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Motivation

Many geometric objects are given as zero-sets of polynomials:

coccle LU
W “ LJZ~A =0 xZJrUer—ZZ
ﬁ/[ =0

cireudar PSR
Coz/ké _— QLUV\&U
KZthj ~270 — \Q%cUZ'A =0

Abbildung 1: Geometric objects'

Idea: built and use a dictionary to go from algebra (polynomials etc.) to geometry. The
algebra of the ring of polynomials (in several indeterminates) is particularly important.
Since the polynomial ring is commutative, we study commutative algebra to obtain a good
knowledge about the algebraic side.

Algebraic geometry is the study of geometric objects given as zero-sets of polynomials by
means of the dictionary between algebra and geometry.

Chapter 1: Introduces the basics of the algebra-geometry dictionary

Chapter 2: Algebraic and computational, provides us with algorithms that compute the
operations with ideals that are important for the geometry as we saw in Chapter 1.

Chapter 3: Generalizes the concept by studying varieties with their functions as structure
sheaves and their (abstract) varieties as spaces with functions which are isomorphic to
affine varieties.

Chapter 4: Dives deeper into the geometry of affine varieties, providing the necessa-
ry background from commutative algebra as we go along.

Image from Hannah Markwig.
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The following terms are supposed to be known:

e Rings R, we only study:

o Commutative rings with 1.

o Ideals I.

« Quotient rings R/I.

o Chinese remainder theorem.

e Principal ideal domains.

o Field extensions.

e Modules.

o Maximal ideals.

o Prime ideals.

« Quotient modules M/N.

o Algebraic closed fields.

o Field extensions, finite and algebraic, minimal polynomials.
o Algebraic closure.

e Tensor products of vector spaces.

o K-algebras.

e Zorn’s Lemma.

e Unique factorization domains.

o Klzy,...,x,] is UFD.

o A prime element generates a prime ideal.

o Cramer’s rule: for A € R™™ JA € R™™ : A- A= det(A) - 1,,.

e Vector space endomorphisms, Figenvalues and -vectors, characteristic polynomial
and minimal polynomial, Theorem of Cayley-Hamilton
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1 Ideals and affine varieties

1.1 Affine varieties

1.1.1 Definition (Polynomial rings over fields). Let K be a field.

Klz] .= K[z, ..., z,)

P O anxt - xomag € K a, # 0 only for finitely many o € N”
1 n
aEeN"™

is the polynomial ring in n indeterminates over K.

For a € N, ¢ is the multi-index notation for z* = z{* - ... - 20",
z® is called a monomial of f, a,z® a term of f and a, the coefficient of the term a,z“
of f.

The support of a polynomial f is

supp(f) := {alaq # 0}.

By definition, the support is finite.
Let f,g € Klz], and let A = supp(f) Usupp(g). We can write

f = Z aagaa g = Z baia'

acA acA

The sum is defined as

f+9="> (aq+by)z"

acA
The multiplication of terms is defined as

anz” - bﬁgﬁ = (aabg)f”rﬁ.

The multiplication of polynomials is defined by invoking the distributive law. With these
two operations, K[z] is a commutative ring with 1.

Analogously: polynomial rings over rings.

Recall:

1.1.2 Definition (Ideal). Let R be a commutative ring with 1. An ideal I C R is a non
empty set with

a+bel, r-acl Ya,be I, r € R.

1.1.3 Definition. Let R be a ring, A C R.

(A= (11

ACICR
I Ideal

is the ideal generated by A.



1.1.4 Lemma.
(a1,...,a,) = {Zriai\n € R}
i=1

Proof: FExercise.

1.1.5 Example (The univariate polynomial ring). Let n = 1, then Kz|(= K[z4]) is a
principal ideal domain, i.e. every ideal is generated by a single element.

Recall the proof:
Let I C Klz|,I # (0). Choose 0 # f € I s.th. deg f is minimal. Claim: I = (f)
7 D 77: J
7C 7. Let g € I. Apply division with remainder: ¢ = qf +r = r = g —qf € I,
degr < deg f. Because of the choice of f we conclude r = 0.
= g=q-fe(f)
Important ingredient in this proof: division with remainder, see Section 2.2.
1.1.6 Definition (Affine varieties). Let fi,..., f. € K[x1,...,x,]. Then
V(fi, - fr) = {p € K"[fi(p) = OVi}
is the affine variety given by the f;.
Example. (1) V(1) =0, V(0) = K"
(2) Let f; =X a;jx; — b; be linear polynomials, A = (a;;),b = (b;), then
V(fi,..., fr) ={z|]A-z =0}

is an affine subspace of K™.

(3) f=2"—yeR[z,y

~

R*




(5) f=a*+y*—2*

N\ 4 ms
VI(f)=
(6) fl =2y f2 =Tz,
y:D,z=0
V=
x=0
(7) f=2>—y°

V(f)= \/ cuspidal curve

(8) f ==y in Rlz,y, 2] /

VI(f) = / union of 2 planes

V(fi, f2) = L’ ‘ space curve in R?
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(10) fi=my, fa=wz, f3=yz

V(fi, f2, f3) = space curve in R3

(11) f=y* —z2?

P

V(f) = Whitney’s umbrella

Remark. V(fi,..., f;) only depends on the ideal I = (f1,..., f.), because if
filp) =...= f.(p) =0, then also X r;fi(p) =0 for r; € K[xy,..., x,].

1.1.7 Definition (Zero set). Let I C K[x1,...,z,] be an ideal, then
V(I)={pe K"[f(p)=0Vfel}

is the zero set of I.

We'll show: every zero set is an affine variety.

We will see (using the theory of Noetherian rings), that all V' (I) are affine varieties, i.e. all
I C K|z] are finitely generated as I = (f1,... f,).

1.1.8 Definition. Let I;, 5 C R be ideals.

I - I, = the ideal generated by {f1 - f2|f1 € L1, f2 € 5}
I; + I, = the ideal generated by I, U I

More generally, if (I))xca is a family of ideals, then Y ,c,4 I, is the ideal generated by
Uxea I, it is equal to

{>° filfr € I, only finitely many fy # 0}
AeA

1.1.9 Lemma. Let Iy, 1> C K|x] be ideals.

(1) V(K[)) = V(1) =0, V(0) = K™

(2) I C Iy = V(1) C V(L)

(3) V(L)) UV (L) =V(I1NIL)=V(I- 1)
(4) V(L) NV (L) =V ([ UL) =V + L)
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More general, if (Ix)xea is a family of ideals,

V(L) =V(U L) =V() L)

AEA AeA AeA

Proof. (1) Since 1 € K|z]

(2) Let pe V(L) = f(p)=0VYfel "S® f(p)=0vfel, = pe V(L)
(3) Let p € V(I;) UV (I). Then 3i: pe V(I;) = f(p) =0Vf € I;. Hence

glp)=0Vge hNl, = peV(LNDh).

Let f1 € I, fo € Is. Then f; - fo € I; N Iy = the generating set of I; - I is contained
in I; N I5. Thus

L LchnL2V(LNE) cV(L- L)

Let pe V(11 - o). If p ¢ V(I;) UV (Iy), then for i = 1,2 there exist f; € I; such that
fi(p) # 0. Hence

fi- f2(p) = f1(p) - f2(p) #0 %
Therefore p € V(I;) UV (l3).

pE ﬂV(IA) @pEV(I)\)VAEA = f)\(p)ZO\V/f)\EI)\V)\
AeA

&S fp)=0vfe UL, & pEV(U IA).

AeA AeA

As 3yca I is the ideal generated by Uyeca Iy, we have

V(U IA) :V(ZA) :

Example. (1) K[z,y], I = (y) C I, = (z,y)




V(L) NV (L) = =V({(z,9))

1.1.10 Definition. Let I C R be an ideal. The radical /T is
VI={f|3neN: frel}.
An ideal I is called radical if I = /1.

1.1.11 Lemma. The radical /I is an ideal.
Proof: Fxercise.

1.1.12 Lemma. Let I € K[z]. V(I) = V(1)
Proof. As I C VI, V(V/I)c V(I).

Let p e V(I),let f € VI
= 3n:frel= f"p)=Ffp)-...-flp)=0= f(p) =0=pe V(VI) O

Example. [ = (2?).\/1 = (z)

V() =V(VI) = C Klz,y]

Sometimes it makes sense to view V((z?)) as a ,, double line“. For the purpose of affine
varieties, this is not the case, here we simply have V({2?)) = line.
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1.2 Noetherian rings

1.2.1 Theorem. Let R be a commutative ring with 1. The following are equivalent (TFAE):

(1) Every ideal I C R is finitely generated

(2) Every ascending chain of ideals Iy C Iy C I3 C ... becomes stationary, i.e. 3m s.th.
I, = m+1 — dm+2 — -+«

(8) Every non empty set of ideals contains an (inclusion-) mazimal element.
A ring that satisfies 1)-3) is called Noetherian.

Proof. 71) = 2)”: Let I; C Iy C ... be a chain of ideals. Then I = (32, I; is an ideal:
Let a,be I

= Hjl,jQGNICLEIjI, b61j2,(Ej1 <j2,
then a € I;, C Ij,, i.e. a,b € I,
=a+bel;, = a+bel

Letacel,reR

= djraclj=r-acl;j Cl=racl.

Ly - (ay,...,a,) is finitely generated.

For all a; there exists j; such that a; € I;,. Let
k:=max{j; |i=1,...,r}

Then ay,...,a, € Iy = {(ay,...,a,) C Iy = I C Ij.
Therefore the chain is stationary at k.

”2) = 3)”: Suppose (3) does not hold. Then there exists a set M of ideals such that
VieM3Ilr'eM:1CT.
Recursively, we produce a chain which does not become stationary.
”3) = 1)”: Let I be an ideal. Consider
M ={J C 1| Jis a finitely generated ideal }
M # 10, as (0) € M.
Let J be a maximal element of M. Jay,...,a,: J = {a1,...,a.).
Assume J C I, then 3a € I\ J, J C {(ay,...,a,,a) C I.

= (ay,...,a,,a) € M, % to the maximality of J.
= J = [ is finitely generated. []



1.2.2 Lemma. R has only 2 ideals < R is a field.

Proof. 7 = ": {0}, R are ideals, the only ones.
For a # 0, a € R we thus have

(a)=R=(1)=1€(a)=3dreR:ra=1

= ¢ is a unit and R a field.

7«7 {0}, R are ideals. Let I C R be an ideal with 0 # a € I.
=ala=1€el=r-1=rel VYre R= I=R = there are no other ideals. O

1.2.3 Corollary. A field K is Noetherian.

Proof. K has only two ideals, K = (1), {0} = (0), both are finitely generated. O
1.2.4 Theorem (Hilbert’s Basis Theorem). R Noetherian = R[x] Noetherian.
1.2.5 Corollary.
R Noetherian = Rxy,...,x,| Noetherian.
Proof. Hilbert’s Basis Theorem 1.2.4 and induction. [

1.2.6 Corollary. Let K be a field, then K|x] = K[x1,...,x,| is Noetherian.

Proof. Hilbert’s Basis Theorem 1.2.4 and induction with induction beginning 1.2.3. [

1.2.7 Corollary. (Zero sets are affine varieties) The zero set V(I) of an ideal I C K|[z]
is an affine variety, i.e.

V) =V(f,..-. [r)
for finitely many polynomials f;.

Proof. As I = (fi,..., f.) is finitely generated, as K[z] is Noetherian by (the corollary of)
Hilbert’s Basis Theorem 1.2.4, we have

V) =V (f1,..- . [r).

1.2.8 Definition. Let R be a ring, R[x| the univariate polynomial ring over R. Let
f=az"+-- +ao € Rlz].

arz® is the leading term LT(f),
2* the leading monomial LM(f),
ay, the leading coefficient LC(f).



Proof of Hilbert’s Basis Theorem 1.2.J. Suppose R[z| was not Noetherian.
= Jideal I which is not finitely generated.
Let 0 # f1 € I with deg(f1) minimal, 0 # fo € I\ (f1) with deg(f>) minimal, etc.

= deg(f1) < deg(f2) <
We obtain an ascending chain of ideals in R:

(LC(f1)) € (LC(f1),LC(f2)) ©

As R is Noetherian, it becomes stationary, i.e. 3 k:

(LC(f1), .-, LC(f)) = (LC(f1), .., LC(fi), LC(fr+1))-
= 3, € R:

fk—i—l Zb LC fj

7=1
Let
pdes(frr1)—deg(f;) | f

HM»

Then g € I and

k
= ij LC(fj) = LC(fk:—i—l) = deg(g - fk:+1) < deg(fk+1),

J=1

But g — fxi1 € I\ (f1,..., fx), since g — frr1 € I, and since if g — fr11 wasin (fi, ..., fi),
then, as g € (f1,..., fx), also fre1 € (f1,---, fx), &

Hence R[z] is Noetherian. O

1.3 Vanishing ideals and the Zariski-Topology

We consider affine varieties or zero-sets in the affine space K", we denote it by A" or A%
to stress the underlying field.

1.3.1 Definition. (Zariski-Topology) A subset U C A" is called open in the Zariski-
Topology if it is the complement of an affine variety, i.e. 3X = V(fi,..., f,) s.th.

U=A"\X.

By Lemma 1.1.9, (), A™ are open. If Uy = A"\ V(I,) is open V \ € A, then
U Us= U@\ V(L) = A"\ V(L) = A"\ V(U 1)

AeA AeA AeA AeA

is open.
If Uy =A"\V(L),...,U, = A"\ V(I;) are open, then

UiN- N0 = AM\V(I)N- - NA\V(I) = A"\ (V(I)U- - -UV(I},)) = A"\ V(I;N---NT,)

is open. Hence Zariski-open sets satisfy the axioms of a topology.
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Example. (1) The closed subsets of A are (), A! and finite sets of points

o, o=V —p1) - (@ —pr))

This is true since for X C A! closed, X = V() for an ideal I C K|[z|, I = (f) for a
polynomial f, since K[z] is a principal ideal domain, and f has only finitely many
zeros. = X is a finite set.

Notice: the Zariski-topology is different from the Euclidean topology.

If #K = oo, any two Zariski open subsets of A" intersect. The Zariski-topology is in
general not Hausdorffsch.

(2) The Zariski-topology of A! x A! = A? is not the product topology on A! x Al

On A' x A, closed subsets are unions of parallel lines or points,
but there are more closed subsets in A2, e.g.

Y V(z® — ).

The advantage of the Zariski-topology is: it works for arbitrary fields. We can use
topological language for affine varieties.

1.3.2 Definition (Vanishing ideal). Let X C A".
I(X):={feK[zxy,...,x,] | f(p)) =0Vpe X}
is the vanishing ideal of X.

1.3.3 Lemma. [(X) is an ideal.

Proof. Let f,g € I(X)

Let re Klz] = (r- f)(p) =0Vpe X =r- f e l(X). O
1.3.4 Example. Let p = (p1,...,pn) € A" be a point, then
I({p}) - <'T1 —P1y---, T _pn> =:my

7 D 77: \/
"C 7" m,is a maximal ideal, as

Il

Klz)/m, = K[z]/{x1 — p1, ... 20 — pn) — Klz]/{21,. .. 2,) = K

Ti > T + P
is a field.
As m, C I({p}) € K|z] because 1 ¢ I({p}), we conclude m, = I({p}).

10



1.3.5 Lemma. Let X, X1, Xy C A" be subsets.

(1) I1(X) is a radical ideal.
(2) V(I(X)) = X, the Zariski closure of X in A",
X = N Y.

Y CA"
Y closed, XCY

(3) If X is an affine variety, then V(I(X)) = X.
(4) 1(X) = 1(X)
(5) Xi C Xy = 1(Xy) C I(Xy)
(7) If X1, Xy C A™ are affine varieties, then X, C Xy < I[(X3) C I(Xy) and
X1 = X2 ~ I(Xl) = I(XQ)
Proof. (1) Let f € +/I(X)
=dn: f"el(X)= f"(p)=0VpeX=flp)=0Vpe X =fecl(X)

(5) LetfGI(X2):>f(p):0VPGX2X1:C>X2 f(p)=0VpeX;=[fel(X)

(3) X C V(I(X)),since f(p)=0Vpe X, fel(X) Let X =V (f1,..., fx)
= fiel(X)Vi={(fi,.... i) CIX)=VI(X)CV(fi,..., fr) = X.
(2) V(I(X)) is closed and contains X. = X C V(I(X)).
Let X CY be closed gl(Y) C I(X)

S VIX) cVIY)ZY = VIX) CY VY dosed, X CY = V(I(X)) C X.

(4) I(X) =I(V(I(X)))
Claim: I(V(I(X))
(

“Cras X cV(
“O¢ Let f e I(X),
= fp)=0=f¢€

(6)

)
) =1(X)
).
let p e V(I(X)) = g(p) =0V g € I(X)
I(V(I(X))).

fellXijuXy) < flp)=0VpeXjUXoe f(p)=0V¥pe X;and Vp e X,

(7) X1 C Xy = 1(Xy) C I(X;) follows from (5).
If 1(X) € 1(X)) "2 v(I(x)) € V(X))
But V(I(X;)) = 2 X;, as X; is an affine variety = X; C X.

The equality statement then follows by using both containments.

11



Example. 1) Rz, y], X = ﬁmtely many points on the r—axis,
I(X) = (x), V(I(X)) = z—axis.
K‘L
XA‘
o XL

2) I(X1) = (z,y) D I(X2) = (y)

X, K"

X/\

3) (X1 U Xs) = I1(Xy) NI(X3) = (y) N (x) = (zy)

1.3.6 Remark. We see that we can go from ideals to varieties and back:

I
{affine varieties X C A"} = {radical ideals I C K[z|}
J

X — I(X)
V() +— I

We saw already X = V(I(X)), so the composition V o [ is the identity.
What about I o V7

First of all, we need to add “radical” above, since I(X) is always a radical ideal.

For any ideal I C K|z], we have
VI c I(V(D)).

Let fevVI=3n: frel.Letpec V()= f"(p)=0= f(p)=0= f e I(V(I)).
But I(V(I)) € v/I does not need to hold:

Let K =R, I = (> +y* + 1) CRlz,y] = V(I) =0,
but VI =1= (224> +1) C Rz,y] = 1(0) = [(V(I)).

We need algebraically closed fields, then Hilbert’s Nullstellensatz (see next section 1.4)
shows us

I(V(D) = VT,

and with that we obtain bijections 7,V

I
{affine varieties X C A"} = {radical ideals I C K[z]}.
v
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1.4 Hilbert’s Nullstellensatz

We only consider commutative rings with 1.

1.4.1 Definition. Let R C S be a ring extension.
S is finitely generated as R-Algebra, if Jaq,...,a, € S:

S = Rlay,...,a,] = {polynomials in the a; with coefficients in R}.

S is finitely generated as R-module, if daq,...,a, € S:

S={a,...,a,)gp = {Zmai | 7 ER}.

1.4.2 Theorem (Noetherian modules). Let M be an R-module.
The following are equivalent:

(1) Every submodule N C M is finitely generated.
(2) Every ascending chain of submodules
N; C Ny C N3 C
becomes stationary, i.e. 3m s.th.
Ny = Nppi1 = Nppyo =
(3) Every non-empty set of submodules contains an (inclusion-) mazimal element.

A module that satisfies (1)-(3) is called Noetherian.

The proof is as for rings.
1.4.3 Proposition. Let

0— M —5 M -5 M" —0
be an exact sequence of R-modules.

M Noetherian < M', M" Noetherian.

Proof. Claim: Ny, Ny C M submodules with
Nl CNQ, 7T(N1) :W(NQ), Z(M/)le :Z(M/)QNQ = Nl N2
Let x € Ny

= 7(x) € m(Ng) = 7(Ny)

= 32’ € Ny : 7(z) = m(a)
=mz—2)=0

= x — 1’ € ker(r) = Im(i) = i(M').

13



With ' € Ny C Ny, z € No= o —a2' € Ny=z—2' € Nyni(M') = Ny ni(M')
= 1 — 2’ € Ny, because 2’ € Ny = xz € N;.

7«7 Let M', M" be Noetherian. Let
M, C M,C...
be a chain of submodules in M.
n(My) C w(Ms) C ...

is a chain in M"”, and
Z(M’) N M, C Z(M/) NMy,C ...

is a chain in M’.

As both are Noetherian, both chains stabilize. Choose n big enough such that they both
stabilize:

= 7(My)=7(M,)VN>n, i(MYNMy=i(M)NM,V N >n.
B My =M, ¥ N>n
= the chain is stationary

= M is Noetherian.

7= 7. Let M be Noetherian. Every chain in M’ or M"” induces a chain in M via i
resp. 7!, which becomes stationary, thus also the former. ]

1.4.4 Corollary. Let M be a Noetherian module, N C M a submodule and M/N the
quotient module. Then N, M /N are Noetherian.

In particular, for a Noetherian ring R and an ideal I, the quotient ring R/I is Noetherian

as a ring.

Proof. Follows since
0O— N-—M— M/N—0

is exact.

R/I is a Noetherian R-module by the above. An ideal J C R/I is finitely generated as
R-module, but then it is also finitely generated in R/I.
Hence R/I is a Noetherian ring. O

1.4.5 Corollary. Let S be a finitely generated R-algebra for a Noetherian ring R.
Then S is Noetherian.

Proof. day,...,a, € S: S = Rlay,...,a]. Let

o : Rlxy,...,z5] — S
T; — a;

(R-algebra homomorphism). Then
S = Rlay,...,a, = Rlzy,...,xx]/ kerg

is a quotient of R[xzy,...,zx]. The latter is Noetherian by Hilbert’s Basis Theorem 1.2.4.
Hence S is Noetherian by 1.4.4. O

14



1.4.6 Corollary. If R is a Noetherian ring and M is a finitely generated R-module, then
M is Noetherian.

Proof. Using induction and the exact sequence

0— R"!'—R'"— R—0,

il T
T
) xna
Tn—1 Tnp—1

we see that R™ is Noetherian.

Let M = (ay,...,a,)r, then
0— kerp — R" — M — 0, e +— ay,
is exact, and thus using 1.4.3 again we conclude M is Noetherian. ]

1.4.7 Lemma. K(X), the function field of the univariate polynomial ring over a field K,
is not finitely generated as a K-algebra.

Proof. Assume

Jh;

S St KX = Kb, b

9i

Let K be the algebraic closure of K. It has infinitely many elements. For every a € K
there exists a minimal polynomial over K
= there exist infinitely many irreducible polynomials f(x) € K|z].

If;eK[hl,...,hr]

= }: Z aahj"l...h$”:Zaa<ﬁ> <fr> Tﬁ(gl-...-gr)d:f-h

aeN" « g1 gr

for some h € K[z] and d = max{|a| | a, # 0}.

On the right, there are infinitely many irreducible polynomials. On the left, only finitely
many prime factors. % ]

1.4.8 Theorem. Let K C L be a field extension such that L is a finitely generated algebra
over K. Then dimg (L) < 0.

Proof. Let L = K]lay,...,a,] for a; € L. Induction on r.

If r =1, then L = K[ay], and a; has to be algebraic over K, because if not, K[a;] = K|z]
would not be a field. Thus dimg (L) < oco.

Let r > 1. Then K C K(a;) C L, and
L =K(a)lag,...,a,],

so by induction, dimg,,)(L) < co.
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If dimg (K (a1)) < oo, then also dimg (L) < 0o. So assume dimg (K (a;)) = o0

= a; is transcendental over K. Hence K(a;) = K(x), the function field of the univariate
polynomial ring.

As dimg(q,)(L) < 00, ag, ..., a, are algebraic over K(a;). Let Q) be the set of coefficients
of the minimal polynomials of as, ..., a, over K(a;y). Let A = K[ay,Q]. Then

KCcACK(a)CL,
and A is Noetherian as a K-algebra because of 1.4.5.

Let d; be the degree of the minimal polynomial of a; over K(a;),i=2,...,r.

Y

Claim: L is finitely generated as an A-module by

{GSQ(IZET’OS]{?Z<C[Z}

This is true, since we can express higher powers of a; in terms of lower powers using the
minimal polynomial, if m,, = 2% + by,_,x%-1 4 -+ - + by, then
adi = —by it — ... = by,

and we can substitute this in any polynomial expression in the a; until we are left with
the monomials above.

By 1.4.7, L is a Noetherian A-module, and since K(a;) C L is an A-submodule, we
conclude K (ay) is finitely generated as an A-module.

As A is a finitely generated K-algebra, also K (ay) is a finitely generated K-algebra.
4 by 1.4.7. 0

1.4.9 Proposition. Let K = K be algebraically closed. If m C K|z| is mazimal, then
there exists p € K™ such that

m=1(p) =(x1 —p1,...,Tp — Pn)
(see 1.4.3).

In particular,

{mazimal ideals in K[z]} <2 {pointsp e K"}

I(p) «— p
m — V(m)

Proof. Let L = K[z]/m, then K C L is a field extension and L is a finitely generated
K-algebra (generated by the classes of the x;). By 1.4.8,
dlmK(L) < 00.

= K C L is a finite-dimensional field extension
= K C L is an algebraic field extension.
YK=L
= p: K = K[z]/m, let p; be the preimage of [z;] under this isomorphism. Then

[z:] = o(e™ ([x]) = (pi) = [p]

= [wi—pl =0= 2 —p em
= (1 —p1,..., Ty —pp) C M
As both are maximal ideals (see 1.3.4) = m = (x1 —p1,...,Zp — Pp). O
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1.4.10 Corollary. Let K = K, I C K|z] an ideal such that

V() =0=1=Klz.

Proof. Assume I C K|z].
Then there exists a maximal ideal m with / C m C K[z] (by Zorn’s lemma).
= V(m) c V().

By 1.49,3p e K™

m = (21 = p1,. -, T = pa) = V(m) = {p} CV(I) = 0,5
= I = K|z]. O
1.4.11 Proposition (Rabinovitch’s trick). Let I C Klz] be an ideal, f € K|z].

feVvli < 1e{, f-t—1)C K[z,1].

Proof. Let I = (f1,..., fr).
"= Letle (I, f t—1)

= 1=> gi(z,t) filz) + Mz, t)- (f(z)-t-1)

i=1
for some g;, h € K|z, t].
We work in the quotient field of K[z, t] and set ¢ = %:

1—292( 7))+

Clear denominators: 3 N such that

=20 filz) € I

= feI
7= Let fN el As|[ft]=1in K|z, t|/{I, ft — 1) we get
[f1- [t = [1]
=YY =Y =[]
=[0]- [ = [1]
=[] =1[0] = (I, ft = 1)

]

1.4.12 Theorem (Hilbert’s Nullstellensatz). Let K = K be an algebraically closed field.
Let I C K|z] be an ideal. Then
I(V(I)) = VI.
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Proof. By remark 1.3.6, v/I C I(V(I)) holds for any ground field.

TC o Let feI(V(D)).
Claim:
(I, ft—1) = K[z, 1],

Then, by Rabinovitch’s trick 1.4.11, we conclude f € /1.
Assume (I, ft — 1) C K[z, t] = V(I, ft — 1) # 0 by 1.4.10.

1.1.94)

= 3 (p1,---,Pn,q) € K" such that (p1,...,pn,q) € V(I, ft—1) ="V({I)NV(ft—1)
= (p1,...,pn) € V() and f(p1,...,pn) - q=1.
As fel(V()) = f(p1,---,pn) =0=0-g=11in K, 4. O

1.4.13 Corollary (The variety—ideal correspondence). Let K = K be algebraically closed.
Then I,V are bijections:

I
{affine varieties X C A"} = {radical ideals I C K|z}
v

Proof. By 1.3.5 3), V(I(X)) = X (for any ground field).

By Hilbert’s Nullstellensatz 1.4.12,
I(V(I)) _ \/j I is gdical I
for I radical. 0

1.4.14 Proposition. Let K = K. Let X1, Xy C K" be affine varieties.

Then

[(X, N Xa) =/ I(X) + I(X).

Proof.

With Hilbert’s Nullstellensatz 1.4.12 we conclude

I(VI(X1NXy)) =VI(X1NXe) =1(X1NXy),

as vanishing ideals are radical, and

I(V(I(X: N X)) = T(V(I(X1) + 1(Xa))) =/ T(X1) + [(Xa).

= I(XiNXs) = I(X)) +1(X,).
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Example. Let
X =V’ —2%), Xo=V(y), Xs=V(z)

[(X1) = (y* —2%), I(X2)=(y), I(X3)= ()

I(Xy) +1(X2) = (¥ — %) + (y) = (y,2%)

JIX) +I(X) = (o) = XiNX

I(X0) + 1(X3) = (2 — 2®) + (2) = (gPa), (X)) + I(Xs) = (2,y)

= XiNX;
1.4.15 Definition (Coordinate ring). Let X C K" be an affine variety.
K[X]:= Klx1,...,z,)/I1(X)

is the coordinate ring of X.
As I(X) is radical, K[X] has no nilpotent elements.
1.4.16 Proposition. Let K = K and X C K™ an affine variety.

{points of X} «— {mazimal ideals of K[X]}
Proof. The maximal ideals of K[X] are in bijection with the maximal ideals of K[z] that

contain /(X ), by Hilbert’s Nullstellensatz these corresponds to points that are contained
in X. [

1.4.17 Proposition (Ideals of quotient rings). Let R be a ring, I C R an ideal.
{Ideals in R/1} <— {ldeals J C R with I C J}

Proof. Let ¢ : R — R/I be the quotient map. If J C R/I is an ideal, then ¢~!(J) C R is
an ideal containing I.

If J C R is an ideal containing I, then ¢(J) C R/I is an ideal. O
1.4.18 Proposition. [The variety—ideal correspondence] Let K = K, X C K™ an affine
variety.

{affine subvarieties of X} <— {radical ideals in the coordinate ring K[X]}

Proof. It Y C X is an affine subvariety, then
Klz] D I(Y) D I(X),
thus, by 1.4.17, the quotient ideal is in K [X]. Furthermore, it is radical by 1.3.5 1).

Vice versa, given a radical ideal in K[X], via 1.4.17 it comes from an ideal in K|z]
containing I(X), and thus yields an affine subvariety of X. O
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1.5 Irreducible components, quotients and projections

1.5.1 Definition. A topological space is called reducible if either X = ) or
X=X1UXs, X;,CX, X, closed.
A space X # () for which such a decomposition does not exist is called irreducible.
1.5.2 Proposition. Let X C K" be an affine variety. Then
X irreducible < 1(X) is prime.
& K[X] is an integral domain (i.e. has no zero-divisors).
X irreducible <= I(X) is prime.

Equivalently, K[X] is an integral domain (i.e. has no zero divisors).

Proof. Let X be irreducible. Then X # (. Let f-g € I(X).

V(if-ggD2X = X=XnV(f-9)
=XNW(f)uVig)
= (XNV(f))uXnV(g)),

and both are closed. As X is irreducible, (E
XNnV(f)=X = flx=0 = [felX)
Thus I(X) is prime.

Let X be reducible. If X = (), then I(X) = K[z] is not prime (prime ideals are strictly
contained by definition).

If X = X; U X, can be decomposed into two varieties such that X 2 X;, then
I(X) = I(X) N 1(X), 1(X;) 2 I(X)

= 3f e (X)\I(X),  gel(Xa)\I(X).

But
frgel(Xy)NI(Xs) =I(X),

hence I(X) is not prime.

The second equivalence holds in general for rings and prime ideals:

R/p is an integral domain <= p is prime.

f-g€p=1f-g/=[0inR/p
= [f]-lg] =[0] in R/p
= E [f] =[0] in R/p
= fep
= p prime
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"= Let

[f]-lg] =1[0]in R/p=[f-g] =[0] in R/p

=f-gep
= Efep
= [f1=10]
O
Example.
(1) Let X = = V(zy). Then X is not irreducible, since
X =V(z)UV(y).
Moreover,

1(X) = (zy)
is not prime, as xy € I(X) but z,y ¢ I(X).
(2) Let
f=v"—(z+2)(z+ 1)z,
Then V(f) C R? is the following curve:

R\
N

This is an example of a so-called hyperelliptic curve. i.e. a curve with a so-called
hyperelliptic involution. (Here, the map

V() — V), (zy) — (z,—y))

that is compatible with the projection map (here to the x-axis):

V() ——s vy
pr m

o
Tr-axis
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Here, the fibers f~!(x) are either empty or of the form {p,i(p)}.

With respect to the Euclidean topology, V(f) is reducible, since it is the union of a
circle and a rest curve.

With respect to the Zariski-topology, V(f) is irreducible:

For a principal ideal (f), (f) prime < f prime:

<7 Letg-he€(f). Then f | gh. Hence (E f | g so g € (f).
=7 Let f|lg-h=yg-he(fy=Ege(f)=/lg

Our f here is prime, as can be checked, since any factorization would have to be into
polynomials of low degree. We always work with the Zariski-topology.

1.5.3 Lemma. Let X be a topological space.

(1) Y C X is irreducible < Y is irreducible.

(2) If X is irreducible and U C X is open with U # (), then U = X.
(a nonempty open in an irreducible space is dense.)
Proof. (1) 7=": LetY =Y, UY, with ¥; CY, Y; closed. Then

Y =M NY)U(YanY),

and these two (i.e. Y; NY') are closed in Y (as the subspace topology is defined by the
open sets { Y NU | U C X open }).

As Y isirreducible, (E'Y =Y; NY and therefore

Y = Y,nY C Yyiny =Y, NnY.
N—— S——
:nYl NY CA,A closed A :mYl CA,A closed AmmYCA,A closed A

=Y, =Y =Y is irreducible.

"« 7. Let Y beirreducible. Let Y = Y; UY; with Y¥; C Y closed.

Claim: (Y =Y, UY,) = (Y UY5).

AsY; C Y, every closed A with Y C A also contains Y;. Hence
Y=()1A4D () 4=Y1.

YCA YiCA
=huY,cy. _ .
Y1 UY5 is closed and contains YUY, =Y =Y, UY, C YUY,

As Y is irreducible, BY =Y}, as Y] is closed in Y, we obtain Y; =Y.
=Y is irreducible.

(2) X = (X \U)UU is a decomposition into two closed sets. As X is irreducible,

X=X\U(%asU#D)or X =T.
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1.5.4 Definition. A topological space is called Noetherian if any descending chain of
closed subsets becomes stationary, i.e.

XDXlDXQDXgD"', XiCIOSGd
= E'ZQ such that X, = Xio Vi > 1.

1.5.5 Remark.

(1) If X is Noetherian, then also a closed Y C X with the induced topology.

(2) If X € K™ is an affine variety, then X is Noetherian. This holds true, since the closed
subsets X; of X correspond to ideals /(X;) C Klz], and K|[z] is Noetherian.

1.5.6 Proposition (Decomposition into irreducible components). If ) # X is a Noetherian
topological space, then there exists a decomposition

X=XjU---UX,

with X; closed and irreducible.

Moreover, there exists a minimal decomposition (i.e. X; ¢ X; for i # j), and this
decomposition is unique up to ordering.

This is called the decomposition of X into irreducible components.

Proof. 1f X is irreducible, we are done.

If not, there exist closed subsets X7, Xo C X such that
X =X1UXs.

If X, X5 are irreducible, we are done. If not, continue.
As X is Noetherian, the process ends after finitely many steps and we obtain

X=XU---UX,
with the X, irreducible.
If X; C X for i # j, drop it. If
X=XjuU---uX,=Y1U---UY;
are two minimal decompositions. Then
(XiNY)u---u(XiNYs) = X;.
Since X is irreducible, at least one intersection is nonempty, hence (E

D£X =X:NY, = X, CY,.

Analogously, we obtain an index j such that Y; C X; as X; ¢ X, for j # 1 by minimality,
we conclude j = 1, and therefore X; = Y;.
The same argument applies to all other components. O
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1.5.7 Corollary. Every affine variety ) # X C K™ has a unique minimal decomposition
into irreducible components.

1.5.8 Definition (Hypersurfaces, plane curves). An affine variety of the form V(f) is
called a hypersurface. If V(f) C K?, we also call it a plane curve.

1.5.9 Example. Let K = K.

(1) If f = fi*--- fi¥ is the factorization of f into irreducible factors, then

V() =V(fi)U---UV(fe)

is the decomposition of the hyperplane V' (f) into irreducible components.

(2) X = I(X) = (xz, yz)

X = g v =X;UX,

is the decomposition into irreducible components. Then
I(X1) = (2), I(X2)=(z,y),

and hence
I(X3UXy) =1(Xy) NI(Xs) = (zz, 2y).

1.5.10 Corollary. Let K = K. Let I C Klz] be radical, then there exists a unique
decomposition

k
I = ﬂ Di,
i=1

where the p; are prime ideals s.th. p; ¢ p; for i # j.

Proof. By Hilbert’s Nullstellensatz, I = I(X) for some affine variety §) # X C K.
By 1.5.7, there exists a unique decomposition

X=X1U---UX
into irreducible components, we conclude (by 1.3.5 (6)):
I(X)=I1(Xy)N--NI(Xg),
and I(X;) is prime by Proposition 1.5.2. O
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Remark. There exists a stronger theorem about primary decomposition in Noetherian
rings: If R is Noetherian and I C R is an ideal, then there exist primary ideals Q; (i.e.
their radicals are prime) such that

k
=@
i=1

{(VQu.- Q1)

of minimal prime ideals is uniquely determined.

=VI=\Qin...0JQu

1.5.11 Proposition. Let X be a Noetherian topological space. Then X is quasi-compact,
i.e. every open cover of X has a finite subcover, i.e. if

and the set

X=UU
iel
with U; open, then there exist ig, ..., i, such that

X=U,U- Ul

n*

Proof. Assume such a finite subcover does not exist. Choose i; € I and set
Vi =U,;.
By assumption, there exists z € X \ V4. We choose iy such that = € U;, and set
Vo=V UU,.
We continue and obtain an ascending chain of open sets
Vighe.. b
(Noetherian) Thus there exists a finite subcover. ]

1.5.12 Definition (Ideal quotient). Let I, .J be ideals in a ring R. The ideal quotient is
defined as

I:J={feR|f-JCI}

Example. Let R = K|[x,y, z]. Then

(r2,y2) : (2) = (z,y).
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1.5.13 Proposition (Geometric interpretation of ideal quotients). Let I,J C Kz|. Then
V(I :J)DVI)\V(J).
IfK =K and I =/, then

V(I J)=V(D\ V().

Example. Let [ = [(X) = (zz,yz), X = E

wdi==1v). v= LS

Then [ : J = (z,y), V(I :J) =

Moreover, V(I)\V(J) =X \Y = |

and thus X \ Y =

Proof. Claim: I:J C I(V(I)\V(J)).

From this, we deduce

VI(V()\V(]))=V()\V(J)cCcV:J).

To prove the claim:
Let fel:Jandpe V(I)\V(J). We need to show: f(p) = 0.
As fel:J, wehave fJ C I, hence

fgel VgeJ

Asp g V(J),3ge J: g(p) #0.
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But as p € V(I), we have

f-9p)=fp)-9(p)=0 = f(p)=0.

Now let K = K and I = /1.

Let pe V(I :J).
< if hgel Vgeld = h(p) =

Let he I(V(I)\V(J)). Let g € J

4

9(q) =0V q e V(J)
hg vanishes on V' (I),as h vanishes on V(1) \ V(J) and g on V(J)
hg € I(V(I)) =+ =1 by Hilbert’s Nullstellensatz and the assumption on I.
hgeIVgeJ
hel:J
h(p)=0Vpe V(I:J)
heI(V(I:J))
IVDA\V(I) CI(V(T:J))
V(I:J)cVD\V(])

UU@UU@U@

]

1.5.14 Proposition (Projection of varieties). Let K = Ky. Let X C K™™ be an affine
variety, with projection

T KT K™

(pla"‘apTL?ql?"'?qm) — (qlu"'7Qm>-

Let X = V(1) for some ideal I C K|xy,...,Zn, Y1, Ym)|. Then

m(X) =V(InKy).

Example. Let

X =V(zy—1)

Then the projection w(X) is

()

hence 7(X) = = K, I'N Kyl = (0).

27



Proof. Let f € I'NKly| and (p,q) € X. Then f(p,q) =0 = f(¢q) =0, as the z; do not
show up in f. Hence

f(m(p,q) =
= fel(r (X))
= [N K[y C I(n(X))

= V(I(r(X))) = n(X) C V(I N Ky]).

Let g € I(m(X)) C K[y1, ..., Ym). We can view g as an element in K[z, y].
Then g(p) =0 for all p € X, so
geI(X)=VI.

by Hilbert’s Nullstellensatz

=dreN:¢g" el
=g € INK[y|

=g €/INKly|
= I(m(X)) C /1IN Ky

= 7(X) = V(I(r(x))) > V(TN K[y]) = V(I N K[y)).

1.6 Polynomial maps and Products

1.6.1 Definition (Polynomial maps). Let X € K", Y C K™ be affine varieties.
A polynomial map f: X — Y is given by polynomials fi,..., f,, € K|[x1,...,x,] such

that
fl@) = (filz), .., fm(2)).
Example. X =A' =K, Y =V(2®—¢?).

X —Y,  t— ()
is a polynomial map f: X — Y. f(t) € Y for all ¢, as
#*)? - (*)* = 0.

Reminder. A map f : X — Y of topological spaces is continuous if preimages f~'(U) of
open sets U C Y are open in X. This is equivalent to preimages f~*(B) of closed subsets
B C Y are closed in X.

If f: X — Y is a continuous map of topological spaces, X' C X, Y CYandIf f: X - Y
is a continuous map of topological spaces, X' € X, Y’ C Y and

f|X’ X = Y/,

then the restriction f|x is continuous w.r.t. the subspace topology.
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1.6.2 Proposition (polynomial maps are continuous). Let f : X — Y be a polynomial
map of affine varieties X C K™, Y C K™.
Then f is continuous w.r.t. the Zariski-topology.

Proof. f is the restriction of a polynomial map
f: K" — K™
We show that f is continuous. Let B = V(gy,...,gx) C K™ be closed. Then
B = (Vig, - o)
={z e K" | g(fi(x),..., fm(x)) =
= ge(f1(2), .., fm(2)) =0}
:V<glof7 ceey gkof)v

which is closed. O]

1.6.3 Proposition. Let X, Y be topological spaces, X irreducible, f : X — Y continuous.
Then f(X) is irreducible.

Proof. f(X) # 0. Assume f(X) = Z; U Zy with Z; closed. Then f~(Z;) is closed, and

X =ffX) =2V 2Z) = fHZ)U fH(2).

As X is irreducible, (E X = f~1(Z)), hence f(X) = Z;.
Thus f(X) is irreducible. O

Remark. The image of an affine variety under a polynomial map does not have to be a
variety.

Example. ‘\
X =V(zy—1) C K? ‘
fX—=K, (v,y) — z.

o

Then Im(f) is not closed.

1.6.4 Proposition (Product). Let X C K", Y C K™ be affine varieties.
Then X XY C K™™ is an affine variety, and the projection maps

T XxY =X, (v,y)—u

and
T X XY =Y, (z,y)—vy

are polynomial.

X xY is called the (Cartesian) product of X and Y .
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Proof. Let X = V(fi,..., ), Y = Vigi,....q0), fi € K[, 2] = K[a),
g € Kly1, ..., ym] = K[yl

Then f;,9; € K|z,y], and

XXYz(‘XXKm)ﬂ(KnXY):V(fla"'afkagla"'vg€>‘

The projections are polynomial maps as restrictions of the polynomial projections
m o KT K ot KM K™,
O

1.6.5 Lemma. Let X C K™, Y C K™ be irreducible affine varieties. Then X xY C K"*t™
is irreducible.

Proof. Let X xY = Z, U Z,, Z; closed in K™,

Consider the polynomial and thus continuous (1.6.2) maps for y € Y, z € X:

0, X > X XY, x+—(2,y)

VY = X XY, y—(2,y)

Then {2} xY = 1¢,(Y) is irreducible as the image of an irreducible space under a continuous
map (1.6.3).

(L} xY CX XY =2UZ
={z}xY=Z1n{z}xY U Zyn{z} xY
={z}xY=2Z1n{z} xY or {z}xY=2n{z}xY
={z}xY CZ or {z}xY CZ

If{z} xY C Z

& (x,y) e Z;VyeY
S py(x)e ZiVyeY

yey
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Here, ¢ 1(Z;) is closed as the preimage of a closed set under a continuous map
= U, = X\ ¢, '(Z) is open
= U U, is open

yey

= U X\ ¢, (Z) =X\ N ¥, (%) is open
yey yey

= go;l(Zi) is closed
yey

= X, is closed
= X = X;UX; with X, closed
= 0E X =X,
={z}xYCZ, VreX
= XxYCZ
= X x Y is irreducible
N

1.6.6 Corollary. Let X = X;U---UX, C K" andY =Y, U---UY, C K™ the
decomposition into irreducible components.

Then X; X Y; are the irreducible components of X x Y C K"t

Proof. By 1.6.5, X; x Y} is irreducible, and

Xxy = (UX) . (ijyj) =y,

If X, x Y; C X;, x Y, then

Example. Let X =V (zy) C K? ‘

andY:V((z—l)-z) CK
Then

o A4

X xY =V(xy, z(z—1)).

ol L4
°l
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X = X1 UXQ with X1 == V(I’), X2 == V(y),
Y =Y,UY, with Yi=V(z), Yo=V(z—1).

XxY=X;xY; UXoxY] UX;xY, UX,xY,
:V(IL',Z) U V(y,Z) U V({E, (2_1)) U V(y7 (Z_l))

1.6.7 Lemma. Let f,g: X — Y be polynomial maps of affine varieties. Then
{zeX|[f(z)=ygr)}

is an affine variety in K.

Proof.
{reX|fl@)=9g@)}=XN0V(i—gi,- - fm—gm) C K"
O

1.6.8 Proposition (Graphs). Let X C K™, Y C K™ be affine varieties, f : X =Y a
polynomial map. Then the graph

Iy ={ (0, f(@) s € X} C X xY
s an affine variety, and the following commutative diagram contains polynomial maps:

Iy
7T1/ \7T2
x L v

Furthermore, m s a bijective polynomial map whose inverse is the polynomial map

(idx, f) : X — Iy, z+— (z, f(2)).

Proof. Let f: X — Y be the restriction of the polynomial map
iKY = K™
Then F : K" — K™ (z,y) — f(x), is a polynomial map. Then
Iy =XxY N {(r,y) € K" [ ma(z,y) = F(z,y) }

is an affine variety by 1.6.7.

The diagram is commutative and the maps are polynomial. Furthermore, idx x f is
polynomial and

(dx x flom : [y — Ty, (2, f(2)) — @ (2, f(2)),
mo(idy x f) : X — X, x+— (z, f(x)) — x.
So idx x f is the polynomial inverse of the projection of the graph. ]

32



Example. Let f : K — K, x — 22.

I'y=V(y—=z*) cC K? |

1.6.9 Proposition (Fiber product). Let X C K", Y C K™, Z C K* be affine varieties.
Let f - X — Z,g:Y — Z be polynomial maps. Then

XxzY ={(r,y) e XxY | f(z)=9y) } C X xY

is an affine variety called the fiber product of X,Y with respect to f, g, and the following
diagram is commutative:

/XXZY\
X Y Y

XxzY=XxY N V(flom—gloﬁg, ceey fgo7r1—ggo7rg)

A
Proof.

is an affine variety. The diagram is commutative and the maps are polynomial. ]

Example. Let X =Y = Z = K? and define
[ X—=2Z (x,y)— (z,2y), g:Y =7 (z,w)— (z,z2w).
Then X x, Y C K%,

XXZY:

—
s
=
<
~—
I
—
\.N
I
£
—

In particular, we can see that the fiber product does not need to be irreducible even if
X,Y., Z are.
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2 Grobner bases

Motivation:

If K = K (algebraically closed), with Hilbert’s Nullstellensatz, we have a bijection

{radical ideals in K[z]} <— {affine varieties in K"}.
If XY are affine varieties, we know:

(1) If X = V(I), I(X) = v/I. How can we compute the radical v/T for an ideal I?
(2) I(XNY)=4/I(X)+ I(Y). Analogous question.

(3) I(XUY)=I(X)NI(Y). How can we compute the intersection of two ideals?
(4) I(X\Y)=/1(X):1(Y). How can we compute an ideal quotient?

(5) If fel=1I(X), weknow f(p) =0 for all p € X. How can we determine whether
f el foragiven f € K[z| and ideal I C K|z]?

(6) To compute the ideal of a projection of a variety, I(7(X)), how do we compute the
intersection of an ideal with a polynomial ring with fewer variables?

(7) (Answer not in this class): 3 decomposition into irreducible components
X=XiU---UX.
How can we compute the analogous prime decomposition

I(X)=p:i with p; = I(X;)?

We answer questions 1) — 6) in this chapter.

The computations are so heavy that for any non-trivial example, one should use a computer.
More precisely, a computer algebra system like Singular, Macaulay2, Sage, or Magma.

All the computations rely on techniques involving monomial orders, division with remainder
of multivariate polynomials, and Grébner bases.

These will therefore be our topics for the next chapter.
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2.1 Monomial ideals and orders

2.1.1 Definition (Mon,).
Mon,, := Mon(z1,...,2,) :={z% |a e N" }
is the set of monomials in n variables.

1:1
Mon,, +— N"
% — «

We will use this identification often.

Mon,, inherits the semigroup structure of N" via

-2 =

oz+B‘

Mon,, inherits the natural partial order of N":

T > 2 = a >0 B
= o> Vi=1,...,n
< JyeN': f+v=q«
«— JreN': 27 2" ==z

— 2’| 2"

2.1.2 Definition (monomial ideals). An ideal I C R[z] is called monomial if it is
generated by monomials.

2.1.3 Lemma. If I C R[z] is monomial and f € I, then all terms of f are contained in
1. In particular, if R = K is a field, all monomials of f are contained in I.

Proof. Let
I=(z%laecA).

If f €1, then there exist g, € R[z] such that

f=2> gaz®.

Let
Ja = Z Cap lﬁ>
B

and let agz” be a term of f. Collect all terms of
f = Z(Z Cozﬁ gﬁ) Qa
a B

that have the monomial z7:

Then
— (0%
a2’ = > Cyaaz’* 2% € I,
< iy
Q=nat Y cl
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= the term a, 27 of f isin I.

If R = K is a field, then

g’":a;l'(%lm el

with this. n

If f =27 is a monomial itself, this presentation yields o € A with

x| 2.

2.1.4 Lemma (Dickson’s Lemma). If M C Mon,, is a subset, then there exists a finite
subset B C M such that

Va*e M3zl e B with z%>, 2"

That s, every subset has finitely many minimal elements with respect to >4 .

Proof. Induction on n.
n = 1: Let B = {min(M)}.
n > 1: For 7+ € N set

M;={d =(a1,...,0p_1) EN"1|(a,i) € M},

By induction, there exist finite sets B; C M; such that V o/ € M; 3 5 € B; with o/ >, 5.

Again by induction, there exists a finite set

B'C|JB; suchthat Va'el|JB IBeB :a > b
ieN ieN

Since B’ is finite, there exists s such that

B'c ByU---UB,.

Set
B:={(p,i)eN"|0<i<s, f€B;}.

Then B is finite.
Let (o/,ap,) € M. Then o € M,, , thus there exists 5’ € B, with §' <. «/.
If v, < s, then (', ;) € B, and

(ﬁ,; (Xn) <nat (0/, Otn).

If a, > s, find v € B" and ¢ < s such that v <,,; ' and v € B;. Then (v,i) € B and

<772) Snat <5/72) Snat (5/; an) Snat <a/705n>-
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2.1.5 Corollary. If
I'={(z%|a€A)C Rz]

is a monomial ideal, then there exists a finite subset A" C A such that
I={(z|aeA).

2.1.6 Definition (Monomial order). A monomial order on Mon,, is a total order compatible
with the semigroup structure, i.e.

2 >1’ = 22 >0
A monomial order is called global if
% >1 Vae N\ {0}.
2.1.7 Example. (1) Lexicographical order with x; > --- > xy,:

z >1pgﬁ <= dk:ay=01,...,a5_1 = Br_1 and ay > Bi.

(2) Degree reverse lexicographical order

2% > 27 <= |a| > |8| or |a| =8| and Tk :a, = Bu,...,ar1 = Ber1 and ay < By

(3) For w € R™, the weighted degree deg,, (z*) of a monomial is defined as

W =W + - + Wy

The weighted degree reverse lexicographical order for w € R™\ {0} is

2% >y 27 = deg, (z%) > deg, (z”)

or

degw<£a> = degw(iﬁ) and dk: Qp = Bna ey Qg1 = 5k+1 and ap < ﬁk

(4) Product orders: Let >; be a monomial order on Mon(z, ..., z,) and > on Mon(y1, . . ., Ym)-
Then the product order >:= (>, >5) is defined by

o «

%y > gﬁgﬂl = x> 2° or z*=2" and y* > yﬁ/.
Remark. (1) The examples (1)—(3) are equal for n = 1, and equal to the natural order.
(2) Given a monomial order, we can express a polynomial f uniquely as

f=a1z + -+ ap2* with 2% > .- > 2%,

Example. Let
f =z +2° + 2125+ 3.

Under >,:
2 2 2
‘Il + «fle + g + ZE'Q.

Under >qp:
2 2 2
T1Ty + 2] + x5 + X1
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2.1.8 Definition. Let 0 # f = >, a, z® € R|z], and let > be a monomial order.

We define:
LM(f) := max{z® | a, # 0} is the leading monomial.

LE(f) := a, if LM(f) =z, the leading exponent.

LC(f) := aigy) the leading coefficient.

LT(f) := LC(f) - LM(f) the leading term.

tail(f) := f — LT(f) the tail of f.

Conventions:
LM(0) =0, LE(0) = —o0, LC(0) =0,

LT(0) =0, tail(0) = 0, z* |0 Va e N,
As the monomial order is compatible with the semigroup structure on Mon,,, we have

LM(f - g) < LM(f) - LM(9),
LT(f-g) = LT(f)-LT(g) if LC(f)-LC(g) # 0,
LM(f + g) < max{LM(f), LM(g)} with equality if and only if LT(f) # —LT(g).

Example.
f=a]+ 2+ 3.
Under >,:
xf + xé + xg
Under >gp:

x;l + xg + x%

-~

LT(f) tail(f)

2.1.9 Proposition (Global orders). Let > be a monomial order on Mon,,. The following
are equivalent:
(1) > is global.
(2) > is a well-ordering.
(3) r; > 1 VZZI,,H

(4) > refines >y, i.€.



Proof: Exercise.

2.1.10 Definition (Leading ideal). Let > be a monomial order and let I C K|z] be an
ideal. The leading ideal is

L(I) == (LM(f) | f € I) = (LM(fy), . .. LM(fy).

The leading ideal is a monomial ideal. By Dickson’s Lemma, it is generated by a finite
subset

LM(fy), ..., LM(f,).
Such subsets play an important role; they are called Grobner bases (see Def. 2.3.1 ).

2.2 Division with remainder

2.2.1 Motivation. Recall division with remainder in K|x]:
for 0 # f,g € K[z] 3! q,r such that

g=gq-f+r with degr <degf.

Goal: For K[z1,...,2,), 9, f1,.-., fx € K[z], f; # 0, find an expression

k
g= Z%‘fi +r
i=1

with good properties, and possibly such that the ¢; are unique.

What properties does the remainder have for n = 17

deg f > degr < LM(f) > LM(r)
< LM(f) + LM(r)
& LM(r) ¢ (LM())
< LM(f) t every term of r
< 1o term of r belongs to (LM(f)).

Remark. (1) For K|z,y], >=>,, g = 2* + y?, [ = 2%

_ . 2
9=ty

T

s

seems a good representation, and LM(r) < LM(f), but deg(r) = deg(f).
The degree is not a good criterion.

(2) The idea of division with remainder is to cancel terms of g using LM(f).
For Klz,y|, >=>q4;,, we have

2’y >y® but y’fa’y,

so we cannot cancel 2%y with a multiple of 2.
So LM(f) > LM(r) is not a good criterion.
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Two characterizations remain:

A: LM(r) ¢ (LM(f)) or B: no term of r is in (LM(f)).

B is indeed stronger than A: For K|z, y|, with >=>g,, f = 2%, r = zy* + z*, we have

LM(r) = 2y & (2%) = (LM(f)),
but
tail(r) = 2% isin (LM(f)).

2.2.2 Definition. Let g, f1,..., fr € K|[z], f; # 0. A representation
k
g= Z gfi+r
i=1

satisfies

sindeterminate division®
fr

,determinate division®

Vi=1,...,k LM(f;) 1 LM(r) (except r = 0)
LM(r) ¢ (LM(f;) |i=1,...,k) (except r =0)

no term of r is divisible by LM(f;) foralli =1,...,k
no term of r is in (LM(f;) |i=1,...,k)

14 11

What properties should the ¢; have?

In K[z], the requirement on the remainder automatically yields

LM(q - f) = LM(g).

Example. In K[z, y|, with >=>4,, g =2y, fi=2z, o =y.
Then
9=W+v") - hi+(-zy)-fa+0

and

LM(q1f1) = y*x > 2y = LM(g),
LM(qaof2) = xy* > xy = LM(g)

even though r = 0.

Since we want to cancel terms of g, we do not need terms with bigger monomials in the
qi fi-
2.2.3 Definition. Let g, f1,..., fr € K|[z], f; # 0. A representation
k
g= Z qfi+r
i=1

satisfies

= LM(g) > LM(qifi)) Vi=1,....k.
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What can we say about uniqueness?

Example. K|z,y], >=>q,, let g = zy +v?, f = y*.

g:\a/-f—i—(:cy%—(l—a)yz) fora#1€ K.
q T

This satisfies ID1.

ID2: LM(f) = y*{ xy = LM(r), but not DD2, since LM(f) | tail(r).
g =1- f+ zy satisfies ID1, ID2 and DD2.

Hence, requiring ID1 and ID2 does not yield uniqueness of the g;.
Are ID1 and DD2 sufficient to yield uniqueness?

Example. In K|z, y|, with >=>g4,, let g =2y, fi =2z, fo =y.
Both satisfy ID1 and DD2. This is still not sufficient.

Idea: We have to fix an order in which we use the f; to cancel terms of g.

2.2.4 Definition. Let g, f1,..., fr € K[z], fi # 0. A representation

k
g=> afi+r
i=1
satisfies
<= Vj>i: noterm of ¢;LM(f;) is divisible by LM(f;).
Example. In the example above,
g=y-fi+0:-f2+0

satisfies DD1 and DD2, but
g=0-fitz-f2+0

does not satisfy DD2, since
@LM(f2) =2y
is divisible by
x = LM(f1).

Remark. (1) If ¢; = 0 then ¢;LM(f;) has no term.
(2) DD1 # ID1, e.g. if K = 1 then DD1 is no condition.

2.2.5 Lemma (DD1 + ID2 = ID1). Let g, f1,..., fr € K[z], f; # 0.
If a representation

k
9= Z gfi+r
i=1
satisfies DD1 and ID2, then also ID1.

41



Proof. Assume it satisfies DD1 and ID2, but not ID1.
Choose i such that LM(g; f;) is maximal among the LM(q; f;), j =1,...,k, and minimal
among those j which achieve the maximum. g =q¢1f1 + ... + @ fr + 1

Then either
LM(q;f;) = LM(r) 4% 1D2

or

]

2.2.6 Theorem (Determinate Division with remainder). Let > be a global monomial
order and f; € K[z]\ {0}. Then

Vge Klz] 3 qi,...,qu,7 € K[z] such that g=aqfi+ - +qfu+7

satisfying DD1 and DD2. A tuple (q1, ..., qx, ) as above is called a determinate division
with remainder of g by fi,..., fx.

Proof. Uniqueness: Assume

g=qfi+ - +aqfi+r
=g it g St

both satisfy DD1 and DD2.
Claim:

O=(q—aq)fi+ -+ (a—q)fs + (r—1")
also satisfies DD1 and DD2.

DD1: no term of (g; — ¢j) LM(f;) is divisible by LM(f;) for j > 4. This is true, since no
term of ¢;LM(f;) and ¢;LM(f;) is divisible by LM(f;), since both representations satisfy
DD1.

DD2: no term of r — 7’ is divisible by LM(f;). This is true, since no term of r nor of r’ is
divisible by LM( f;), since both representations satisfy DD2.

Since DD2 = ID2 and DD1 + ID2 = ID1,

0= (g —aq)fr+ -+ (@ —q)fe + (r—1")
also satisfies ID1.

= 0 =LM(0) > LM(g; — q;) - LM(f;)
#0

/

= q¢=q Vi = r=r.
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Existence: Let ¢, := 0 and recursively

/
q; ‘== Qo T3 777"
2 IAM(F)
anz® term of (g—qi LM(f1)—...—q}_, LM(fifl)) s.th. LM(f;)|z®
Let
r'=g—¢ LM(f1) —... — ¢, LM(fy).
Then

9=aqLM(f1) + ...+ g LM(fi) + 1’
satisfies DD1 and DD2 by construction.

Let
d=g— (@i fi+...+qfe+r).

If ¢ =0, then
g=qfi+.. .+ aqfetr
satisfies DD1 and DD2.

Else LM(¢') < LM(g), since LT(g) is either cancelled by one of the LM(q.f;), or equal to
LT(r"), i.e. again cancelled.

Use induction on LM(g) (which works since > is global and hence a well-ordering) to
conclude the existence of

g=d'fi+ - +aqft+r"
which satisfies DD1 and DD2.

Then

g= (@ +d) i+ + (g +a)fe+ (" +1")
satisfies DD1 and DD2. O
2.2.7 Definition (Indeterminate division with remainder). A tuple (¢i,...,qx,r) such
that

g=qh+ - +aftr
satisfies ID1 and ID2 is called an indeterminate division with remainder of g by the
fi.
If it satisfies DD2, it is called reduced.
2.2.8 Definition (s-polys). For f,g € K[z] \ {0},

lem(IM(), LM(g)
LM(f)

lem(LM(f), LM(g))
LM(g)

spoly(f,g) : = LC(g) f — LC(f)

o Ly
I @), ()

g
_ LT(g)
ged(LM(f), LM(g))
If LM(g) | LM(f) then

LT(f)
LM(g)

spoly(f,g) = LC(g) - f — g,

and
LM (spoly(f, g)) < LM(f).
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2.2.9 Algorithm (Buchbergers ID). .

Algorithm 1: Buchbergers ID

Data: g € K|z],
G=(fi,....fn) € kL_J (X K] \ {0}),

> a global monomial order on Mon,,.
Result: r € K[z], (q1,...,q) € K[z]* such that

g=qafi+ -+ qfetr

is an indeterminate division with remainder.

1r:=g9, q:=0,...,q :=0;
2 while (r #0 and 3 f; € G: LM(f;) | LM(r)) do
3 Choose f; such that LM(f;) | LM(r);
— LT(r) .
4 q;i ‘= q; + LT(f;)’
s | ri=spoly(r. f)/LO(f) = r — L2 1
6 end
7 return (qy,...,qx,7)

Proof. Termination: Since LM(f;) | LM(r) implies
LM(spoly('r’, fz)) < LM(r),
so the algorithm terminates, because > is a well-ordering.

Correctness: Induction on the number N of steps needed to terminate.

Notation:

ro=g,  fi, =the f; chosen in the j-th step,
Qi,O = 07 Tj = SpOIy(Tj—h fzj)/LC<fZ])7

LT (r;—
b = ¢ij—1 + M, if 1 = i,
Qi j—1, else.
If N =0 (induction beginning), then
g=> 0-fi+r
satisfies ID1 and ID2.
Now assume N > 0. By induction,
k
L= Z Ginfi + <Qi1,N - ETT((;z))> Jo + 1N

=1
i1#£i1

satisfies ID1 and ID2.
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Then
LT(T())

k
g=Tro="11+ 'f11:ZQifi+7"Na
i=1

which satisfies ID2 because
LM(ry) ¢ (LM(f3)),

since this holds already for the expression of r; above.

For ID1 we must show:
LM(g) > LM(q¢fi) Vi.

We know:
(¥) LM(r;) > LM(qinfi) for all ¢ # iy,
LT(T’())
(xx) LM(ry) > LM((%‘,N — LT(fil))f“)

. . LT(T(]) A

g—ro—rl‘f‘m 'le
—_———

LM=LM(ro).

So LM(r1) < LM(ry), since else LM(r;) would have to cancel in the sum

LT(ro)

but it cannot, because the LM of the second summand is LM(rg).

T1+ 'filﬂ

(¥*) = LM(gnfi) < LM(r;) < LM(ro), Vi # 4.

Furthermore,

LT(T()) LT(T())
LM(gi,,n fiy) = LM ¢iy N fiy — i o | < LM
(q I,Nfl) quNfl LT(f“)fl + LT(f“)fl <T0>
(**) =LM<LM(r1)<LM(ro) LM=LM{(ro)
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2.2.10 Algorithm (Buchberger RedID). .

Algorithm 2: Buchberger RedID
Data: g € K|z],

G=(fu f) € kf](xlem \ {0)),

> a global monomial order on Mon,,.
Result: r € K[z], (q1, ..., q) € K[z]* such that

g=qfi+- - +afit+r

is a reduced indeterminate division with remainder.
17r:=0, ¢q:=(0,...,0);

2 while g # 0 do

3 (4%, .-, q g) == Buchberger ID(g, G);
4 for:=1,...,k do
5 ‘ G = Gi + q;;

6 end

7 if g # 0 then

8 r:=r+ LT (g);
9 g = tail(g);

10 end
11 end
12 return (g1, ..., qQk, 7);

Proof. Termination: LM(tail(g)) < LM(g), so the algorithm terminates, since > is a
well-ordering.

Correctness: We use induction on the number N of while-loops.

Notation. Let
ro := 0, Gio := 0, Jgo :=¢.

For j > 1, define

(¢4j>- -+ 4rj» 9;) := Buchberger ID (tail(gj_l), G).

N = 0 (Induction beginning): If g = 0, then
g = Z O . fZ + O

satisfies ID1 and ID2.
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(N > 0) (Induction step): By induction,
k
g1=>(av—dn) fi + rv
i=1
satisfies ID1 and ID2, i.e.
ID1: LM(g1) > LM((%‘N - q;N)fz)
DD2: no term of ry is in (LM(f;))

Hence
g=290o=a +Zqz{1fi = Z%’Nfz’ +ry
also satisfies DD2.

Furthermore,
LM(g:f) = IM( (av — )i+ daf; )
—_—— —~——

LM<LM(g1)<LM(go), as  LM<LM(go)
g1 is the (first) remainder
of the division of gg

For the second summand we have

LM < LM(g), as go= Zqélfi + 0

is the outcome of Buchberger ID in the first loop and hence satisfies ID1.

Therefore
LM(q; f;) < LM(go),

so ID1 is satisfied.
Example. In K|z, y, z|, with >=>,, let
g=2>+y*+22 v +y+1,  G=(zy).

Buchberger ID (g, G, >):

ro = ¢, qi0 = 0, q20 = 0.

LM(rg) = 2%, LM(f;) = = | LM(ro).

Compute
LT (7o) z° 3 2 2
_ _ . — _ T e = — = 2 1.
1 To LT(fl) fl To T Xz To €T Yy + 2z +$+y+
Update
LT(r
q11 = G0 + LTéf(l); = 27, g21 = 0.
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LM(ry) = o/, LM(f2) =y | LM(ry).

Compute
LT(r) y? 2 2
ro =11 — cfo=rm—=—y=rm—y ' =2Z+r+y+1
LT(f2) Y
Update
LT(r
Q12 = qu = 27, C]22:(J21+LTEf;;:0+y:y-
(3)
LM(ry) = 2%
Since LM(f1) 1 22, LM(f5) 1 22, the algorithm stops.
Return:
g =22 fi +y- fo + T2
—~~ ~~ ~~ ~~
=x34+y2+222+2+y+1 =z =y =2224+x+y+1

Buchberger Red ID (g, G, >):

ro =0, qi0 = 0, g20 = 0, go=14.

(¢4, @b1» 91) = Buchberger ID(go, G, >) = (2%, y, 22 + x +y + 1).

Thus
qu = 17, Go1 = Y, r =04 LT(g1) = 222,
and
g1 =tail(gy) = +y+ 1.
(2)
(qg27 qu; 92) = BUChberger ID(.gb G> >> = <1> 17 1)
Since
r+y+1=1-2+1-y+1,
Hence
Q12:CJ11+(]12:$2+1, Qo2 = Qo1 + o =y + 1,
ro =11+ LT (g2) = 222 +1, g2 = tail(gs) = 0.
Stop.
Return:
(12, Ga2,72) = ($2 +1, y+1, 22°+ 1).
i.e.

=442 o +y+1=2+1) -z +y+1)-y+(222+1)
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2.3 Grobner Bases

Motivation:
Consider the univariate case. Let K[z], I = (f) C K[z], and write

g=q-f+r
Then
gel < r=0.
Let
fi=2y—vy’, fo=2%  g=2yeKry, >=>.
Then

g=2’y=0-fi+y- fo+0,
satisfies ID1 and ID2 and shows us that

g € {f1, f2)-

But the determinate division with remainder yields:
g=2y=x-fi+0- fo+ay’,
so the remainder is nonzero even though g € (f1, f2).

Idea: We need a good generating system of I such that the leading monomial of every
element in [ is divisible by an LM(f;).

2.3.1 Definition (Grobner basis). Let > be a global order and let I C K|z]| be an ideal.
A tuple (fy,..., fr) with f; € I and

(LM(f1),...,LM(f)) = L(I)
is called a Grobner basis of /.

Note that this is equivalent to:

Vfel3di: LM(f;) | LM(f).
A Grébner basis G = (fi,..., fx) is called minimal if
LM(fi) t LM(f;) Vi #j.

It is called reduced if
LC(f;) =1 foralli=1,... k,

and LM(f;) divides no other monomial of f; or of f; for j # i.

We can turn any Grobner basis into a minimal one by dropping elements.
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Example. In the previous example, (f1, f2) is not a Grobner basis of (f, f2), since
g-a-fi=ay—a@y—y’)=ay’ =y - oz f1 € (fi, fo).

but
LM(g — 2 f1) = LM(2y’) = zy* ¢ (LM(f1), LM(f2)) = (2°y, 2%)

2.3.2 Proposition (Ideal membership). Let > be a global monomial order and let G =
(fi,--., fx) be a Grobner basis of an ideal I C K|x] with respect to >. Let

k
g = Z%‘fi + r
i=1

be an indeterminate division of g by G with remainder r. Then

gel <<— 1r=0.

Proof. “<* is clear.

“=“gel, then

ro= Q—Zq@'fz‘ SV

Hence LM(r) € L(I) = (LM(f1),...,LM(fx)). By Definition 2.3.1, there exists some i
such that

LM(f:) | LM(r).
But with ID2 we have r = 0. ]

2.3.3 Corollary. Let > be a global order and I C K|z] an ideal.
Then I has a Grobner basis.

Proof. Follows from Dickson’s Lemma 2.1.4 and its Corollary 2.1.5. N

2.3.4 Corollary (Gordan). Let G be a Grébner basis of I. Then I = (G).

Proof. “O7 s clear by definition.

“C” Let g eI and

QZZ%‘meT‘
i

an indeterminate division with remainder where G = (fi, ..., fx). By Proposition 2.3.2 we
have r = 0, hence g € (G). O

2.3.5 Corollary. Let I C J C K[z be ideals such that

Then I = J.
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Proof. By Proposition 2.3.2, 3 a Grébner basis G = (f1,..., fx) of I C J and
(LM(f),....LM(fy)) = L(I) = L(J), fie I C J.
Thus G is also a Grobner basis of J, and by Corollary 2.3.4,
J=(G)=(f1,.-.. fu) = 1.
O

If G is not a Grobner basis, we obtain new leading terms for K[z]-linear combinations, for
example spolys.

As the next theorem shows, spolys are indeed the only way to obtain new leading monomials.
The next theorem hands us a criterion to test whether a subset is a Grobner basis:

2.3.6 Theorem (Buchberger’s Criterion). Let > be a global monomial order on Mon,,, let
I C Klz] be an ideal, G = (f1,..., fr) with f; € I ¥V i.

Then G is a Grobner basis of (G) if and only if Vi < j 3 division with remainder of
spoly(fi, f;) by G with remainder 0, i.e. 3 ¢;,r such that

k
spoly(f;, fj) = Z%‘fi +0,
i—1

satisfies ID1 and ID2.

More precisely, the following statements are equivalent:

(1) G is a Grobner basis of 1.

(2) For all g € I, every division with remainder of g by G has remainder 0.

(3) I =(G) and ¥V i < j we have: every division with remainder of spoly(fi, f;) by G has
remainder Q.

(4) I =(G) and V¥ i < j: 3 division of spoly(f;, f;) by G with remainder 0.

If 3 division of spoly(fi, f;) by G with remainder 0 we say
“the pair (f;, f;) reduces to 0 by G

Proof. (1) = (2) Proposition 2.3.2 (Ideal membership).

(2) = (1) Let g € I and
g:Zqi.fi_"O

a division with remainder 0. Then
LM(g) = LM (Z qifz') ;
and the summands on the right all satisfy
LM(q: f;) < LM(g) ~ (ID1).
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Thus the leading terms of the summands cannot all cancel, and there must be an index
such that

LM(g) = LM(qi )
= LM(f;) | LM(g)
= LM(g) € (LM(f1),...,LM(fx))
= (LM(f1), ..., LM(f)) = L(I)

(1) = (3) As G is a Grobner basis, we have I = (G) by Corollary 2.3.4 (Gordan). Thus
spoly(fi, f;) € 1. By (1) = (2), (2) holds = every division with remainder of spoly(f;, f;)
by G has remainder 0.

(3) = (4) Trivial.
(4) = (1) This is the difficult part; we postpone the proof until Theorem 2.4.8. O

2.3.7 Proposition (Product criterion). Let > be a monomial order, and let f,g € K|x]
such that

ged (LM(f), LM(g)) = 1.

Then there exists a division with remainder of spoly(f,g) by (f,g) with remainder 0
((f,q) reduces to 0).

Proof. Exercise. O

Example. Let >=>,, fi = z'Y — zy?, fo = y® — 2%y°. Then

ged (LM(f1), LM(f2)) = ged ("%, %) = 1,

and therefore spoly(fi, f2) has a division by (f1, fo) with remainder 0.
= (f1, f2) is a Grobner basis of T = (fi, fa).

2.3.8 Algorithm (Grobner basis). .

Algorithm 3: Grobner basis
Data: G :=(fy,..., fx) with f; € K|z]
> a global monomial order
ID an algorithm for division with remainder.
Result: A Grobner basis S of the ideal I = (fy,..., fx).
1 .5 :=G;
2 P:={(fi, [;)]i <j} "set of pairs”;
3 while P # 0 do

4 | Choose (f,g) € P;
s | P=P\{(/,9)}
6 r = remainder in ID(spoly(f, g), S);
7 if » # 0 then
8 P=PU{(f,r)|f €S}
9 S=Su{r};
10 end
11 end

12 return S;
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Proof. Termination: If r # 0, then
LM(r) & (LM(f) | f € 5)

and hence
(LM(f) | f e SU{r}) 2 (LM(f) | f € S).

Since K[z] is Noetherian, the algorithm terminates.

Correctness: From the construction, we obtain for f,g € S a subset S’ C S, such that

spoly(f,g) = D> anh
hesS’

is a division with remainder. We can set ¢, = 0 for all h € S\ S” and thus obtain a division
of spoly(f,g) by S with remainder 0.
By Buchberger’s criterion 2.3.6 it follows that S is a Grobner basis. O

Example. Let >=>., on Mon(z,y), and let
G={2*+y, vy +a}, ID = Buchberger ID.

Set
So =G, Py={(=*+vy, zy + )}
Compute
1 = remainder of ID(spoly(z® + vy, zy + 1), Sp).
We have
spoly(z® +y, zy +a) = y(a® +y) —x(vy + o) = y* —2® = —2® + ¢,
And

—at +yt = (1) (@" +y) + (¥ +y),
where the remainder y? + y has leading monomial not divisible by LM( f;) for any i.
Thus

Pr={@*+y, ¥’ +vy), wy+z, v +y)}, Si={"+y ay+az v’ +y}

Using the product criterion, delete the pair (2® +y, y* + ¥).

Hence
Py ={(zy +z, v* +y)}, S, = 5.

We compute
ro = remainder of ID (Spoly(xy +x, ¥y +y), Sg).

And

spoly(zy + z, y* +y) = y(lzy+z) —z(y* +y) =0
#7‘2:0
:>P3:@, 53252,

and the algorithm stops.
Thus the Grobner basis is

S={2+y, ay+z, vV +y}
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2.3.9 Algorithm (Reduced Grébner basis). .

Algorithm 4: Reduced Grobner basis
Data: G = (f1,..., fr), a global monomial order >
Result: S, a reduced Grébner basis of I = (G)
1 Compute a Grobner basis S = (g1,...,9¢) of I = (G) using Algorithm 2.3.8.;
2 Minimize S: delete g; if LM(g;) | LM(g;) for some j # i.;
3 fori=1,...,ldo
4 g; = Remainder of RedID(g;, S\ (¢:));
5
6
7

9: = 9:/LC(g:);
end
return S

Proof. Termination: Clear.

Correctness: After minimizing, we have
LM(g;) t LM(g;) ~ Vi#J.

When we compute

RedID(g;, S\ (9i)),

we cannot cancel LM(g;) with one of the g;, thus only smaller terms are cancelled.
Hence if ¢} is the remainder of RedID(g;, S\ (g;)), then

LM(g;) = LM(g;) vi.

Therefore
(LM(g1), - - -, LM(gp)) = (LM(g1), - .., LM(ge)) = L(I).

Since ¢ is the remainder of RedID and LM(g}) = LM(g;), we conclude that no term of g/
is divisible by LM(gj) for j # 1.

As > is global and thus refines >, LM(g;) does not divide any term of tail(g}).
Therefore (g1, ...,g;) is a reduced Grébner basis of 1. O
2.3.10 Theorem (Uniqueness of reduced Grobner basis). A reduced Gréobner basis for I
w.r.t. > is unique up to the order of its elements.

Proof. Let G = (f1,..., fr) and G’ = (f{,..., f}) be two reduced Grébner bases of I.

As fl e (f1,..., fx) = I, we have

LM(f;) € L(I) = (LM(f1), ..., LM(fx)).
Thus there exists j such that
LM(f;) | LM(f;)-
Vice versa, there exists m such that

LM(f;,) | LM(f;)
= LM(f;,) = LM(f))
reduced 5 4y, and LM(f;) = LM(/f;)
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Because of reducedness,

LO(f)) =LC(f;) =1 = LT(f;) = LT(f;).

As we can pair up the f/ and the f;, we conclude k£ = ¢, and without restriction we can let
1 = 7, i.e. we pair up by indices.

By reducedness, no monomial of tail(f;) or tail(f;) is divisible by LM(f;) = LM(f}) for
any j.

But

tail(f;) —tail(f)) = fi — fi € I

= LM(tail(f;) — tail(f/)) € L(I) = (LM(f1),...,LM(f%))
= tail(f;) — tail(f)) =0

=G=0q
O
2.3.11 Corollary. If K C L is a field extension and G is a Grobner basis for [ =
(fi,..., fx) C K[z]. Then it is also a Grébner basis for
(fi:-- 5 foluw) € Lzl
In particular, if fi,..., fi € Qlz], we can compute a Grobner basis of (f1,..., fu)ca) over
Q.
Proof. This follows directly from Buchberger’s criterion. N

2.4 Modules and syzygies

Here, we want to work with submodules I C K|[z]™ rather than ideals I C K[x]. We have

to adapt some notions to this setting, but many things are very parallel.

2.4.1 Definition (Monomials). The set of monomials of K[z|™, Mon]", is
{a%-ei|aeN" i=1,....m}.

2.4.2 Definition (Monomial order). Let > be a monomial order on Mon,,. A (module)
monomial order on Mon," w.r.t. > is a total order >,, on Mon," which is compatible
with the operation of Mon,, on Mon,, i.e.

z%; >m gﬁej = 27 x%; >, a7 -gﬂej Va,B,veN", i,5=1,...,m,
22> 2 = z%; >,, e Va,eN" 1=1,...,m.
Example. Let > be an order on Mon,,.
Let >,,:= (C, >) “priority on component”:
% e >, gﬁ-ej <= 1<, or i=7 and % > g
or >,,:= (>, C) “priority on monomial”:

«

e >, a2 e;, = %> or z*=2" and i <.
J ) J
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Example.

A2+ + .+ 1
M0n2(£7 ?J)» f - ( $g+2 ) >= (07 >dp)-

2

LM<f>:(”g), LO(f) = 4 taﬂ<f>:(y2;j;1).

f written as sum of terms in the order:

() (0) )+ o) () 20

Remark. Also for g, f; € K[z]™ we want division with remainder
m
g= afi+r, =) e
i j=1

Now, there is a condition “between” ID2 and DD2,

MID LM(f;) t LM(rje;) (i=1,....k, j=1,...,m), exceptr; =0
< LM(rje;) ¢ (LM(f1),...,LM(fx)) forall j, except r; =0.

2.4.3 Theorem. Let >,, be a module monomial order w.r.t. a global order >.
Let g € Klz|™, fi; € K[z]™ \ {0}. Then there exist q; € Kz|, r € K[x]™ such that

Q=Zq¢fi+r

satisfies DD1 and DD2.

The proof is constructive, using the analogous algorithms Buchberger ID and Red ID in the
same way.

Example. Let >,,= (C,>4,) on Mon(z,y, 2)*.

Let
2T
g=|v*+yz—=z
)
Further,
0 x
h=1v—2 |, f2=1y
] 1

0. Let o = ¢, and d10 = G20 = 0.

1. 2-LM(fz) =z (O) = LM(g) = (0)
0 0
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Thus,
q11 = qio = 0, Q21 = Q20 + 2= 2.

2T 2x 0
r=ro—2-fa= y2+yz—z — |2y | = 92—2
Y Z y—=z
0 0
2.1 LM(fl)— 292 —LM(7”1): 92
0 0

qi2 =qu +1=1, G22 = qo1 +0 = 2.

0 0 0
ro=r—1-fi= Vv—z|l - -2 | = 0
Y — z 22 +y 22—z

Now no LM(f;) divides LM(r3), hence we stop.

2T 0 T 0
g= |V +yz—z|=|v? -2 | +2z-|y|+ 0
Y —22 4y 1 22—z

satisfies ID1, ID2, even DD1, DD2 here already (else we would have to use the reduction
algorithm completely analogously).

Remark. The notion of an spoly generalizes to modules.

By definition, if 2 | 27, then % - ¢; | 2P - e; and

SO

The lem of two monomials is 0 if they are not in the same component.
An spoly is 0 if LM(f),LM(g) are not in the same component.
The notion of a Grébner basis generalizes to modules.

Buchberger’s criterion still holds (we prove it in this subsection for the ideal case, but
using the theory for modules) and the algorithm to compute a Grobner basis is the same.

o7



2.4.4 Definition (Syzygies). Let R be a ring, I an R-module (e.g. I C R an ideal). Let
fi,-., fu € 1. We let

@i:Rk—>I, Ql—>g-i:Zaifi.

Then

zk: aifi = 0}
i=1

syz(fi, .-, fr) = ker(py) = {a € RF

is called the first syzygy module of (f,..., fx).

2.4.5 Definition. Let G = (f1,..., fx), fi € K[z], and > a monomial order. We set

lcm(LM(f) LM(f;))
M(f;)

With this notation,
spoly(fs, fj) = myi - fi —my; - fj.

Fix a division with remainder

spoly(f;, f;) = Z ¢ f, +ry  Vi<j.

Set

— i
Sij = My € — My €5 — quel, EK

Note:
ri; =0 <= s;; €syz(fr,..., [x)
Our goal is to show two statements simultaneously:
If r;j =0 for all 7 < j, then
1) G is a Grobner basis of (f1,..., fi) K (Buchberger’s criterion 2.3.6)
2)  {si |i < j} is a Grobner basis for syz(fi, ..., fr) (Schreyer’s Theorem)

First, we need to fix a monomial order on K [z]*.

2.4.6 Definition (Schreyer ordering). Let > be a monomial order, G = (fi,..., f),
fi € K[z] \ {0}. Define the Schreyer ordering by

2% e >, 17 e = LM(z®- f;) > LM(z” - f;) or
(LM(z* - fi) = LM(z” - f;) and i< j).
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2.4.7 Lemma. The Schreyer ordering defines a monomial order on Monﬁ w.r.t. >.

Proof. By definition, it is a total order.

If
1%, >, 2’e;
= LM(2°f;) > LM(2°f;) (or LM(z*f;) = LM(2” f;) and i < )
= o7 IM(@@"f) > 27 - LM(2"f;)
LM (272" f;) LM(272" f;) (or equality and i < j)
= 27z%; >, '2’¢;.
If 2% > 27 = LM(2%f;) > LM(2” f;) = 2%; >, 2Pe; O

Remark. For the

Sij = Mji €5 — M5 €5 — Z Q,fjeu
(where

Sp01Y(fi,fj> :mjifi_mijf] qufu+r11

in Def. 2.4.5, we have, w.r.t. the Schreyer ordering,
because in

spoly(fi, [3) = myifi — mij fj,
the biggest terms cancel, thus

LM(myi f;) = LM(m; f3),

and the component counts. Furthermore,

M(q” f,) < LM(spoly(fi, f;)) < LM(mjf),
as it is a division with remainder.

2.4.8 Theorem (Schreyer). Let G = (f1,..., fx), fi € K|z], > a monomial order on
Mon,,.

If3 P C{(i,j)|1<i<j<k} such that:

a) For all (i,7) € P there exists a division with remainder

k

spoly(fi, f;) = >_ a7 f, with remainder r;; = 0.
v=1

and

b)

<mjiez-\(i,j)€P>Ku <mﬂe,|1<z<]<k>
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Then:

(1) G is a Grobner basis of
I'=(fi,- ., fu)g wrt >
(2) For the s;; in Def. 2.4.5,
{si | (i,j) € P} is a Grobner basis of syz(fi,..., fx) C K[z]"
w.r.t. the Schreyer ordering >s. In particular,

syz(fi, -+ fx) = (sij | (4,7) € Pk

Proof of Buchberger’s criterion 2.3.0, 4) = 1). using Schreyer’s theorem:
Set
P={(,j)1<i<j<k}

Then condition a) is satisfied by 4), and b) is obvious. By Schreyer’s theorem 1),
we conclude that G is a Grobner basis, and 4) = 1) is shown.

Proof of Schreyer’s theorem 2.4.8. Let

ps: K[z]" — Kla]

€; — fi7

be the morphism of 2.4.4. Let

k
f:ZaZfz el = <f17"-7fk>7
=1

then )
f= Spi(g) for g = Zaiei-

=1

We take a division with remainder

g= > bisij+r,

(i.j)ep
which satisfies MID. Let i
r=>_re,
v=1
Then
LM(s;;) 1 LM(r,e,) V(i,j)€e P,v=1,...,k, unlessr, =0
— mj; e; 1 LM(rye,) V(i,j)e P, v=1,...,k, unlessr, =0.
We have

f=werg)= > byes(si) + D resle)

a (i.j)EP v=1
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And

er(sij) = myifi —mij f — > 4l f, =0
—— —_———
SPOIY(fiyfj) division with remainder O
of spoly(fi,f;)
Hence i
f= Z Ty fo.
v=1

Claim: If

LM(r, f,) = LM(r,f,) forv < p,
then

r, =1, =0.
Assume there exists v < p with r, # 0, r, # 0, and
LM(TVfu> = LM(TMfu)-

— lem(LM(f,), LM(f,)) | LM(r, f,) = LM(r,) LM(f, ).

As
LM(my,) - LM(f,) = LM(mu. f,)
- lem (LM(£,), LM(£,))
= LM(fV) ' LM(fu)
= lcm(LM(fu), LM(f,,)),
we obtain

= LM(my,) | LM(r,)
= LM(mue,) | LM(r,e,)

Because of condition b), there exists (¢, j) € P such that

LM(mje;) | LM(myue,)
= 3(i,j) € P: LM(mje;) | LM(rye,)
(:*Q r, = 0.

(Notice that the mje; are terms, i.e. leading coefficient - leading monomial; writing LM
here we just neglect the leading coefficient.)

The claim is proved.
For g € syz(fi,..., fi),

f:goi<g):zalf2:0 = OZZTVfuy
and since nothing can cancel on the right, because if

LM(r, f,) = LM(r,f,) forv < p,
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then r, = r, = 0, we conclude r,, = 0 for all v, hence r = 0.

As in Buchberger’s criterion, Thm. 2.3.6, 2) = 1), we can conclude that

{si|(i,j) e P}
is a Grobner basis of syz(fi, ..., fx)-
Back to

k
f = Z rl/fV'
v=1

Again on the right nothing can cancel, since if
LM(r, f,) = LM(r,f,) = r, =7, =0,
we conclude that there exists a v, such that:

LM(f) = LM(r /1)
= LM(f,) | LM(f)
= LM(f) € (LM(f1),...,LM(fx)).
= LC(I) = (LM(f1),...,LM(fx))
= (G is a Grobner basis of 1.

To sum up the idea of the proof of Schreyer’s theorem:
fel = 3geK[z]":ps(9) = f.
Division with remainder of g by (s;; | (¢,7) € P), remainder

r = Zr,,e,,
1%

such that

v LM(fy) [ LM(f) if f#0
2.4.9 Algorithm (Syzygies). .

{T:o iff=0 <= gesyz(fi,...

7fk):>2

~—

!

Algorithm 5: Syzygies

Data: G = (f1,..., fr), a Grobner basis w.r.t. > .
Result: S, a Grobner basis of syz(fi,..., fr) C K[z]*

VP ={(ig)|1<i <)<k
2 S=10;

3 for (i,5) € P do

4 | Compute a division with remainder of spoly(fi, f;) = SF_, ¢ f.;
5 Set Sij = M€ — My€5 — Zl, q,fje,,;

6 | Update S=SU{s;;};

7 end

8 return S

Termination is clear and correctness follows from Schreyer’s theorem 2.4.8.
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2.5 Elimination and ideal operations

This is the nicest section of this chapter, because now we can finally apply the theory
developed in 2.1-2.4 to answer the questions asked as motivation in the beginning of
Chapter 2.

2.5.1 Definition (Elimination ordering). A monomial order > on K|z, y| is called an
elimination order w.r.t. z if for f € K|z, y]

LM(f) € Kly] = f € Kly].

Example. (1) The order >, on Mon,, is an elimination order w.r.t. (z1,...,x;) for all
s=1,...,n—1.

(2) If > = (>1, >2) is a product order on Mon(z, y) with > global, then > is an elimination
order w.r.t. .

2.5.2 Proposition. Let > be a global elimination order on Mon(z,y) w.r.t. z.
Let I C Klz,y].

(1)
LI N Kly]) = L{I) N Ky].
(2) If (91,---,9x) is a Grobner basis of I C K[z, y|, then

{9 LM(g:) € K[yl }

is a Grébner basis of I N K[y].

Proof. (1) “C” Let p € L(/ N K[y]) be a monomial. Then 3 f € I N K[y] such that
LM(f) =p. As f € K[y|, we have p € K|y|, hence

p e L(I)N Ky

“D” Let p € L(I) N K[y]. Then 3 f € I s.th. LM(f) = p € KJy]. Since > is an
elimination ordering, this implies f € I N K[y|. Therefore

p € L(INK[y)).

L(I N K[y) 2 L(I) N K[y = (LM(gy), . .., LM(gy,)) N K[y]

D (LM(g:) | LM(g,) € K[y])

1)

Claim: We also have

(LM(g:)) N KTy] € (LM(g:) | LM(g:) € K[y]).

Let f € (LM(g;)) N K[y]. Then every monomial of f is in (LM(g;)) and also in K[y].
Hence we can assume without restriction that f is a monomial itself.
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Let f = y* for some € N™. By Dickson’s Lemma (resp 2.1.3), 3 : LM(g;) | y°.

Thus LM(g;) € K[y] = f € (LM(g;) | LM(g:) € K[yl).
= (LM(g1),...,LM(gx)) N Ky] = (LM(g:) [ LM(g:) € K[y]).

= (gi | LM(g;) € K[y]) is a subset of 1 N K[y

and their leading monomials generate L(1) N Ky] Y L(I N K[y]).
= (gi | LM(g;) € K[y]) is a Grobner basis of 1 N K[y].

O
2.5.3 Algorithm (Elimination). .
Algorithm 6: Elimination
Data: G = (f1,...,fr), fi € K[z,y], > a global ordering on Mon(y)
Result: S, a Grobner basis of I N K[y] for [ = (fi,..., fi) C Klz,y] wrt. >.
1 Choose a global elimination ordering >, on Mon(z,y) w.r.t. z which coincides
with > when restricted to Mon(y). (E.g. >n= (>ap, >).);
2 Compute a Grobner basis S of I w.r.t. >,,.;
3 return { g € S| LM(g) € K[y] }.;
Proof. Termination is clear, correctness follows from Prop. 2.5.2. ]

With this (and a radical algorithm), we can now compute projections of varieties (see 1.5.14,
“Question 6”).

2.5.4 Algorithm (Ideal containment). .

Algorithm 7: Ideal Containment
Data: g, f1,..., fr € K[z]
Result: 1 ifge (fi,..., fr), 0 else.
1 Choose a global monomial order >;
2 Compute a Grobner basis fi,..., fr of (fiy. ooy fx) Wt >;
3 Compute a division with remainder r of ¢ by the f;;
4 If r =0, return 1;
5 Else return 0;

Proof. Termination is clear, correctness follows from the Proposition on
ideal membership 2.3.2. O

With this, we can check whether a polynomial vanishes on a variety (Question 5).

2.5.5 Algorithm (Radical Containment). .
Algorithm 8: Radical Containment
Data: g € K|[z], fi,.oo fr € Klz] \ {0}
Result: 1 if g € \/(f1,..., fx), 0 else

Choose a global order > on Mon(¢, z);

Compute a minimal Grébner basis G = (g1, ..., gs) of
(fi,- s o, L—tg) C Kz, 1];

If LM(g1) = 1, return 1;

Else return 0;

N =

W
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Proof. Termination is clear.

Correctness: If LM(g;) = 1, then G = (g1), since the Grébner basis is minimal and

1 = LM(g1) | all other monomials.

As > is global, LM(g1) =1

= g1 =c+0, a constant # 0
= g1 € (K[t z])"

:>1—i :glléhe (fi, s fo, 1= tg)
Rtbk;fflhlg e{fi-- i fr)
If
(fiy oy fr)
Rabirgitch’s c <g17'. '7gs>

trick 1.4.11

=1€ L<<g17 s 7gs>)
= 3i:LM(g) |1
= LM(g;) = 1.

As G is minimal, i = 1 and G = {¢1 }.
(Questions 1), 2)) O

2.5.6 Proposition. Let

I={(fi, ..., fr), J =91, 90)
be ideals in R. Then
]mJ:<tf1,,tfk, (1—t>g1,,(1—t)gg>R[t] N R.

Proof. “C” Let
f = Zazfl = ijgj elnJ
Then

f=t-f+0—=t)-f=>atf)+> bi(
<t'f17"'7t'fk7 (1_t)gla’(]‘_t)g€>R[t]mR

44277 Let
o1 R[t] > R:t—1
wo: R[t] > R:t—0
Let
f = Zazt fl + Zb 1_tgj) € <tf17 t fk?( )gla 7(]—_t)g€>R[t]mR

65



= f=oi(f) :Zai<1)fi el
f=wolf)=>_0;(0)g; € J
= felndl

2.5.7 Algorithm (Intersection). .

Algorithm 9: Intersection

Data: fl,...,fk, g1,...,090 € K[Q]
Result: S, a generating set for (f1,..., fr) N {(g1,---,9)

1 Eliminate ¢ from (¢- f1,...,t- fr, (1 =1)g1,...,(1 —t)g¢) K[z, using
Algorithm 2.5.3;

Proof. Termination clear, correctness 2.5.6.

With this, we can compute ideals for unions of varieties. (question 3)

2.5.8 Proposition (Ideal quotients). Let R be a ring and I C R an ideal.

(1) Let g be no torsion element (i.e. {r € R|r-g=0}={0}). Let

Iﬂ <g> = <flga"‘>fkg>R-

Then
I:{(9) = {f1, -, fx)r-

(2) For go,...,q¢ € R:

¢
I:{go,...,q0) = mli<g¢>

Proof. (1) Notice first that I N (g) C (g)

= All elements in I N (g) are of the form a - g for some a.

= Thus we can assume that we have a generating set of the form
(figs-- frg)n for some fi,..., fy € R.

Claim: I : (g) = (f1,..., fx)r-
“D” As f;- g € I by assumption.
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“C” Let fel:(g)

= f.g€el

= f-g€In{g)

= f-9=> afi-g) for some q;
éf'g_zaifigzo

:><f_zaifi)'gzo

g no

torsion

elegsnt f . Zazfz -0
= f=> afi

4
i=1

Claim:  I:(go,...,g¢) = <I'R[tlv~--’tf] : <90+Z§:1tigi>R
“C” Let fe€l:{go,. 90

Jn
[¢]

l
= f (go—i—thgz) € ['R[tl,...,tg]
i=1
4

=1

44277 Let
¢:R[t] > R, t;—0 Vi,
t; 1,
@i : R[t] = R, ~ o
ti—0 Vj#1.
Let ,
f S (IR[tlaatf] : <90+;tzgz>Rm> N AR.
Then
¢
fr90+> tif-gi€l- R[]
i=1
¢
:»f-go:so(f-ngtif-gi) € oI RIf) =T
i—1

where the latter equality holds since ¢ applied to R|[t]-linear combinations of generators
of I yields R-linear combinations of them.
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Furthermore, for all : =1, ..., ¢ we have

¢
f'go+f'9i:¢i<f'go+2tif-gi> c€p,(I-Rlt]) =1

i=1
= f-g€l Vi=0,...,0
= fel:{go...,q0).

I
—
~
oy
=
™

=®.
Q
~—
=
_
D
oy

I: <g()7"'7gf>

“g?? Let

fEI:<907"'ag£>-
= /- (go+tgr+ - +t'g) €I R[]
ifeI-R[t]:<go+tgl+---+t£gg>.

f € R by assumption.

44277 Let

¢

I-R[t: tig; N R
fe (1Rl (S ),
Then
f- (g0 +tgi+---+1t') € I-Rlt].
Let
Qo - R[t] — R

t—— 0

Then

f'goz%(f'(90+t91+"'+t69£)) € ol R[t]) =1
= ftgr+---+ ft'ge € - RIt].

We show that if ¢ - h € I - R[t] for some h, then h € I - R[t]:
To see this, let by,...,b € R generate ¢t - h in I, and let

k
t-h=> ab; with a; € R[t].
i=1

Write
(Ii:Si—f—tTi, SiER, TZER[t]
Then
k k k
i=1 i’—/ i=1
€eR
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As t - h is divisible by ¢, we obtain

= - (h—fjribi) =0
=1

As t is no zero-divisor in R[t], this implies

and thus
k

i=1
With this, we conclude from () that

fror+f-tgp+--+f-t" g€l R[]
=fgi=w(f g+ ftot-+ft"g)€pl-Rlt]) =1
= f-tgo -+ f-t" g el R[

Recursively, we conclude f-g;, € I Vi

= f€[:<907"'7g€>'

]

2.5.9 Algorithm (Quotient of ideals). We can give three variants with the same input
and the same result:
Algorithm 10: Quotient of ideals I

Data: fi,..., [k, 90,---,9¢ € K[z]\ {0}
Result: S, a generating set of [ : J C K[z] with

]:<f17"'7f/€>7 J:<g()7"'7g€>
For i =0,...,¢ compute a generating set G; of I N (g;) with Algorithm 2.5.7;
2 Fori=0,...,0let

=

G ={g/9|g€eGi},

i.e. divide the elements of G; by ¢;;
3 Let Sy = GY. For i = 1,...,¢ compute a generating set S; of

(Si1) N{(GY)

using Algorithm 2.5.7;
4 Return Sy;
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Algorithm 11: Quotient of ideals II

Data: fla”'?fka 9o, -, 90 € K[E]\{O}
Result: S, a generating set of [ : J C K[z] with

I={(fi,.. o, fuds T =(90:---,90)
1 Compute a generating set S of

using Algorithm 2.5.7;
2 Divide the elements of S by

obtaining S;
3 Eliminate ¢ from S’ using Algorithm 2.5.3;

Algorithm 12: Quotient of ideals III

Data: fl?"'?fk? go,---,9¢ € K[Q]\{O}
Result: S, a generating set of [ : J C K[z] with

I:<f1;~~7fk>7 ‘]:<907"'7g€>

1 Compute a generating set S of

y4
(D) kit N <go +>° tigi>

i=1
using Algorithm 2.5.7;
2 Divide the elements of S by
‘
9o + Z tzg’w
i=1
obtaining S;
3 Eliminate tq,...,t, from
(S") K [t.z]

using Algorithm 2.5.3;

Proof. Termination is clear, correctness follows from Proposition 2.5.8.
With this, we can compute

VIHA\V(J])
(see 1.5.13). (Question 4).
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3 Abstract varieties

3.1 Localization

To describe varieties locally at a point or in a neighbourhood, we use localizations of
coordinate rings. We start by introducing the concept of localization for rings in general.

3.1.1 Definition (Multiplicatively closed subset). Let R be a ring. S C R is called
multiplicatively closed if

1S and a,be S=abe S
Example. (1) Assume R contains no zero-divisors. Then R\ {0} is multiplicatively closed.
(2) Let f € R, {f"| n € N} is multiplicatively closed.

(3) Let p C R be a prime ideal. Then R\ p is multiplicatively closed. Let a,b € R\ p.
Assume ab ¢ R\ p, i.e. ab € p. Since p is prime, this implies a € p or b € p, which is a
contradiction.

(4) Mon,, is multiplicatively closed in K|[z].

3.1.2 Definition. [Localization] Let R be a ring and S C R be multiplicatively closed.
On R x S define an equivalence relation by

(r,s) ~ (r',s) : <= JueS: ulrs —r's)=0.

We define
SR := (RxS)/~

to be the set of equivalence classes. We write the class [(r,s)] € R x S as ©.
We set

rr’

ss'

r r rs’ +1r's

s s ss'
We call SR the localization of R w.r.t. S.

r o7
’ s s

3.1.3 Theorem (Localization). Let R be a ring and S C R multiplicatively closed. With
the operations of Definition 3.1.2, the localization S™'R is a commutative ring with

Proof. We show that ~ is an equivalence relation. Reflexive and symmetric is clear.
To show transitivity, let

(/r.7 S) ~ (r/’ S/) ~ (T”7 S”)
= Ju,u' € S:ulrs —r's) =0, «('s" —r"s)=0
= s"u'u(rs' —r's) =0, sud(r's" —r"s") =0
= suu/(r's" —r"s") + s"u'u(rs’ — r's) =0

/N /i / / !/ " /1
= —suu'r"s" + s"u'urs’ = suu'(rs" —r"s) =0

= (r,s) ~ (r",s")
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Next, we show that the operations are well-defined. Let

n_no 2T
T o
S1 S1 S92 So
To show: . .
r182 +T2S1 TSy +Ty8)
5189 shsh
As .
— =—, 3Justh. wu(rs; —ris;) =0.
51 81
As )
— =—, 3Ju sth. U (rash —rhsy) = 0.
32 82

Multiply the first equation with u’sys) and the second with us;s), and add:
U sashurys) — u'sasqury sy + usysiu'rash — usisiu'ryse =0
/ ! ! / !l ! AN .
= w'u(r1sy + 1281)8755 — wu(rysy + rysi)sis2 =0

/ ! o/
718y + 1981 T1Sy + Tys)

$1S2 shsh,
To show: L
5189 shsh
As before,

urys; = urysy, u'rashy = u'rhss.
Multiply those two equations:
uu'riros|sh = uu'rirhs;ss.

Thus,

rire  TiTh

5189 Sysh

Thus, the operations are well-defined. The axioms for the ring operations can be checked
easily. ]

3.1.4 Example. (1) If R has no zero-divisors and S = R\ {0}, then S™'R is the quotient
field of R.

(2) If S ={f™| n € N} for some f € R, then S™'R =: Ry is the localization of R at f.
E.g.: if R = K|[z], R, = K|[2*] Laurent polynom ring.

(3) If p C R is prime and S = R\ p, then
ST'R=:R,

is the localization of R at p.

=f-> ()"

n>o

f .
Klx|m ={~ has a constant term=power series },
(2] (a) {g |9 p b 7
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3.1.5 Remark. Let R be a ring and S C R multiplicatively closed. Then

R — S7'R, r—> %,

is a ring homomorphism.

3.1.6 Theorem (Universal property of Localization). Let R be a ring and S C R
multiplicatively closed. Let ¢: R — R’ be a ring homomorphism with

p(S) C (R
Then there exists a unique homomorphism

Y: ST'R— R
such that the following diagram is commutative:

R 35 R’
N Y
SR

Here,

/ r _
v: ST'R — R, ;r—mp(r)gp(s) L

Proof. The diagram is commutative.

We show that ¢ is well-defined. Let

=3Jue S ulrs—r's)=0
= urs' = ur's
= p(urs’) = p(ur's)

= p(u)p(r)e(s) ™ = p(u)e(r)e(s)

—1

As p(s), (s') € p(5) C ()

= o(u)(p(r)e(s) ™ —o(r)e(s) ™) =0
= o(r)p(s) " —o(r)e(s) =0

As p(u) € o(S) C (R)*

and 1 is well-defined.
We show that v is a ring homomorphism.

w(1) = 4(]) = o) =1

73



Moreover,

¢(2+ Zz) :w<7"1528;27“251>
= o(r1ss + T231)S0(3132)_1
= @(r1)p(s2)e ( 1) Hp(s2) T+ @(ra)@(s1)p(s1) Hp(sa)
= p(r1)e(s1) ! + @(ra)e(ss) ™
o (5) e (5):

Moreover,

o5 i) =0(Ge)
= @(rir2) p(s182)
= p(r1)e(s1) " p(ra)p(s2) ™"

1 T2
()0
S1 S2
We show that 9 is unique. Assume ¢': S™'R — R’ makes the diagram commutative. Then

V(%) =elr)

-1

and

Hence

3.1.7 Lemma. Let R be a ring and S C R multiplicatively closed.

R — S7'R s injective <= S contains no zero-divisors and not 0.

Proof. “<" Let

Then
JueS: ulr—r")=0.
As S contains no zero-divisors and 0 ¢ S, this implies

r—r'=0=r=r.
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“=71f 0 e .S, then by Lemma 3.1.8 the map

R— S'R
is not injective.
Let us =0 for u,s € S.
=u(s—0) =
50
1 1
=s5=0 %

=us#0 VYu,seS.

3.1.8 Lemma. Let R be a ring and S C R multiplicatively closed. Then

STR={0} < 0€&S.

Proof. “<” Let £ € S™'R. Then

r_o
s 1

as
0-(r—0)=

(L:>77
1 0
1 1

Then there exists u € S such that

wWl—0)=0=0¢€8,

Remark. If R contains no zero-divisors, then

R —=  Q(R) field of fractions
i\ e
S7'R

is commutative , and all are monomorphisms.

3.1.9 Theorem. Let R be a ring and S C R multiplicatively closed.
Let I C R be an ideal. Then

ST = {a

S

aEI,sES}

is an ideal in ST'R. Furthermore,

STI=S8S"'R < INS#.
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Proof. As 9 € ST, we have S7'I # (). Let

ap Qo _ r _
—,— €87, -e€S'R.
S1 S92 S

Then n
ay Qa2 152 T A251 _
—+ = =——"—"e 57,
S1 So S152

as

a189 + agsy € 1
is an R-linear combination of elements aq,as € I and

roa ray _
—L=—esll
S 51 S$51

as ra; € 1.

If S7'T = S7'R. Then

for some a € I, s € S. Thus there exists u € S such that

u(s—a)=0

=us = ua.
But ua € I asa € I, and us € S as u,s € S. Hence
ua=us € INSY,

so INS#0.
IfINS#(andlet se€ INS. Then

and therefore S~ = S~ 'R. ]

3.1.10 Lemma. Let R be a ring and S C R multiplicatively closed. Let I,J C R be ideals.
Then

(1) STY I+ J)=8""'T+S1J,
(2) S~YW1J)=S"1I-571J,
(3) STHInNnJ)=5S"InsJ.

Proof. (1) and (2) follow directly from the definition.

(3) “C” is clear.
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(LD” Let .
B eS ' InsS

Then there exist a € I, b € J and s1, s5 € S such that

r a b

5 81 Sy
= Ju,u’ € S: u(rs; —sa) =0, u'(rsy —sb) =0
= urs; =usa € I, u'rs,=u'sbeJ
= wu'sysor € 1IN J

r uu'sySar

Y )

S uu'sySss

]

3.1.11 Definition (Local ring). If a ring R contains precisely one maximal ideal, it is
called local.

3.1.12 Theorem (Localizations at prime ideals are local rings). Let R be a ring and
p C R a prime ideal. Let S = R\ p. Then R, is a local ring with mazimal ideal S~ p.

Proof. By Theorem 3.1.9, S~1p is an ideal. We have
S™'p C SR,

as
Snp=(R\p)np=10,
by Theorem 3.1.9.

Let I C S7'R be an ideal and let

Yer
s
Then
1 1 s ‘

As [ is not the whole ring, it contains no unit, hence { is not a unit. Therefore
a
a¢S=R\p=ac€p=—-¢cS'p
s

Hence we have seen that every ideal which is not the whole ring is contained in S~1p.
Let m C S7!R be a maximal ideal.
mC S™'p C ST'R,

=m=S1p

= S7'R is local and its unique maximal ideal is S~ 'p.
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3.2 Regular functions

3.2.1 Definition (Regular functions). Let X C K™ be an affine variety with coordinate
ring

and let U C X be open.

A function f: U — K is called regular in x € U if there exists an open neighbourhood
x € V C U and functions g, h € K[X] such that h # 0 on V' and

f:g on V.

A function is called regular on U if it is regular in x for all x € U.
Example. For X = K and U = K*, the function

f:U— K, r— !
is regular on U.

3.2.2 Proposition (Regular functions are continuous). Let X C K" be an affine variety,
U C X open, and f: U — K regular on U. Then [ is continuous.

Proof. As continuity is a local property, we can assume
g
== onU
/ h

for some g, h € K[X].
Let A C K be closed. Assume first that A = {a} consists of precisely one point. Then
fHa)={z U] f(z) = a}
:{meU’z(m):a}
={r e U|g(x) = ah(z)}
=UNn{zreX|(9—ah)(x)=0}
=UNV(g—ah).
Hence f~1(a) is closed in U.

An arbitrary closed set in K contains finitely many points. Its preimage is thus a finite
union of closed sets of the form f~'(a) as above, and thus closed. O

Remark. If f,g: U — K are regular in x € U and a € K, then af, f + g, and f - g are
regular in x.

3.2.3 Definition (Ring of regular functions). Let X C K™ be an affine variety with
coordinate ring K[X] and let U C X be open. We write

OWU)=0xU):={f:U— K| fregular}
for the algebra of regular functions on U. Furthermore, we set

Ox(0) = {0}.
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3.2.4 Remark. Let X C K" be an affine variety. Then

{open sets U C X } — K-algebras
Ur— Ox(U),

satisfies the following conditions:

(1) If V.C W C X are open, then there is the restriction morphism
pv s Ox(W) = Ox(V), f— flv.

The restriction morphisms are compatible in the following sense:
ftUcCV cWcCX, then

pU =Py opy
(2) If U = U;e; U; with open subsets U; C X, then

(a) If f € Ox(U) with
f

v, =0 € Ox(Uf)
then f = 0.

(b) If f; € Ox(U;) satisty

fi

then there exists f € Ox(U) such that

flu, = [i.

3.2.5 Definition (Presheaves). Let X be a topological space. A presheaf of abelian
groups (rings, K-algebras, ...) on X is an assignment

UiﬂUj - f] UJTUj?

F: {open sets in X'} — {abelian groups}
U— F(U)

with a collection of homomorphisms
py s F(W) — F(V)
f — f|V>

for each pair V' C W C X of open sets, such that the conditions of Remark 3.2.4 1) are
satisfied.

If the conditions 2) a), b) are satisfied in addition, the presheaf is called a sheaf.

We call the elements of F(U) the sections of F on U.

3.2.6 Definition (Basis of topology). A basis of a topology is a subset (U; | i € I) of
the open sets such that each open set is a union of some U;.

3.2.7 Remark. Because of the conditions 2) a), b) of Remark 3.2.4, a sheaf is already
defined if we know the assignment on the open sets in a basis of the topology.
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3.2.8 Proposition (Basis of the Zariski topology). Let X be an affine variety. The sets

D(f) =X\ V(f)
form a basis of the Zariski topology on X .

Proof. Let U C X be open. Then
U=X\V{)
for some radical ideal I.

Let x € U.

x ¢ V(I)

mge B 1

3f, €I with f, & m,
V(fz) > V(I)

& V(f)
reD(f,)CcU

U D(f.)=U

zelU

R

]

and thus we can write any open set as a union of subsets D(f), which hence form a basis
of the topology.

3.2.9 Theorem. Let K = K. Let X C K" be affine and g € K[X]. Then
K[X]; — Ox(X N D(g))

f,>@,\ﬂ@)

9

r " ogla)r
f e
K[X]g —)OX<XQD(Q)), ?’ ? (:I:= ” gf((x))r)>

is an isomorphism of K-algebras.

Proof. As g is a unit in Ox(X N D(g)), the universal property of localizations (Theo-
rem 3.1.6) shows that the above map is a well-defined homomorphism of K-algebras.
Injectivity: Let f € K[X] such that

;<%1:0 for all x € X N D(g).
Then
fg=0 on X
=g¢g-(f-1-0-¢")=0 in K[X]
oLV kx,
g1 !
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Surjectivity: Let h € O(X N D(g)). Let x € X N D(g). Then there exists an open set which
we can choose as

XND(g") with e XnND(¢")C XnD(g),

such that

Qi

for some f,§ € K[X] with
Gg#0 on XN D(g").

As X N D(g) is quasicompact as a Noetherian topological space by 1.5.11, finitely many
such X N D(g") are sufficient to cover X N D(g).
We call those ¢, ..., gy, and we let

h=="onXND(g) forfi,gi€ K[X], i=1,.. .k
gi

Set

"~

f=d'fi, ¢ =4
Then

XN D(g;) ={x € X | gi(x) # 0}
= {z € X | g/ (2)7:(x) # 0}
= X N D(g)),
as gi;(z) 0 on X N D(g/).
On X N D(g;) = X N D(g!) we therefore have

At

h== .-
9 9;

For the intersections
(X N D(g;)) N (X N D(g))
we have
fig; = fidi;

and hence

9:9; (f£g} - f}gé) =0
holds on all of X.

Now set
fi = g;f{, gi ‘= (92’)2‘
Then

XAD(g) = XAD(e):  hlxnoey = 2

1
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and
figi — fj9i = 0 holds on all of X (%)

X ND(g) =(XND(g))U---U(XND(gy))
= (XND(g)U---U(XND(g))
=(XND(g))U---U(XND(gr))

= Vx(g) = Vx(g1) N--- N Vx(gr),
where Vx (g) denotes the variety defined by g € K[X] in X (see 1.4.18), and Ix(Y") denotes
the ideal in K[X] defined by a subvariety ¥ of X:
= geIx(Vilg) NN Vx(ge))
= ]X(VX(gl, . ,gk))
-V (g1, -+ 9K),
where the last equality holds because of Hilbert’s Nullstellensatz (1.4.12).

Let r € N such that
gr € <g17 cee 7gk>
There exist h; € K[X] such that

k
g = Z higi
i=1
Set
k
i=1
Then
g fi= Z(higz>fj
i=1
()
— Z hig]fz
i=1
k
= Z(hifz)gj
i=1
=195
Hence
h—izi on X N D(g;).
9i 9
But the X N D(g;) cover X N D(g), and the function has now the same representation gir
on each X N D(g;). Therefore
h = I on X N D(g).
g'r
O
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3.2.10 Corollary. Let K = K and let X C K™ be an affine variety. Then
Ox(X) = K[X].

Proof. Follows from 3.2.9 by choosing g = 1. O

Example. The regular functions on K™ are

O(K") = K[z1,...,2,)].

3.3 Abstract varieties

So far we studied affine varieties X embedded in K. This concept is for some purposes
not flexible enough. E.g. K* C K is homeomorphic to V(zy — 1) C K? via

(a polynomial map and a map of regular functions), but K* C K is not an affine variety
itself (see 3.3.9).

We therefore change the perspective:
3.3.1 Definition (Space with functions). Let K = K. A space with K-functions is a

topological space X with a sheaf Ox of algebras of K-functions, i.e.

(1) For all open U C X, Ox(U) is a set of functions U — K.
(2) Ox(U) is a K-algebra with pointwise operations

(f +9)(@) = fx) + g(x),
(f - 9)(@) = f(x) - g(x)
(A-f)(x) = A f(x)

(3) For V.C U C X there exist restriction morphisms
Py Ox(U) — Ox(V)
fr— flv.

(4) The assignment U — Ox (U) satisfies the axioms of a sheaf.

Oy is called the structure sheaf of X.

Example. If X C K" is an affine variety and Ox the sheaf of regular functions, then
(X, Ox) is a space with functions.

3.3.2 Definition (Subspace). If X is a space with structure sheaf Ox and Y C X, then
Y obtains the subspace topology and

Oy(V):={f:V = K |Vy € V 3 a neighbourhood U C X of y
and F' € Ox(U) s.t. flunv = Fluav}
={f:V = K| f = F locally for some F € Ox(U)}

(Y, Oy) is the subspace induced by (X, Ox).

83



3.3.3 Example. (1) Let K = K and X C K" be an affine variety. Then (X, Oy) is the
subspace induced by K™ with structure sheaf Ogn, as

(’)X(U):{f:U—>K

locally f = % for g,h € K[X]}

:{f:U—>K locallyfzgfor GyHGK[fE]}

(2) If X is a space with functions, U C X is open and V' C U is open, then
Ouy(V) = Ox(V).
(3) Let X = K and U = K*. Then
Oy(U) =0x(U) & Kz, 27,
the ring of Laurent polynomials in x.

Remark. It is easy to see that if Z C Y C X, then the subspace structure of Z induced

by the subspace structure of Y induced by X coincides with the subspace structure of Z
induced by X.

3.3.4 Definition (Morphism). Let X, Y be spaces with functions. A morphism f: X —
Y is a continuous map f: X — Y such that for all h € Oy (V') we have

hofeOx(f71(V)).

@ £ mk\

X
We set

[ Oy (V) — Ox (f71(V))
h+—— ho f.

3.3.5 Theorem (Morphisms and polynomial maps). Let X € K™, Y C K™ be affine
varieties and f: X —'Y a map. Then the following are equivalent:

(1) f: X =Y is a morphism of spaces with functions (X, Ox) and (Y, Oy).
(2) f: X =Y is the restriction of a polynomial map F: K™ — K™,

Proof. (1) = (2): Consider the regular functions
Yty Ym € K[Y] = Oy (Y).
As f is a morphism, we obtain regular functions
fi=yiof € Ox(X)=K[X]
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Each f; € K[X] is represented by a polynomial F; € K[z]. Thus f is given by

Fly: X > Y
2 (Fi(2),..., Fn(z)).
(2) = (1): By Lemma 3.3.6 we will show that the restriction of a morphism to subspaces is

again a morphism. With that, it is sufficient to show that a polynomial map F': K™ — K™
is a morphism. By 1.6.2, F' is continuous. Let V' C K™ and h € Ogm (V). Then locally

h
h = /71 with hy, by € K1, ..., Ym).
2

Thus b o F
hoF — h; Z = locally,
where hy o F, hyo F € K|zy,...,x,| as F is given by polynomials in z. Hence

hoF € On(F7H(V)).
0

3.3.6 Lemma. Let f: X =Y be a morphism of spaces with functions, X' C X,Y' CY
subspaces with f(X') CY'. Then the restriction

f|X/Z X =Y
is a morphism.
Proof. We show that f|x: is continuous. Let U’ C Y’ be open. Then there exists an open

set U C Y with
U=UnY".

Hence
(flx) /U) = UNnY)nX'
- w)nx

is open. We now show the compatibility with the ring of functions: Let U’ C Y’ be open
and h € Oy (U’) then locally

h = Hly: forsome H € Oy(U), UCY.

Then
h;Of:[i-Ofl)(/7

but
Ho feOx(f(U))

because f is a morphism, and thus

hof e Ox((flx)(U)).
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3.3.7 Definition (Abstract varieties). An (abstract) affine variety is a space with
functions which is isomorphic to an embedded affine variety, i.e. to

X=V({)cK"
with its sheaf of regular functions Ox.

3.3.8 Lemma. Let X be an affine variety and Y C X closed. Then Y with the subspace
topology and the induced structure sheaf is an affine variety, the inclusion

10 Y — X
is a morphism,
Oy(Y) =i"(0x(X)) and ker(i") = Ix(Y) C Ox(X),

for

Proof. As X is isomorphic to an embedded variety, we can assume without restriction
that X € K". Then Y € X C K™ and Oy is the sheaf of regular functions on Y by
Example 3.3.3 (1). O

3.3.9 Example. With this more general definition, K* is now an affine variety, because it
is isomorphic to
V(ry—1) C K2

fi K — V(zy—1)
t— (t,t7h)
4 (2,y)
Then f is a homeomorphism; the inverse is continuous as it is polynomial ( 1.6.2).

Let V(I) C V(zy — 1) C K? be closed for I C K[z, y]/{xy —1). Then
fVI)={teK|gof=0Vgel}

where g o f € K[t,t7!]. After clearing denominators, this is given by the vanishing of
polynomials in K[t], hence the preimage is closed in K* C K.

Let U C V(xzy — 1) be open and h € O(U). Then locally

h
h = 171 with  hy, by € Kz, y]/(zy — 1).
2

Hence

ho f is locally a fraction of Laurent polynomials in K[t, ¢ "]
= ho f is locally a fraction of polynomials in K|[t]
= hof e Ok~ ( v )) which consists of functions which are

locally restrictions of regular functions in Ok-.
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The inverse map is polynomial and thus a morphism. Hence, f and f~! are morphisms
which are inverse to each other.

= K*2V(ry—1)C K*

is an (abstract) affine variety.

More generally, the following holds:

3.3.10 Theorem. Let K = K, X an affine variety, f € O(X). Then

XND(f) ={zeX|[f(x)#0}

s an affine variety and

O(X N D(f)) = O(X);.

Proof. That O(X N D(f)) = O(X); follows from Theorem 3.2.9, as X is isomorphic to
an embedded variety. What we still have to show is that X N D(f) is affine, too.

We first consider the case X = K™, then f € K[z]. Let
7 =V(frny —1) c K"
and
¢: K"ND(f) — Z = (2, f(2) )

As in Example 3.3.9, we can see that ¢ is continuous and that it is a morphism of spaces
with functions. The general case follows using the induced subspace structure. ]

X N D(f) is called an open subvariety of X.

Example. The group GL, (K) of invertible n X n matrices is now an affine variety, namely
K™ N D(det).

3.3.11 Definition (Stalks). Let X be a topological space and F a presheaf of abelian
groups on X. We define the stalk of F at x, denoted F,, as follows:

Let F be the disjoint union _
o= UercX‘F<U)’

where U runs over all open neighbourhoods of z. We define an equivalence relation on F:
FU)>s~seFU)
if there exists x € V. C U N U’ an open neighbourhood of x such that

S’V = 8,|V.

The stalk F, is defined by
Fp=F/~.
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The elements of the stalks, the classes s,, are called germs.
The stalk F, is an abelian group by defining

/ li
Sg+ 8, = <3|UﬂU’ + s |UﬁU’)w

where s € F(U) and s’ € F(U’) are representatives of s, respectively s/,.

Analogously, if F is a presheaf of rings, K-algebras, ..., then the stalks at = are rings,
K-algebras, . ...

3.3.12 Theorem (Stalks and local rings). Let X be an affine variety, v € X and
my ={f € Ox(X)| f(z) =0} C Ox(X)
the corresponding mazimal ideal (see 1.4.16). Then there is an isomorphism of K-algebras

Ox(X)mz — OXJ;

£ — (fg)a

Proof. Well-defined: There is a K-algebra homomorphism

Ox<X) —>OXJ
fr—fe
For g € Ox(X)\ my, g(z) #0
= r € XND(g)

and
91 € Ox(X N D(g)) = Ox(X),

is the multiplicative inverse of ¢g. By the universal property of localization (3.1.6), yields
the following commutative diagram of K-algebra homomorphisms

Ox(X) L2 Ox.
Fe i AL (fg),
Surjectivity: Let h, € Ox, with h € O(U). Locally,
h
h:#rmmimMGMM:OﬁX)MMiM@#O
2
Hence "
=€ Ox(X)n,
ho
is the preimage of h,.
Injectivity: Let
(fg_l)a: = 0.

Then there exists a neighbourhood U of z, U C X N D(g), such that

fg_l =0e€ Ox(U),
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hence f =0 € Ox(U). Choose
he (X \U) suchthat h(z)#D0.
Then hf =0 on all of X, and

hf_

0.
hg

- = —c OX<X>mZ; but

]

Remark (Products of varieties). In 1.6.4, we saw that X x Y is an affine (embedded)
variety if X and Y are, and that the projection maps are morphisms. We now study the
coordinate ring of a product and generalise to the abstract case.

3.3.13 Corollary. If

X:V(fl,...,fk)CKn, Y:V(gl,...,gZ)CKm,

then
K[X xY] = Klz.y]
_<f17"'7fk7g1a"'ag€>
. Kl KDy
<f1,...,fk> <gl7...,gg>
= K[ X|® K[Y].
Proof. Follows from 1.6.4. O

3.3.14 Definition (Tensor product of K-algebras). Let A, B be K-algebras. Then A®x B
is a K-vector space. Define a multiplication on the pure tensors via

(f@g)-(ffed)=rff®gd.

One can show that this can be uniquely extended to a product on A ®x B such that
A®k B is a K-algebra together with canonical homomorphisms

A= ARk B: f— f®1
B> A®kB:g—1®g,

which satisfies the following universal property:

Let C be a K-algebra with
p:A—C and Y:B—C

Then there exists a unique
p:ARxk B—C

such that the following diagram is commutative:
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A®g B

Here pu: f @ g = o(f)¥(9)-
Example. Let A = K|z]/I and B = K[y|/J. Then

Klz|/I ®r Klyl/J = Klz,yl/(I +J),

as this satisfies the universal property:

Klz, y]/(I+J)
nYy
Klz]/1 Klyl/J
T; Y;
90\ fi g 4

C

3.3.15 Theorem (Products of (abstract) varieties and tensor products). Let X and Y be
(abstract) varieties. Then X XY is a variety, with structure sheaf

OXXy(X X Y) = Ox<X) R Oy<Y)

Proof. Follows from the embedded version, Corollary 3.3.13. O

90



3.4 The category of affine varieties

Categories give us an efficient way to formulate results about algebraic varieties.

3.4.1 Definition (Category). A category consists of a class C of mathematical objects

and for each X, X’ € C a set More(X, X'), which we call the morphisms of X to X’ and
write as f : X — X',

For each three objects X, X', X” € C we have the composition
More (X', X”) x More(X, X") — More(X, X")
(f,9) — fog,
such that the following holds:

(1) The composition is associative.

(2) For all X there exists idxy € More(X, X) such that
poidy =¢p Vep: X — X'
idy ot =1 Vip: X' — X

Example. (1) Vector spaces and linear maps

2) Groups and homomorphisms

3) Rings and homomorphisms

4) K-algebras and homomorphisms

5) Sets and maps

(6) Affine varieties and morphisms

3.4.2 Definition (Isomorphism). A morphism ¢ : X — X' is called an isomorphism if
there exists an inverse o' : X’ — X in More(X’, X), s.th.

pop l=idx, ¢ lop=idy.
We write X = X',

3.4.3 Definition (Functor). Let C,D be categories. Let F associate an object F'(X) € D
for all objects X € C, and a morphism F(y) for every

p: X — X'

Let

F(p) € Morp(F(X), F(X")).
then we call F' a covariant functor if

F(idx) =idpx) and F(pop) = F(¥)o F(yp).

Let

F() € Morp(F(X'), F(X))
with

F(idx) = idpx), F(yp o) = F(p)o F(1).

Then F' is called a contravariant functor.
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Example. The assignment

V +—— the dual vector space V"
f +—— the dual linear map f"

is a contravariant functor from the category of vector spaces and linear maps to itself.

3.4.4 Definition (Fully faithful functors). Let C, D be categories and F': C — D a functor.
We call F'

1. essentially surjective if

VYeDIXeC:F(X)2Y

2. full if for all X, X’ € C the map

More(X, X') —s Morp(F(X), F(X"))
¢ — F(p)

is surjective. (Or to Morp(F(X'), F(X)) if contravariant.)
3. faithful if for all X, X’ € C the map

More (X, X') — Morp(F(X), F(X"))
¢ — F(p)

is injective. (Or to Morp(F(X’), F(X)) if contravariant.)
4. fully faithful if it is full and faithful.

3.4.5 Theorem (Anti-equivalence theorem). Let K = K.

Let C be the category of affine varieties and morphisms, X € C, and let D be the category
of finitely generated K -algebras without nilpotent elements.

Then the assignment

together with

{morphisms ¢ : X — X'} — {homomorphisms Ox:/(X") = Ox(X)}
P

is an essentially surjective, fully faithful contravariant functor.

That 1s:

(1) X — O(X), ¢ — ¢* is a contravariant functor.

(2) (Essentially surjective) For every finitely generated K -algebra A without nilpotents,
there exists an affine variety X such that

Ox(X) = A.
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(3) (Fully faithful)
p: X =Y 1:1 homomorphisms
morphisms oY) — O0(X)

Q"

Proof. (1) Let X be an affine variety, i.e. X = X’ C K" closed, and

Kz, ..., x,]

O(X) = KX = 15

is a finitely generated K-algebra which has no nilpotents as I(X") is radical by Hilbert’s
Nullstellensatz. Thus C — D : X — O(X).

Let ¢ : X — X', then
0" OX') — O(X).
We have idy = ido(x) and for ¢ : X — X', ¢ : X' — X"

(Y o)+ O(X") — O(X)
fr=fo(boy)
" OX') — O(X)
g——>gop
v O(X") — O(X)
h+—— ho
= oy OX") — O(X),
fr—=(foy)oyp
= fo(¢oy),

= oyt =(Poy)".
(2) Let A be a finitely generated K-algebra,

A=Klg,...,9n]

Then there exists a K-algebra homomorphism
fiKlxy, ...,z — A
Ty — Gi,

and
Klzy, ..., x,]

ker f

A=

As A has no nilpotents, ker f is a radical ideal and defines an affine variety X with



(3) Surjectivity: By 2), we may assume our K-algebras are coordinate rings K[X] and
K[Y]. Consider a K-algebra homomorphism

a: KlY] — K[X].
Then « is the restriction of a polynomial map

Q" Ky, oo Ym) — K1, ..., 2]

yi — fi-
We obtain the commutative diagram
Klyi, .y Ym) AN Klzq, ..., x,]
3 m 1
K[Y] — K[X]
With
m g g/Y and mo: f— f/X
Here,
ker(m) = I(Y), ker(mg) = 1(X).
Moreover,

&*(ker(m)) C ker(mg), as «aom =mpo0":
Let g € ker(m)
= a(m(g)) = a(0) = 0 = m2(P*(g))
= ®*(g) € ker(ms)
= &*(I(Y)) C I(X).

The algebra-homomorphism corresponding to the map
b: K" — K™
(1, .., xn) —> (fi(2), ..., fm(2))
is @*, where
O Klyi, .. Ym] — Klz1,...,2,]

g— gO@:g(f1<$)7"~afm(x)>
yi — fi

We can restrict @ to X and obtain
P X —Y.
As for x € X we have
f(x) =0 Vfel(X)
= f(z) =0V Q" (I(Y)) C I(X)
= &*(g)(x) =0 VgeI(Y)
= go®(x)=0 VgelY)
= &(x) e VI(Y)) =Y.
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We have | = «, since
H([w]) = [27(wa)] = [fil.
Injectivity: Let ¢,1 : X — Y be morphisms with
"=y
As before, we choose polynomial maps
oV K" — K™

whose restrictions to X equal ¢, .

We obtain o
Klys, o tm] —2  Klzy,..., 1)
1 \
K[Y] I KX
Hence
[2%(yi)] = " ([w]) = " ([w]) = 7 (w3)].
Therefore,

P (ys) =V (i) + fi
for some f; € I(X).
Restricting those to X, as f;(x) = 0 for all x € X, we obtain

Px=V¥|x = =9

3.4.6 Corollary. A morphism ¢ : X — Y is an isomorphism

— ¢ :0Y)— O(X) isan isomorphism.

Proof. “=7 Let ¢ : X — Y be an isomorphism. (E X and Y are embedded,
and ¢, p~! are restrictions of polynomial maps. We have

pop Tt =idy, ¢ lop=idy.
For the contravariant functor from the anti-equivalence theorem 3.4.5 we thus obtain
(™) 0" = idow), ©* o (¢ )" =idox).

Hence
" O0Y) — O(X)

is an isomorphism.
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“<=” Let ¢* : O(Y) — O(X) be an isomorphism.
= J(¢*) ' O(X) = O).

As the functor is full, there exists

VY =+ X st Yt = (o)L

Then

(Yop) =p oy =p*o(p) ! =idomx
and

(poth) =1 0p* = (p*) ' 0" =idow).
But

idy =ido(x), idy = ido(y),
and the functor is faithful.

:>’¢09021an @Od):ldY

Therefore 1) = ¢! is the inverse of ¢, and ¢ : X — Y is an isomorphism.
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4 The geometry of affine varieties

4.1 Fields of functions and dimension

4.1.1 Definition (Transcendence basis). Let K C L be a field extension. A subset A C L
is called algebraic if Jay,...,a, € A (pairwise different) and f € Klxzy,...,z,] s.th.
flay,...,a,) =0.

A C L is called algebraically independent, if A is not algebraic.

A transcendence basis of K C L is a maximal algebraically independent set.

4.1.2 Lemma. Let K C L be a field extension and B C L be algebraically independent.
Then:

(1) Every element b € K(B) \ K is transcendent (i.e. algebraically independent/ K ).

(2) a € L is transcendent over K(B) < B U {a} is algebraically independent

Proof. (1) Assume b € K(B) \ K is algebraic/ K. Then
30# f € K[z] with f(b) =0
Asbe K(B)\ K, 3g,h € K[xy,...,z,] (without common factor) and by,...,b, € B

s.th.
b: g(b1>7bn)
h(by,...,b,)
Substituting this into f, we obtain the algebraicity of {b,...,b,}, %

(2) “=" Assume B U {a} is algebraic. Then 3by,...,b, € B, f € K[x1,...,Zy41] s.th.
f(b1,... by,a) =0.

Sorting w.r.t. powers of a, we see that a is algebraic over K(B).

“«<" Assume a is algebraic over K(B). Then ¢y, ...,c,-1 € K(B) s.th.
co+cra+ca®+ -+ cpa™t +a" = 0.

Each ¢; is of the form
. gi(bh ce 7b7">

T by, )

for g;, h; € Klxy,...,z,]|, where we let {by,...,b.} be the union of all sets of b’s which
we used for the ¢'s.

Substitute these expressions into the above and clear denominators, then we obtain
an algebraic relation of B U {a}.

]
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4.1.3 Theorem. [Transcendence degree] Let K C L be a field extension.
(1) If A C B C L, A algebraically independent over K, then 3 a transcendence basis
C C B for K C K(B) containing A.

(2) If B C L is a transcendence basis for K C L, then every element of K(B) \ K is
transcendent, and K(B) C L is algebraic.

(3) For transcendence bases B, B" of K C L, |B| = |B/|.

4.1.4 Corollary (Existence of transcendence basis). Every field extension has a
transcendence basis.

Proof. Apply Theorem 4.1.3 (1) to A=0 and B = L. O

4.1.5 Definition (Transcendence degree). If B is a transcendence basis of K C L, we set
‘B‘ = trdegK(L>7

the transcendence degree of L/K. This is well-defined by Theorem 4.1.3 (3).

Proof of Theorem /.1.5. (1) Let
M ={D|AcC D cC B, D algebraically independent }.
Then M # (0, as A € M. Let
DiCDyC...
be an ascending chain in M. Then U,c; D; is again algebraically independent, and
AclUD;cB.
iel
By Zorn’s Lemma, M has a maximal element C.
Claim: (' is a transcendence basis.

If C' was not maximal, then 3a € K(B)\C s.th. CU{a} is algebraically independent /K.
By Lemma 4.1.2 (2), a is transcendent /K (C).
Thus 3by,...,b. € B, f,g € K|zy,...,x,] s.th.

 F(bey by
T b, b

If all b; were algebraic over K(C), then also a. %

= 3 b; transcendent /K (C)

MA@ oy {b;} is algebraically independent /K

% to the maximality of C' in M.

(2) Every element of K(B)\ K is transcendent/K by Lemma 4.1.2 (1). Assume K(B) C L
was not algebraic, then 3a € L transcendent over K (B). By Lemma 4.1.2 (2), BU{a}
was algebraically independent, %4 to the maximality of B as a transcendence basis.
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(3) If all transcendence bases have infinitely many elements, there is nothing to show.
Assume there is a transcendence basis B with n elements.

Claim: Every transcendence basis C' has at most n elements.
(By changing the role of B and C, it follows that they have equally many elements.)

Assume C' had more than n elements. Choose ¢; € C' and consider
K C K(Cl,bl,...,bn).

(where B = {by,...,b,}). Because of (1), there exists a transcendence basis C; of this
field extension with
C; C BU{¢x} and ¢ €.

After relabeling,
Cl = {Cl,bl, e 7bn1} with ny <n.

By (2),
K(C)) Cc K(BU{¢}) and K(BU{¢})CL

are algebraic. Hence K(C}) C L is algebraic.

Next, choose ¢y # ¢1, ¢o € C, then {¢1, ¢} are algebraically independent. As above,
after relabeling, we obtain a transcendence basis

CQI{Cl,CQ,bl,...,an} with Ny < Ny

for the field extension
K C K(Cl U {CQ}).

Again,
K(Cg) C K(Cl U {CQ}) and K(Cl U {CQ}) C L

are algebraic. Hence K (C3) C L is algebraic.
Continuing like this, we obtain

C.={c1,...,¢}, r<mn, sth. K(C.) C L is algebraic.

As C,. C C (since C' is supposed to have more than n elements), this contradicts the
algebraic independence of C.

]

Example. Let K C K(x1,...,x,) be the quotient field of the polynomial ring.
Then {x1,...,x,} is a transcendence basis.

Remark. If K € L, B = {b,...,b,} C L is algebraically independent/K, then there
exists an isomorphism

K(xq,...,2,) — K(B)

To study varieties, we assume again K = K.
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4.1.6 Definition (Field of functions). Let X be an irreducible variety.
The field of rational functions K (X) is the quotient field of the ring O(X) of globally
regular functions.

Example. The field of functions K(K™) is K(x1,...,x,).
4.1.7 Definition (Dimension). Let X be an affine variety.

(1) If X is irreducible, we set
dim(X) := trdeg (K (X)),
the transcendence degree of the field of functions of X over K.

(2) If X = X; U---U X, is the decomposition into irreducible components, then
dim(X) := max {dim(X;)}.

.....

Example. (1) dim(K™) = n.

(2) X =V(vz,yz) =
=V(z)UV(z,y) E

:X1 UX2

K(X;) = Quot(K[x,y, z]/z) =~ Quot(K[x,y]) = K(z,y)
= dim(X;) = trdegK(K(I,y)) =2
K(Xp) = Quot(K[x.y. 2]/ (,4)) = Quot (K[2]) = K(2)
= dim(Xy) = trdegy (K(z)) =1
= dim(X) = max{dim(X),dim(X3)} = max{2,1} = 2.
4.1.8 Theorem (Dimension 0). Let X be a variety. Then the following are equivalent:
(1) X is finite.
(2) dim(X) = 0.
Proof. “(1) = (2)”: Let X = X; U---U X, be the decomposition into irreducible

components, i.e. X; = {p;} is a point. It is thus enough to show dim({p}) = 0 for each
point p.

We have
O({p}) =K = K({p}) =Quot(K) = K,
and hence
trdeg (K) = 0.

“(2) = (1)”: (E X is irreducible. As trdegy (K(X)) =0, K C K(X) is an algebraic field
extension.
As K = K, we have K(X) = K, hence O(X) = K.

Let z € X and assume Jy € X \ {z}. Then 3 f € m, with f(x) = 0 but f(y) € 0 as
{y} # {=}.

But the functions in O(X) = K are constant, i.e. they cannot be zero at one point and
non-zero at another. Thus there is no y € X \ {z} and X consists of only one point. [
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4.1.9 Proposition. If Y C X is a closed subvariety, then dim(Y') < dim(X).

Proof. (E X and Y are irreducible and
Y CcXcCK"

Then
Oy (Y) = Klz]/I(Y),

and hence
K(Y) = K([z1],. ... [za]).

Let d = dim(Y’). By Theorem 4.1.3 (1) there exists a transcendence basis
{[za], - ]}

of K ¢ K(Y). In particular, if
f S K[yla'-'ayd]

is a polynomial with

f([$i1]7 T [Iid]) =0 (<:> f(xiu s 7'Tid)|Y = 0)7
then f = 0.

Now let

f($i17-- '7x’id)|X = 0
= f(xil,.. .,xid)|y =0

= [z;], ..., [z,] as classes in K (X) are algebraically independent
= trdegy (K(X)) >d
= dim(X) > d.

4.1.10 Proposition. Let X be irreducible and Y C X a closed subvariety.
If dim(Y') = dim(X), then Y = X.

Proof. (E
YCXCK".

We also assume that Y is irreducible and let
d = dim(X) = dim(Y").
As before,

K[Y]=Klzy, ...,z )/ 1Y) = K )=K(z],...,[xn)).

By Theorem 4.1.3 (1), there exist indices iy, ..., 44 such that
{[‘Th]’ T [xid]}
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is a transcendence basis of K(Y) over K.

As before,
@i, [2,] € K(X) = Quot(K[X]) = Quot(Klxy, ..., 2,/ 1(X))
are algebraically independent/K. Hence

{[xh]a R [Iid]}
is a transcendence basis for K C K(X).

Assume Y C X. Then I(Y) 2 I(X).
Hence the ideal corresponding to I(Y') in K[X] is not the zero ideal.
Thus 30 # f € K[X] with f € I(Y).

Then
{lza], - [2], [} € K(X)

is algebraically dependent/K. = 3 an equality
aff+--+af+ap=0 onX
with a; € K[z;,,...,x,].
As X is irreducible, I(X) is prime, hence Ox(X) = K[X] has no zero-divisors.

As f #0, and
f(apf™ 4+ +a)=a onX

we can assume ag # 0. But f € I(Y) = ap € I(Y), hence
ap=0 onY,

but ap € K|x;,...,x;,| and [z, ], ..., [r;,] are algebraically independent in K(Y)/K, %
Thus ¥V = X. [

4.1.11 Definition (pure-dimensional). A variety X is called purely k-dim, or
pure-dimensional (of dim k), if all irreducible components of X are of dimension k.

Example. X =V (zz,yz) = E is not pure-dimensional.

X =V(zy) C K* is purely of dimension 1.

4.1.12 Theorem (Hypersurfaces are pure-dimensional). Let f € K|zy,...,x,] be
non-constant. Then the hypersurface V(f) C K™ is purely (n — 1)-dimensional.
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Proof. Let
f = f{“l e ]:k

be the decomposition into prime factors. Then

V() =V(f)U---UV(fe)

is the decomposition into irreducible components (see 1.5.9 (1)).
We have to show that each V(f;) has dimension n — 1. Hence we can assume without
restriction that f is prime.

Let X = V/(f) C K™. By Proposition 4.1.9 we have
dim(X) < n.
As K™ is irreducible and X C K", we can conclude using Proposition 4.1.10 that

dim(X) < n.

It remains to show dim(X) > n — 1. Let z; be a variable in the support of f and consider
A= {[ZL‘l], RN [l’jfl], [I’j+1], RN [l’n]} C K(X)
Assume that A was algebraic/K.

= dg € K[zy,...,2,] with z; ¢ supp(g), g=0o0n X
= g € I(X) =(f) C Klz]
= g = h- f for some h

But z; € supp(f) and x; ¢ supp(g), %

= A is algebraically independent
= trdegK(K(X)) >n—1
= dim(X)>n—-1
= dim(X)=n— 1.
O

4.1.13 Theorem. Let X C K™ be an affine variety which is purely (n — 1)-dimensional.
Then X is a hypersurface.

Proof. Assume first that X is irreducible. Then I(X) C K[z] is prime (see 1.5.2).
As dim(X) =n — 1, we have X C K™, hence I(X) # (0). Let

g € I(X)\ {0}

As I(X) is prime, there must be a prime factor f of g which is in I(X). As (f) C I(X),
we have
X CV(f).
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By Theorem 4.1.12,
dim(V(f)) =n—1,

and V (f) is irreducible since f is prime and thus (f) is prime. As dim(X) =n — 1,
by Proposition 4.1.10 we obtain
X =V(f),

is a hypersurface.

If X is not irreducible, let
X=XiU---UXy

be the decomposition into irreducible components. By the above, each
Xi=V(fi)

is a hypersurface. Then
X=V(fi-fi)

is a hypersurface.

4.2 Morphisms

K=K.

4.2.1 Theorem. Let p: X — Y be a morphism of algebraic varieties, with
0" Oy — Ox.

(1) If I C Oy(Y) is an ideal and B =V (I) CY the closed subset for I, then

p 1 (B) =V({¢ (1) C X,

I(¢71(B)) = (¢*(I)) C Ox(X).

(2) If J C Ox(X) is an ideal and A =V (J) C X, then

e(A) =V ((¢") (D) Y,

with

and

Proof.
0: X =Y, with A,¢ *(B)CX, B,p(A) CY,



with

By Hilbert’s Nullstellensatz,
I(¢7(B)) = I(V(¢"(1))) = ¢ (D).

(2) Claim:

For g € Oy (Y) we have

g€ l(p(d) ©gle(z) =0 VzeA
¢'(9) € [(A) = I(V(]) = V]
(where the last equality holds again by Hilbert’s Nullstellensatz)

Sge (@) (VI)

4.2.2 Corollary. Let o: X =Y andy €Y, and set
Xy =" (y),

the fiber of ¢ of y. Then X, is a closed subvariety of X, and

I(X,) = \/¢*(my)
is the radical of the pullback of the maximal ideal of y, m, C Oy (Y). In particular,

O(X,) = O(X) /\/¢*(m,)
4.2.3 Definition (closed embedding). ¢: X — Y is called a closed embedding if
p(X)CY

is closed and
v: X = p(X)

is an isomorphism.

4.2.4 Theorem (closed embedding). Let ¢: X — Y be a morphism of affine varieties,
with
QO*i Oy — O)(.
Then ¢: X —Y is a closed embedding if and only if
QD*i Oy(Y) — Ox(X)

18 surjective.
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Proof. “=": Let p(X) = B C Y. By Lemma 3.3.8, the inclusion
1: B—=Y

comes with a surjective

i*: O(Y) — O(B).
By assumption, ¢;: X — B is an isomorphism. Hence
ol B X

is a morphism, and

:>OBgOX

is surjective.

“e” Lot
I =ker(¢*) C O(Y)

and
B=V()CY (B closed).

As X =V(0) C X by Theorem 4.2.1 2) we obtain

P(X) CV((#)7((0)) = V(kerp*) = V(I) = B.

Thus we can restrict ¢ to obtain

o X — B,
furthermore we have the inclusion

1: B—=Y,
and

1oy =g

By Lemma 3.3.8,
i*: O(Y) — O(B)

is surjective and
ker(:*) = I(B) C O(Y).

By Hilbert’s Nullstellensatz,

= 1/ ker p*

={geO)|g €kery”}
={ge O ) [g op=0}
={geO0)|gop=0}

= ker p*

=1
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We have

with ¢* surjective by assumption and
ker(¢*) = ker(i").
Thus ¢/ is surjective and if

f €ker(p) = feO(B)=i"(0O))

= | injective
= (| is an isomorphism
346 . . .
-0 () is an isomorphism.
0

4.2.5 Definition (dominant). ¢: X — Y is dominant if p(X) =Y, i.e. the image of ¢
is dense in Y.

4.2.6 Theorem (dominant). Let ¢: X — Y be a morphism. Then

@ is dominant <= ©* is injective.

Proof. By Theorem 4.2.1 we have

P(X) =V(()7'(0)) = V(kerg) C Y.

Thus, if p(X) =Y, then ker ¢* = (0) and ¢* is injective.
If p* is injective, then ker ¢* = {0} and hence
o(X) = Vi(kerp*) = V(0) =Y.
O
4.2.7 Theorem. FEvery morphism of affine varieties p: X — Y can be decomposed as
p=109

with ¢Y: X — Z dominant and 1: Z — 'Y a closed embedding.
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Proof. Let

Z=¢(X)CY,

set 1: Z — Y to be the inclusion and

v X = Z, x— p(z).

4.2.8 Corollary. Let ¢o: X — Y be dominant, X,Y irreducible. Then
e K(Y) = K(X)

can be extended to function fields.

Proof. This follows from Theorem 4.2.6, since
" K[Y] — K[X]

is injective. Hence we can set

C 1
9
h

and ¢*(h) # 0 as h # 0. O
4.2.9 Theorem. Let p: X — Y be dominant. Then

dimY < dim X.

Proof. Assume first X and Y are irreducible. By Corollary 4.2.8,
" K(Y) — K(X)
exists and is injective (Theorem 4.2.6). Thus we can view
K(Y)cC K(X)

as a field extension. Hence

L1 L1
dim(Y) = trdegx K(Y)
1

< trdegy K(X)
= dim(X).

1

It
X =XpUaaa Xy

is the decomposition into irreducible components, then

Y = ¢(X) = p(X1) Uaad p(X).

Here, the ¢(Xj) are irreducible (1.6.3, 1.5.3). Because of the uniqueness of the decomposition
of Y (1.5.7), the components Y; are equal to the ¢(Xj). Thus, without restriction,

p(Xi) =Y.
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Hence (by the first case we considered)

dim(Y) = max{dim(Yj)}
< max{dim(Xj)}
= dim(X).

4.2.10 Definition (birational map). A dominant morphism
p: X =Y
of irreducible varieties is called birational, if
" K(Y) = K(X)
Remark. For a birational morphism,

dim X = dimY.

Example. Let
X =K =Al Y =V(a? — ),

and define
p: X —Y
t—s (£3,17).
Then 1
K
K(X) = K(t), mw:th<fW]
a;‘ —

o K[Y] — K[X]
T — 3
y|—>t2

Notice that ¢ ¢ Im(p*), in particular, ¢* is not surjective.

~

= ¢ is not a closed embedding and ¢* is not an isomorphism of coordinate rings

= is not an isomorphism by the antiequivalence theorem 3.4.6.

(The problem is the “singularity” , X is a line, a “smooth” curve

it cannot be isomorphic to a curve with a singularity.)

©* is injective, so we can pass to function fields:

Kl
" Quot @2_’% — K(t)
xr—>t3,
y|—>t2
x t3_t
y 2
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Let

Kz, y]
v: K(t) — Quot 07— )
x
t— —
Yy
Then
2 3
2 r- Yy
= = ==y,
Y Y
t3|—>$—3:£3:x
TR :

So 1 is the inverse to ™.
= ( is a birational morphism.

Remark. Let X be an irreducible a! ne variety and X N D(f) C X. Then the inclusion
it XND(f) — X

is birational and
P R(X) — KX D(f): s 9L
h h/1

has the inverse

K(XND(f) — K(X): zﬁl = %J;m

4.2.11 Theorem. Let X,Y be irreducible.

(1) If ¥: K(Y) — K(X) s a K-algebra homomorphism, then there exists f and a
dominant

e: XND(f) —Y
such that * = .

(2) If : K(Y) — K(X), then there exist f € O(X), g € O(Y) and an isomorphism
¢: XN D(f) =Y ND(g)
such that * = .
(3) If ¢: X — Y s birational, then there exists g € O(Y') such that

X ND(g*g) =¢ (Y ND(g)) — Yy
x +— ()

is an isomorphism.
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Example. Let X = K, f =t, and Y = V(2% — %), and let g = 2. Then

XND(f) = o

Y N D(g) = \/
and

now defines an isomorphism.

ot — (3,19

Claim: The coordinate ring K[Y N D(g)] is

K[x7 x_17 y7 y_l]
(22 = %)

; y
and is generated by % and .

As z is invertible and 2? = y3, also y must be invertible.
Let h be a polynomial in z, 271, y,y L.

As 2% = o,
B 22
Yy=—=—7,
y>  y?
2 28
Tr = ? = E’
we can write h in the variables 3 and ¥.
] 1
zy
= K[YND(g) =K ==
y x
~ K[r,+7 = K[X 1 D(f)]

Proof of 4.2.11. (1) Let g1, ..., gs generate O(Y). For all i there exist hj, fi € O(X) such

that .
V(i) = f:

Let f = fidda4, then

g+ 1(9)

is injective.
By the antiequivalence theorem 3.4.5, we obtain a dominant morphism (4.2.6)

p: XND(f) — Y.
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(2) By (1), there exists f € O(X) and a dominant morphism
e: XND(f) —Y
with ¢* = 1. We can apply (1) also to the inverse and obtain a dominant
o:YND(g) — X

with @* = ¢~ 1.

As o™t =id = ¥t 09, the restrictions of ¢ and ¢ must be inverse to each other
and hence define an isomorphism.

(3) Let ¢ = ¢*: K(Y) — K(X). Let f1,..., fr be generators of O(X). Then

fi = _i for some hj, g € O(Y).

We set g := g1 4a@ and obtain a monomorphism

@/)o:lba

O(Y)q : O(Y)g — O(X)| '(g)-
It is surjective, as the f; are contained in the image. We have g = ¢ for the restriction

vo: X ND(e*g) — Y N D(g).

by construction. As ¥ is an isomorphism, by the antiequivalence theorem 3.4.5 also
Yo 1s.

]

4.2.12 Definition (Parametrisation). Let X be irreducible of dimension n.
A parametrisation of X is an isomorphism

w3 U

where ) # W C K" is open and () # U C X is open.
If a parametrisation of X exists, we say X is rational.

Example. V(22 — ¢®) is rational. V(y — 2?) is rational. o : t — (£3,¢2) \/
4.2.13 Corollary.

K(X)=K(z1,...,o0n) = X is rational

Proof. 3 birational map K" — X, by 4.2.11 (2), 3 param. O

Remark. “«<” holds also in 4.2.13.
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4.3 Integral ring extensions

The following subchapter collects necessary background from commutative algebra, which
we use for further geometric insights in 4.4 and 4.5.

4.3.1 Definition (Integral). Let R C S be ring extensions. An element s € S is called
integral over R if there exists a monic non-constant polynomial f € R|[z| such that
f(s) =0, i.e. there exist rg,...,m«_1 € R with

K+ 18t +add& ris+ro=0.
The extension R C S is called integral if every s € S is integral over R.

Remark. If K C L is a field extension and « € L, then « is integral over K if and only if
« is algebraic over K.

4.3.2 Lemma. Let A be an m x m matriz with entries in R. Let v € R™M.
If Adv =0 then det(A) & =0 for alli=1,...,m.

Proof. Follows from Cramer’s rule, i.e. there exists A € R™*™ with
A8A = det(A) alp,.
Apply A to the equation A & = 0. ]

4.3.3 Proposition (Finite integral extensions). Let R C S be a ring extension.
Let S = R[s1,...,8n] for some s; € S. Then the following are equivalent:

(1) R C S is integral
(2) si is integral over R for all i

(3) S is a finitely generated R-module.
Proof. (1) = (2) !
(2) = (3) For each i there exist ki € N and riy,..., 7, € R such that

Ki» 1

sk 4 Tiy. S t+ad&r, =0.

Claim: S is generated as an R-module by

{spraaq |6 <k}

Let s € S. As S = R[s1,...,8n], we can write

1,
5= azsit dad"  for some ay € R.
#eND

Substituting the equations for integrality from above, we can write s as an R-linear
combination of the s;* 444" with ¢ < k;.
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(3) = (1) Let
S = Rvi +4a#& Rvy, withuvy € 5.
Let s € S. Write
S 2 sy = bij v, bij € R.

Set

Then we have
(sal, — B)av =0.
By Lemma 4.3.2 we obtain
det(s &l — B) & = 0.

As s = riv1 +8aa& rmum for some rj € R, we conclude
det(s &l, — B) &s = 0.
This yields a (monic) equation proving integrality of s.

4.3.4 Lemma. Let R C S be integral.

(1) Let I C S be an ideal, then
R/(RNI)C S/I

is integral.
(2) Let T C R be multiplicatively closed. Then
T*RcT'S
is integral.
Proof. (1) Let
lal|=a+1€S/I
As R C S is integral, there exists f € R[x] such that
f(a) = 0.
Then [f] € R/(RN I)[z] yields

with [f] monic.
(2) Let $ € T71S. As R C S is integral, there exist ax_1, ..., a0 € R such that

S+ a1+ addd& ap = 0.

Multiply this equation with ¢ = to obtain
s gy L g
S 4+ == - t+44& , =0
t minumi
€T" IR €T" 1R

Hence ? is integral over T~ *R.
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4.3.5 Lemma. Let R C S be integral, S = R[s1,...,sn]. Then
Quot(R) C Quot(S)

is a finite algebraic field extension.

Proof. We have

ST s
Quot(S) = Quot(R) T Tn ,
and every generator is integral /R = every $- is algebraic over Quot(R).
Thus the field extension is algebraic and finite. N

4.3.6 Lemma. Let S contain no zero-divisors. Let R C S be integral. Then

R is a field < S is a field.

Proof. “=" Let 0 # s € S. As R C S is integral, there exist ax_1,...,a0 € R such that
K4 a1+ 484d& ap =0
= SKEI ak 181+ 44& ars = _I%?
=5 K Tha 1 ?+444d 0 = —ao
RIS g A8k As—1

1 ] 1

= — — Skil + ak_18k72 +aaa ag
ao

is the inverse for s and S is a field.

“<="Let 0#r € R. Then r € S and, as S is a field, there exists s € S such that
rs = 1.
For s, there exist ak_1,...,a0 € R such that
K+ a1+ 44& ap = 0.
Multiply this equation with r—1:

S+ ax_1 + ak_or + A& agr* =0
= s=—ax_1— ax_or —Ad& agr** e R
= R is a field.

4.3.7 Theorem (Going up-Theorem). Let R C S be integral. Then

(1) For every prime ideal p C R there exists Q C S prime, such that
qgNnRk=np.
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(2) For every maximal ideal m C R there exists N C S mazimal, such that

NNR=m.

Proof. (1) Let p C R be a prime ideal. Let
T=R\p.
Then T is multiplicatively closed and

ol e
TR C T-1S
With ¢ : 7+ 7 and ¢’ : s — }. The diagram commutes. By Lemma 4.3.4,
T*RcCT*S
is integral.
Let I C T71S be maximal and set
J:=INT'R.

By Lemma 4.3.4,
T*R/J CTtS/I

is integral. Since T71S/I is a field (as I is maximal), it follows from Lemma 4.3.6 that
T-1R/J is a field. Hence J C T7'R is maximal.

But T7*R = Ry is local (3.1.12), so Rp has a unique maximal ideal, namely Tp.
Thus
J=T"p. (%)

Let

q:=(¢)7HI) C S
As the preimage of an ideal, ¢ is an ideal.
Furthermore, q is prime: Let ab € q. Then

¢'(ab) = ¢'(a)¢'(b) € 1.
As I is maximal and thus prime, (E

¢'(a)el = acq.

We have
qNR = ¢ *(J),

by the commutative diagram, and

Hence

gNnR=p.
Thus, for p C R prime we constructed q C S prime such that
gNnR=p.
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(2) Let m C R be maximal. Using (1), we find
n:=(¢)() CS,
where I C (R\ m)~1S is maximal, such that n is prime and

nNNR=m

We only need to show that n is maximal. By Lemma 4.3.4,
R/mcC S/n

is integral.
S/n contains no zero divisors as N is prime. /M is a field as m is maximal.

4.3.6

=" S/nis a field

= N is maximal.

]

4.3.8 Definition (integral closure). Let R C S be a ring extension. The integral closure
of Rin S is
R:={s¢€S|sis integral over R}.

4.3.9 Proposition (Integral Closure is ring). The integral closure R of R C S is a subring
of S.

Proof. Let s,s' € R. By Proposition 4.3.3, R[s, s'] is integral over R. As

/

s+s', —s, —5, sas’ € R[s, s,

these elements are all integral over R. Hence

!/

s+s, —s, —s', s&s’ € R,
and thus R is a ring (a subring of S). O

4.3.10 Definition (normal). A ring R without zero divisors is called normal if it is
integrally closed in its quotient field.

4.3.11 Theorem (UFDs are normal). Let R be a unique factorization domain. Then R is
normal.

Proof. Let g € Quot(R). We assume that p and ¢ do not have common prime factors.

Assume g € R. Then there exist ax_1,...,a0 € R such that
%’—T—' ?—k—:h
- a1 - +&4ad ap=0.
q q
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Multiplying with ¢* yields

K k—1 k
+ ak_ +aa& apq” =0,
p k—1P ¢ oq .

1 1

k k—1 £ A 4 k k=1 444 k—
= P = —G-1p @ —aada&apgq =¢ —akx-1p ~ —aax apq

= q|p*
= ¢ is a unit in R

~Pcp
q

= R = R and R is normal.

Example. Z is normal, K|z] is normal.

4.4 Noether normalization

K =K.

4.4.1 Definition (finite morphism). Let f: X — Y be a morphism of a! ne varieties. f
is called finite if O(X) is a finitely generated f*(O(Y'))-module.

Example. (1) idx : X — X is finite, as
idy : O(X) — O(X)
satisfies idy = idp(x), hence
idy (O(X)) = O(X),
and O(X) is a finitely generated O(X)-module (by 1).

(2) Let f: X =Y be a closed embedding, then f is finite.
E, X CY C K". Then I(Y) C I(X) and

The map

is the quotient map

and o T
K

in particular it is a finitely generated %—module (by 1).
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(3) Let X =Y = K and
fi K — K
x — 2°
Then O(X) = K[z], O(Y) = K|z]| and
x — 27

Hence
fH(Klz]) = K[2%] € K[z].

Now K|[z] is a finitely generated K [r?]-module, generated by 1 and :
K[z] = 1 4K [2?] + z &K [27].

As every polynomial can be written as a sum of terms of even degree plus the terms
of odd degree, the first summand lies in K[2?] and the second in z &K [2?].
Hence f is finite.

4.4.2 Theorem. Let ¢: X — Y be a dominant finite morphism of irreducible varieties.
Then
P (K(Y)) € K(X)

is a finite, algebraic field extension and

dim X = dimY.

Proof. By Theorem 4.2.6, ¢* is injective, i.e. we can view
p*: 0(Y) = ¢*(0(Y)) C O(X)

as an isomorphism followed by a ring extension. As O(X) is a finitely generated K-algebra,
it can in particular be given in the form

P (OY))[s1,- - s

with s; € O(X). By assumption, O(X) is a finitely generated ¢*(O(Y))-module. By
Proposition 4.3.3 we conclude that

¢ (0(Y)) c O(X)
is an integral ring extension and with 4.3.5
P K(Y) C K(X)

is an algebraic and finite field extension.
Thus,

dim Y =trdegy (K(Y))
=trdegy (9"(K(Y)))
Ztrdegy K(X)
=dim X.
with 1 : as K(Y) = ¢*(K(Y)) is an isomorphism
and *; : as " (K(Y)) C K(X) is algebraic O
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4.4.3 Theorem. Let p: X — Y be a finite morphism of a' ne varieties. If A C X is
closed, then o(A) CY is closed and

ola: A= p(A)

is finite.

Proof. Let B = ¢(A), then
ola: A— B

is a morphism. We obtain the following commutative diagram:

O(Y) —————¢*(0(Y)) C O(X)

OY)/I(B)—¢"(O(Y))/¢"(I(B)) ¢ O(X)/I(A)

O(B) ————¢*(O(B) C 0(4)

As ¢|a: A — B is dominant,
p": O(B) = O(4) (%)
is injective (4.2.6).

As p: X — Y is finite, O(X) is a finite ¢*(O(Y'))-module, in particular
¢ (O(Y)) C O(X)
is an integral ring extension (4.3.3).

We have

e (1(B)) ={¢"(9) | g € I(B)}
={gow|gel(p(A)}
={f € (OY)) | fel(A)}
=" (0(Y)) N I(A)

This is integral by 4.3.4.

= ¢"(0O(B)) C O(A) is integral

2% O(A) is a finitely generated ¢*(O(B))-module
= ¢ : A — B is finite.
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It remains to show B = p(A), i.e. ¢ : A — B is surjective.

Let y € B. Then

We have _
¢*: 0(B) = ¢"(0(B))

by (%), hence
v (my) C ¢"(O(B)).

is a maximal ideal.
By the going-up Theorem 4.3.7, there exists
mC O(A)
maximal such that
v (my) = ¢*(O(B)) N m.

By Hilbert’s Nullstellensatz, m = my for a point x € A. As

(" (my)) C my,

we have

4.2.111)

{z} = V(M) CV(p"(my)) =" o (y)
= d preimage z for y € B
= ( is surjective and ¢(A) = B.

]

4.4.4 Corollary. Let ¢ : X — Y be a dominant finite morphism. Then ¢ is surjective and

dim X =dimY.

Proof. By 4.2.9, dimY < dim X. By 4.4.3, p(X) is closed. Hence

p(X) = p(X) =Y,

and therefore ¢ is surjective.

It remains to show dim X < dimY. Let X’ C X be an irreducible component of maximal
dimension, i.e.
dim X’ = dim X.

Then
p(X) =Y

is irreducible (1.6.3). By 4.4.3, Y is closed and
o: X' =Y’

is finite. By 4.4.2,
dimY’ = dim X',
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As Y’ C Y is closed, we have
dimY’ < dimY.

Thus
dim X = dim X' = dimY’ < dimY,

as required. n

4.4.5 Corollary. Let ¢: X =Y be a finite morphism, and let A’" A C X be closed. Let
A be irreducible, then

p(A) " p(A).

Proof. By 4.4.3,
olar: A — (A" and pla: A — @(A)

are finite dominant morphisms. By 4.4.4,
dim p(A’) = dim A’, dim ¢(A) = dim A.
By 4.1.10,

dim A" < dim A
= dim p(A’) < dim¢(A)
= @A) " p(A)

4.4.6 Corollary. Let o: X — Y be finite. Then every fiber ¢=1(y) is finite.

Proof. Let y € Y. If ¢~1(y) is not empty, let
(p_l(y) = A]_ uaaa Ak

be the decomposition into irreducible components.
For each i choose aj € Aj. Assume {q;} " A, as {q;} is closed and A; is irreducible,
by 4.4.5 we have

plai) " o(Ai).
But ¢(ai) = ¢(A) = {4}, !
Hence
Ai = {ai}.
Therefore
v Hy) ={a} UAAE {a}
is a finite collection of points if not empty. H

4.4.7 Definition (Finite ring morphism). Let ¢»: R — S be a ring homomorphism. If S
is a finitely generated ¢(R)-module, we say ¥ is finite.

4.4.8 Theorem (Noether normalization). Let R be a finitely generated K-algebra. Then
there exists a finite monomorphism



Proof. Later. ]

4.4.9 Theorem (Noether normalization, geometric). Let X be an a! ne variety. Then
there exists a finite surjective morphism

X — K¢
where d = dim(X).

Proof. By 4.4.8, we obtain an injective finite morphism
K[zq,...,x4) — O(X).
The corresponding morphism X — K9 is finite, dominant (4.2.6), and thus surjective with
dim(X) =d
by 4.4.4. 0

4.4.10 Lemma. Let f € K|[z1,...,xzn] be a polynomial of degree d. Then there exists a

K-algebra automorphism
o: Klz] — K|z]

such that
S} E— :
o(f)=céd+  hi(z,...,zno1) 2k,
i=0
with ¢ € K* and polynomials
ho,...,hq_1 € K[l‘l, e ,mn,l].

Furthermore, o can correspond to an invertible linear map K" — K".

Proof. We write f = fq+aa& fo with fi of degree i. We write

— 1.
fa= " faj o,
j=0
where fqj € K[x1,...,2n_1] of degree d — j. There exists j such that fqj # 0, as fg # 0

since deg f = d. Hence

h = fd,j € K[l’l,...,.’I]n,l]
j=0

satisfies h # 0. Choose a = (ag,...,an_1) € K"~! such that h(a) # 0 and set
o: Klz] — [I%

'@.—{—aiajn 1<1<n—1,

. 1=n.

i —>

o is a K-algebra isomorphism with inverse

Kt — k]
R Lﬁ,Tr'—aixn 1<1<n—-1,
T
' Lo 1 =n.
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As the degree is preserved (it is a linear isomorphism), we have

[ $
P(f)a="!(fq) = ! fa; x,%
j=0
#d .
= '(fdJ)XJn (')
j=0
Assume #
fd,j = a X!l1 ééﬂg:ﬂ!ll.
1ENnt 2
Then
P(Faj)(Xey oo Xn) = Faj(Xa + " 1Xn, ooy Xpm 1+ " e 1X0)
d#] "1
= fdJ‘ B TR 1)Xg b+ hdk(Xl,...,Xn" 1)Xﬁ
k=0
with some hge " K [X1,..., X" 1].
Inserting into (!) we obtain
! $ o
!(f)d: ! fd’j "1,...," n" 1)%Xg+ hq(Xl,...,Xn" 1)X{.]
j=0 j=0
¢ 1 _
=h(")x3+  hg(Xe,...,Xn 1) X}
i=0
for somehg " K [X1,..., Xy 1].
As
Ff)="1(f)g+ aada! (f)o,
we obtain the desired form for (f). O

4.4.11 Lemma. Let R contain no zero divisors and let " R[x],
f=cx+44ddc with cg" R?
Then there is a division with remainder by , i.e. for all g" K |[x] there existq, r such that
g=qf +r, degr <d,
and
RY 4 R[x]/ %& asR-modules,

(3, ...,a0 1) ¥ ag1x” '+ dad a.

Proof. Ascy " R* we can do polynomial division as over Pelds. The isomorphism statement
follows asRY parametrizes all possible cdecients of remainders. O
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4.4.12 Lemma. LetR# R R”be Pnite ring morphisms, thery ( f is Pnite.
Proof. R%is a Pnitely generated (R)-module, letr{..., r’be generators.
R%%s a pnitely generatecdy(R*%-module, letr?*. ., r%%e the generators.
Claim:
{o(rJr1) i) k, 1) j) #

generatesR®4s g ( f (R)-module.
Let r»* R%%wve can write

a r®™ with " g(R%.
j=1

As a " g(R% there existsh " R%with g(h) = a . Write

#k 0/ H n
b= ¢r” with c; " f(R).
i=1
Then
r %% # a rj%%
j=1
#" 040,
= gly)r}**
=1
&
# #k
=" g g
j=1 i=1
! #k o} 040,
= acy ) o(riy ™
j=1i=1
and asg; " f(R), 9(cj) " g(f(R). U

Proof of Noether normalization4.4.8. As R is a Pnitely generateK -algebra, there exists
$o: K[Xg,...,Xn]# R

surjective. In particular, R is a bnitely generatedb(K [x])-module.
If $¢ is injective, $q is as required.

Assume$, is not injective. Letf " ker($o) and choose an isomorphisrh as in4.4.10

K[X1, ..., Xnr 1] #8 K[X1,...,Xn] @l K[X1,...,Xn] #%3 R
$1* + + , $0
KXt X % (F)& B K[X,..., %) %&

Then $y is still surjective and thus Pnite. As

L(f)=caxd+ ... with ¢" Kf=(K[Xy,..., X )",
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we can apply Lemma4.4.11to R = K [Xy,..., X, 1] and see that
K[X1,....,. XnJ/ %(f )&
is a Pnitely generatedR-module

- $ is Pnite.
4.4.12 $1:= Bo (! "1 ( %, is Pnite.

$1: K[Xl,...,Xn" 1]#$ R

If $; is injective, it is as required.
Else, we iterate the procedure and obtain Pnite

$k: K[Xl,...,Xn" k]#$ R.

Latest for k = n such a morphism is injective. O

4.5 Krull dimension and KrullOs principal ideal theorem

4.5.1 Debnition (Krull dimension). The Krull dimension of a topological spaceX is

)
sup ./ ! Xo! adh X, 0 X s.th. eachX; is irreducible and closed.
r

Example. Let X be the d ne variety K 2, then the Krull dimension of X is 2. We have
chains
/! {pt} ! {irred. plane curvg ! K?2,

all have length 2, and so the supremum above I&.

4.5.2 Theorem. Let X be an & ne variety. Then the Krull dimension ofX is dim X.

Proof. Claim: The Krull dimension of X ) dim X.

Let ¢
/1 Xo! a4l X, 0 X

be a chain of irreducible subvarieties oX .

By 4.1.1Q, dim(X;) < dim(X;.+1) and by 4.1.9dim(X;) ) dim(X).
- We can produce a longest chain if we letim(Xo) =0, dim(X;+;) = dim(X;) + 1, but
asdim(X;) ) dim(X) such a chain has lengtldim(X)

- r) dim(X)
for the length r of any chain.

Claim: Krull dimension of X 1 dim X..

To see this, we have to prove the existence of a longest chain as abov&X K", we can
use linear subspaces
{0} 0 KOK?0 aaa K"
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to obtain a chain of lengthn, showing the inequality above.

If X is an arbitrary a! ne variety, by Noether normalization4.4.9there exists
$:X# K"

Pnite and surjective, withdim(X) = n. Let X,, 0 X be ann-dimensional irreducible
component. By4.4.3
$n = $|Xn : Xn #$ $(Xn)

is a Pnite morphism. By4.4.4
dim$(X,) = n.

As $(X) is closed andK " irreducible, by 4.1.10we have
$(X,y) = K"
Consider an(n # 1)-dimensional linear subspac&" 1 0 K" and
$o]:$ K" HH KM
The preimage$;, (K" 1) is closed by4.2.1, thus by 4.4.3
$ol:$ KM H#s KM

is bnite. By4.4.4 * +
dm $ (K™Y =dim(K" Y= n# 1

- There exists an(n # 1)-dimensional irreducible component
X1 0 $ K™ H 1 X,.

Consider
$n" 1= $n|><n1 1: Xn" l#$ Kn !

and continue as above to produce a chain
/1 Xo! 44k X, 0 X
of irreducible subvarieties, using the chain of linear subspaces
/! {0}0 KO aaa kK™to kK",
- n=dim(X) ) the Krull dimension of X. O

4.5.3 Theorem (KrullOs principal ideal theorem) Let dim(X) = n, X an irreducible
al ne variety. Letf " O(X) s.th.

/2 V() X

Then V(f) is purely (n# 1)-dimensional, i.e. every irreducible component o¥ (f ) has
dimensionn # 1.

Proof. later. 0O
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4.5.4 Corollary. Let dim(X) = n, X an irreducible d ne variety. Letf,,...,f, " O(X),
then every irreducible component of

V(fi, ... fr)

has dimension at leastim(X) # r.

Proof. Induction onr.
r =1 is KrullOs principal ideal theorem.

r# 145 r: Let
X%= V(fq,...,fr0).

Then in X%
V(fi,... f)= V().

Let Y be an irreducible component o¥/ (f4,...,f,) and Y *an irreducible component of
X %with Y 0 Y% By the induction assumption,

dim(Y*% 1 dim(X) # r +1.
Using KrullOs principal ideal theorem, we conclude, ¥s= V(f,) in Y*

dim(Y) 1 dim(X) # r.

Remark. We cannot conclude that
* +

dim V(fq,...,f;) =dim(X)#r,
as thef, do not need to cut out a lower-dimensional variety from an irreducible component.

Example. Let X = K3,
fi= xz, fo,=yz.

Then V(xz) is purely of dimension2 by KrullOs principal ideal theorem:; it is the union of
two coordinate planes.

[ 1]/

The two irreducible components are/(x) and V (z)

~

Now f, restricted to these components yields a OcrossO:
V(yz) inside V (x) given byy =0 or z=0.
Each component here has dimension one (KrullOs principal ideal theorem applies).

/ / all of V(z) - here the theorem does not apply.
28
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Hence we can conclude
dm(X)1 n#r=3#2=1,

but not equality.

L7

V(xz,yz) = it is of dim 2.

4.5.5 Corollary. Let X be irreducible,dimX = n, x " X. Then there exists a chain
{x}! X! 44k X, 0 X

of irreducible subvarieties containing.

Proof. Induction on n.
n =0 : nothing to show.

n# 1# n:Let X, := X and chooseD2 f " O(X) with f(x)=0.

Then by KrullOs principal ideal theoremy (f) 0 X contains an irreducible component
Xpr 1 ofdimn# Lwith x " X, 1. We apply the induction assumption forX,,- ; and obtain
the desired chain. ]

45.6 Theorem. Let K O L be a bnite beld extension. Lé&i2 a" L.

Multiplication with a is a K -vectorspace endomorphism df:

faiL# L,
v'H# aav.

(1) The minimal polynomial m, of the elementa" L and of the endomorphisni; coincide.

. o
a-
(2) The characteristic polynomial%, is a power ofm

Proof. (1) Letv" L and
# .
9= bx'" K[x].
Then
gfa)(v) = bfz(v)=  hav=g(a)av.

i=0 i=0
Thus the minimal polynomials coincide.

(2) Let K 0 K(a) 0 L, then
[K (&) : K] = deg(ms).

Let
IL:K(a)] =k,
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then L is a k-dimensionalK (a)-vector space. We can pick a basig, ...,V and set
Vi = %i & (a),
then
i=1
is the direct sum of these subspaces, and
Vi3 K@) 4

We havef, (Vi) 0 V;, asV, is aK (a)-vectorspace anda " K (a).
The characteristic polynomial% of f |\, has degree

dimg (V) = deg(m,),
and
%, = %.
Claim: % = m, for all i.
As both have the same degree, it is enough to shawy | %. But

%(@)(V) = %(fa)(v) = %(falv)(v) =0

by CayleybHamilton. Hencem, | %, and the claim is proved.

— k
- %,=m,.

]

4.5.7 Debnition. Let K O L be a bnite beld extensiom " L, f, the multiplication map
as in4.5.6 We debne thenorm of ato be

N (a) = det(f,).
4.5.8 Lemma. Let K O L be a bnite beld extension.
(1) For a" K, N(a) = al-*Kl,
(2) For a,a® L, N(aa’= N(a) N (a%.

(3) Fora" L,
%, (x) = x-K1+ aaa(# 1) IN(a).
Proof. (1) Let vy,...,V, be aK -vectorspace basis df, n = [L : K]. The matrix repre-
sentation off 5 with respect to this basis, ad,(v;) = aav, is
! $
a O/
" L (Vo " K n&n1
0 a
hence

N(a) = det(f,) = a" = al-*].
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(2) For

faar: L# L,
v'# (ad’f av,
we have
faa = fa( fa.
Thus

N (aa’f = det( faar) = det(fa ( f2) = det( fa) det(fa) = N(a)N (aF.

(3) Follows from the general form of characteristic polynomials.

O

4.5.9 Proposition. Let R be a normal ring andK = Quot(R). Let K 0 L be a beld
extension anda " L algebraic with minimal polynomialm, " K [x].
If a" L is integral overR thenm, " R[X].

Proof. Let K 0 K be the algebraic closure witre" K. Then m, decomposes into linear
factors overK:
ma: (X# " 1)é.é.é.(# ”n)
with "; " K,a="4.
Claim: " ,,...,", are integral overR.

Let f " R[x] be a monic polynomial withf (" 1) =0 (which exists as" ; is integral over
R). Then
f = gam,
for someg" K |[x], asm, is the minimal polynomial of a.
- f(")=0 4i=1,...,n
- The"; are integral overR.
As" 4, ...," " K are integral overR and the integral elements inK form a subring of

K, also the coé cients ofm, are integral overR.
As my, " K|[x] and R is normal and thus integrally closed irK = Quot(R), we conclude

m, " R[X].
O

4.5.10 Corollary. Let R be normal,K = Quot(R), K 0 L a Pnite beld extensiona" L
integral over R. Then

N(a)" R.
Proof. As my " R][x], also
%. " RIX]
by 4.5.6(2), and thusN(a) " R by 4.5.8 O
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Proof of KrullOs principal ideal theorerd.5.3. Let
V(f)=Y,54aaY,
be the decomposition into irreducible components &f(f) 0 X. Let
A=Y,5448Y,.

Then
Y; 20A = V(1 (A)).

-. h"I(A) : h|y, 20.
We considerV(f) in
X 6 D(h),
ash =0 on A, X 6 D(h) does not containA and thus V(f) in X 6 D(h) equals
Y1 6 D(hly,)

and is irreducible.

If we show the statement forX 6 D (h) and the irreducible
V(f)= Y6 D(hly,)

inside, i.e. if we show

* +

dim Y: 6 D(h|y,) =dim(X 6 D(h)) # 1,

then we are done, as % +
dim Y16 D(h|y,) =dimY;
and
dim(X 6 D(h)) =dim X.
(In general,

dim(X 6 D(h)) = dim X,

asO(X 6 D(h)) 3 K [X]n and O(X) = K[X] and both have the same beld of fractions
and thus the same transcendence degree o¥er)

ThUS, we can now T assume that
Y = V(f)

Is irreducible in X.
By Noether normalization 4.4.9there exists a surjective bnite

$:X # K",
wheren =dim X. $(Y) 0 K" is closed by4.4.3and
$|Y (Y #8 $(Y)

is Pnite. By 4.4.4
dim(Y) =dim( $(Y)).
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Thus, we have to show that
dim($(Y))= n# 1

By 4.1.12/ 4.1.13 we have to show that
$(Y)=V(9), 9" K[Xy,...,Xn],

is a hypersurface.
$%: K[Xq,..., %] # O(X)

and O(X) is a pnitely generateds*(K [X4, ..., Xn])-module by assumption (Pniteness of
$), thus by 4.3.3
$*(K[X1,...,X]) O O(X)

is integral. As $ is surjective, $* is injective
KXyl B $H(K X, X))
- $%(K[X1,...,%]) isUFD,as K|[xi,...,X,] is

"2 $*(K [Xq,...,Xa])  is normal.

Let
R := $*(K[X1,...,Xa]).

Consider the corresponding beld extension
Quot(R) 0 K (X),
which is algebraic and Pnite byt.3.5

Let
me = t“+ ae "1+ 444 ait + a

be the minimal polynomial off " K (X), my " Quot(R)[t]. Asf " O(X), which is integral
over R, we can apply4.5.9and deduce

a" R 4i.
Furthermore, % is a power ofmmy by 4.5.6(2), and the constant coé cient of %, which is
the norm N (f ) by 4.5.8(3), equals+ af.
Claim: o
I(Y)6 R= 9%&6R.

Once we know that, we can deduce

4.2.1(2)

$(Y) "=V ($#) ()

@ v ($#) 1(| (Y) 6 R)
V(@) kR
\% ($#) 1( %o&
V(8 N%e8

+
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with
(1):as$”: K[Xq,...,X,]# RO O(X),

As
a" R=$*(K[xq,..., %],
we have
ap = $%(0)
for someg" K|[Xy,...,X,]. Hence

($") *(a0) 7 {g}-
As $# is injective,
($%) *(a0) = {g}
($%) 1(%0*%: %0& . 0
- $(Y)=V  ($%) (%8 = V( %T& = V(%& = V(g) is a hypersurface.
- dimY =dim($(Y))=dim V(g)= n# 1

and the theorem is proved.

To prove the claim: 0

I(Y)6 R= 9%o&6R,

where a power ofag is N (f).

0 O: Asmx (f) =0 we have
fk+ae f'+ 444 a,=0,

where the coé cientsa " R 0 O(X). We restrict this equationto Y, but asf |y =0, we
obtain

aoly =0 - a " 1(Y),

hence 0o_
%& 6R 0 I (Y) 6 R.

MO: Letg" I(Y)6R.AsY = V(f)
0o__
- 1(Y)=1(V(f)) = %&by HilbertOs Nullstellensatz.
0o__

- g" %&
-, #:0"UH&
-, g® g =g%f
whereg” O(X).

We now apply the norm to this equation:
As before, we consider the beld extension

Quot(R) 0 K(X) and g" I(Y)6R
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- g" Quot(R). By 4.5.8(1),

N(g) = (g )K X )IQUa(R)] = §"8K (X }Quot(R)]

But also
N(g) = N(g4f) = N(gFaN(f) = N(g’f & af) " %ao&
Hence
g"aIK(()x ):Quot( R)] Y&
- 9" %&
- 9" O%oﬁ?LGR, asg" R.

4.6 Singularities, Smoothness and Tangent Space

Throughout this section we assum& = K.

Intuition:
Smooth plane curve not smooth

A variety should be smooth at a point if there is a Ogood tangent spaceO:

Recall the stalks and local rings fron8.3.12
O(X)m, = O(X)x
is a local ring with maximal ideal
my={f |f(x)=0}.

4.6.1 Lemma. Let X be an & ne variety, p" X, O(X), the local ring with maximal
ideal m,. Then
O(X)p/ My 2 K.
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Proof. The map

OX)p# K

f f
g a(p)
is a surjectiveK -algebra homomorphism with kernem,. O
4.6.2 Debnition (Tangent space) Let X be an d ne variety, p" X, O(X), the stalk
at p, and my 0 O(X), the maximal ideal. Then

Mp
2
My
is the cotangent space of X at p, and its dual space
1 2
P —
Hom ﬁ% K = TpX

is the (Zariski-) tangent space of X at p.
An irreducible variety X is calledregular or smooth at p if

: . . m
dimX =dimg T,X =dimy mg
Else, X is calledsingular at p.

Note: The quotient % Is a K -vector space, where we identiff with
p
O(X)p/ My
using Lemma4.6.1, as multiplication with an element of O(X),/ m, is well-dePned, since
multiplication with an element in my is in m?.
Example. (1) Let X = K" andp=0.
% _ %1, " ,Xn&
M2 %g,... X &
- dimg T,X = n=dim K"
- K" is smooth at0

= K ax; 8 a48 K ax,

(2) Let X = V(x°# y), p=0.

m = %, Y&
P o2 # y&
2 = %, y& + %> # y& _ %2, Xy, y?&+ %> # y&
P %2 # y& %2 # y&
%, Xy, Y3, X%& 9%, Xx%&
T U2 H Y& WP H Y&
Xy (
M _ 5oy g Y&
mer 'xyzy?'( y(( %’ XZ&

Therefore

dmT,X =1, asdimX =1
- X is smooth atO. w
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(3) Let X = V(x*# y3), p=0.

oy (

Y
Mp _ 2" y3( 3 0%, y& _ , ,
" 2 = K ax8 K ay.
mg Dl o2 Xy, Y& d

- dmTyX =2 > dimX =1 ’v
- X is singular atp

dmX ) dimT,X

for X irreducible (4.5.6. This requires some more preparation from commutative algebra.

The next aim is to show

4.6.3 Theorem (NakayamaOs Lemmalet R be a local ring with maximal ideam.
Let M be a Pnitely generatedR-module such that

mM = M.

Then M =0.

Proof. We proceed by induction on the number of generators ™ .
AssumeM = %,,...,f,& Thenf;" M = mM, hence we can write
fi=af,+ adadda a,f, with a" m.
Thus
(A# a)f, = af,+ aad a,f,.

Asa; " m,we havel# a; " R\ m(elsel” m,!).
But then % # a;&= R, since if% # a,&2 R, then % # a;& O0m O R, as it bts into a
maximal ideal andR is local!

- 1l#aisauntin R
2 ¢, + 444

1# a; 1# a4

- M =9%,,...,f,&hasn# 1 generators.

- =

fn

]

4.6.4 Corollary. Let R be a local ring with maximal ideaim and let M be a Pnitely
generatedR-module.

If [f1],...,[fn] generateM/ mM, thenfq,...,f, generateM .
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Proof. Let

N:%l,...,fn&
Then N + mM M
m
:0 - —
M w41, [Fnl& il
- N+mM =M
méM_N+mM_M
N N N
4.6.3 M:O
Nakayama N
- M =N

4.6.5 Proposition. Let X be an irreducible & ne variety andp" X. Then

dimX ) dimT,X.

Proof. Let [f4],...,[fn] be a basis oim,/ mg asO(X )/ my 3 K Pvector space.

By Corollary 4.6.4 m, is generated byf,, ..., f,.
By Corollary 4.5.4 the variety V(f4,...,f,) has dimension at leastim X # n.

But
V(fg,....f0) = V(M) = {p}
has dimensionO.

- dmX#n) O
- dimX ) n=dim T,X.

4.6.6 Debnition. Letf " K[x]. Denote byf@® the linear part of f .

For an ideall 0 K[x], set
EORERS HONE SN

Then | ® is a subspace of thé& -vectorspace
K[X1,..., %] = K &4x, 8 448 K ax,
of all linear forms.
Moreover, V(I @) is a linear subspace ok ".
Example. (1) Let X = V(x?# y), |® = K &y. V(y) is the tangent line atO.
(2) Let X = V(x2# y3), |® = {0}. V(W) = K2,
4.6.7 Lemma. The vector spaceV (1) is the dualK -vector space to

K [X1, ..., XaJON D,
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Proof. This follows from the existence of the bilinear map

KXs .. X ]P0 @ 9 vi®)# K

(f.p) # f(p).

[

4.6.8 Proposition. Let X 0 K" be an & ne variety with0" X. Then
K[Xs,... o X ]®N @ 3 mo/ m2.
4.6.9 Corollary. Let X 0 K" be an & ne variety with0" X, and letl = 1 (X). Then
ToX = V(IW).
Proof. The dual spaces of
KIX1,..., % ]P0 @ and  my/ m3

can be identibed because of Propositich6.5
The dual space of the former i3/ (1Y) by 4.6.4 the dual space of the latterToX by
Debnition. O

Proof of Proposition 4.6.8. Consider the map
$:K[Xg,.. o, Xa PN D #8 my/ m3
el
f'# [ 1
Here, [f ] denotes the class irK [X ], and [ill] the class inmg/ m3.

Well-debPnednesdif f is a linear form, thenf (0) =0, hence[%] " mg.

Injectivity: Let f be a linear form such that[%] " mé. Then[f]=0, asf is linear and
has no quadratic terms

St -

Surjectivity: Let h = %,, my 0 O(X)o, Tlet g(0)=1. Set

# &h

h”%=
i=1 8&X;

O)xi " K[Xq,...,%]?.

Claim: h# h*' m3.

1 2
. w_ . T # &
gah# h%=ga 6# | ai(O)axI
0 Lk
# 5700890 # F2(0)a f(0)
=f#ga ' 0'2 ax;
‘ g_%ch

1 by assumption

& .
=f# ga a(O)ax..
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Asg! g(0)" myandx; " my,

(9! 9(0)) & " m§  #i

$ The above equals

f g(O)a'_ !!)f(i(O)éxi:f! ' !!)f(i(O)éxi. (%

If f has a linear term of the forma ax;, then %(0) contains the terma, hence this linear
term cancels in the expressiof% above. |
f has no constant term, af " m.
$ (% consists of higher order terms of, i.e. equalsO mod m3,
# "f #
=(hj= = " 9

n N — h!
R g

and" is surjective. N

4.6.10 Remark. Corollary 4.6.9 hands us a way to determinéloX for X & K" with
0" X. To determine T,X, use coordinate transformations

KXy, ..o oxn] P Klyz, ..., yn]
it yi+p
Xil g} ly

We can use formal Taylor expansion

In

! !f A s 7 7
f(Xla-..,Xn):f(pl,...,pn)+ W(p)a(xll pi)+ 444
i=1 X

L PSR
¢ t+ -(Pay+aaa

i=1 *

to compute the image off " K|[x].
| |

After the transformation, X (" X,p(" 0,0" X,

. $%|n 1 g .|(
TX=V Py §f T
i=1 - Xi

Transforming back, we obtain

LT N g (
T X =V K(p) axi! p) gf "1 .

i=1
Example. Compute the tangent space atl, 1) of

X = V(X2 x3).
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We have

*

)
V' 24(x1! 1)! 34(xp! 1)

Tan(X) =
= Vglel 3X2+1)
=V X! 2x ! 1(
- 2 3 1 - 3 .

Remark. We have seenX is smooth inp if
dimX =dimg T,X,

where the latter is the & ne subspace generated by the linear terms df" |
(expanded inx; ! ).

Being smooth thus means: the variety can be approximated by a linear space locally.

4.6.11 Theorem (Jacobi-Criterion). Let X & K" and I (X) = *f4,...,f, p" X.
Then X is smooth atp if and only if the rank of the Jacobi matrix

+

NN
x P ’

is equal ton! dim, X.

Here, dim, X denotes the local dimension ok at p, i.e. the dimension of the irreducible
component containingp. If p is in several irreducible components, thedim, X is the
maximal dimension of all irreducible components containing. We can generalize Debpniti-
on 4.6.2to not necessarily irreducible varieties.

Points contained in several irreducible components are singular.

Proof. We use Taylor expansion and write

n

fi=fi(p+ i

=1

G IT

Then $n

(
tnof, :
T X =V W(p)(x,-! o) glzl,...,r :
j=1 * 2

X is smooth atp
,  dimT,X =dimyX
, the subspaceJ & K[xi,...,x,]"¥) generated by the

no

L !x; (P)(Xj ! p) has dimensionn! dim, X

i

As U is generated by the Jacobi matrix, the claim follows.
Here, ToX is the kernel of the Jacobi matrix andU is its image. O
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Example. Let

X = V(x?! yd).
Then ¥ ' §
If lf 5
= 2% W_!3y,
and i
-1 ifp=0
rank(2x ! 3y?)(p) = ’
@x =, oo

Hence,0 is the only singular point of X .

4.6.12 Corollary. Let X be an irreducible variety. Then
SingX):= {p" X | X is singular atp}

Is a closed subvariety oK . In particular, its dimension is at mostdim(X)! 1.

Proof. We have

p" Sing(X)
p" X and the rank of the Jacobi matrix is <n ! dimX
f(p=0# " I(X)andall (n! dimX)-minors of the Jacobi matrix vanish

Sing(X) is given by polynomial equations and is thus closed.
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