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Exercise 1 (Product criterion).
Let K be a field, > be a monomial order, f, g € K|[z], gcd(LM(f),LM(g)) = 1.
Show that there is a polynomials division with remainder of spoly(f, g) by (f,g) with remainder 0.

Hint: Show first that spoly(f,g) = aof + bog for ap = —tail(g) and by = tail(f) and then define recursive-
ly a; = tail(a;—1) and b; = tail(b;—1). Consider the maximal value N such that u - spoly(f,g9) = anf + byg for
some element v € K|[z]* and distinguish the two cases that LT(ay f)+ LT(bng) vanishes respectively does not vanish.

Proof: We want to show: Ju € Klz]*, q1,q2 € K]lz]| such that uspoly(f,g) = qif + g2g + O satisfies 1D1
(LM(spoly(f, g)) = LM(¢1 f),LM(g29)) and ID2 (always satisfied for » = 0).
We show the statement from the hint first:

L) G
PN = eatemi(r), (M) T ged(L(y), LhiGg)
=LT(g) - f-LT(f)-g
because ged(LM(f),LM(g)) = 1. It is f = LT(f) + tail(f),g = LT(g) + tail(g) so we can set

spoly(f,9) =LT(g)- f —LT(f)-g
= (g —tail(g)) - f — (f —tail(f)) - g
=gf — fg+ (—tail(g)) f + (tail(f))g
= (—tail(g)) f + (tail(f))g (1)

Set ag = —tail(g), bp = tail(f). Now we define recursively a; = tail(a;_1), b; = tail(b;_1).

Set N := max{no. of terms occuring in f, no. of terms occuring in g}, then ay = by = 0.

Choose v € {0, ..., N} maximal such that Ju € K[z]* : w-spoly(f,g) = a,f + b,g. Such a v exists because of 1.
It remains to show that this satisfies ID1. We distinguish the cases that LT (a, f) + LT(b,g) vanishes respectively does
not vanish.

1.case: LT(a, f) + LT(b,g) # 0.

= LM(u - spoly(f, g)) = max{LM(a, f),LM(b,g)}.

= wu - spoly(f,g) = a, f + b,g satisfies ID1.

2.case: LT(a, f) +LT(b,g) = 0.

Since LC(f),LC(g),LC(ay),LC(b,) # 0 the above applies that

LT(ay) -LT(f) = —LT(b,) - LT(g)

Since gcd(LM(f),LM(g)) = 1 and LT(f) divides the left hand side it also has to divide the right hand side, so there
exists a term T such that LT(a,) =T -LT(g) and LT(b,) = =T - LT(Jf).

= (u—"T) spoly(f,9) = avf+b,g—T(LT(g) - f —LT(f)g)
= auf + bug - LT(al/) . f - LT(bu) 'g)
=ayt1f +but1g

By the maximality of v it follows that either v = N or u — T ¢ K|z]*.

o If v = N it follows that: Ju € K[z]* : w-spoly(f,g)=0-f+0-g+0
= spoly(f, g) = 0 itself and this satisfies ID1.

o Ifu—T¢ K[z]*: Since u € K[z]* we have T # 0.
= LT(a,) =T -LT(g) = LT(T - g) Contradiction, since a, = tail(tail(... (tail(g)))).
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Exercise 2.
The degree lexicographical ordering >p, on Mon,, is defined by
z% >pp 27 e la] > 8| or (Ja| = |8] and Tk : a1 = B1, ..., ak—1 = Br—1, 0 > B).
A polynomial f =3 _ynaaz® € K[z1,...,2,] is called homogeneous if for all o with a,, # 0 the absolute value

|| is constant.
Show that a monomial ordering > on Mon,, equals >p,, if and only if > is a degree ordering and for any homogeneous
f € Klz] with LM(f) € K[z, ..., z,] we have f € K[z, ...z, k=1,...,n.

Proof: ,=" Dp is a degree ordering by definition. Let f € K[z] a homogeneous polynomial with LM(f) €
Kz, ..., xy] for some k.

Assume there exists a monomial 27 in f such that ¥ ¢ Klxg,...,x,]. Write 2% = LM(f). Since f is homogeneous
= |a| = |y|. But 3K’ < k: v > () = 0. This implies 7 > z* = LM(f) Contradiction!

.<=": Suppose for the monomial ordering > satisfies 2 > z” and z® <pDp 2P for x # 2.

Since both > and >p, are degree orderings, this implies that |a| = |5|. Therefore, there exists k such that
a1 =By, Qp—1 = Br_1,ar < Br. We can conclude that k& # n since for k = n we would know that |a| = |5| and
a1 =f1,...,0n_1 = Pn_1 which would also imply o, = 3,, and thus z® = z?, contradiction.
Define

a:=1(0,...,0,pt1,---,Qn)

B = <07"'7076k} _aknﬁk-‘rlw"aﬁn)

v:=(a1,...,04,0,...,0)

Then we know:

. . o> .
2% g =2 2P =P 17 =48 z’
<DP <Dp
Define now f = 2% + 2%, Then f is homogeneous, since lal = |a] = |y| = 18] = |v| = |8]- And f satisfies
LM~ (f) = 2% € K[zg11,...,2n) but f & K[Tgi1,...,2,). This contradicts the prerequisite. O

Exercise 3.
Apply IDBuchberger to the following triple (g, G, >) :

g=ax*+y* + 2 +xyz, G ={09/0x,09/0y,09/0z2}, >ap -

Solution: Set 7 := g, f1 := 0g/0x = 42> +yz, fo 1= 0g/0y = 4y> + x2, f3 := 0g/0z = 423 + xy.
1. Step: LM(f1) = 23|z* = LM(ry).

Set ¢ := LT(ro) — 1

o) = it and
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spoly(ro, f1) 1 lem(LM(ro), LM(/f1)) lem(LM(ro), LM(f1))

"= Tegy ey eV LM(ro) 70~ LC{ro) LM(f1) )
_ 1 ) LT(fl) o — LT(’I“()) f)
LC(f1) " ged(LM(ro), LM(f1)) " ged(LM(ro), LM(f1))
23 x? f
= A o) - D ) =
- i (A +yt 2 ayz) — o (420 4 y2))
= i 4yt + 2t xy2) — 2y2)

A

+z4+§x
T

<

2. Step: LM(f2) = 3|y* = LM(ry).

Set qp = 'L‘IEB =1y and

_— spoly(r1, f2)
T LC(f)

1 ( 4y3 y4
4

Y
ged(yty®) 1 ged(yt, vP)
f2

- f2)

—24—1—13: z

3. Step: LM(f3) = 23|24 = LM(r2)

Set g3 = [y} =} and

spoly(rz, f3)
LC(f3)

473 24
(

.r2_273.f3)

- (4(2* + %J;yz) — 2 - (42° + 2y))

rg =

23

i M N

xYz
4. Step: There remains no f; with LM(f;)|LM(r3), so the algorithm terminates and we obtain:

1 1 1 1
nfi+afotafs+r= 193(4333 +yz) + 19(4213 +zz) + zz(‘lz3 + zy) + 127

=zt +y* + 2 +ayz
=9




