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Exercise 1

Let > be a monomial order on Mon,,. Prove that the following are equivalent:
1. > is global.
2. > is a well-ordering.
3. x; >1Vi=1,...,n.

4. > refines >,a, i.€. 2% > 27 = 2% > 2P.

Exercise 2

(a) Prove that the set of monomials of K[X] has exactly two orders, one of which is
global.

(b) Prove that the set of monomials of K[X, Y] has uncountably many orders.

Hint: Consider weighted degree reverse lexicographic orders.

Exercise 3

Let K be an algebraically closed field. Let A C K™ be an affine variety and let

f:A=> K™ aw— (fi(a),..., fm(a))

be a polynomial map, so fi,..., fm € K[X1,...,X,] . We write K[X1,...,X,] for the
coordinate ring of K™ and K[Y1,...,Y,,]| for the coordinate ring of K™.
Prove:

f(A) =V{I(A), Y1 = fr, o Yo = fo) ) K1 X Vi) 0 KY).
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Exercise 4.

Matrices A € GL(n,R) with real entries can be used to obtain a monomial ordering on
Mon,, by setting

% >4 20 = Aa > Ap
where > on the right-hand side is the lexicographical ordering on R™.

Find the matrices that induce the lexicographic and the degree reverse lexicographic
ordering on Mon,, with X; > --- > X,.
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