotient R/I, where I C R is an ideal. More generally, a
module M is generated by r elements my, ..., m, if and only if the R-linear map

a1
f: R — M, D e amy e+ aem,

Gy
is surjective. This means precisely that M = R®" /N for the submodule N = Ker f.

Definition A.5.12 (Noetherian module). An R-module M is called Noetherian if one of the
following equivalent conditions is satisfied:

1. Any submodule of R is finitely generated.

2. There is no infinite strictly increasing chain of submodules in M:

M, C My C M;C ...
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Proof. The proof is analogous to the case of rings in Definition [A.2.1] Do it for modules as an
exercise. ]

Lemma A.5.13. Let M be an R-module and N C M be a submodule. Then M is Noetherian
if and only if both N and M/N are Noetherian.

Proof. If M is Noetherian then any submodule of N is also a submodule of M, hence it is
finitely generated. Furthermore, any submodule of M /N is of the form N'/N for N C N' C M,
where N’ is a submodule of M. Since N’ is finitely generated, N'/N is finitely generated as well.

Conversely assume that M/N and N are both Noetherian and let N’ C M be a submodule.
Consider the map m: M — M/N: the set 7(N’') C M/N is a submodule, and it is finitely
generated by classes [my], ..., [m,] for certain m; € N’. This means that if n’ € N’ then [n'] =
l[aymy+---+a.m,| in M/N for certain a; € R. In turn this means that ' = a;m;+---+a,m,+n
for a certain n € N N N'. Since N is Noetherian, any element in N N N’ is finitely generated
by elements ny,...,ns € N N N’. This shows that N’ is finitely generated by the elements
My ooy My, Ny, e e, N [

Corollary A.5.14. If M, N are two Noetherian R-modules, the direct sum M & N is also
Noetherian.

Proof. Consider the submodule M & (0) € M & N. We have that M & (0) = M is Noetherian
and M & N/(M & (0)) is Noetherian, so that the conclusion follows from Lemma [A.5.13, [

Proposition A.5.15. If R is a Noetherian ring and M is a finitely generated R-module then it
15 Noetherian.

Proof. First we observe that R is Noetherian as a module over itself because it is Noetherian as
a ring, hence R?" is Noetherian as an R-module because of Corollary [A.5.14 Assume now that
M is finitely generated by elements my, ..., m, € M. Remark shows M is isomorphic to
a quotient R®"/N of the Noetherian module R®" so that it is itself Noetherian. O

A.5.2 Free modules

Let M be an R-module. Elements mq,..., m, € M are called linearly independent if whenever
we have a linear combination of them that sums to zero, all coefficients must be zero:

ami+---+am, =0 = a=---=a,=0 for all ay,...,a, € R

A finite basis of M is a finite set of linearly independent generators my,...,m, € M. A finitely
module with a basis is called free.

Example A.5.16. The module R®" has a canonical basis given by the column vectors e; from
1 =1,...,r which are zero everywhere apart from the ¢-th coordinate, where they are equal to 1.

Remark A.5.17. An R-module M has a basis of r elements if and only if it is isomorphic to
R®". Indeed, if mq,...,m, is a basis, then the R-linear map

ai
f:R@n—>M7 Halml—i_"'—i_anmn

an
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is surjective because the m; are generators and it is injective because the m; are linearly
independent. Conversely, if f: R®" — M is an isomorphism, then the images m; = f(e;) of the
canonical basis element form a basis of M.

Lemma A.5.18. Any two finite bases of an R-module M have the same number of elements.

Proof. If M has a basis with r element it is isomorphic to R®" and if it has a basis with s
elements then it is isomorphic to R®* so that the conclusion follows from Lemma [A.5.10, [

Definition A.5.19 (Rank of a finitely generated free module). If M is a finitely generated free
R-module, the cardinality of any basis is called the rank of M. A module M is free or rank r if
and only if it is isomorphic to R®".

The characteristic polynomial

Let R be a ring and A € R™" a matrix. The characteristic polynomial of A is the monic
polynomial with coefficients in R given by

xa(t) =det(tl, — A) =" — tr(A)t"t + -+ (=1)"det(A) € R[t]
The most important fact about the characteristic polynomial is:

Theorem A.5.20 (Cayley-Hamilton). Let A € R™" be a square matriz and let xa(t) =
t" + ¢, 11"+ -+ ¢o € R[] be its characteristic polynomial, then

xa(A) = A"+, JAT 4 b e A+ ol = 0.

Proof. Define an R[t]-module structure on M = R®" via the multiplication

P(t)xv=P(Aw  forall P(t) € R[tl,ve M (A5.1)
Let e1,...,e, € M be the canonical basis vectors. Then
txe; = Aej = aje;r + - +ape, foralj=1,...,r

We can write this in matrix form as

aix G2 - A
t €1 " €1
) Q21 Q2 - Q2 .
* : - . . . * . )
t e, ’ o e,
Ar1 Qpo - Ay

where the x denotes that the multiplication in the matrix product should be carried out with
respect to (A.5.1). We can rewrite this expression as

€1
(t-I, —A)~| : | =0,

€y
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and multiplying on the left by the adjoint matrix adj(t/, — A) we get

€1 xa(t) xer
Xat) x|+ | = : =0
er xa(t) xe,
This means that ya(t) xe; = xa(A)e; = 0 for all i = 1,...,7 and this means precisely that

If M is a free module of rank r and if f: M — M is a R-linear map, then we can associate to
f a matrix A € R™" by choosing a basis of M as in linear algebra, and then the characteristic
polynomial of f is the polynomial
Xs(t) = xa(t).

As in linear algebra, it can be shown that this is independent of the chosen basis of M and
hence of the matrix A associated to f. This gives in particular a way to define the trace and
the determinant of the endomorphism of a free module of finite rank, by taking the trace
and the determinant of A. The Cayley-Hamilton theorem implies that x;(f) = 0, i.e. if
xf(t) ="+ ap_1t"' 4+ -+ + ag, then

xr(f) = f "+ an 1 f" P Faf Fagidy = 0.
Corollary A.5.21. Let M, N be free R-modules of finite rank.
1. If there is a surjective homomorphism f: M — N, then rank(M) > rank(V).
2. If there is an injective homomorphism f: M < N then rank(M) < rank(N).
3. If there is an isomorphism f: M = N then rank(M) = rank(N).
Proof. () Via choosing bases of M, N, we can suppose that M = R®™ N =~ R"

1. The map is given by a matrix multiplication L4: R®™ — R®" for A € R™™. Let m C R
be any maximal ideal and consider the matrix A € (R/m)™™. One can check ( as an easy
but important exercise) that the R/m-linear map Ly: (R/m)®™ — (R/m)™ is surjective,
and since R/m is a field, we know from linear algebra that m > n.

2. (%) Assume that m > n and let g: R®" — R®™ be the following injective but not surjective

homomorphism:
a1
ay
a
g: R®" — R o 0”
Qn .
0

The composition h = go f: R®™ — R®™ is injective. Let P(t) = t* +cp_1t* 1+ it +
co € R[t] be a monic polynomial of the minimal possible degree such that P(h) = 0 (the
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Cayley-Hamilton theorem shows that the characteristic polynomial is one such polynomial).
Observe that ag # 0, otherwise

(WY 4 e t" 2 + -+ cpiday) (v) = 0 for all v € R®™

and since h is injective, this means (h*~1 +c,_1t*72 4+ .- + ¢ idys) = 0 which is impossible
by the fact that &k is the minimal degree of a monic polynomial vanishing on h. Choose
now the element e, ; € R®™. Since P(h) = 0 we know that

—ag - enp1 = (K e t" 2+ + c1h)(ensr) € Im(h) C Im(g)

but the n + 1-th coordinate of any vector in Im(g) is zero by construction, so that ag = 0,
a contradiction.

3. This follows from the previous points but we proved this already in Lemma
m

Remark A.5.22. (x) The proof for surjective maps is a straightforward reduction to linear
algebra, but the same ideal does not work for injective maps: indeed if L4: R®™ — R®" is an
injective R-linear map, and m C R is a maximal ideal, then there is no guarantee that the map
Lyx: (R/m)®™ — (R/m)®" is injective as well. Consider for example the multiplication-by-2
map of Z (represented by the 1 x 1 matrix 2):

(2):Z—7Z, n—2n
On the quotient Z/2Z this map is actually zero:
(-2): Z/2Z — Z/2Z, [n]+~ [2n] = 0.

The underlying issue here is that passing to the quotient R/mR means tensoring by @ g R/mR
and the tensor product is a right-exact functor (preserves surjectivity) but not a left-exact one
(does not preserve injectivity). Ask me if you want to know more.

Remark A.5.23. If R is a domain, then we can give an easier proof of Corollary
via linear algebra over the field K = Frac R. Indeed, suppose that L: R®™ «— R®" is an
in{jective map. We can also see A as a matrix with coefficients in K so that we have a map
LAK): K®m™ «— K%' Now notice that for any v € K®™ there is an a € R,a # 0 such that
a-v € R¥, just take the product of all denominators appearing in the coordinates of v. Now

we prove Corollary [A.5.21]

1. We want to show that if L, is surjective, then L(AK) is surjective as well, so that the
conclusion follows from linear algebra: let w € K" and a € R such that a - w € R®".
Then there is v € R®™ such that a-w = A -v and then w = A - %v.

2. We want to show that if L 4 is injective, then L‘(AK) is surjective as well, so that the conclusion
follows from linear algebra: let v € K®™ such that A-v = 0 and let a € R, a # 0 such that
a-v € R®. Then A- (av) = aAv = 0 so that a - v = 0 and then it must be that v = 0.
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Notice that we defined the characteristic polynomial, trace and determinant for a R-linear
map f: M — M of a free module M of finite rank. Can we do it for just a finitely generated
R-module M? Assume that M is an R-module, finitely generated by mq,...,m, and let
f+ M — M be an R-linear map. Then there are a;; € R such that

f(mj) = aymy + - - + apym, forallj=1,...,n

and this defines a matrix A = (a;;) € R™". The matrix A has a characteristic polynomial
xa(t) € R[t] so we could call this the characteristic polynomial of f. The problem with this
definition is that the polynomial y () is not independent of the chosen generating system: for
a simple example Z is generated by 1 but also by 2,3 as a Z-module, so if we use these two
different systems of generators, we get a characteristic polynomial of degree 1 and another one
of degree 2.

However, we still get something from this construction: if x 4(¢) is the characteristic poly-
nomial of the matrix A defined before, then the Cayley-Hamilton Theorem shows that
Xa(A) =0 and then it is straightforward to show that we also have x4(f) = 0. This proves the
following version of the Cayley-Hamilton theorem for finitely generated modules.

Corollary A.5.24. Let M be a finitely generated R-module and let f: M — M be an R-linear
map. Then there is a monic polynomial G € R[z| such that G(f) = 0. In other words, there are
ag, - .., 0.1 € R such that

fr4af '+ +af+ayidy =0

A.5.3 Finitely generated modules over a PID

Over a field, every vector space has a basis, so that every finitely generated module is free.
This is very much not true over an arbitrary ring, but we can get something analogous over a
principal ideal domain. We start with a general definition:

Definition A.5.25 (Torsion). Let R be a ring and M an R-module. An element m € M is
a torsion element if there is a non-zerodivisor a € R such that am = 0.In particular, if R is a
domain, an element m € M is a torsion element if there is a # 0 such that am = 0. A torsion
module is a module where every element is a torsion element, and a torsion-free module is a
module where the only torsion element is zero.

Example A.5.26. A free module R®",r > 1 is always torsion-free. In particular, over a field,
all finitely generated modules are torsion-free. Instead, the Z-module Z/6Z is torsion, since
6-m =0 for all m € Z/6Z.

Remark A.5.27. If M is an R-module, the set My, = {m € M |m torsion element } is a
submodule of M and it is itself a torsion module. The quotient M /M,,, is a torsion-free module.

Proof. To show that M,,, is a submodule, we need to show that if m,m’ € M are torsion
elements, then m + m’ and am are torsion for all @ € A. Since m, m’ are torsion, there are two
non-zerodivisors b, b’ € R such that bm = b'm’ = 0. Since b, b’ are two non-zerodivisors, the
product bb' is a non-zerodivisor as well. We see that

bo' - (m+m')=0, b-am=0



APPENDIX A. COMMUTATIVE ALGEBRA 83

The fact that M,,, is a torsion module is clear from the definition. To prove that the quotient
M /M,,, is torsion-free, let [m| € M/M,, be an element with m € M and assume that

a - [m] = [am] = 0 for a non-zerodivisor @ € R. This means that am € M,,, so that there is a
non-zerodivisor b such that abm = 0. But then ab € R is a non-zerodivisor, and m € M;,, so
that [m] =0 in M/M,,,. O

The fundamental result about principal ideal domains is the following:

Theorem A.5.28 (Classification of finitely generated modules over a PID). Let R be a PID
and M be a finitely generated module. The following holds:

1. if M 1s torsion-free, then it is free of finite rank.

2. if M is torsion, then there are unique ideals (dy),. .., (ds) € R with dy|ds|...|ds such that

M= R/(d) ® R/(d2) & ... R/(ds)

3. if M is arbitrary finitely generated, then M = M,,. & M/M,,.. Hence, there is a unique
r € Zso and ideals (dy), ..., (ds) C R with dy|...|ds such that

M~ RY @ R/(d)) ® R/(d2) & --- & R/(ds).

In particular, if M is a finitely generated module over a PID, this result tells us that M /M,
is free. Then we define the rank of M as the rank of this free module

rank(M) = rank(M /M, ).
We see that M is torsion if and only if it has rank zero.

Remark A.5.29. Up to now, we have defined the rank of a free finitely generated module over
an arbitrary ring and the rank of a finitely generated module over a PID. There is not a notion
of rank for an arbitrary finitely generated module over an arbitrary ring.

Remark A.5.30. The theorem tells us that any finitely generated R-module over a PID R is
isomorphic to a direct sum of cyclic modules. Indeed, any cyclic R-module is isomorphic to
R/(d) for a certain d € R, and if d = 0, then R/(d) = R.

Example A.5.31. In the case R = Z, this is telling us that any finitely generated abelian
group A is isomorphic to a direct sum A X Z%" §Z/d\Z @ --- D Z/d,Z for a certain r € Zx
and di|ds| .. .|ds. This statement is known as the classification of the finitely generated abelian
groups.

The Smith normal form and the proof of the classification theorem

Here we discuss the proof of the classification theorem of finitely generated modules over a
principal ideal domain R. It will follow from a special normal form for matrices with coefficients
in R. If A € R is a matrix with entries in R, the elementary operations that we can perform
on the rows of A are the following:

1. Switch two rows.
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2. Add to a row a multiple of another row by an element a € R.

3. Multiply a row by an invertible element u € R*

We can of course perform the analogous operations on the columns of A. As in linear algebra,
the row operations can be interpreted as multiplying the matrix A on the left by a certain
invertible matrix and the column operations correspond to multiplying A on the right by a
certain invertible matrix.

Remark A.5.32. If K is a field, the last elementary operation can be rephrased as saying that
we multiply a row (or a column) by a non-zero element. If R is an arbitrary ring, however, we
must ask the element to be invertible.

Theorem A.5.33 (Smith normal form for matrices over a PID). If R is PID then any matrix
A € R™* can be brought via left and right multiplication by invertible matrices into Smith
normal form

d 0 0 0 ... 0
0 do 0 0 ... 0
0 0 0 0 ... 0
0 0 d, 0 ... 0
0 0 0 0 ... 0
o 0 ... 00 ...0

fordy,...,ds € R with d; # 0 and dy|ds|...|ds. The d; are uniquely determined by A up to
associated elements by the formula

dy ... d, =GCD( all h x h minors of A)  for allh=1,2,...

where we interpret the right hand side as 0 if all the h x h minors are equal to zero. Furthermore,
if R is an Buclidean domain, A can be brought into Smith normal form by elementary row and
column operations.

Example A.5.34. Let us give an example for an integer matrix:

789
A=1|4 5 6
2 2 3

We see that a greatest common divisor of all elements in the matrix is 1, and we can make it
appear in the matrix via elementary operations

7 8

15 (C3)—(C3)—(C2)
2 2

DO~
DN Ot GO

1
6 1
3 1
Via elementary operations we can put this greatest common divisor in the upper left corner

(C1)+(C3)

—_ =
DO Ot OO
NCRISQEN |
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Since this greatest common divisor divides all other entries of the matrix, we can use elementary
operations to reduce all other entries to the right of it and below it to zero

18 7\ (Rotr—(r) (18 7\ (@@C2-sch (10 0
T T R (P I (6 ) (G0 N PP
12 2 0 —6 —5 0 —6 —5

Now we repeat the procedure with the smaller 2 x 2 matrix: a GCD of all elements is —1, and
we can make it appear in the upper left corner of the submatrix with a series of elementary
operations

1 0 0 C2 C2)—(C3 1 0 R2 R3 1 0 0
0 -6 -5 0 -1 -5 0 0 -3

We can now use elementary operations to reduce all elements below and to the left of —1 to
ZEro:

1 0 0 C3 C3)-5(C1 1 0 0
0 0 -3 0 0 -3

We end up with a matrix in Smith normal form. If we want, we can also use elementary
operations so that all elements in the diagonal are non-negative

10 0 ot /10 0
0 -1 0o | == g 1 g
0 0 -3 00 3

Sketch of proof over an Euclidean domain. We prove that any matrix A over an Euclidean
domain R can be brought into Smith normal form. The idea is to use row and column operations
to put d; = GCD(a;;) into the upper left corner of A. Since d; divides all othe entries, we can
use elementary row and column operations to reduce all elements below d; and to the right of
dy to zero, so that our matrix has the block form

d 0
0 A

for a smaller matrix A’. Then we repeat the procedure A’. To make this work, we need to prove
that the first step works:

Claim: If A # 0 then we can use row and column operations to put d; = GCD(a;;) in the
upper left corner of the matrix.

Consider the function D: R\ {0} — Z>( that makes R into an Euclidean domain. We prove
the claim by induction on m = min{D(a;;) | a;; # 0}. If m = 0, then there is an element a;; # 0
with D(a;;) = 0. Then a;; must be invertible (why?) so that it is a greatest common divisors of
all elements. We can switch rows and columns until this element goes in the upper left corner.
For the induction step, let again a;; # 0 be an element such that D(a;;) = m. Via row and
column operations we can assume that a,; = a1;. Assume now that there is an entry in the first
column which is not divisible by a;1, for example as;. Then there are ¢,r € R, r # 0 such that

as1 = qay +r, D(r) < D(a;;) =m
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Using an elementary row operation, we can replace as; by as; — ga;; = r and then we prove the
claim by induction. This way, we can assume that a;; divides all entries in the first row and
column of A, so that we can use row and column operations to bring the matrix in the block

form
a1 0
0 A

Observe now that if a;; divides all elements in A’, then it is the greatest common divisor and
we are done. Otherwise, there is an element which is not divided, and, via row and column
operations we can assume that it is the entry a), in row 2 and column 2. Then there are
¢,r" € R,r" # 0 such that a,y, = ¢'a1; + 1", D(r") < D(a;1) = m. Consider the sequence of
elementary operations (that we represent only on the upper left 2 x 2 block

&61 aO _ a(1]1 a1 N _CL/H _0, _ _Cl/ll 0,
22 22 qgapl G2 —qan qan T

Since D(r') < D(a11) = m by construction, we conclude by induction.
We proved that a matrix can always be brought into Smith normal form. To check that the
d; are uniquely determined by A, up to associated elements, we check the formula

dy...d, = GCD( all s x s minors of A)

[t is easy to see that the formhttps://www.kununu.com/ula holds if the matrix is in Smith normal
form so we just need to show that the right hand side does not change if we perform elementary
operations on A. However, this follows from the fact that the elementary operations on a square
matrix change the determinant only up to multiplication by an invertible element. O]

With the result about the Smith normal form, we prove the structure theorem for modules
over PID (without the uniqueness of the d;):

Sketch of proof of Theorem[A.5.28. Let M be a finitely generated module over a PID R and
let my,...,m, € M be generators. This defines a surjective map f: R®" — M, f(e;) = m; for
1=1,...,r and

M = R%" / Ker f.

Note that Ker f is also finitely generated because R®" is Noetherian thanks to Proposition [A.5.15
so there is a surjection R¥* — Ker f. This surjection gives an R-linear map R%* — R®" whose
image is Ker f, and such a map is the multiplication L,: R®* — R®" by a matrix A € R"™*:

M~ R /Kerf=R%/ImL,

Theorem shows that, up to multiplying A to the left and the right by invertible matrices,
we can assume that A is in Smith normal form. Since these left and right multiplication
correspond to composing L4 with isomorphisms of R®", R®$, we can assume directly that A is
in Smith normal form

D 0 .
A—(O O>’ D = diag(dy, . ..,dp)

Then it follows that
M= R/(d)DR/(dy) DD R/(dp) ® R
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In particular My, = R/(dy) ® -+ ® R/(dy,), M /Mo = R™™" is free and M = M,,, & M/M;,,.
All the statements of the theorem follow, apart from the uniqueness of the d; up to associated
elements, which we do not discuss here. We just mention that it is related to the uniqueness up
to associates of the d; in the Smith normal form. ]

We will also need another application of the Smith normal form in the case of free abelian
groups of the same rank.

Lemma A.5.35. Let A C A be two free abelian groups of ranks n = rank(A) and n’ =
rank(A") > n.

1. There are bases v, ..., ay, of A and o, ..., al, of N such that o, =d;- o fori=1,....,n

and certain di|ds| ... |d, all non-zero. Furthermore

AN = (2P Mo Z/dZe ... e Z)d,Z

2. The quotient N' /A is finite if and only if n = n'. In this case, if A € Z"*" is a matrix
representing the inclusion A — A’ with respect to an arbitrary basis 5, ..., 53, of A and

By, 0L of N, then
|A'/A| = | det(A)|

Proof. Let f31,...,[3, be an arbitrary basis of A and f,..., ), be an arbitrary basis
of A’ and let A € Z™*" be the matrix representing the inclusion A — A’ with respect
to these maps. Then the matrix A can be put in Smith normal form: meaning that

there are matrices B € GL,/(Z)) and C' € GL,(Z) such that BAC = (g) where

D = diag(dy,...,d,) with d;|...|d,. Since the inclusion is injective, the d; must all be
non-zero. This proves the first point and also that A’/A is finite if and only if n = n/. In
this case, observe that B, C are then square matrices with det B,det C' € {1} so that

IN/A| = |2)d,Z6. . . @Z)d,Z) = d; ... d,, = | det(D)| = | det(B) det(A) det(C)| = | det(A)].
]

A.6 The Chinese remainder theorem

Let A be a ring. Two ideals I, J C A are called coprime if [ + J = A. Equivalently, this means
that there are a € I,b € J such that a + b = 1 or that I + J is contained in a maximal ideal
I+JCmCA

Example A.6.1. If A is a PID, for example A = Z then two ideals I = Aa and J = Ab are
coprime if and only if their generators a, b have no common prime factors. This is not true if A
is an UFD, can you find a counterexample?

Lemma A.6.2. let A be a ring and I, ..., 1,,1,J C A ideals.
1. If I, ..., I, are all coprime with J, then I, ... I, and is also coprime with J.

2. IF I, J are coprime, then 1%, J° are coprime for all a,b € Z>y.
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Proof. 1. By assumption, there are a, € I, b, € J for all h =1, ..., n such that a; + b, = 1.
Then
1 =
h
for certain ¢, € A. Hence 1 € I, ... 1, + J.

(ap+bp) =ay...ap+bicr+ ...+ byey
1

n

2. By point (i), /* is coprime with J and if we apply point (ii) again we see that I* is coprime
with J°.
]

Theorem A.6.3 (Chinese Remainder Theorem). Let A be a ring and Iy, ..., I, C A pairwise
coprime ideals. Then 1N ...N1I,=1,-...-1, and the map

AL ... L, — A/ x ... x A/lL,, [a]— ([a],[a],...,][a])
is an isomorphism of rings.
Proof. We proceed by induction on n. If n = 1 there is nothing to prove. If n = 2, let a;, € I,
for h = 1,2 such that a; +a, = 1. If z € I N I5 then
r=x-1=x- (a1 +ay) =xay; +xay € L1 15
Hence I1 NI, C I I, C I; N I so that I; I, = I; N I,. Consider now the map

m: A— A/ x A/Ly, aw ([a],]a])

This is a homomorphism of rings whose kernel is equal to I; N I, = ;5 so we need to prove
that it is surjective. Observe that a; = 1 — ay so that a; € I; and a; € 1 + I;. This means
m(ay) = ([0], [1]) and an analogous reasoning shows that 7(as) = ([1], [0]). Then for any by,by € A
we see that m(byay + biag) = ([b1], [b2]) so that 7 is surjective.

For the induction step, assume the result holds for n—1. The ideals I = IyN...N1I,_; and I,
are coprime because of Lemma[A.6.2)and using the induction we have then INI, = I, = I, ... I,.
Furthermore, we also have isomorphisms

A/l ... 1, =A/T- I, — A/l x A/I,, — A/ x ... x A/, 1 x A/L,.
and the composition is precisely the maps that we are looking for. O

Example A.6.4. Take pairwise coprime numbers my, ..., mg € Z. Then the Chinese Remainder
Theorem tells us that the map

Z/my...mgl — Z/miZ x ... xZ/mZ, [a]— ([a],...,][a])

is an isomorphism. This means that if we choose arbitrary numbers aq, ..., as € Z then there is
another number a € Z such that
a=a; (modmy)

and furthermore a is unique modulo my ... my.
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Field theory

B.1 Characteristic and Frobenius

If R is a ring, there is always a unique ring homomorphism
Z— R 1—1

If n € Z, we say that n = 0 in R if it belongs to the kernel of this homomorphism, meaning
that n-1=0in R.

Assume now that R = F is a field: then the image of the previous homomorphism is a
domain, so that the kernel must be a prime ideal. If the kernel is zero, we say that F' has
characteristic zero. Otherwise, the kernel is generated by a positive prime number p € Z,p > 0,
and we then say that F' has characteristic p.

Remark B.1.1. If F has characteristic 0, then the previous map is injective and we can consider
Z C F. Taking the field of fractions of Z we see that Q C F. If instead F' has characteristic p,
then the image of the previous map is isomorphic to Z/pZ = F,, C F. Hence F' has characteristic
zero if and only if it contains Q and it has characteristic p if and only if it contains F,,.

One key difference between the two characteristics is the following:

Lemma B.1.2. Let R be a ring and let p € Z,p > 0 be a prime number such that p =0 in R.
Then the Frobenius map defined by

Frob: R — R, x+» 2P

is a ring homomorphism, which is furthermore injective if R is a domain.

Proof. The only thing that is not obvious is that Frob(z+y) = Frob(z)+Frob(y) for all z,y € R.
We compute

p
Frob(z +y) = (z +y)? = Z (Z) a¥yP~F = P + yP = Frob(x) + Frob(y)
k=0

where the third equality follows from the fact that p | (i) inZforall k=1,...,p— 1. The fact
that if R is a domain then Frob is injective follows immediately by considering the kernel. []

89
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Definition B.1.3. Let F' be a field of positive characteristic p. The Frobenius homomorphism
of F'is the field homomorphism

Frob: FF — F, x> a?

Lemma B.1.4. If F' has positive characteristic p, then
Frob(z) =2 ifand onlyif x€F,CF

Proof. The set of fixed points of the Frobenius coincide with the roots in F' of the polynomial
t? —t. This polynomial has at most p roots, so if we prove that every element in F), is a fixed
point, these must be all the fixed points. So we can reduce to the case F' =F, = Z/pZ, and
what we actually have to prove is that 2P~! =1 for all z € F, and this follows from the fact
that F is a finite group of order p — 1. m

Remark B.1.5. If F'is a finite field of characteristic p, the Frobenius homomorphism is actually
an isomorphism, since it is an injective map between two sets of the same cardinality.

B.2 Algebraic and finite extensions of fields

If I/ C K is an extension of fields, then an element o € K integral over F' is also called algebraic.
If I C K is an integral field extension, it is also called algebraic. This terminology is only used
for field extensions, not for general ring extensions.

Remark B.2.1. If FF C K is a field extension, an element o € K is algebraic over F' if and
only if it is a root of a non-zero polynomial (not necessarily monic) P(z) with coefficients in
F'. Indeed, since F'is a field, we can multiply P(x) by the inverse of its leading coefficient to
obtain a monic polynomial in F[z]| that vanishes at a.

If a field extension F' C K is finite, then K is a finitely generated F-vector space. The degree
of the field extension is the dimension of K as a F-vector space and it is denoted by

(K : F] ¥ dimp K

We know from Proposition that any finite field extension is algebraic.

Lemma B.2.2. If F C K C L is a tower of field extensions, with K finite over F' and L finite
over K, then L is finite over F' and

[L:F|=[L:K|-[K:F]

Proof. 1f x1,...,x, is a basis of L over K and y1,...,¥,, is a basis of K over F', the same proof

of Lemma shows that z;y; is a basis of L over F. O

If FF C K is a field extension and ay,...,«, € K, we denote by F(a,...,qa,) the smallest
subfield of K containing F' and a4, ..., «a,. This can be described explicitly in terms of the ring
Flag, ..., a,) C K: this is a domain, since it is a subring of a field, and then

P oy,
F(ay,...,a,) =Frac Flag,...,a,] = {M

Q(Oél,...’og ) ’P’QEF['Il’"'axn]vQ(@l,...,an) 7&0}
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A principal field extension of F' is one of the form F'(«). Let now F' C K be a field extension
and let o € K. We have the the ring homomorphism

evy: Flz] — K, P(x) — P(a)

whose image is F'[a]. By definition, « is algebraic over F if and only if Kerev, # 0. Since F[x]
is a Euclidean domain with respect to the degree, we know that Kerev, = (m, r(x)) where
Ma,r(x) € F[z] is the unique monic polynomial of smallest degree vanishing on .

Definition B.2.3 (Minimal polynomial). If ' C K is a field extension and a € K is algebraic
over F, the polynomial m, p(z) is called the minimal polynomial of a over F

Proposition B.2.4. Let a € K be algebraic over F and let mq p(x) be its minimal polynomial.
The following properties hold:

1. If P(z) € Flx], then P(a) =0 if and only if my r(z) | P(x) in Flx].

2. The minimal polynomial me p(x) is the unique monic irreducible polynomial in F[z]
vanishing on a.

3. F(a) = Fla] and F C F(«) is a finite extension.

4. If degmy(z) = n, then 1,a,0?,...,a"  is a basis of F(a) as a F-vector space, in
particular
(F(a) : F] = deg me p(z).

Proof. All the properties are fairly straightforward to prove:
1. This means precisely that m,(z) generates Kerev,.

2. We know that F[x]/(mar(x)) = Fla] and Fla] is a domain, since it is a subring of a field.
Hence (mq(z)) is a prime ideal and m,(z) is irreducible. Conversely, if P(z) € F[z] is
irreducible and P(a) = 0, then m,(x) | P(z) so that m,(z) and P(x) must be associated.
If P(x) is monic, this means P(x) = m, p(x) by looking at the leading coefficient.

3. Since F'[z] is a PID, the ideal (m, p(z)) is actually maximal, so that F|a] = F[z]/(ma,r(x))
is a field, and then F[a] = Frac F|a] = F(«). We also know from Proposition that
Fla] = F(«) is finitely generated over F.

4. The proof of Proposition shows that the 1,a,...,a" ! are generators of F[a] over
F. If they are linearly dependent, then there is a non-zero polynomial in F'[x] of degree
smaller than m,, p(z) vanishing on «, but this is impossible.

]

Sometimes the minimal polynomial can also be useful to compute the inverse of an element:

Lemma B.2.5. Let F C K be a field extension and let o« € K* be algebraic over F'. Write the
minimal polynomial my p(z) = 2" + ay_ 12" ' + ...+ a1x + ag € Flz]. Then ag # 0 and

-1 1 -1
a " =—ay (" F+ a0+ . Fay)
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Proof. Observe that ag = mq r(0) # 0 otherwise m, r(x) would be divisible by = and then
it would be equal to x, meaning that a = 0. The last formula follows from the property
Ma,r(a) = 0, which we can also write as

a4 a, 10"+ a = —ay.

B.2.1 The algebraic closure

Definition B.2.6. A field F' is called algebraically closed if it has no non-trivial algebraic
extensions: if F¥ C K is an algebraic field extension, then F' = K.

Lemma B.2.7. A field F' is algebraically closed if and only if any polynomial in F|x] factors
completely as a product of linear factors in F|x].

Proof. Assume that F' is algebraically closed and let f(z) € F[z]| be an irreducible polynomial.
We want to show that f(x) is linear. The ideal (f(z)) is prime, hence maximal because F'[x] is a
PID, so that the quotient K = F[z]/(f(x)) is a field. The natural map K — F' is an embedding
that realizes K as a finite extension of F of degree deg(f(x)). Since K is algebraically closed,
this must be the trivial extension, meaning that deg(f(x)) = 1.

Conversely, assume that any irreducible polynomial f(z) in F[z] is linear and consider an
algebraic extension F' C K. The minimal polynomial m,(z) € KJz| is irreducible, hence of
degree 1. This means that o € K. O]

Theorem B.2.8 (Fundamental theorem of algebra). The field of complex numbers C is
algebraically closed.

Definition B.2.9 (Algebraic closure of a field). Let I be a field. If F" has an embedding F* — F
into an algebraically closed field, which is algebraic over F', then F' is called the algebraic closure
of F.

Remark B.2.10. Let F be the algebraic closure of F'. Then it can be shown that if F' C K is
an algebraic extension of F, there is an embedding o: K < F such that or = idp. Hence any
algebraic extension can be considered a subfield of the algebraic closure.

In particular, if F is another algebraic closure, then there are embeddings F — F and
F — F. That restrict to the identity on F'. This way one can actually prove that there is an
isomorphism F = T that restricts to the identity on F. In particular the algebraic closure
is unique up to isomorphism and that’s why we speak of the algebraic closure instead of one
algebraic closure.

Example B.2.11. Consider the set
Q = {a € C|« algebraic over Q}

This is the integral closure of Q in C, hence a subring. To show that it is a subfield as well, we
need to show that if o € C* is algebraic over Q, then the same is true of 1. Observe that
a~! € Q(a), and since « is algebraic, Q(«) is a finite extension of Q. Hence a~! is algebraic
over Q.
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Example B.2.12. Recall that if F' is a finite field then it must have cardinality p™ for a certain
p € Z~o prime and a n € Z~y. Furthermore, if two finite fields have the same cardinality, then
they are isomorphic, so that there is up to isomorphism a unique field with p™ elements, that is
denoted by F,». This field has characteristic p. Furthermore, we have a chain of finite extensions

FngngFpag...

and it can be shown that F, = U,>0 Fpr is the algebraic closure of each of the Fn.

In general, it follows from the axiom of choice that the algebraic closure exists for any
field. So in the future we will consider any field F to be a subfield of its algebraic closure F.
Furthermore via Remark we will also consider any algebraic extension F' C K to be a
sub-extension FF C K C F.

B.2.2 Separable extensions

Definition B.2.13. Let F' C K be an algebraic extension of fields. An elemen:c o € K is called
separable over F'if the minimal polynomial m, () has all distinct roots in F:

Mar(2) = (x —ay)...(r —a,) in Flz] with o; # o if i # j
The extension is called separable if every element is.

Lemma B.2.14. Let FF C K be an algebraic field extension and let o € K with minimal
polynomial mq r(x) € Flx]. Consider also the formal derivative my, () € F[z]. Then the
following are equivalent:

1. « is not separable over K.

2. mpao(x), My, (r) have a common factor in F|x].

3. mh,(z) =0.

4. F has characteristic p > 0 and mpo(x) = g(z?) for a certain polynomial g(x) € F|[x].
Proof. Write the factorization of mg () in Flz] as ma () = (x — 1) ... (z — a,,) so that

my, p(x) = Z(m—al) . (x/—\%) o (r—an), my pog) = H(ai—aj) foralli=1,...,n

i=1 i#]

Now we prove the equivalence of the various statements:

(1) = (2) If a is not separable, then we can assume that a; = ay and then mf (o) =
mpa(ar) = 0. This shows that both mg r(z), m;, p(z) are divided by the minimal polynomial
Mp.a, () so they have a common factor.

(2) = (3) Since mpq() is irreducible in F[z], if it has a common factor with m}, () it
must be that mpq(z) | m,, (7). In particular, if m{, -(x) # 0, then it has degree at least equal
to the degree of mp,(x), which is impossible.

(3) = (1) If m{, p(x) = 0 then m], p(a1) = 0 so that o; = a; for some i # 1.

(3) <= (4). Write mpqa(x) = >, arz” so that mlp,(x) = >, kazz®'. Then the
derivative is equal to zero if and only if ka, = 0 for all Kk =1,... n. If a; # 0, this means that
k = 0 which is possible only if char(F) = p and p | k. O
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Corollary B.2.15. If F' is a field which is either of characteristic zero or finite, then any
algebraic extension of F is separable.

Proof. Let F' C K be an algebraic extension and let a € K be an element. Denote by mp(z)
the characteristic polynomial. If o is not separable, Lemma shows that I’ has positive
characteristic p and that there is a polynomial g(z) = >_1", bz’ such that mp,(z) = g(2?). In
particular this rules out the case of characteristic zero. If F is a finite field, then we know that
the Frobenius homomorphism of F' is surjective, hence there are ¢; € F with b; = ¢!. Then we

can write
m m p
Mmpa(r) = ga?) =Y da” = (Z cm)
=0 i=0
but this is impossible since mp,(z) is irreducible. O

Remark B.2.16. (x) A field F' whose all algebraic extensions are separable is called perfect.
One can actually show that a field F' is perfect if and only if it has either characteristic zero or
if it has positive characteristic p and if the Frobenius homomorphism is an isomorphism: indeed,
in these two cases the proof of Corollary goes through unchanged. Conversely, assume
that a field F' has positive characteristic p and the Frobenius is not surjective, so that there is
x € F such that f(t) = t” — z has no roots in F. Notice that f'(t) = ptP~! = 0. Let g(t) be a
monic irreducible factor of f(t), consider the field extension K = F[t]/(g(t)) of F' and let v be
the class [t] € K so that g(t) is the minimal polynomial of a over F'. We claim that « is not
separable over F'. Indeed, observe that in K[t] we have f(t) =t —x =1 — of = (t — «)P, and
since g(t) | f(t) we see that g(t) cannot have distinct roots in F[t].

Example B.2.17. (x) For a concrete example of a non-separable extension let F' be any field
of characteristic p, take the polynomial ring F[x] and consider the field K = Frac F|x] = F(x).
The element x € K has no p-th root in K or equivalently it is not in the image of the Frobenius
of K. Then the reasoning in Remark shows that the field extension L = K ({¢/x) is a not
separable extension of K.

A nice property of separable extensions is the following

Theorem B.2.18 (Primitive element theorem). Let F' C K be a finite and separable extension,
of fields. Then K is principal: K = F(«) for a certain o € K. In particular this applies to any
finite extension of a field of characteristic zero or of a finite field.

B.2.3 Field embeddings

One simple but useful fact about field homomorphism is that they are automatically embeddings,
i.e. injective:

Lemma B.2.19. If f: F — K is a field homomorphism, then it is injective.

Proof. We know that Ker f C F' is an ideal and it is not everything because f(1) = 1. Since
F' is a field, it must be Ker f = 0. For another proof: let a € F*. Then « is invertible and
fla™) = f(a)™! so that f(a) is also invertible. Hence f(a) # 0. O
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A basic question in field theory is the following: let F' be a field that we consider to be
included in the algebraic closure F' C F. Let F' C K be a finite extension of fields: what are all
the possible embeddings B

o: K — F, such that op =idp
This is answered more generally by the following simple but fundamental result

Proposition B.2.20. Let F' C F(a) be a principal extension of fields, and let mo,r(z) be its
minimal polynomial over F'. Let T: F' — F be a field embedding and assume that the polynomial
o(me.r) € Flz] splits as

o(Mar)(z) =(r—0a1)...(z — an), o; € F.
Then the embeddings o: F(a) < F such that o\ = 7 are all those of the form
oi: K=F(a)=F, op=1, o(a)=aq.

In particular, the number of such embeddings o: K — F is equal to the number of distinct roots
of mpa(x) in Flz].

Proof. We know that F(a) 2 Flz]/(ma,r()), so that an embedding o: F(a) < F corresponds
to an homomorphism ¢: Fz] — C such that (mqr(z)) = 0. If we ask that op = 7, the
homomorphism & is completely determined by the image o(x) € C and this needs to be a root
of o(mg r(x)) because we want that o(mq r(z)) = 0. O

As an immediate consequence of Proposition [B.2.20] we get:

Corollary B.2.21. Let F' be a field that is either of characteristic zero or finite and let F' C K
be a finite extension of fields. Fir any field embedding T: F — F. Then there are (K : F]
distinct embeddings o: K — F' such that oy = T.

Proof. By Corollary the extension F' C K is separable and then the primitive element
theorem shows that K = F(«) for a certain o € K. Since « is separable over F', the
minimal polynomial m,, p(z) has deg(mpq(z)) = [K : F] distinct roots in F. Then the statement
follows immediately from Proposition [B.2.20] O

Remark B.2.22 (Embeddings of number fields). Consider a number field K, meaning that
it is a finite extension Q C K. First of all we notice that any field embedding o: K — C
must satisfy ojq = idq (why?) and that the image of ¢ must be contained in Q (why?). Hence
there is no difference in considering field embeddings Q — C and Q — Q, and Corollary
shows that there are precisely [K : Q] embeddings K < C and these can be determined

explicitly as in Proposition [B.2.20]

Example B.2.23. Consider the extension Q C Q(\/c_i), where d € Z is a square-free integer.
The minimal polynomial of V/d is mg.q(z) = 2> — d and its roots are +v/d. Hence there are
two field embeddings Q(v/d) — C.

idq(\/g):a—kb\/;ZHa—l—b\/E, cr:a—l—b\/al—mz—b\/a,

Notice that the image of both these embeddings is again the same field Q(v/d) and these two
embeddings give rise to two automorphisms Q(v/d) — Q(v/d).
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Example B.2.24. Let’s look at the extension Q(\3/§) of Q. The minimal polynomial of ¥/2 is
x® — 2 respectively, and

28— 2= (z—V2)(x —wV2)(z —w?V?2)
where (3 = €2™/3. The embeddings o: Q(+/2) — C are
0 Q(V2) = Q, V2 V2,0 V2, fori=1,2,3

In particular, we see the only embedding that has still image inside Q(+/2) is the identity

B.3 Galois Theory

We observe that to any field extension we can associate a group: we consider only the case
where the base field is either finite or of characteristic zero for simplicity, but the general case is
not much different.

Definition B.3.1 (Galois group). Let I be a field that is either of characteristic zero or finite
and let ' C K be a finite field extension. The Galois group of this extension is

Aut(K/F) = {o: K — F embedding |ojp = idr,o(K) C K}
This set is actually a group:

Lemma B.3.2. With the previous notation any o € Aut(K/F) is an isomorphism o: K — K.
In particular Aut(K/F') is a group with respect to the composition.

Proof. If o0: K — K is a field embedding such that o = idg then we can also see o as an
F-linear map of the vector space K, which is of finite dimension over K. Since ¢ is injective, it
must be surjective as well. O]

This group is related to an important propery of field extensions:

Definition B.3.3 (Normal extension). Let I be a field that is either finite or of characteristic
zero. A finite extension F' C K is called normal if for every embedding o : K — F s.t.
O\F = ldF, it holds that O'(K) g K.

Remark B.3.4. (x) The previous definition makes sense for all finite extensions. In general,
a finite extension F' C K is called Galois if it is normal and separable. If the base field F is
either finite or of characteristic zero, then all finite extensions are automatically separable so
that being normal is the same as being Galois.

Proposition B.3.5. Let F' be a field that is either of characteristic zero or finite and let FF C K
be a finite extension. Then the following statements are equivalent.

1. F C K is normal.
2. If K = F(«), the minimal polynomial my(x) splits as a product of linear factors in K|[z]:

Mar(x)=(r—ai)...(z—a,), oK
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3. K =F(ay,...,a,) where P(z) = (z —aq) ... (v — ay) € Flz].

Proof. (1) = (2): Consider the splitting ma p(z) = (x — a1) ... (z — ay) in Flz]. Then all
the embeddings o: F(a) < F such that op = idp satisfy o(a) = o; for some 4. Since all these
embeddings have image in F'(«) by definition, it must be that «; € F(«) for all 4. This shows
that K is a normal extension, and since it is separable it is also Galois.

(2) = (3): Take P(x) = mpq(x) where a € K is any element such that K = F(«) (it
exists because of the primitive element theorem).

(3) = (1): If o: K < F is such that o = idr then o must send the roots of P(z) into
other roots of P(x). Hence it must send K to K. O

Example B.3.6. The extension Q(+/2) is not Galois over Q, but the larger extension

Q(V2,(:v2,(EV2) = Q(V2, ) is.

Remark B.3.7. Let F be a field that is either finite or of characteristic zero and consider a
finite field extension F' C K. By the Primitive Element Theorem, there is a € K such that
K = F(a) and then the embeddings o: F'(a) < F such that o = idr correspond to the roots
of the minimal polynomial mp,(z) in F. The embeddings that lie in Aut(K/F) correspond to
the roots that lie in K. Hence we

|Auwt(K/F)| < |{o: K = F|ojp =idp}| = [K : F]
and the extension is normal if and only if this is an equality.

Example B.3.8. Let F' = F)» be a finite field with p" elements, where p > 0 is a positive
prime number. Then this is a separable extension F), C F,» of degree n. We claim that this
is a normal extension and that the Galois group is isomorphic to Z/nZ and generated by the
Frobenius

Frob: Fpn — Fn

Indeed, the Frobenius lies in Aut(F, /F,) because of Lemma so we just need to show that
this has order n, because then

n = |(Frob)| < [Aut(Fy./F,)| < [F) : Fyl =n
Assume that k € N is such that Frob” = id. This means that 27° — z = 0 for all € F,-. Since
this polynomial can have at most p* roots in the field F,» it must be that p" < p* so that n < k.

Remark B.3.9. If ' C F' C K is a tower of finite field extensions, and if ¥ C K is normal,
then the extension F’ C K is normal as well: indeed, any field embedding o: K < F = F’ that
is the identity on F” is also the identity on F',so that o(K) C K. However, it is not true in
general that F' C F” is a normal extension.

B.3.1 The fundamental theorem of (Galois theory

Let F' be a field that is either of characteristic zero or finite and let /' C K be a finite extension.
For every subgroup G < Aut(K/F') we define its fized field as the subset

Fix(G) = K¢ ={a € K |o(a) =« forallc € G}

It is easy to check that this is an intermediate field extension F' C Fix(G) C K. Conversely, for
an intermediate extension K C F’ C F we obtain a subgroup

Aut(K/F') < Aut(K/F).
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Proposition B.3.10. Let F' be a field that is either of characteristic zero or finite and let
F C K be a finite extension. Then this extension is normal if and only if

Fix(Aut(K/F)) = F.

Proof. (x) Consider the fixed field F' = Fix(Aut(K/F)) and let [F' : F] = m. Let also

ot,...,0  be all the embeddings o’: F' — F such that Jl’F = idp. We can assume o] = idp.

We can lift each one of these to embeddings oy,...,0,: K — F such that o = 0p and we
can also assume that o; = idp. If K/F is normal, then o; € Aut(K/F') by construction so that
(0i)pr = idp = o7 for all i. Hence m = 1, meaning that F' = F.

Conversely, assume that I = F' and let o € K be an element such that X' = F'(a). Consider
the polynomial

Pi)= [] (z—o(a)

ceAut(K/F)

by construction, this polynomial is invariant by the action of Aut(K/F’) hence its coefficients
must be in F' = F. Furthermore, P(a) = 0 (why?) so that mg,(x) | P(z). Hence

[K : F| =degmp(x) <deg P(z) = | Aut(K/F)| < [K : F|
so that it must be | Aut(K/F)| = [K : F| so that the extension is normal. O

A vast generalization of this statement is:

Theorem B.3.11 (Fundamental theorem of Galois theory). Let F' be a field that is either of
characteristic zero or finite and let F' C K be a finite and normal extension. Then

(i) There is a bijection

{ subgroups } {mtermediate extensions

of Aut(K/F) FCF CK } , G r— Fix(G),Aut(K/F'") «+— F'.

such that the index of the subgroup corresponds to the degree of the intermediate extension:

[Aut(K/F) : Aut(K/F')] = [F' : F]

(ii) The extension F' C F' is normal if and only if Aut(K/F') C Aut(K/F) is normal. In this
case there is an isomorphism

Awt(K/F)/ Aut(K/F') = Aut(F'/F).

Proof. () We prove point (i) first. We first show that if /¥ C F' C K is an intermediate
extension,then F’ = Fix(Aut(K/F")). Notice that the extension F’ C K is normal because
Remark and then the statement follows from Proposition Now we show that if G C
Aut(K/F) is a finite subgroup, then G = Aut(K/ Fix(G)). It is clear that G C Aut(K/ Fix(G))
so what we need to show is that |G| = | Aut(K/ Fix(G))|. Set F' = Fix(G) and let a € K such
that K = F'(). As in the proof of Proposition [B.3.10} consider the polynomial

P(z) = [[(x = o(a))

celG
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By construction, this has coefficients in F’ = Fix(G) and P(«) = 0 so that mps o(x)|P(z). This
shows that

| AWt(K/F')| < [K : F') = deg(mpo(2)) < dog P(z) = |G| < | Aut(K/F')

so that |G| = | Aut(K/ Fix(G))|. This concludes the proof that the map is a bijection. For the
statement about the degree, let G C Aut(K/F') be any subgroup and let F' = Fix(G). Then

_JAu(K/F)|  |Aw(K/F)]  [K:F]
- G T JAw(K/F)|  [K:F] (£ F.

[Aut(K/F) : G

Now we consider point (ii). Fix an intermediate extension F' C F’ C K and observe that
any embedding o’: F' — F with a|’F, = idp can be extended to an embedding o: K — F,
which is an element of Aut(K/F) since F' C K is normal. This shows that there is a surjective
restriction map

r: Aw(K/F) — {o': F' < F|op =idp}, o+ o
If we define the set
N =r Y Auwt(F'/F)) = {0 € Aut(K/F)|o(F') C F'}
this gives another surjective restriction map
r: N — Aut(F'/F)

Furthermore, it is easy to see that N is a subgroup of Aut(K/F') and that the restriction map
is a group homomorphism with kernel equal to Aut(K/F’). This shows that Aut(K/F’) is a
normal subgroup in N and that N/ Aut(K/F’) = Aut(F’/F). To conclude we are going to
show the equivalences

F C F'isnormal <= Aut(K/F)=N <= Aut(F'/F) C Aut(K/F’) is normal

For the first equivalence, observe that F© C F” is a normal extension if and only if any
embedding o: F' < F with o = idp is actually in Aut(F’/F). By construction, this means
that N = Aut(K/F) (why?).

On the other hand, observe that Aut(K/F") is a normal subgroup in Aut(K/F) if and only
if for all 0 € Aut(K/F"),7 € Aut(K/F) we have 77'o7 € Aut(K/F’), meaning o(7(x)) = 7(z)
for all x € F’. This means that for all 7 € Aut(K/F) we have 7(F") C Fix(Aut(K/F")) = F',
where the last equality follows from (i). In other words Aut(K/F’) is a normal subgroup in
Aut(K/F) if and only if N = Aut(K/F). O
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