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Exercise 1.
Let R = Q[z,y, 2] and I = (zy — vy, 22 + yz,y — z) C R. Compute whether f = 23 — 2y? belongs to I.

Solution: We know from Exercise 2 Sheet 7 that S = {zy — y,22% + y2z,y — z,—y> — 2y} is a Groebner basis
of I with respect to >;, where z > z > y. We need to apply Proposition 2.3.2 to f with respect to S. We use
Buchberger ID for the indeterminate division of f with S.

Write fi =2y —y, fo =222 +yz, fs=y — 2, f1 = —y> — 2.

1. Step: We know LM(f) = zz3. This gets divided by LM(f3) = z. Set:
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2. Step: We know LM(r) = zy22. This gets divided by LM(f3) = 2. Set:

LT(T.) = 7"[22 — XYz
T(fs) Y
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= —2y2 + xy22 — LT(=2y" + 2y=")

LT(f3)

2

TYZz
— -2

= -2 4 xyz? — i

[

= —2y% +ay2® +ayz(y — 2)

= —29% + 29’2
3. Step: We know LM(r) = zy?z. This gets divided by LM(f3) = z. Set:

LT(r)
2 2 2
3= —Tz" — Yz + =—x2" —xYz —x
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and
_ spoly(r, fs)
LC(f3)
LT(—2y* + zy°2)
= —2y° + ay’z —
s i)
22
= =2 oyt - ——(y - 2)
= =207 + ay’z + 29 (y — 2)
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4. Step: We know LM(r) = xy3. This gets divided by LM(f4) = y3. Set:
LT .
RS
and
_ spoly(r, f4)
LC(f4)
LT(—2y? + xy?)
=20yt — =2 77
R (R
3
= —2y% + oy’ — %(—93 - 2y)
= -2y + oy’ + 2(~y° — 2y)
= —2y% — 2y
5. Step: We know LM(r) = xy. This gets divided by LM(f;) = zy. Set:
LT(r)
— — —2
")
and
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LC(f1)
LT(—2y?% — 2xy)
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TGy !
= 2% — 20y — ——(ay —y)

= —2y® — 2zy + 2(ay — y)

=2 -2

Now LM(—2y2 —2y) = y? is not divided by any of the leading monomials of the f; since LM(f1) = 2y, LM(fs) = 2,
LM(f3) = z, LM(f1) = 3. So the algorithm terminates.
We have f = (=2)(zy — y) + (—22° — 2yz — 2y®)(y — 2) — 2(—y® — 2y) + (=2 — 2y).

Since r = —2y% — 2y # 0 we have f ¢ I. O




