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Motivation

Many geometric objects are given as zero-sets of polynomials:

Abbildung 1: Geometric objects1

Idea: built and use a dictionary to go from algebra (polynomials etc.) to geometry. The
algebra of the ring of polynomials (in several indeterminates) is particularly important.
Since the polynomial ring is commutative, we study commutative algebra to obtain a good
knowledge about the algebraic side.
Algebraic geometry is the study of geometric objects given as zero-sets of polynomials by
means of the dictionary between algebra and geometry.

Chapter 1: Introduces the basics of the algebra-geometry dictionary

Chapter 2: Algebraic and computational, provides us with algorithms that compute the
operations with ideals that are important for the geometry as we saw in Chapter 1.

Chapter 3: Generalizes the concept by studying varieties with their functions as structure
sheaves and their (abstract) varieties as spaces with functions which are isomorphic to
a�ne varieties.

Chapter 4: Dives deeper into the geometry of a�ne varieties, providing the necessa-
ry background from commutative algebra as we go along.
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The following terms are supposed to be known:

• Rings R, we only study:

• Commutative rings with 1.

• Ideals I.

• Quotient rings R/I.

• Chinese remainder theorem.

• Principal ideal domains.

• Field extensions.

• Modules.

• Maximal ideals.

• Prime ideals.

• Quotient modules M/N .

• Algebraic closed fields.

• Field extensions, finite and algebraic, minimal polynomials.

• Algebraic closure.

• Tensor products of vector spaces.

• K-algebras.

• Zorn’s Lemma.

• Unique factorization domains.

• K[x1, . . . , xn] is UFD.

• A prime element generates a prime ideal.

• Cramer’s rule: for A œ R
m◊m

÷ Ã œ R
m◊m : A · Ã = det(A) · m.

• Vector space endomorphisms, Eigenvalues and -vectors, characteristic polynomial
and minimal polynomial, Theorem of Cayley-Hamilton
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1 Ideals and a�ne varieties

1.1 A�ne varieties

1.1.1 Definition (Polynomial rings over fields). Let K be a field.

K[x] := K[x1, . . . , xn]
:= {f =

ÿ

–œNn

a–x
–1
1 · . . . · x

–n
n |a– œ K, a– ”= 0 only for finitely many – œ Nn

}

is the polynomial ring in n indeterminates over K.
For – œ Nn, x

– is the multi-index notation for x
– = x

–1
1 · . . . · x

–n
n .

x
– is called a monomial of f , a–x

– a term of f and a– the coe�cient of the term a–x
–

of f .
The support of a polynomial f is

supp(f) := {–|a– ”= 0}.

By definition, the support is finite.
Let f, g œ K[x], and let A = supp(f) fi supp(g). We can write

f =
ÿ

–œA

a–x
–
, g =

ÿ

–œA

b–x
–
.

The sum is defined as

f + g =
ÿ

–œA

(a– + b–)x–
.

The multiplication of terms is defined as

a–x
–

· b—x
— = (a–b—)x–+—

.

The multiplication of polynomials is defined by invoking the distributive law. With these
two operations, K[x] is a commutative ring with 1.

Analogously: polynomial rings over rings.

Recall:

1.1.2 Definition (Ideal). Let R be a commutative ring with 1. An ideal I µ R is a non
empty set with

a + b œ I, r · a œ I ’a, b œ I, r œ R.

1.1.3 Definition. Let R be a ring, A µ R.

ÈAÍ :=
‹

AµIµR
I Ideal

I

is the ideal generated by A.
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1.1.4 Lemma.

Èa1, . . . , anÍ = {

n
ÿ

i=1
riai|ri œ R}

Proof: Exercise.

1.1.5 Example (The univariate polynomial ring). Let n = 1, then K[x](= K[x1]) is a
principal ideal domain, i.e. every ideal is generated by a single element.

Recall the proof:
Let I µ K[x], I ”= È0Í. Choose 0 ”= f œ I s.th. deg f is minimal. Claim: I = ÈfÍ

” ∏ ”: X
” µ ”: Let g œ I. Apply division with remainder: g = qf + r ∆ r = g ≠ qf œ I,
deg r < deg f . Because of the choice of f we conclude r = 0.
∆ g = q · f œ ÈfÍ.

Important ingredient in this proof: division with remainder, see Section 2.2.

1.1.6 Definition (A�ne varieties). Let f1, . . . , fr œ K[x1, . . . , xn]. Then

V (f1, . . . , fr) = {p œ K
n
|fi(p) = 0 ’i}

is the a�ne variety given by the fi.

Example. (1) V (1) = ÿ, V (0) = K
n

(2) Let fi = q

aijxj ≠ bi be linear polynomials, A = (aij), b = (bi), then

V (f1, . . . , fr) = {x|A · x = b}

is an a�ne subspace of K
n.

(3) f = x
2

≠ y œ R[x, y]

V (f) =

(4) f = x
2 + y

2
≠ 1

V (f) =

2



(5) f = x
2 + y

2
≠ z

2

V (f) =

(6) f1 = xy f2 = xz,

V (f1, f2) =

(7) f = x
2

≠ y
3

V (f) = cuspidal curve

(8) f = xy in R[x, y, z]

V (f) = union of 2 planes

(9) f1 = x ≠ z
2, f2 = y

2
≠ x

3

V (f1, f2) = space curve in R3
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(10) f1 = xy, f2 = xz, f3 = yz

V (f1, f2, f3) = space curve in R3

(11) f = y
2

≠ xz
2

V (f) = Whitney’s umbrella

Remark. V (f1, . . . , fr) only depends on the ideal I = Èf1, . . . , frÍ, because if
f1(p) = . . . = fr(p) = 0, then also q

rifi(p) = 0 for ri œ K[x1, . . . , xn].

1.1.7 Definition (Zero set). Let I µ K[x1, . . . , xn] be an ideal, then

V (I) = {p œ K
n
|f(p) = 0 ’f œ I}

is the zero set of I.
We’ll show: every zero set is an a�ne variety.
We will see (using the theory of Noetherian rings), that all V (I) are a�ne varieties, i.e. all
I µ K[x] are finitely generated as I = Èf1, . . . frÍ.

1.1.8 Definition. Let I1, I2 µ R be ideals.

I1 · I2 = the ideal generated by {f1 · f2|f1 œ I1, f2 œ I2}

I1 + I2 = the ideal generated by I1 fi I2

More generally, if (I⁄)⁄œ» is a family of ideals, then q

⁄œ» I⁄ is the ideal generated by
t

⁄œ» I⁄, it is equal to

{
ÿ

⁄œ»

f⁄|f⁄ œ I⁄, only finitely many f⁄ ”= 0}

1.1.9 Lemma. Let I1, I2 µ K[x] be ideals.

(1) V (K[x]) = V (1) = ÿ, V (0) = K
n

(2) I1 µ I2 ∆ V (I2) µ V (I1)

(3) V (I1) fi V (I2) = V (I1 fl I2) = V (I1 · I2)

(4) V (I1) fl V (I2) = V (I1 fi I2) = V (I1 + I2)

4



More general, if (I⁄)⁄œ» is a family of ideals,

‹

⁄œ»

V (I⁄) = V (
€

⁄œ»

I⁄) = V (
ÿ

⁄œ»

I⁄)

Proof. (1) Since 1 œ K[x]

(2) Let p œ V (I2) ∆ f(p) = 0 ’f œ I2
I1µI2
∆ f(p) = 0 ’f œ I1 ∆ p œ V (I1)

(3) Let p œ V (I1) fi V (I2). Then ÷ i : p œ V (Ii) ∆ f(p) = 0 ’f œ Ii. Hence

g(p) = 0 ’g œ I1 fl I2 ∆ p œ V (I1 fl I2).

Let f1 œ I1, f2 œ I2. Then f1 · f2 œ I1 fl I2 ∆ the generating set of I1 · I2 is contained
in I1 fl I2. Thus

I1 · I2 µ I1 fl I2
2)
∆ V (I1 fl I2) µ V (I1 · I2).

Let p œ V (I1 · I2). If p /œ V (I1) fi V (I2), then for i = 1, 2 there exist fi œ Ii such that
fi(p) ”= 0. Hence

f1 · f2(p) = f1(p) · f2(p) ”= 0 ✓

Therefore p œ V (I1) fi V (I2).

(4)

p œ
‹

⁄œ»

V (I⁄) … p œ V (I⁄) ’⁄ œ » … f⁄(p) = 0 ’f⁄ œ I⁄ ’⁄

… f(p) = 0 ’f œ
€

⁄œ»

I⁄ … p œ V

Q

a

€

⁄œ»

I⁄

R

b .

As q

⁄œ» I⁄ is the ideal generated by t

⁄œ» I⁄, we have

V

Q

a

€

⁄œ»

I⁄

R

b = V

Q

a

ÿ

⁄œ»

I⁄

R

b .

Example. (1) K[x, y], I1 = ÈyÍ µ I2 = Èx, yÍ

V (I1) = ∏ = V (I2)

5



(2) I1 = ÈxÍ, I2 = ÈyÍ

V (I1) = , V (I2) =

V (I1) fi V (I2) = = V (ÈxÍ fl ÈyÍ) = V (xy)

(3) I1 = ÈxÍ, I2 = ÈyÍ

V (I1) fl V (I2) = = V (Èx, yÍ)

1.1.10 Definition. Let I µ R be an ideal. The radical
Ô

I is
Ô

I = {f | ÷ n œ N : f
n

œ I}.

An ideal I is called radical if I =
Ô

I.

1.1.11 Lemma. The radical
Ô

I is an ideal.

Proof: Exercise.

1.1.12 Lemma. Let I œ K[x]. V (I) = V (
Ô

I)

Proof. As I µ
Ô

I, V (
Ô

I) µ V (I).
Let p œ V (I), let f œ

Ô
I

∆ ÷ n : f
n

œ I ∆ f
n(p) = f(p) · . . . · f(p) = 0 ∆ f(p) = 0 ∆ p œ V (

Ô
I)

Example. I = Èx
2
Í.

Ô
I = ÈxÍ

V (I) = V (
Ô

I) = µ K[x, y]

Sometimes it makes sense to view V (Èx2
Í) as a „ double line“. For the purpose of a�ne

varieties, this is not the case, here we simply have V (Èx2
Í) = line.

6



1.2 Noetherian rings

1.2.1 Theorem. Let R be a commutative ring with 1. The following are equivalent (TFAE):

(1) Every ideal I µ R is finitely generated

(2) Every ascending chain of ideals I1 µ I2 µ I3 µ . . . becomes stationary, i.e. ÷ m s.th.

Im = Im+1 = Im+2 = . . .

(3) Every non empty set of ideals contains an (inclusion-) maximal element.

A ring that satisfies 1)-3) is called Noetherian.

Proof. ”1) ∆ 2)”: Let I1 µ I2 µ . . . be a chain of ideals. Then I = t

Œ

i=1 Ii is an ideal:
Let a, b œ I

∆ ÷ j1, j2 œ N : a œ Ij1 , b œ Ij2 , Œj1 < j2,

then a œ Ij1 µ Ij2 , i.e. a, b œ Ij2

∆ a + b œ Ij2 ∆ a + b œ I.

Let a œ I, r œ R

∆ ÷ j : a œ Ij ∆ r · a œ Ij ™ I ∆ ra œ I.

1)
∆ I = Èa1, . . . , arÍ is finitely generated.

For all ai there exists ji such that ai œ Iji . Let

k := max{ji | i = 1, . . . , r}.

Then a1, . . . , ar œ Ik ∆ Èa1, . . . , arÍ µ Ik ∆ I µ Ik.

Therefore the chain is stationary at k.

”2) ∆ 3)”: Suppose (3) does not hold. Then there exists a set M of ideals such that

’I œ M ÷ I
Õ
œ M : I ( I

Õ
.

Recursively, we produce a chain which does not become stationary.

”3) ∆ 1)”: Let I be an ideal. Consider

M = { J µ I | J is a finitely generated ideal }

M ”= ÿ, as È0Í œ M .
Let J be a maximal element of M . ÷ a1, . . . , ar : J = Èa1, . . . , arÍ.

Assume J ( I, then ÷ a œ I \ J , J ( Èa1, . . . , ar, aÍ µ I.
∆ Èa1, . . . , ar, aÍ œ M , ✓ to the maximality of J .
∆ J = I is finitely generated.
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1.2.2 Lemma. R has only 2 ideals … R is a field.

Proof. ” ∆ ”: {0}, R are ideals, the only ones.
For a ”= 0, a œ R we thus have

ÈaÍ = R = È1Í ∆ 1 œ ÈaÍ ∆ ÷ r œ R : ra = 1

∆ a is a unit and R a field.

” ≈ ”: {0}, R are ideals. Let I µ R be an ideal with 0 ”= a œ I.
∆ a

≠1
a = 1 œ I ∆ r · 1 = r œ I ’r œ R ∆ I = R ∆ there are no other ideals.

1.2.3 Corollary. A field K is Noetherian.

Proof. K has only two ideals, K = È1Í, {0} = È0Í, both are finitely generated.

1.2.4 Theorem (Hilbert’s Basis Theorem). R Noetherian ∆ R[x] Noetherian.

1.2.5 Corollary.

R Noetherian ∆ R[x1, . . . , xn] Noetherian.

Proof. Hilbert’s Basis Theorem 1.2.4 and induction.

1.2.6 Corollary. Let K be a field, then K[x] = K[x1, . . . , xn] is Noetherian.

Proof. Hilbert’s Basis Theorem 1.2.4 and induction with induction beginning 1.2.3.

1.2.7 Corollary. (Zero sets are a�ne varieties) The zero set V (I) of an ideal I µ K[x]
is an a�ne variety, i.e.

V (I) = V (f1, . . . , fr)

for finitely many polynomials fi.

Proof. As I = Èf1, . . . , frÍ is finitely generated, as K[x] is Noetherian by (the corollary of)
Hilbert’s Basis Theorem 1.2.4, we have

V (I) = V (f1, . . . , fr).

1.2.8 Definition. Let R be a ring, R[x] the univariate polynomial ring over R. Let

f = akx
k + · · · + a0 œ R[x].

akx
k is the leading term LT(f),

x
k the leading monomial LM(f),

ak the leading coe�cient LC(f).

8



Proof of Hilbert’s Basis Theorem 1.2.4. Suppose R[x] was not Noetherian.
∆ ÷ ideal I which is not finitely generated.
Let 0 ”= f1 œ I with deg(f1) minimal, 0 ”= f2 œ I \ Èf1Í with deg(f2) minimal, etc.

∆ deg(f1) Æ deg(f2) Æ . . .

We obtain an ascending chain of ideals in R:

ÈLC(f1)Í µ ÈLC(f1), LC(f2)Í µ . . .

As R is Noetherian, it becomes stationary, i.e. ÷ k:

ÈLC(f1), . . . , LC(fk)Í = ÈLC(f1), . . . , LC(fk), LC(fk+1)Í.

∆ ÷ bj œ R :

LC(fk+1) =
k

ÿ

j=1
bj LC(fj).

Let
g :=

k
ÿ

j=1
bj x

deg(fk+1)≠deg(fj)
· fj.

Then g œ I and

LC(g) =
k

ÿ

j=1
bj LC(fj) = LC(fk+1) ∆ deg(g ≠ fk+1) < deg(fk+1).

But g ≠ fk+1 œ I \ Èf1, . . . , fkÍ, since g ≠ fk+1 œ I, and since if g ≠ fk+1 was in Èf1, . . . , fkÍ,
then, as g œ Èf1, . . . , fkÍ, also fk+1 œ Èf1, . . . , fkÍ, ✓.

Hence R[x] is Noetherian.

1.3 Vanishing ideals and the Zariski-Topology

We consider a�ne varieties or zero-sets in the a�ne space K
n, we denote it by An or An

K

to stress the underlying field.

1.3.1 Definition. (Zariski-Topology) A subset U µ An is called open in the Zariski-

Topology if it is the complement of an a�ne variety, i.e. ÷ X = V (f1, . . . , fr) s.th.

U = An
\ X.

By Lemma 1.1.9, ÿ, An are open. If U⁄ = An
\ V (I⁄) is open ’ ⁄ œ », then

€

⁄œ»

U⁄ =
€

⁄œ»

(An
\ V (I⁄)) = An

\
‹

⁄œ»

V (I⁄) = An
\ V (

€

⁄œ»

I⁄)

is open.
If U1 = An

\ V (I1), . . . , Uk = An
\ V (Ik) are open, then

U1fl· · ·flUk = An
\V (I1)fl· · ·flAn

\V (Ik) = An
\(V (I1)fi· · ·fiV (Ik)) = An

\V (I1fl· · ·flIk)

is open. Hence Zariski-open sets satisfy the axioms of a topology.
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Example. (1) The closed subsets of A1 are ÿ, A1 and finite sets of points

{p1, . . . , pk} = V ((x ≠ p1) · · · (x ≠ pk)).

This is true since for X µ A1 closed, X = V (I) for an ideal I µ K[x], I = ÈfÍ for a
polynomial f , since K[x] is a principal ideal domain, and f has only finitely many
zeros. ∆ X is a finite set.
Notice: the Zariski-topology is di�erent from the Euclidean topology.

If #K = Œ, any two Zariski open subsets of An intersect. The Zariski-topology is in
general not Hausdor�sch.

(2) The Zariski-topology of A1
◊ A1 = A2 is not the product topology on A1

◊ A1.

On A1
◊A1, closed subsets are unions of parallel lines or points,

but there are more closed subsets in A2, e.g.

V (x2
≠ y

3).

The advantage of the Zariski-topology is: it works for arbitrary fields. We can use
topological language for a�ne varieties.

1.3.2 Definition (Vanishing ideal). Let X µ An.

I(X) := { f œ K[x1, . . . , xn] | f(p) = 0 ’ p œ X }

is the vanishing ideal of X.

1.3.3 Lemma. I(X) is an ideal.

Proof. Let f, g œ I(X)

∆ f(p) = 0 = g(p) ’ p œ X

∆ (f + g)(p) = 0 ’ p œ X

∆ f + g œ I(X).

Let r œ K[x] ∆ (r · f)(p) = 0 ’ p œ X ∆ r · f œ I(X).

1.3.4 Example. Let p = (p1, . . . , pn) œ An be a point, then

I({p}) = Èx1 ≠ p1, . . . , xn ≠ pnÍ =: mp

” ∏ ”: X
” µ ”: mp is a maximal ideal, as

K[x]/mp = K[x]/Èx1 ≠ p1, . . . , xn ≠ pnÍ
≥=

≠æ K[x]/Èx1, . . . , xnÍ ≥= K

xi ‘≠æ xi + pi

is a field.

As mp µ I({p}) ( K[x] because 1 /œ I({p}), we conclude mp = I({p}).

10



1.3.5 Lemma. Let X, X1, X2 µ An
be subsets.

(1) I(X) is a radical ideal.

(2) V (I(X)) = X, the Zariski closure of X in An
,

X =
‹

Y µAn

Y closed, XµY

Y.

(3) If X is an a�ne variety, then V (I(X)) = X.

(4) I(X) = I(X)

(5) X1 µ X2 ∆ I(X2) µ I(X1)

(6) I(X1 fi X2) = I(X1) fl I(X2)

(7) If X1, X2 µ An
are a�ne varieties, then X1 µ X2 … I(X2) µ I(X1) and

X1 = X2 … I(X1) = I(X2).

Proof. (1) Let f œ

Ò

I(X)

∆ ÷ n : f
n

œ I(X) ∆ f
n(p) = 0 ’ p œ X ∆ f(p) = 0 ’ p œ X ∆ f œ I(X)

(5) Let f œ I(X2) ∆ f(p) = 0 ’ p œ X2
X1µX2

∆ f(p) = 0 ’ p œ X1 ∆ f œ I(X1).

(3) X µ V (I(X)), since f(p) = 0 ’ p œ X, f œ I(X). Let X = V (f1, . . . , fk)
∆ fi œ I(X) ’ i ∆ Èf1, . . . , fkÍ µ I(X) ∆ V (I(X)) µ V (f1, . . . , fk) = X.

(2) V (I(X)) is closed and contains X. ∆ X µ V (I(X)).
Let X µ Y be closed 5)

∆ I(Y ) µ I(X)

∆ V (I(X)) µ V (I(Y )) 3)= Y ∆ V (I(X)) µ Y ’ Y closed, X µ Y ∆ V (I(X)) µ X.

(4) I(X) = I(V (I(X)))
Claim: I(V (I(X))) = I(X)
“µ“ as X µ V (I(X)).
“∏“ Let f œ I(X), let p œ V (I(X)) ∆ g(p) = 0 ’ g œ I(X)
∆ f(p) = 0 ∆ f œ I(V (I(X))).

(6)

f œ I(X1 fi X2) … f(p) = 0 ’ p œ X1 fi X2 … f(p) = 0 ’p œ X1 and ’ p œ X2

… f œ I(X1) and f œ I(X2) … f œ I(X1) fl I(X2).

(7) X1 µ X2 ∆ I(X2) µ I(X1) follows from (5).
If I(X2) µ I(X1)

1.1.9 2)
∆ V (I(X1)) µ V (I(X2)).

But V (I(Xi))
3)= Xi, as Xi is an a�ne variety ∆ X1 µ X2.

The equality statement then follows by using both containments.
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Example. 1) R[x, y], X = infinitely many points on the x≠axis,
I(X) = ÈxÍ, V (I(X)) = x≠axis.

2) I(X1) = Èx, yÍ ∏ I(X2) = ÈyÍ

3) I(X1 fi X2) = I(X1) fl I(X2) = ÈyÍ fl ÈxÍ = ÈxyÍ

1.3.6 Remark. We see that we can go from ideals to varieties and back:

{a�ne varieties X µ An
}

I
�
J

{radical ideals I µ K[x]}

X ‘≠æ I(X)
V (I) Ω≠[ I

We saw already X = V (I(X)), so the composition V ¶ I is the identity.
What about I ¶ V ?

First of all, we need to add “radical” above, since I(X) is always a radical ideal.

For any ideal I µ K[x], we have
Ô

I µ I(V (I)).

Let f œ
Ô

I ∆ ÷ n : f
n

œ I. Let p œ V (I) ∆ f
n(p) = 0 ∆ f(p) = 0 ∆ f œ I(V (I)).

But I(V (I)) µ
Ô

I does not need to hold:

Let K = R, I = Èx
2 + y

2 + 1Í µ R[x, y] ∆ V (I) = ÿ,
but

Ô
I = I = Èx

2 + y
2 + 1Í ( R[x, y] = I(ÿ) = I(V (I)).

We need algebraically closed fields, then Hilbert’s Nullstellensatz (see next section 1.4)
shows us

I(V (I)) =
Ô

I,

and with that we obtain bijections I, V :

{a�ne varieties X µ An
}

I
�
V

{radical ideals I µ K[x]}.

12



1.4 Hilbert’s Nullstellensatz

We only consider commutative rings with 1.

1.4.1 Definition. Let R µ S be a ring extension.
S is finitely generated as R-Algebra, if ÷ a1, . . . , ar œ S:

S = R[a1, . . . , ar] = {polynomials in the ai with coe�cients in R}.

S is finitely generated as R-module, if ÷ a1, . . . , ar œ S:

S = Èa1, . . . , arÍR =
Ó

ÿ

riai | ri œ R

Ô

.

1.4.2 Theorem (Noetherian modules). Let M be an R-module.

The following are equivalent:

(1) Every submodule N µ M is finitely generated.

(2) Every ascending chain of submodules

N1 µ N2 µ N3 µ . . .

becomes stationary, i.e. ÷ m s.th.

Nm = Nm+1 = Nm+2 = . . .

(3) Every non-empty set of submodules contains an (inclusion-) maximal element.

A module that satisfies (1)–(3) is called Noetherian.

The proof is as for rings.

1.4.3 Proposition. Let

0 ≠æ M
Õ i
≠æ M

fi
≠æ M

ÕÕ
≠æ 0

be an exact sequence of R-modules.

M Noetherian … M
Õ
, M

ÕÕ
Noetherian.

Proof. Claim: N1, N2 µ M submodules with

N1 µ N2, fi(N1) = fi(N2), i(M Õ) fl N1 = i(M Õ) fl N2 ∆ N1 = N2.

Let x œ N2

∆ fi(x) œ fi(N2) = fi(N1)
∆ ÷ x

Õ
œ N1 : fi(x) = fi(xÕ)

∆ fi(x ≠ x
Õ) = 0

∆ x ≠ x
Õ
œ ker(fi) = Im(i) = i(M Õ).

13



With x
Õ
œ N1 µ N2, x œ N2 ∆ x ≠ x

Õ
œ N2 ∆ x ≠ x

Õ
œ N2 fl i(M Õ) = N1 fl i(M Õ)

∆ x ≠ x
Õ
œ N1, because x

Õ
œ N1 ∆ x œ N1.

” ≈ ”: Let M
Õ
, M

ÕÕ be Noetherian. Let

M1 µ M2 µ . . .

be a chain of submodules in M .

fi(M1) µ fi(M2) µ . . .

is a chain in M
ÕÕ, and

i(M Õ) fl M1 µ i(M Õ) fl M2 µ . . .

is a chain in M
Õ.

As both are Noetherian, both chains stabilize. Choose n big enough such that they both
stabilize:

∆ fi(MN) = fi(Mn) ’ N Ø n, i(M Õ) fl MN = i(M Õ) fl Mn ’ N Ø n.

Claim
∆ MN = Mn ’ N Ø n

∆ the chain is stationary
∆ M is Noetherian.

” ∆ ”: Let M be Noetherian. Every chain in M
Õ or M

ÕÕ induces a chain in M via i

resp. fi
≠1, which becomes stationary, thus also the former.

1.4.4 Corollary. Let M be a Noetherian module, N µ M a submodule and M/N the

quotient module. Then N , M/N are Noetherian.

In particular, for a Noetherian ring R and an ideal I, the quotient ring R/I is Noetherian

as a ring.

Proof. Follows since
0 ≠æ N ≠æ M ≠æ M/N ≠æ 0

is exact.

R/I is a Noetherian R-module by the above. An ideal J µ R/I is finitely generated as
R-module, but then it is also finitely generated in R/I.
Hence R/I is a Noetherian ring.

1.4.5 Corollary. Let S be a finitely generated R-algebra for a Noetherian ring R.

Then S is Noetherian.

Proof. ÷ a1, . . . , ak œ S: S = R[a1, . . . , ak]. Let

Ï : R[x1, . . . , xk] ≠æ S

xi ‘≠æ ai

(R-algebra homomorphism). Then

S = R[a1, . . . , ak] ≥= R[x1, . . . , xk]/ ker Ï

is a quotient of R[x1, . . . , xk]. The latter is Noetherian by Hilbert’s Basis Theorem 1.2.4.
Hence S is Noetherian by 1.4.4.
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1.4.6 Corollary. If R is a Noetherian ring and M is a finitely generated R-module, then

M is Noetherian.

Proof. Using induction and the exact sequence

0 ≠æ R
n≠1

≠æ R
n

≠æ R ≠æ 0,

Q

c

c

a

x1
...

xn≠1

R

d

d

b

‘≠æ

Q

c

c

c

c

a

x1
...

xn≠1
0

R

d

d

d

d

b

,

Q

c

c

c

c

a

x1
...

xn≠1
xn

R

d

d

d

d

b

‘≠æ xn,

we see that R
n is Noetherian.

Let M = Èa1, . . . , anÍR, then

0 ≠æ ker Ï ≠æ R
n

≠æ M ≠æ 0, ei ‘≠æ ai,

is exact, and thus using 1.4.3 again we conclude M is Noetherian.

1.4.7 Lemma. K(X), the function field of the univariate polynomial ring over a field K,

is not finitely generated as a K-algebra.

Proof. Assume
÷ hi = fi

gi
s.th. K(X) = K[h1, . . . , hr].

Let K be the algebraic closure of K. It has infinitely many elements. For every a œ K

there exists a minimal polynomial over K

∆ there exist infinitely many irreducible polynomials f(x) œ K[x].

If 1
f œ K[h1, . . . , hr]

∆
1
f

=
ÿ

–œNr

a– h
–1
1 . . . h

–r
r =

ÿ

–

a–

A

f1
g1

B–1

. . .

A

fr

gr

B–r

∆ (g1 · . . . · gr)d = f · h

for some h œ K[x] and d = max{|–| | a– ”= 0}.

On the right, there are infinitely many irreducible polynomials. On the left, only finitely
many prime factors. ✓

1.4.8 Theorem. Let K µ L be a field extension such that L is a finitely generated algebra

over K. Then dimK(L) < Œ.

Proof. Let L = K[a1, . . . , ar] for ai œ L. Induction on r.

If r = 1, then L = K[a1], and a1 has to be algebraic over K, because if not, K[a1] ≥= K[x]
would not be a field. Thus dimK(L) < Œ.

Let r > 1. Then K µ K(a1) µ L, and

L = K(a1)[a2, . . . , ar],

so by induction, dimK(a1)(L) < Œ.
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If dimK(K(a1)) < Œ, then also dimK(L) < Œ. So assume dimK(K(a1)) = Œ

∆ a1 is transcendental over K. Hence K(a1) ≥= K(x), the function field of the univariate
polynomial ring.
As dimK(a1)(L) < Œ, a2, . . . , ar are algebraic over K(a1). Let Q be the set of coe�cients
of the minimal polynomials of a2, . . . , ar over K(a1). Let A = K[a1, Q]. Then

K µ A µ K(a1) µ L,

and A is Noetherian as a K-algebra because of 1.4.5.
Let di be the degree of the minimal polynomial of ai over K(a1), i = 2, . . . , r.
Claim: L is finitely generated as an A-module by

{ a
k2
2 · . . . · a

kr
r | 0 Æ ki < di }.

This is true, since we can express higher powers of ai in terms of lower powers using the
minimal polynomial, if mai = x

di + bdi≠1x
di≠1 + · · · + b0, then

a
di
i = ≠bdi≠1a

di≠1
i ≠ . . . ≠ b0,

and we can substitute this in any polynomial expression in the ai until we are left with
the monomials above.
By 1.4.7, L is a Noetherian A-module, and since K(a1) µ L is an A-submodule, we
conclude K(a1) is finitely generated as an A-module.
As A is a finitely generated K-algebra, also K(a1) is a finitely generated K-algebra.
✓ by 1.4.7.
1.4.9 Proposition. Let K = K be algebraically closed. If m µ K[x] is maximal, then

there exists p œ K
n

such that

m = I(p) = Èx1 ≠ p1, . . . , xn ≠ pnÍ

(see 1.4.3).

In particular,

{maximal ideals in K[x]} 1:1
Ωæ { points p œ K

n
}

I(p) Ω≠[ p

m ‘≠æ V (m)

Proof. Let L = K[x]/m, then K µ L is a field extension and L is a finitely generated
K-algebra (generated by the classes of the xi). By 1.4.8,

dimK(L) < Œ.

∆ K µ L is a finite-dimensional field extension
∆ K µ L is an algebraic field extension.
K=K
∆ K = L.

∆ Ï : K ≥= K[x]/m, let pi be the preimage of [xi] under this isomorphism. Then

[xi] = Ï(Ï≠1([xi])) = Ï(pi) = [pi]

∆ [xi ≠ pi] = 0 ∆ xi ≠ pi œ m
∆ Èx1 ≠ p1, . . . , xn ≠ pnÍ µ m
As both are maximal ideals (see 1.3.4) ∆ m = Èx1 ≠ p1, . . . , xn ≠ pnÍ.
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1.4.10 Corollary. Let K = K, I µ K[x] an ideal such that

V (I) = ÿ ∆ I = K[x].

Proof. Assume I ( K[x].
Then there exists a maximal ideal m with I µ m µ K[x] (by Zorn’s lemma).
∆ V (m) µ V (I).

By 1.4.9, ÷ p œ K
n:

m = Èx1 ≠ p1, . . . , xn ≠ pnÍ ∆ V (m) = {p} µ V (I) = ÿ, ✓

∆ I = K[x].

1.4.11 Proposition (Rabinovitch’s trick). Let I µ K[x] be an ideal, f œ K[x].

f œ

Ô

I ≈∆ 1 œ ÈI, f · t ≠ 1Í µ K[x, t].

Proof. Let I = Èf1, . . . , fkÍ.
” ≈ ”: Let 1 œ ÈI, f · t ≠ 1Í

∆ 1 =
k

ÿ

i=1
gi(x, t) · fi(x) + h(x, t) · (f(x) · t ≠ 1)

for some gi, h œ K[x, t].

We work in the quotient field of K[x, t] and set t = 1
f :

1 =
k

ÿ

i=1
gi

1

x,
1
f

2

· fi(x) + 0.

Clear denominators: ÷ N such that

f
N =

k
ÿ

i=1
g̃i(x) fi(x) œ I

∆ f œ
Ô

I.

” ∆ ”: Let f
N

œ I. As [ft] = 1 in K[x, t]/ÈI, ft ≠ 1Í we get

[f ] · [t] = [1]
∆[f ]N · [t]N = [1]N = [1]
∆[0] · [t]N = [1]
∆[1] = [0] = ÈI, ft ≠ 1Í

∆1 œ ÈI, ft ≠ 1Í

1.4.12 Theorem (Hilbert’s Nullstellensatz). Let K = K be an algebraically closed field.

Let I µ K[x] be an ideal. Then

I(V (I)) =
Ô

I.
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Proof. By remark 1.3.6,
Ô

I µ I(V (I)) holds for any ground field.

” µ ”: Let f œ I(V (I)).
Claim:

ÈI, ft ≠ 1Í = K[x, t].

Then, by Rabinovitch’s trick 1.4.11, we conclude f œ
Ô

I.

Assume ÈI, ft ≠ 1Í ( K[x, t] ∆ V (I, ft ≠ 1) ”= ÿ by 1.4.10.

∆ ÷ (p1, . . . , pn, q) œ K
n+1 such that (p1, . . . , pn, q) œ V (I, ft ≠ 1) 1.1.9 4)= V (I) fl V (ft ≠ 1)

∆ (p1, . . . , pn) œ V (I) and f(p1, . . . , pn) · q = 1.

As f œ I(V (I)) ∆ f(p1, . . . , pn) = 0 ∆ 0 · q = 1 in K, ✓.

1.4.13 Corollary (The variety–ideal correspondence). Let K = K be algebraically closed.

Then I, V are bijections:

{a�ne varieties X µ An
}

I
�
V

{radical ideals I µ K[x]}

Proof. By 1.3.5 3), V (I(X)) = X (for any ground field).

By Hilbert’s Nullstellensatz 1.4.12,

I(V (I)) =
Ô

I
I is radical= I

for I radical.

1.4.14 Proposition. Let K = K. Let X1, X2 µ K
n

be a�ne varieties.

Then
I(X1 fl X2) =

Ò

I(X1) + I(X2) .

Proof.

V (I(X1 fl X2)) = X1 fl X2 = V (I(X1) + I(X2)) by 1.4.12 4).

With Hilbert’s Nullstellensatz 1.4.12 we conclude

I(V (I(X1 fl X2))) =
Ò

I(X1 fl X2) = I(X1 fl X2),

as vanishing ideals are radical, and

I(V (I(X1 fl X2))) = I(V (I(X1) + I(X2))) =
Ò

I(X1) + I(X2) .

∆ I(X1 fl X2) =
Ò

I(X1) + I(X2) .
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Example. Let
X1 = V (y2

≠ x
3), X2 = V (y), X3 = V (x)

I(X1) = Èy
2

≠ x
3
Í, I(X2) = ÈyÍ, I(X3) = ÈxÍ

I(X1) + I(X2) = Èy
2

≠ x
3
Í + ÈyÍ = Èy, x

3
Í

Ò

I(X1) + I(X2) = Èy, xÍ ∆ X1 fl X2

I(X1) + I(X3) = Èy
2

≠ x
3
Í + ÈxÍ = Èy

2
, xÍ,

Ò

I(X1) + I(X3) = Èx, yÍ

∆ X1 fl X3

1.4.15 Definition (Coordinate ring). Let X µ K
n be an a�ne variety.

K[X] := K[x1, . . . , xn]/I(X)

is the coordinate ring of X.
As I(X) is radical, K[X] has no nilpotent elements.
1.4.16 Proposition. Let K = K and X µ K

n
an a�ne variety.

{points of X} Ωæ {maximal ideals of K[X]}

Proof. The maximal ideals of K[X] are in bijection with the maximal ideals of K[x] that
contain I(X), by Hilbert’s Nullstellensatz these corresponds to points that are contained
in X.
1.4.17 Proposition (Ideals of quotient rings). Let R be a ring, I µ R an ideal.

{Ideals in R/I} Ωæ {Ideals J µ R with I µ J}

Proof. Let Ï : R æ R/I be the quotient map. If J µ R/I is an ideal, then Ï
≠1(J) µ R is

an ideal containing I.
If J µ R is an ideal containing I, then Ï(J) µ R/I is an ideal.
1.4.18 Proposition. [The variety–ideal correspondence] Let K = K, X µ K

n
an a�ne

variety.

{a�ne subvarieties of X} Ωæ {radical ideals in the coordinate ring K[X]}

Proof. If Y µ X is an a�ne subvariety, then

K[x] ∏ I(Y ) ∏ I(X),

thus, by 1.4.17, the quotient ideal is in K[X]. Furthermore, it is radical by 1.3.5 1).
Vice versa, given a radical ideal in K[X], via 1.4.17 it comes from an ideal in K[x]
containing I(X), and thus yields an a�ne subvariety of X.
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1.5 Irreducible components, quotients and projections

1.5.1 Definition. A topological space is called reducible if either X = ÿ or

X = X1 fi X2, Xi ( X, Xi closed.

A space X ”= ÿ for which such a decomposition does not exist is called irreducible.

1.5.2 Proposition. Let X µ K
n

be an a�ne variety. Then

X irreducible … I(X) is prime.

… K[X] is an integral domain (i.e. has no zero-divisors).

X irreducible ≈∆ I(X) is prime.

Equivalently, K[X] is an integral domain (i.e. has no zero divisors).

Proof. Let X be irreducible. Then X ”= ÿ. Let f · g œ I(X).

V (f · g) ∏ X ∆ X = X fl V (f · g)
= X fl (V (f) fi V (g))
= (X fl V (f)) fi (X fl V (g)),

and both are closed. As X is irreducible, Œ

X fl V (f) = X ∆ f |X = 0 ∆ f œ I(X)

Thus I(X) is prime.

Let X be reducible. If X = ÿ, then I(X) = K[x] is not prime (prime ideals are strictly
contained by definition).

If X = X1 fi X2 can be decomposed into two varieties such that X ) Xi, then

I(X) = I(X1) fl I(X2), I(Xi) ) I(X)

∆ ÷ f œ I(X1) \ I(X), g œ I(X2) \ I(X).
But

f · g œ I(X1) fl I(X2) = I(X),
hence I(X) is not prime.

The second equivalence holds in general for rings and prime ideals:

R/p is an integral domain ≈∆ p is prime.

” ∆ ”:

f · g œ p ∆ [f · g] = [0] in R/p

∆ [f ] · [g] = [0] in R/p

∆ Œ [f ] = [0] in R/p

∆ f œ p

∆ p prime
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” ≈ ”: Let

[f ] · [g] = [0] in R/p ∆ [f · g] = [0] in R/p

∆ f · g œ p

∆ Œf œ p

∆ [f ] = [0]

Example.

(1) Let X = = V (xy). Then X is not irreducible, since

X = V (x) fi V (y).

Moreover,
I(X) = ÈxyÍ

is not prime, as xy œ I(X) but x, y /œ I(X).

(2) Let
f = y

2
≠ (x + 2)(x + 1)x.

Then V (f) µ R2 is the following curve:

This is an example of a so-called hyperelliptic curve. i.e. a curve with a so-called
hyperelliptic involution. (Here, the map

i : V (f) ≠æ V (f), (x, y) ‘≠æ (x, ≠y))

that is compatible with the projection map (here to the x-axis):

V (f)

x-axis

V (f)i

pr

pr

y
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Here, the fibers f
≠1(x) are either empty or of the form {p, i(p)}.

With respect to the Euclidean topology, V (f) is reducible, since it is the union of a
circle and a rest curve.
With respect to the Zariski-topology, V (f) is irreducible:
For a principal ideal ÈfÍ, ÈfÍ prime … f prime:
” ≈ ”: Let g · h œ ÈfÍ. Then f | gh. Hence Œ f | g so g œ ÈfÍ.
” ∆ ”: Let f | g · h ∆ g · h œ ÈfÍ ∆ Œ g œ ÈfÍ = f | g.
Our f here is prime, as can be checked, since any factorization would have to be into
polynomials of low degree. We always work with the Zariski-topology.

1.5.3 Lemma. Let X be a topological space.

(1) Y µ X is irreducible … Y is irreducible.

(2) If X is irreducible and U µ X is open with U ”= ÿ, then U = X.

(a nonempty open in an irreducible space is dense.)

Proof. (1) ” ∆ ”: Let Y = Y1 fi Y2 with Yi µ Y , Yi closed. Then

Y = (Y1 fl Y ) fi (Y2 fl Y ),

and these two (i.e. Yi fl Y ) are closed in Y (as the subspace topology is defined by the
open sets { Y fl U | U µ X open }).
As Y is irreducible, Œ Y = Y1 fl Y and therefore

Y = Y1 fl Y
¸ ˚˙ ˝

=
u

Y1flY µA,A closed A

µ Y1 fl Y
¸ ˚˙ ˝

=
u

Y1µA,A closed Afl
u

Y µA,A closed A

= Y1 fl Y .

∆ Y1 = Y ∆ Y is irreducible.
” ≈ ”: Let Y be irreducible. Let Y = Y1 fi Y2 with Yi µ Y closed.
Claim: (Y = Y1 fi Y2) = (Y1 fi Y2).
As Y1 µ Y , every closed A with Y µ A also contains Y1. Hence

Y =
‹

Y µA

A ∏
‹

Y1µA

A = Y1.

∆ Y1 fi Y2 µ Y .
Y1 fi Y2 is closed and contains Y1 fi Y2 ∆ Y = Y1 fi Y2 µ Y1 fi Y2.
As Y is irreducible, Œ Y = Y1, as Y1 is closed in Y , we obtain Y1 = Y .
∆ Y is irreducible.

(2) X = (X \ U) fi U is a decomposition into two closed sets. As X is irreducible,

X = X \ U ( ✓ as U ”= ÿ) or X = U.
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1.5.4 Definition. A topological space is called Noetherian if any descending chain of
closed subsets becomes stationary, i.e.

X ∏ X1 ∏ X2 ∏ X3 ∏ · · · , Xi closed

∆ ÷ i0 such that Xi = Xi0 ’ i Ø i0.

1.5.5 Remark.

(1) If X is Noetherian, then also a closed Y µ X with the induced topology.

(2) If X µ K
n is an a�ne variety, then X is Noetherian. This holds true, since the closed

subsets Xi of X correspond to ideals I(Xi) µ K[x], and K[x] is Noetherian.

1.5.6 Proposition (Decomposition into irreducible components). If ÿ ”= X is a Noetherian

topological space, then there exists a decomposition

X = X1 fi · · · fi Xr

with Xi closed and irreducible.

Moreover, there exists a minimal decomposition (i.e. Xi ”µ Xj for i ”= j), and this

decomposition is unique up to ordering.

This is called the decomposition of X into irreducible components.

Proof. If X is irreducible, we are done.

If not, there exist closed subsets X1, X2 ( X such that

X = X1 fi X2.

If X1, X2 are irreducible, we are done. If not, continue.
As X is Noetherian, the process ends after finitely many steps and we obtain

X = X1 fi · · · fi Xr

with the Xi irreducible.

If Xj µ Xi for i ”= j, drop it. If

X = X1 fi · · · fi Xr = Y1 fi · · · fi Ys

are two minimal decompositions. Then

(X1 fl Y1) fi · · · fi (X1 fl Ys) = X1.

Since X1 is irreducible, at least one intersection is nonempty, hence Œ

ÿ ”= X1 = X1 fl Y1 ∆ X1 µ Y1.

Analogously, we obtain an index j such that Y1 µ Xj as X1 ”µ Xi for j ”= 1 by minimality,
we conclude j = 1, and therefore X1 = Y1.
The same argument applies to all other components.
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1.5.7 Corollary. Every a�ne variety ÿ ”= X µ K
n

has a unique minimal decomposition

into irreducible components.

1.5.8 Definition (Hypersurfaces, plane curves). An a�ne variety of the form V (f) is
called a hypersurface. If V (f) µ K

2, we also call it a plane curve.

1.5.9 Example. Let K = K.

(1) If f = f
r1
1 · · · f

rk
k is the factorization of f into irreducible factors, then

V (f) = V (f1) fi · · · fi V (fk)

is the decomposition of the hyperplane V (f) into irreducible components.

(2) X = I(X) = Èxz, yzÍ

X = = X1 fi X2

is the decomposition into irreducible components. Then

I(X1) = ÈzÍ, I(X2) = Èx, yÍ,

and hence
I(X1 fi X2) = I(X1) fl I(X2) = Èzx, zyÍ.

1.5.10 Corollary. Let K = K. Let I ( K[x] be radical, then there exists a unique

decomposition

I =
k

‹

i=1
pi,

where the pi are prime ideals s.th. pi ”µ pj for i ”= j.

Proof. By Hilbert’s Nullstellensatz, I = I(X) for some a�ne variety ÿ ”= X µ K
n.

By 1.5.7, there exists a unique decomposition

X = X1 fi · · · fi Xk

into irreducible components, we conclude (by 1.3.5 (6)):

I(X) = I(X1) fl · · · fl I(Xk),

and I(Xi) is prime by Proposition 1.5.2.
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Remark. There exists a stronger theorem about primary decomposition in Noetherian
rings: If R is Noetherian and I ( R is an ideal, then there exist primary ideals Qi (i.e.
their radicals are prime) such that

I =
k

‹

i=1
Qi,

and the set
{

Ò

Qi1 , . . . ,

Ò

Qis }

of minimal prime ideals is uniquely determined.

∆

Ô

I =
Ò

Q1 fl . . . fl

Ò

Qk

1.5.11 Proposition. Let X be a Noetherian topological space. Then X is quasi-compact,

i.e. every open cover of X has a finite subcover, i.e. if

X =
€

iœI

Ui

with Ui open, then there exist i0, . . . , in such that

X = Ui0 fi · · · fi Uin .

Proof. Assume such a finite subcover does not exist. Choose i1 œ I and set

V1 = Ui1 .

By assumption, there exists x œ X \ V1. We choose i2 such that x œ Ui2 and set

V2 := V1 fi Ui2 .

We continue and obtain an ascending chain of open sets

V1 ( V2 ( . . . ✓

(Noetherian) Thus there exists a finite subcover.

1.5.12 Definition (Ideal quotient). Let I, J be ideals in a ring R. The ideal quotient is
defined as

I : J := { f œ R | f · J µ I }.

Example. Let R = K[x, y, z]. Then

Èxz, yzÍ : ÈzÍ = Èx, yÍ.
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1.5.13 Proposition (Geometric interpretation of ideal quotients). Let I, J ™ K[x]. Then

V (I : J) ∏ V (I) \ V (J).

If K = K and I =
Ô

I, then

V (I : J) = V (I) \ V (J).

Example. Let I = I(X) = Èxz, yzÍ, X =

and J = ÈzÍ = I(Y ), Y =

Then I : J = Èx, yÍ, V (I : J) =

Moreover, V (I) \ V (J) = X \ Y =

and thus X \ Y =

Proof. Claim: I : J µ I(V (I) \ V (J)).

From this, we deduce

V (I(V (I) \ V (J))) = V (I) \ V (J) µ V (I : J).

To prove the claim:

Let f œ I : J and p œ V (I) \ V (J). We need to show: f(p) = 0.

As f œ I : J , we have fJ µ I, hence

fg œ I ’ g œ J.

As p /œ V (J), ÷ g œ J : g(p) ”= 0.
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But as p œ V (I), we have

f · g(p) = f(p) · g(p) = 0 ∆ f(p) = 0.

Now let K = K and I =
Ô

I.

Let p œ V (I : J).
… if hg œ I ’g œ J ∆ h(p) = 0.

Let h œ I(V (I) \ V (J)). Let g œ J

∆ g(q) = 0 ’ q œ V (J)

∆ hg vanishes on V (I), as h vanishes on V (I) \ V (J) and g on V (J)
∆ hg œ I(V (I)) =

Ô

I = I by Hilbert’s Nullstellensatz and the assumption on I.
∆ hg œ I ’ g œ J

∆ h œ I : J

∆ h(p) = 0 ’ p œ V (I : J)
∆ h œ I(V (I : J))
∆ I(V (I) \ V (J)) µ I(V (I : J))
∆ V (I : J) µ V (I) \ V (J)

1.5.14 Proposition (Projection of varieties). Let K = K0. Let X µ K
n+m

be an a�ne

variety, with projection

fi : K
n+m

≠æ K
m

(p1, . . . , pn, q1, . . . , qm) ‘≠æ (q1, . . . , qm).

Let X = V (I) for some ideal I µ K[x1, . . . , xn, y1, . . . , ym]. Then

fi(X) = V

1

I fl K[y]
2

.

Example. Let

X = V (xy ≠ 1)

Then the projection fi(X) is

hence fi(X) = K, I fl K[y] = È0Í.
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Proof. Let f œ I fl K[y] and (p, q) œ X. Then f(p, q) = 0 ∆ f(q) = 0, as the xi do not
show up in f . Hence

f(fi(p, q)) = 0
∆ f œ I(fi(X))
∆ I fl K[y] µ I(fi(X))
∆ V (I(fi(X))) = fi(X) µ V (I fl K[y]).

Let g œ I(fi(X)) µ K[y1, . . . , ym]. We can view g as an element in K[x, y].
Then g(p) = 0 for all p œ X, so

g œ I(X) =
Ô

I.

by Hilbert’s Nullstellensatz

∆ ÷ r œ N : g
r

œ I

∆ g
r

œ I fl K[y]

∆ g œ

Ò

I fl K[y]

∆ I(fi(X)) µ

Ò

I fl K[y]

∆ fi(X) = V

1

I(fi(X))
2

∏ V

1
Ò

I fl K[y]
2

= V (I fl K[y]).

1.6 Polynomial maps and Products

1.6.1 Definition (Polynomial maps). Let X µ K
n, Y µ K

m be a�ne varieties.
A polynomial map f : X æ Y is given by polynomials f1, . . . , fm œ K[x1, . . . , xn] such
that

f(x) = (f1(x), . . . , fm(x)).

Example. X = A1 = K, Y = V (x3
≠ y

2).

f : X ≠æ Y, t ‘≠æ (t2
, t

3)

is a polynomial map f : X æ Y . f(t) œ Y for all t, as

(t2)3
≠ (t3)2 = 0.

Reminder. A map f : X æ Y of topological spaces is continuous if preimages f
≠1(U) of

open sets U µ Y are open in X. This is equivalent to preimages f
≠1(B) of closed subsets

B µ Y are closed in X.

If f : X æ Y is a continuous map of topological spaces, X
Õ
µ X, Y

Õ
µ Y and If f : X æ Y

is a continuous map of topological spaces, X
Õ
µ X, Y

Õ
µ Y and

f |XÕ : X
Õ
æ Y

Õ
,

then the restriction f |XÕ is continuous w.r.t. the subspace topology.
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1.6.2 Proposition (polynomial maps are continuous). Let f : X æ Y be a polynomial

map of a�ne varieties X µ K
n
, Y µ K

m
.

Then f is continuous w.r.t. the Zariski-topology.

Proof. f is the restriction of a polynomial map

f : K
n

≠æ K
m

x ‘≠æ (f1(x), . . . , fm(x)).

We show that f is continuous. Let B = V (g1, . . . , gk) µ K
m be closed. Then

f
≠1(B) = f

≠1
1

V (g1, . . . , gk)
2

= { x œ K
n

| f(x) œ V (g1, . . . , gk) }

= { x œ K
n

| g1(f1(x), . . . , fm(x)) = . . .

= gk(f1(x), . . . , fm(x)) = 0 }

= V

1

g1 ¶ f, . . . , gk ¶ f

2

,

which is closed.

1.6.3 Proposition. Let X, Y be topological spaces, X irreducible, f : X æ Y continuous.

Then f(X) is irreducible.

Proof. f(X) ”= ÿ. Assume f(X) = Z1 fi Z2 with Zi closed. Then f
≠1(Zi) is closed, and

X = f
≠1(f(X)) = f

≠1(Z1 fi Z2) = f
≠1(Z1) fi f

≠1(Z2).

As X is irreducible, Œ X = f
≠1(Z1), hence f(X) = Z1.

Thus f(X) is irreducible.

Remark. The image of an a�ne variety under a polynomial map does not have to be a
variety.

Example.

X = V (xy ≠ 1) µ K
2

f : X æ K, (x, y) ‘æ x.

Then Im(f) is not closed.

1.6.4 Proposition (Product). Let X µ K
n
, Y µ K

m
be a�ne varieties.

Then X ◊ Y µ K
n+m

is an a�ne variety, and the projection maps

fi1 : X ◊ Y æ X, (x, y) ‘æ x

and

fi2 : X ◊ Y æ Y, (x, y) ‘æ y

are polynomial.

X ◊ Y is called the (Cartesian) product of X and Y .
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Proof. Let X = V (f1, . . . , fk), Y = V (g1, . . . , g¸), fi œ K[x1, . . . , xn] = K[x],
gj œ K[y1, . . . , ym] = K[y].

Then fi, gj œ K[x, y], and

X ◊ Y = (X ◊ K
m) fl (Kn

◊ Y ) = V (f1, . . . , fk, g1, . . . , g¸).

The projections are polynomial maps as restrictions of the polynomial projections

fi1 : K
n+m

æ K
n
, fi2 : K

n+m
æ K

m
.

1.6.5 Lemma. Let X µ K
n
, Y µ K

m
be irreducible a�ne varieties. Then X ◊Y µ K

n+m

is irreducible.

Proof. Let X ◊ Y = Z1 fi Z2, Zi closed in K
n+m.

Consider the polynomial and thus continuous (1.6.2) maps for y œ Y , x œ X:

Ïy : X æ X ◊ Y, x ‘æ (x, y)

Âx : Y æ X ◊ Y, y ‘æ (x, y)

Then {x}◊Y = Âx(Y ) is irreducible as the image of an irreducible space under a continuous
map (1.6.3).

{x} ◊ Y µ X ◊ Y = Z1 fi Z2

∆ {x} ◊ Y = Z1 fl {x} ◊ Y fi Z2 fl {x} ◊ Y

∆ {x} ◊ Y = Z1 fl {x} ◊ Y or {x} ◊ Y = Z2 fl {x} ◊ Y

∆ {x} ◊ Y µ Z1 or {x} ◊ Y µ Z2

If {x} ◊ Y µ Zi

… (x, y) œ Zi ’ y œ Y

… Ïy(x) œ Zi ’ y œ Y

… x œ Xi :=
‹

yœY

Ï
≠1
y (Zi)
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Here, Ï
≠1
y (Zi) is closed as the preimage of a closed set under a continuous map

∆ Uy = X \ Ï
≠1
y (Zi) is open

∆
€

yœY

Uy is open

∆
€

yœY

X \ Ï
≠1
y (Zi) = X \

‹

yœY

Ï
≠1
y (Zi) is open

∆
‹

yœY

Ï
≠1
y (Zi) is closed

∆ Xi is closed
∆ X = X1 fi X2 with Xi closed
∆ OE X = X1

∆ {x} ◊ Y µ Z1 ’x œ X

∆ X ◊ Y µ Z1

∆ X ◊ Y is irreducible

1.6.6 Corollary. Let X = X1 fi · · · fi Xr µ K
n

and Y = Y1 fi · · · fi Ys µ K
m

the

decomposition into irreducible components.

Then Xi ◊ Yj are the irreducible components of X ◊ Y µ K
n+m

.

Proof. By 1.6.5, Xi ◊ Yj is irreducible, and

X ◊ Y =
A

€

i

Xi

B

◊

Q

a

€

j

Yj

R

b =
€

i,j

Xi ◊ Yj.

If Xi ◊ Yj µ Xk ◊ Y¸, then

Xi µ Xk, Yj µ Y¸ ∆ Xi = Xk, Yj = Y¸.

Example. Let X = V (xy) µ K
2

and Y = V

1

(z ≠ 1) · z

2

µ K

Then
X ◊ Y = V (xy, z(z ≠ 1)).
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X = X1 fi X2 with X1 = V (x), X2 = V (y),

Y = Y1 fi Y2 with Y1 = V (z), Y2 = V (z ≠ 1).

X ◊ Y = X1 ◊ Y1 fi X2 ◊ Y1 fi X1 ◊ Y2 fi X2 ◊ Y2

= V (x, z) fi V (y, z) fi V (x, (z ≠ 1)) fi V (y, (z ≠ 1)).

1.6.7 Lemma. Let f, g : X æ Y be polynomial maps of a�ne varieties. Then

{ x œ X | f(x) = g(x) }

is an a�ne variety in K
n
.

Proof.

{ x œ X | f(x) = g(x) } = X fl V (f1 ≠ g1, . . . , fm ≠ gm) µ K
n
.

1.6.8 Proposition (Graphs). Let X µ K
n
, Y µ K

m
be a�ne varieties, f : X æ Y a

polynomial map. Then the graph

≈f = { (x, f(x)) | x œ X } µ X ◊ Y

is an a�ne variety, and the following commutative diagram contains polynomial maps:

≈f

fi1 À √ fi2

X
f

≠≠æ Y

Furthermore, fi1 is a bijective polynomial map whose inverse is the polynomial map

(idX , f) : X ≠æ ≈f , x ‘≠æ (x, f(x)).

Proof. Let f : X æ Y be the restriction of the polynomial map

f : K
n

æ K
m

.

Then F : K
n+m

æ K
m, (x, y) ‘æ f(x), is a polynomial map. Then

≈f = X ◊ Y fl { (x, y) œ K
n+m

| fi2(x, y) = F (x, y) }

is an a�ne variety by 1.6.7.

The diagram is commutative and the maps are polynomial. Furthermore, idX ◊ f is
polynomial and

(idX ◊ f) ¶ fi1 : ≈f ≠æ ≈f , (x, f(x)) ‘≠æ x ‘≠æ (x, f(x)),

fi1 ¶ (idX ◊ f) : X ≠æ X, x ‘≠æ (x, f(x)) ‘≠æ x.

So idX ◊ f is the polynomial inverse of the projection of the graph.
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Example. Let f : K æ K, x ‘æ x
2.

≈f = V (y ≠ x
2) µ K

2

1.6.9 Proposition (Fiber product). Let X µ K
n
, Y µ K

m
, Z µ K

¸
be a�ne varieties.

Let f : X æ Z, g : Y æ Z be polynomial maps. Then

X ◊Z Y := { (x, y) œ X ◊ Y | f(x) = g(y) } µ X ◊ Y

is an a�ne variety called the fiber product of X, Y with respect to f, g, and the following

diagram is commutative:

X ◊Z Y

Z

YX

fi1 fi2

f g

y

Proof.

X ◊Z Y = X ◊ Y fl V

1

f1 ¶ fi1 ≠ g1 ¶ fi2, . . . , f¸ ¶ fi1 ≠ g¸ ¶ fi2
2

is an a�ne variety. The diagram is commutative and the maps are polynomial.

Example. Let X = Y = Z = K
2 and define

f : X æ Z, (x, y) ‘æ (x, xy), g : Y æ Z, (z, w) ‘æ (z, zw).

Then X ◊Z Y µ K
4,

X ◊Z Y = {(x, y, z, w) | (x, xy) = (z, zw)}
= {(x, y, z, w) | x = z and xy = zw}

= {(x, y, z, w) | x = z and xy = xw}

= {(x, y, z, w) | x ≠ z = 0, x(y ≠ w) = 0}

= {(x, y, z, w) | x ≠ z = 0, x = 0 or y ≠ w = 0}

= V (x ≠ z, x) fi V (x ≠ z, y ≠ w)
= V (x, z) fi V (x ≠ z, y ≠ w).

In particular, we can see that the fiber product does not need to be irreducible even if
X, Y, Z are.
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2 Gröbner bases

Motivation:

If K = K (algebraically closed), with Hilbert’s Nullstellensatz, we have a bijection

{radical ideals in K[x]} Ωæ {a�ne varieties in K
n
}.

If X, Y are a�ne varieties, we know:

(1) If X = V (I), I(X) =
Ô

I. How can we compute the radical
Ô

I for an ideal I?

(2) I(X fl Y ) =
Ò

I(X) + I(Y ) . Analogous question.

(3) I(X fi Y ) = I(X) fl I(Y ). How can we compute the intersection of two ideals?

(4) I(X \ Y ) =
Ò

I(X) : I(Y ) . How can we compute an ideal quotient?

(5) If f œ I = I(X), we know f(p) = 0 for all p œ X. How can we determine whether
f œ I for a given f œ K[x] and ideal I µ K[x]?

(6) To compute the ideal of a projection of a variety, I(fi(X)), how do we compute the
intersection of an ideal with a polynomial ring with fewer variables?

(7) (Answer not in this class): ÷ decomposition into irreducible components

X = X1 fi · · · fi Xk.

How can we compute the analogous prime decomposition

I(X) =
‹

i

pi with pi = I(Xi)?

We answer questions 1) ≠ 6) in this chapter.

The computations are so heavy that for any non-trivial example, one should use a computer.
More precisely, a computer algebra system like Singular, Macaulay2, Sage, or Magma.

All the computations rely on techniques involving monomial orders, division with remainder
of multivariate polynomials, and Gröbner bases.

These will therefore be our topics for the next chapter.
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2.1 Monomial ideals and orders

2.1.1 Definition (Monn).

Monn := Mon(x1, . . . , xn) := { x
–

| – œ Nn
}

is the set of monomials in n variables.

Monn
1:1

Ωæ Nn

x
–

‘≠æ –

We will use this identification often.

Monn inherits the semigroup structure of Nn via

x
–

· x
— = x

–+—
.

Monn inherits the natural partial order of Nn:

x
–

Ønat x
— : ≈∆ – Ønat —

: ≈∆ –i Ø —i ’ i = 1, . . . , n

≈∆ ÷ “ œ Nn : — + “ = –

≈∆ ÷ r œ Nn : x
—

· x
r = x

–

≈∆ x
—

| x
–

2.1.2 Definition (monomial ideals). An ideal I µ R[x] is called monomial if it is
generated by monomials.

2.1.3 Lemma. If I µ R[x] is monomial and f œ I, then all terms of f are contained in

I. In particular, if R = K is a field, all monomials of f are contained in I.

Proof. Let
I = È x

–
| – œ » Í.

If f œ I, then there exist g– œ R[x] such that

f =
ÿ

–

g– x
–
.

Let
g– =

ÿ

—

c–— x
—
,

and let a— x
“ be a term of f . Collect all terms of

f =
ÿ

–

1

ÿ

—

c–— x
—

2

x
–

that have the monomial x
“:

Then
a“ x

“ =
ÿ

–Ænat “

c“≠–, – x
“≠–

x
–

¸˚˙˝

œI

œ I,
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∆ the term a“ x
“ of f is in I.

If R = K is a field, then
x

r = a
≠1
“ · (a“ x

“) œ I.

with this.

If f = x
“ is a monomial itself, this presentation yields – œ » with

x
–

| x
“
.

2.1.4 Lemma (Dickson’s Lemma). If M µ Monn is a subset, then there exists a finite

subset B µ M such that

’ x
–

œ M ÷ x
—

œ B with x
–

Ønat x
—
.

That is, every subset has finitely many minimal elements with respect to Ønat.

Proof. Induction on n.

n = 1: Let B = {min(M)}.

n > 1: For i œ N set

Mi := { –
Õ = (–1, . . . , –n≠1) œ Nn≠1

| (–Õ
, i) œ M }.

By induction, there exist finite sets Bi µ Mi such that ’ –
Õ
œ Mi ÷ — œ Bi with –

Õ
Ønat —.

Again by induction, there exists a finite set

B
Õ
µ

€

iœN
Bi such that ’ –

Õ
œ

€

iœN
Bi ÷ — œ B

Õ : –
Õ
Ønat —.

Since B
Õ is finite, there exists s such that

B
Õ
µ B1 fi · · · fi Bs.

Set
B := { (—, i) œ Nn

| 0 Æ i Æ s, — œ Bi }.

Then B is finite.

Let (–Õ
, –n) œ M . Then –

Õ
œ M–n , thus there exists —

Õ
œ B–n with —

Õ
Ænat –

Õ.

If –n Æ s, then (—Õ
, –n) œ B, and

(—Õ
, –n) Ænat (–Õ

, –n).

If –n > s, find “ œ B
Õ and i Æ s such that “ Ænat —

Õ and “ œ Bi. Then (“, i) œ B and

(“, i) Ænat (—Õ
, i) Ænat (—Õ

, –n) Ænat (–Õ
, –n).
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2.1.5 Corollary. If

I = È x
–

| – œ » Í µ R[x]
is a monomial ideal, then there exists a finite subset »

Õ
µ » such that

I = È x
–

| – œ »
Õ
Í.

2.1.6 Definition (Monomial order). A monomial order on Monn is a total order compatible
with the semigroup structure, i.e.

x
–

> x
— =∆ x

–
· x

“
> x

—
· x

“
.

A monomial order is called global if

x
–

> 1 ’ – œ Nn
\ {0}.

2.1.7 Example. (1) Lexicographical order with x1 > · · · > xn:

x
–

>lp x
— :≈∆ ÷ k : –1 = —1, . . . , –k≠1 = —k≠1 and –k > —k.

(2) Degree reverse lexicographical order

x
–

>dp x
— :≈∆ |–| > |—| or |–| = |—| and ÷ k : –n = —n, . . . , –k+1 = —k+1 and –k < —k.

(3) For w œ Rn, the weighted degree degw(x–) of a monomial is defined as

w · – = w1–1 + · · · + wn–n.

The weighted degree reverse lexicographical order for w œ Rn
\ {0} is

x
–

>wp(w) x
— :≈∆ degw(x–) > degw(x—)

or

degw(x–) = degw(x—) and ÷ k : –n = —n, . . . , –k+1 = —k+1 and –k < —k.

(4) Product orders: Let >1 be a monomial order on Mon(x1, . . . , xn) and >2 on Mon(y1, . . . , ym).
Then the product order >:= (>1, >2) is defined by

x
–
y

–Õ
> x

—
y

—Õ :≈∆ x
–

>1 x
— or x

– = x
— and y

–Õ
>2 y

—Õ
.

Remark. (1) The examples (1)–(3) are equal for n = 1, and equal to the natural order.

(2) Given a monomial order, we can express a polynomial f uniquely as

f = a1 x
–1 + · · · + ak x

–k with x
–1 > · · · > x

–k .

Example. Let
f = x1 + x

2
1 + x1x

2
2 + x

2
2.

Under >lp:
x

2
1 + x1x

2
2 + x1 + x

2
2.

Under >dp:
x1x

2
2 + x

2
1 + x

2
2 + x1.
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2.1.8 Definition. Let 0 ”= f = q

– a– x
–

œ R[x], and let > be a monomial order.

We define:
LM(f) := max{ x

–
| a– ”= 0 } is the leading monomial.

LE(f) := –, if LM(f) = x
–, the leading exponent.

LC(f) := aLE(f) the leading coe�cient.

LT(f) := LC(f) · LM(f) the leading term.

tail(f) := f ≠ LT(f) the tail of f .

Conventions:
LM(0) = 0, LE(0) = ≠Œ, LC(0) = 0,

LT(0) = 0, tail(0) = 0, x
–

| 0 ’ – œ Nn
.

As the monomial order is compatible with the semigroup structure on Monn, we have

LM(f · g) Æ LM(f) · LM(g),
LT(f · g) = LT(f) · LT(g) if LC(f) · LC(g) ”= 0,

LM(f + g) Æ max{LM(f), LM(g)} with equality if and only if LT(f) ”= ≠LT(g).

Example.

f = x
2
1 + x

4
2 + x

3
3.

Under >lp:
x

2
1 + x

4
2 + x

3
3.

Under >dp:
x

4
2

¸˚˙˝

LT(f)

+ x
3
3 + x

2
1

¸ ˚˙ ˝

tail(f)

.

2.1.9 Proposition (Global orders). Let > be a monomial order on Monn. The following

are equivalent:

(1) > is global.

(2) > is a well-ordering.

(3) xi > 1 ’ i = 1, . . . , n.

(4) > refines >nat, i.e.

x
–

>nat x
— =∆ x

–
> x

—
.
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Proof: Exercise.

2.1.10 Definition (Leading ideal). Let > be a monomial order and let I µ K[x] be an
ideal. The leading ideal is

L(I) := È LM(f) | f œ I Í = ÈLM(f1), . . . LM(fl)Í.

The leading ideal is a monomial ideal. By Dickson’s Lemma, it is generated by a finite
subset

LM(f1), . . . , LM(fi).
Such subsets play an important role; they are called Gröbner bases (see Def. 2.3.1 ).

2.2 Division with remainder

2.2.1 Motivation. Recall division with remainder in K[x]:
for 0 ”= f, g œ K[x] ÷! q, r such that

g = q · f + r with deg r < deg f.

Goal: For K[x1, . . . , xn], g, f1, . . . , fk œ K[x], fi ”= 0, find an expression

g =
k

ÿ

i=1
qifi + r

with good properties, and possibly such that the qi are unique.

What properties does the remainder have for n = 1?

deg f > deg r … LM(f) > LM(r)
… LM(f) - LM(r)
… LM(r) /œ ÈLM(f)Í
… LM(f) - every term of r

… no term of r belongs to ÈLM(f)Í.

Remark. (1) For K[x, y], >=>lp, g = x
2 + y

2, f = x
2.

g = 1
¸˚˙˝

q

·f + y
2

¸˚˙˝

r

seems a good representation, and LM(r) < LM(f), but deg(r) = deg(f).
The degree is not a good criterion.

(2) The idea of division with remainder is to cancel terms of g using LM(f).
For K[x, y], >=>dp, we have

x
2
y > y

2 but y
2 - x

2
y,

so we cannot cancel x
2
y with a multiple of y

2.
So LM(f) > LM(r) is not a good criterion.
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Two characterizations remain:

A: LM(r) /œ ÈLM(f)Í or B: no term of r is in ÈLM(f)Í.

B is indeed stronger than A: For K[x, y], with >=>dp, f = x
2, r = xy

2 + x
2, we have

LM(r) = xy
2

/œ Èx
2
Í = ÈLM(f)Í,

but
tail(r) = x

2 is in ÈLM(f)Í.

2.2.2 Definition. Let g, f1, . . . , fk œ K[x], fi ”= 0. A representation

g =
k

ÿ

i=1
qifi + r

satisfies

„indeterminate division“ ID2 : ≈∆ ’ i = 1, . . . , k LM(fi) - LM(r) (except r = 0)
« ≈∆ LM(r) /œ È LM(fi) | i = 1, . . . , k Í (except r = 0)

„determinate division“ DD2 : ≈∆ no term of r is divisible by LM(fi) for all i = 1, . . . , k

≈∆ no term of r is in È LM(fi) | i = 1, . . . , k Í

What properties should the qi have?

In K[x], the requirement on the remainder automatically yields

LM(q · f) = LM(g).

Example. In K[x, y], with >=>dp, g = x · y, f1 = x, f2 = y.

Then
g = (y + y

2) · f1 + (≠xy) · f2 + 0

and

LM(q1f1) = y
2
x > xy = LM(g),

LM(q2f2) = xy
2

> xy = LM(g)

even though r = 0.

Since we want to cancel terms of g, we do not need terms with bigger monomials in the
qifi.

2.2.3 Definition. Let g, f1, . . . , fk œ K[x], fi ”= 0. A representation

g =
k

ÿ

i=1
qifi + r

satisfies
ID1 :≈∆ LM(g) Ø LM(qifi) ’ i = 1, . . . , k.
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What can we say about uniqueness?

Example. K[x, y], >=>dp, let g = xy + y
2, f = y

2.

g = a
¸˚˙˝

q

·f + (xy + (1 ≠ a)y2)
¸ ˚˙ ˝

r

for a ”= 1 œ K.

This satisfies ID1.

ID2: LM(f) = y
2 - xy = LM(r), but not DD2, since LM(f) | tail(r).

g = 1 · f + xy satisfies ID1, ID2 and DD2.

Hence, requiring ID1 and ID2 does not yield uniqueness of the qi.

Are ID1 and DD2 su�cient to yield uniqueness?

Example. In K[x, y], with >=>dp, let g = xy, f1 = x, f2 = y.

g = y · f1 + 0 · f2 + 0 = 0 · f1 + x · f2 + 0.

Both satisfy ID1 and DD2. This is still not su�cient.

Idea: We have to fix an order in which we use the fi to cancel terms of g.

2.2.4 Definition. Let g, f1, . . . , fk œ K[x], fi ”= 0. A representation

g =
k

ÿ

i=1
qifi + r

satisfies

DD1 :≈∆ ’ j > i : no term of qjLM(fj) is divisible by LM(fi).

Example. In the example above,

g = y · f1 + 0 · f2 + 0

satisfies DD1 and DD2, but
g = 0 · f1 + x · f2 + 0

does not satisfy DD2, since
q2LM(f2) = x · y

is divisible by
x = LM(f1).

Remark. (1) If qj = 0 then qjLM(fj) has no term.

(2) DD1 ”∆ ID1, e.g. if k = 1 then DD1 is no condition.

2.2.5 Lemma (DD1 + ID2 ∆ ID1). Let g, f1, . . . , fk œ K[x], fi ”= 0.

If a representation

g =
k

ÿ

i=1
qifi + r

satisfies DD1 and ID2, then also ID1.
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Proof. Assume it satisfies DD1 and ID2, but not ID1.

∆ ÷ i : LM(qifi) > LM(g)

Choose i such that LM(qifi) is maximal among the LM(qjfj), j = 1, . . . , k, and minimal
among those j which achieve the maximum. g = q1f1 + . . . + qkfk + r

Then either
LM(qifi) = LM(r) ✓ ID2

or
LM(qifi) = LM(qjfj) for j > i ✓ DD1.

2.2.6 Theorem (Determinate Division with remainder). Let > be a global monomial

order and fi œ K[x] \ {0}. Then

’ g œ K[x] ÷! q1, . . . , qk, r œ K[x] such that g = q1f1 + · · · + qkfk + r

satisfying DD1 and DD2. A tuple (q1, . . . , qk, r) as above is called a determinate division
with remainder of g by f1, . . . , fk.

Proof. Uniqueness: Assume

g = q1f1 + · · · + qkfk + r

= q
Õ

1f1 + · · · + q
Õ

kfk + r
Õ

both satisfy DD1 and DD2.

Claim:
0 = (q1 ≠ q

Õ

1)f1 + · · · + (qk ≠ q
Õ

k)fk + (r ≠ r
Õ)

also satisfies DD1 and DD2.

DD1: no term of (qj ≠ q
Õ

j) LM(fj) is divisible by LM(fi) for j > i. This is true, since no
term of qjLM(fj) and q

Õ

jLM(fj) is divisible by LM(fi), since both representations satisfy
DD1.

DD2: no term of r ≠ r
Õ is divisible by LM(fi). This is true, since no term of r nor of r

Õ is
divisible by LM(fi), since both representations satisfy DD2.

Since DD2 ∆ ID2 and DD1 + ID2 ∆ ID1,

0 = (q1 ≠ q
Õ

1)f1 + · · · + (qk ≠ q
Õ

k)fk + (r ≠ r
Õ)

also satisfies ID1.

∆ 0 = LM(0) Ø LM(qi ≠ q
Õ

i) · LM(fi)
¸ ˚˙ ˝

”=0

∆ qi = q
Õ

i ’i ∆ r = r
Õ
.
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Existence: Let q
Õ

0 := 0 and recursively

q
Õ

i :=
ÿ

a–x– term of
1

g≠qÕ
1 LM(f1)≠...≠qÕ

i≠1 LM(fi≠1)
2

s.th. LM(fi)|x–

a–
x

–

LM(fi)
.

Let
r

Õ = g ≠ q
Õ

1 LM(f1) ≠ . . . ≠ q
Õ

k LM(fk).

Then
g = q

Õ

1 LM(f1) + . . . + q
Õ

k LM(fk) + r
Õ

satisfies DD1 and DD2 by construction.
Let

g
Õ = g ≠ (qÕ

1f1 + . . . + q
Õ

kfk + r
Õ).

If g
Õ = 0, then

g = q
Õ

1f1 + . . . + q
Õ

kfk + r
Õ

satisfies DD1 and DD2.
Else LM(gÕ) < LM(g), since LT(g) is either cancelled by one of the LM(qÕ

ifi), or equal to
LT(rÕ), i.e. again cancelled.
Use induction on LM(g) (which works since > is global and hence a well-ordering) to
conclude the existence of

g
Õ = q

ÕÕ

1f1 + · · · + q
ÕÕ

kfk + r
ÕÕ
,

which satisfies DD1 and DD2.
Then

g = (qÕ

1 + q
ÕÕ

1)f1 + · · · + (qÕ

k + q
ÕÕ

k)fk + (rÕ + r
ÕÕ)

satisfies DD1 and DD2.

2.2.7 Definition (Indeterminate division with remainder). A tuple (q1, . . . , qk, r) such
that

g = q1f1 + · · · + qkfk + r

satisfies ID1 and ID2 is called an indeterminate division with remainder of g by the
fi.
If it satisfies DD2, it is called reduced.

2.2.8 Definition (s-polys). For f, g œ K[x] \ {0},

spoly(f, g) : = LC(g) ·
lcm(LM(f), LM(g))

LM(f) · f ≠ LC(f) ·
lcm(LM(f), LM(g))

LM(g) · g

= LT(g)
gcd(LM(f), LM(g)) · f ≠

LT(f)
gcd(LM(f), LM(g)) · g.

If LM(g) | LM(f) then

spoly(f, g) = LC(g) · f ≠
LT(f)
LM(g) · g,

and
LM

1

spoly(f, g)
2

< LM(f).

43



2.2.9 Algorithm (Buchbergers ID). .

Algorithm 1: Buchbergers ID
Data: g œ K[x],

G = (f1, . . . , fk) œ

Œ
€

k=1
(◊k

i=1K[x] \ {0}),

> a global monomial order on Monn.
Result: r œ K[x], (q1, . . . , qk) œ K[x]k such that

g = q1f1 + · · · + qkfk + r

is an indeterminate division with remainder.
1 r := g, q1 := 0, . . . , qk := 0;
2 while ( r ”= 0 and ÷ fi œ G : LM(fi) | LM(r) ) do

3 Choose fi such that LM(fi) | LM(r);
4 qi := qi + LT(r)

LT(fi) ;
5 r := spoly(r, fi)/LC(fi) = r ≠

LT(r)
LT(fi) · fi;

6 end

7 return (q1, . . . , qk, r)

Proof. Termination: Since LM(fi) | LM(r) implies

LM
1

spoly(r, fi)
2

< LM(r),

so the algorithm terminates, because > is a well-ordering.

Correctness: Induction on the number N of steps needed to terminate.

Notation:

r0 = g, fij = the fi chosen in the j-th step,

qi,0 = 0, rj = spoly(rj≠1, fij )/LC(fij ),

qi,j =

Y

_

_

]

_

_

[

qi,j≠1 + LT(rj≠1)
LT(fij )

, if i = ij,

qi,j≠1, else.

If N = 0 (induction beginning), then

g =
ÿ

0 · fi + r

satisfies ID1 and ID2.

Now assume N > 0. By induction,

r1 =
k

ÿ

i=1
i”=i1

qiN fi +
3

qi1,N ≠
LT(r0)
LT(fi1)

4

fi1 + rN

satisfies ID1 and ID2.
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Then
g = r0 = r1 + LT(r0)

LT(fi1) · fi1 =
k

ÿ

i=1
qifi + rN ,

which satisfies ID2 because
LM(rN) /œ ÈLM(fi)Í,

since this holds already for the expression of r1 above.

For ID1 we must show:
LM(g) Ø LM(qifi) ’i.

We know:

(ú) LM(r1) Ø LM(qi,Nfi) for all i ”= i1,

(úú) LM(r1) Ø LM
A

3

qi,N ≠
LT(r0)
LT(fi1)

4

fi1

B

g = r0 = r1 + LT(r0)
LT(fi1) · fi1

¸ ˚˙ ˝

LM=LM(r0).

So LM(r1) Æ LM(r0), since else LM(r1) would have to cancel in the sum

r1 + LT(r0)
LT(fi1) · fi1 ,

but it cannot, because the LM of the second summand is LM(r0).

(ú) ∆ LM(qi,Nfi) Æ LM(r1) Æ LM(r0), ’ i ”= i1.

Furthermore,

LM(qi1,Nfi1) = LM

Q

c

c

c

c

a

qi1,Nfi1 ≠
LT(r0)
LT(fi1)fi1

¸ ˚˙ ˝

(**) ∆LMÆLM(r1)ÆLM(r0)

+ LT(r0)
LT(fi1)fi1

¸ ˚˙ ˝

LM=LM(r0)

R

d

d

d

d

b

Æ LM(r0)

45



2.2.10 Algorithm (Buchberger RedID). .

Algorithm 2: Buchberger RedID
Data: g œ K[x],

G = (f1, . . . , fk) œ

Œ
€

k=1
(◊k

i=1K[x] \ {0}),

> a global monomial order on Monn.
Result: r œ K[x], (q1, . . . , qk) œ K[x]k such that

g = q1f1 + · · · + qkfk + r

is a reduced indeterminate division with remainder.
1 r := 0, q := (0, . . . , 0);
2 while g ”= 0 do

3 (qÕ

1, . . . , q
Õ

k, g) := Buchberger ID(g, G);
4 for i = 1, . . . , k do

5 qi := qi + q
Õ

i;
6 end

7 if g ”= 0 then

8 r := r + LT(g);
9 g := tail(g);

10 end

11 end

12 return (q1, . . . , qk, r);

Proof. Termination: LM(tail(g)) < LM(g), so the algorithm terminates, since > is a
well-ordering.

Correctness: We use induction on the number N of while-loops.

Notation. Let
r0 := 0, qi0 := 0, g0 := g.

For j Ø 1, define

(qÕ

1j, . . . , q
Õ

kj, g
Õ

j) := Buchberger ID
1

tail(gj≠1), G

2

.

N = 0 (Induction beginning): If g = 0, then

g =
ÿ

i

0 · fi + 0

satisfies ID1 and ID2.

46



(N > 0) (Induction step): By induction,

g1 =
k

ÿ

i=1
(qiN ≠ q

Õ

i1) fi + rN

satisfies ID1 and ID2, i.e.

ID1 : LM(g1) Ø LM
1

(qiN ≠ q
Õ

iN)fi

2

DD2 : no term of rN is in ÈLM(fi)Í

Hence
g = g0 = g1 +

ÿ

i

q
Õ

i1fi =
ÿ

i

qiNfi + rN

also satisfies DD2.

Furthermore,
LM(qifi) = LM

1

(qiN ≠ q
Õ

i1)fi
¸ ˚˙ ˝

LMÆLM(g1)ÆLM(g0), as
g1 is the (first) remainder

of the division of g0

+ q
Õ

i1fi
¸ ˚˙ ˝

LMÆLM(g0)

2

For the second summand we have

LM Æ LM(g0), as g0 =
ÿ

i

q
Õ

i1fi + g1

is the outcome of Buchberger ID in the first loop and hence satisfies ID1.

Therefore
LM(qifi) Æ LM(g0),

so ID1 is satisfied.

Example. In K[x, y, z], with >=>dp, let

g = x
3 + y

2 + 2z
2 + x + y + 1, G = (x, y).

Buchberger ID (g, G, >):

r0 = g, q10 = 0, q20 = 0.

(1)
LM(r0) = x

3
, LM(f1) = x | LM(r0).

Compute

r1 = r0 ≠
LT(r0)
LT(f1)

· f1 = r0 ≠
x

3

x
· x = r0 ≠ x

3 = y
2 + 2z

2 + x + y + 1.

Update

q11 = q10 + LT(r0)
LT(f1)

= x
2
, q21 = 0.
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(2)
LM(r1) = y

2
, LM(f2) = y | LM(r1).

Compute

r2 = r1 ≠
LT(r1)
LT(f2)

· f2 = r1 ≠
y

2

y
· y = r1 ≠ y

2 = 2z
2 + x + y + 1.

Update
q12 = q11 = x

2
, q22 = q21 + LT(r1)

LT(f2)
= 0 + y = y.

(3)
LM(r2) = z

2
.

Since LM(f1) - z
2, LM(f2) - z

2, the algorithm stops.

Return:
g

¸˚˙˝

=x3+y2+2z2+x+y+1

= x
2

· f1
¸˚˙˝

=x

+y · f2
¸˚˙˝

=y

+ r2
¸˚˙˝

=2z2+x+y+1

Buchberger Red ID (g, G, >):

r0 = 0, q10 = 0, q20 = 0, g0 = g.

(1)
(qÕ

11, q
Õ

21, g1) = Buchberger ID(g0, G, >) = (x2
, y, 2z

2 + x + y + 1).

Thus
q11 = x

2
, q21 = y, r1 = 0 + LT(g1) = 2z

2
,

and
g1 = tail(g1) = x + y + 1.

(2)
(qÕ

12, q
Õ

22, g2) = Buchberger ID(g1, G, >) = (1, 1, 1).

Since
x + y + 1 = 1 · x + 1 · y + 1,

Hence
q12 = q11 + q

Õ

12 = x
2 + 1, q22 = q21 + q

Õ

22 = y + 1,

r2 = r1 + LT(g2) = 2z
2 + 1, g2 = tail(g2) = 0.

Stop.

Return:
(q12, q22, r2) = (x2 + 1, y + 1, 2z

2 + 1).

i.e.
g = x

3 + y
2 + 2z

2 + x + y + 1 = (x2 + 1) · x + (y + 1) · y + (2z
2 + 1)
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2.3 Gröbner Bases

Motivation:
Consider the univariate case. Let K[x], I = ÈfÍ µ K[x], and write

g = q · f + r.

Then
g œ I ≈∆ r = 0.

Let
f1 = x

2
y ≠ y

3
, f2 = x

3
, g = x

3
y œ K[x, y], > = >ep .

Then
g = x

3
y = 0 · f1 + y · f2 + 0,

satisfies ID1 and ID2 and shows us that

g œ Èf1, f2Í.

But the determinate division with remainder yields:

g = x
3
y = x · f1 + 0 · f2 + xy

3
,

so the remainder is nonzero even though g œ Èf1, f2Í.

Idea: We need a good generating system of I such that the leading monomial of every
element in I is divisible by an LM(fi).

2.3.1 Definition (Gröbner basis). Let > be a global order and let I µ K[x] be an ideal.
A tuple (f1, . . . , fk) with fi œ I and

ÈLM(f1), . . . , LM(fk)Í = L(I)

is called a Gröbner basis of I.

Note that this is equivalent to:

’f œ I ÷ i : LM(fi) | LM(f).

A Gröbner basis G = (f1, . . . , fk) is called minimal if

LM(fi) - LM(fj) ’ i ”= j.

It is called reduced if
LC(fi) = 1 for all i = 1, . . . , k,

and LM(fi) divides no other monomial of fi or of fj for j ”= i.

We can turn any Gröbner basis into a minimal one by dropping elements.
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Example. In the previous example, (f1, f2) is not a Gröbner basis of Èf1, f2Í, since

g ≠ x · f1 = x
3
y ≠ x(x2

y ≠ y
3) = xy

3 = y · f2 ≠ x · f1 œ Èf1, f2Í.

but

LM(g ≠ xf1) = LM(xy
3) = xy

3
/œ ÈLM(f1), LM(f2)Í = Èx

2
y, x

3
Í

2.3.2 Proposition (Ideal membership). Let > be a global monomial order and let G =
(f1, . . . , fk) be a Gröbner basis of an ideal I µ K[x] with respect to >. Let

g =
k

ÿ

i=1
qifi + r

be an indeterminate division of g by G with remainder r. Then

g œ I ≈∆ r = 0.

Proof. “≈“ is clear.

“∆“ g œ I, then
r = g ≠

ÿ

i

qifi œ I.

Hence LM(r) œ L(I) = ÈLM(f1), . . . , LM(fk)Í. By Definition 2.3.1, there exists some i

such that
LM(fi) | LM(r).

But with ID2 we have r = 0.

2.3.3 Corollary. Let > be a global order and I µ K[x] an ideal.

Then I has a Gröbner basis.

Proof. Follows from Dickson’s Lemma 2.1.4 and its Corollary 2.1.5.

2.3.4 Corollary (Gordan). Let G be a Gröbner basis of I. Then I = ÈGÍ.

Proof. “´” Is clear by definition.

“™” Let g œ I and
g =

ÿ

i

qifi + r

an indeterminate division with remainder where G = (f1, . . . , fk). By Proposition 2.3.2 we
have r = 0, hence g œ ÈGÍ.

2.3.5 Corollary. Let I ™ J µ K[x] be ideals such that

L(I) = L(J).

Then I = J .
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Proof. By Proposition 2.3.2, ÷ a Gröbner basis G = (f1, . . . , fk) of I µ J and

ÈLM(f1), . . . , LM(fk)Í = L(I) = L(J), fi œ I µ J.

Thus G is also a Gröbner basis of J , and by Corollary 2.3.4,

J = ÈGÍ = Èf1, . . . , fkÍ = I.

If G is not a Gröbner basis, we obtain new leading terms for K[x]-linear combinations, for
example spolys.
As the next theorem shows, spolys are indeed the only way to obtain new leading monomials.
The next theorem hands us a criterion to test whether a subset is a Gröbner basis:

2.3.6 Theorem (Buchberger’s Criterion). Let > be a global monomial order on Monn, let

I µ K[x] be an ideal, G = (f1, . . . , fk) with fi œ I ’ i.

Then G is a Gröbner basis of ÈGÍ if and only if ’ i < j ÷ division with remainder of

spoly(fi, fj) by G with remainder 0, i.e. ÷ qi, r such that

spoly(fi, fj) =
k

ÿ

i=1
qifi + 0,

satisfies ID1 and ID2.

More precisely, the following statements are equivalent:

(1) G is a Gröbner basis of I.

(2) For all g œ I, every division with remainder of g by G has remainder 0.

(3) I = ÈGÍ and ’ i < j we have: every division with remainder of spoly(fi, fj) by G has

remainder 0.

(4) I = ÈGÍ and ’ i < j: ÷ division of spoly(fi, fj) by G with remainder 0.

If ÷ division of spoly(fi, fj) by G with remainder 0 we say

“the pair (fi, fj) reduces to 0 by G”.

Proof. (1) ∆ (2) Proposition 2.3.2 (Ideal membership).

(2) ∆ (1) Let g œ I and
g =

ÿ

i

qifi + 0

a division with remainder 0. Then

LM(g) = LM
A

ÿ

i

qifi

B

,

and the summands on the right all satisfy

LM(qifi) Æ LM(g) (ID1).
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Thus the leading terms of the summands cannot all cancel, and there must be an index i

such that

LM(g) = LM(qifi)
∆ LM(fi) | LM(g)
∆ LM(g) œ ÈLM(f1), . . . , LM(fk)Í
∆ ÈLM(f1), . . . , LM(fk)Í = L(I)

(1) ∆ (3) As G is a Gröbner basis, we have I = ÈGÍ by Corollary 2.3.4 (Gordan). Thus
spoly(fi, fj) œ I. By (1) ∆ (2), (2) holds ∆ every division with remainder of spoly(fi, fj)
by G has remainder 0.

(3) ∆ (4) Trivial.

(4) ∆ (1) This is the di�cult part; we postpone the proof until Theorem 2.4.8.

2.3.7 Proposition (Product criterion). Let > be a monomial order, and let f, g œ K[x]
such that

gcd
1

LM(f), LM(g)
2

= 1.

Then there exists a division with remainder of spoly(f, g) by (f, g) with remainder 0
((f, g) reduces to 0).

Proof. Exercise.

Example. Let >=>dp, f1 = x
10

≠ xy
2, f2 = y

8
≠ x

2
y

5. Then

gcd
1

LM(f1), LM(f2)
2

= gcd(x10
, y

8) = 1,

and therefore spoly(f1, f2) has a division by (f1, f2) with remainder 0.
∆ (f1, f2) is a Gröbner basis of I = Èf1, f2Í.

2.3.8 Algorithm (Gröbner basis). .
Algorithm 3: Gröbner basis

Data: G := (f1, . . . , fk) with fi œ K[x]
> a global monomial order
ID an algorithm for division with remainder.
Result: A Gröbner basis S of the ideal I = Èf1, . . . , fkÍ.

1 S := G;
2 P := {(fi, fj)|i < j} ”set of pairs”;
3 while P ”= 0 do

4 Choose (f, g) œ P ;
5 P = P \ {(f, g)};
6 r = remainder in ID(spoly(f, g), S);
7 if r ”= 0 then

8 P = P fi {(f, r)|f œ S};
9 S = S fi {r};

10 end

11 end

12 return S;
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Proof. Termination: If r ”= 0, then

LM(r) /œ ÈLM(f) | f œ SÍ

and hence
ÈLM(f) | f œ S fi {r}Í ) ÈLM(f) | f œ SÍ.

Since K[x] is Noetherian, the algorithm terminates.

Correctness: From the construction, we obtain for f, g œ S a subset S
Õ
µ S, such that

spoly(f, g) =
ÿ

hœSÕ
qh h

is a division with remainder. We can set qh = 0 for all h œ S \ S
Õ and thus obtain a division

of spoly(f, g) by S with remainder 0.
By Buchberger’s criterion 2.3.6 it follows that S is a Gröbner basis.
Example. Let > = >ep on Mon(x, y), and let

G = {x
2 + y, xy + x}, ID = Buchberger ID.

Set
S0 = G, P0 = {(x2 + y, xy + x)}.

Compute
r1 = remainder of ID(spoly(x2 + y, xy + x), S0).

We have

spoly(x2 + y, xy + x) = y(x2 + y) ≠ x(xy + x) = y
2

≠ x
2 = ≠x

2 + y
2
.

And
≠x

2 + y
2 = (≠1) · (x2 + y) + (y2 + y),

where the remainder y
2 + y has leading monomial not divisible by LM(fi) for any i.

Thus

P1 = {(x2 + y, y
2 + y), (xy + x, y

2 + y)}, S1 = {x
2 + y, xy + x, y

2 + y}.

Using the product criterion, delete the pair (x2 + y, y
2 + y).

Hence
P2 = {(xy + x, y

2 + y)}, S2 = S1.

We compute
r2 = remainder of ID

1

spoly(xy + x, y
2 + y), S2

2

.

And

spoly(xy + x, y
2 + y) = y(xy + x) ≠ x(y2 + y) = 0

∆ r2 = 0
∆ P3 = ÿ, S3 = S2,

and the algorithm stops.
Thus the Gröbner basis is

S = { x
2 + y, xy + x, y

2 + y }.
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2.3.9 Algorithm (Reduced Gröbner basis). .
Algorithm 4: Reduced Gröbner basis

Data: G = (f1, . . . , fk), a global monomial order >

Result: S, a reduced Gröbner basis of I = ÈGÍ

1 Compute a Gröbner basis S = (g1, . . . , g¸) of I = ÈGÍ using Algorithm 2.3.8.;
2 Minimize S: delete gi if LM(gj) | LM(gi) for some j ”= i.;
3 for i = 1, . . . , l do

4 gi = Remainder of RedID(gi, S \ (gi));
5 gi = gi/LC(gi);
6 end

7 return S;

Proof. Termination: Clear.

Correctness: After minimizing, we have

LM(gi) - LM(gj) ’ i ”= j.

When we compute
RedID(gi, S \ (gi)),

we cannot cancel LM(gi) with one of the gj, thus only smaller terms are cancelled.
Hence if g

Õ

i is the remainder of RedID(gi, S \ (gi)), then

LM(gÕ

i) = LM(gi) ’ i.

Therefore
ÈLM(gÕ

1), . . . , LM(gÕ

¸)Í = ÈLM(g1), . . . , LM(g¸)Í = L(I).

Since g
Õ

i is the remainder of RedID and LM(gÕ

i) = LM(gi), we conclude that no term of g
Õ

i

is divisible by LM(gÕ

j) for j ”= i.

As > is global and thus refines Ønat, LM(gÕ

i) does not divide any term of tail(gÕ

i).

Therefore (gÕ

1, . . . , g
Õ

¸) is a reduced Gröbner basis of I.

2.3.10 Theorem (Uniqueness of reduced Gröbner basis). A reduced Gröbner basis for I

w.r.t. > is unique up to the order of its elements.

Proof. Let G = (f1, . . . , fk) and G
Õ = (f Õ

1, . . . , f
Õ

¸) be two reduced Gröbner bases of I.

As f
Õ

i œ Èf1, . . . , fkÍ = I, we have

LM(f Õ

i) œ L(I) = ÈLM(f1), . . . , LM(fk)Í.

Thus there exists j such that
LM(fj) | LM(f Õ

i).

Vice versa, there exists m such that

LM(f Õ

m) | LM(fj)
∆ LM(f Õ

m) = LM(f Õ

i)
reduced

∆ i = m, and LM(f Õ

i) = LM(fj)
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Because of reducedness,

LC(f Õ

i) = LC(fj) = 1 ∆ LT(f Õ

i) = LT(fj).

As we can pair up the f
Õ

i and the fj, we conclude k = ¸, and without restriction we can let
i = j, i.e. we pair up by indices.
By reducedness, no monomial of tail(fi) or tail(f Õ

i) is divisible by LM(fj) = LM(f Õ

j) for
any j.

But

tail(fi) ≠ tail(f Õ

i) = fi ≠ f
Õ

i œ I

∆ LM(tail(fi) ≠ tail(f Õ

i)) œ L(I) = ÈLM(f1), . . . , LM(fk)Í
∆ tail(fi) ≠ tail(f Õ

i) = 0
∆ fi = f

Õ

i ’i

∆ G = G
Õ

2.3.11 Corollary. If K µ L is a field extension and G is a Gröbner basis for I =
Èf1, . . . , fkÍ µ K[x]. Then it is also a Gröbner basis for

Èf1, . . . , fkÍL[x] µ L[x].

In particular, if f1, . . . , fk œ Q[x], we can compute a Gröbner basis of Èf1, . . . , fkÍC[x] over

Q.

Proof. This follows directly from Buchberger’s criterion.

2.4 Modules and syzygies

Here, we want to work with submodules I µ K[x]m rather than ideals I µ K[x]. We have
to adapt some notions to this setting, but many things are very parallel.

2.4.1 Definition (Monomials). The set of monomials of K[x]m, Monm
n , is

{ x
–

· ei | – œ Nn
, i = 1, . . . , m }.

2.4.2 Definition (Monomial order). Let > be a monomial order on Monn. A (module)
monomial order on Monm

n w.r.t. > is a total order >m on Monm
n which is compatible

with the operation of Monn on Monm
n , i.e.

x
–
ei >m x

—
ej ∆ x

“
· x

–
ei >m x

“
· x

—
ej ’ –, —, “ œ Nn

, i, j = 1, . . . , m,

x
–

> x
—

∆ x
–
ei >m x

—
ei ’ –, — œ Nn

, i = 1, . . . , m.

Example. Let > be an order on Monn.

Let >m:= (C, >) “priority on component”:

x
–

· ei >m x
—

· ej :≈∆ i < j, or i = j and x
–

> x
—

or >m:= (>, C) “priority on monomial”:

x
–

· ei >m x
—

· ej ≈∆ x
–

> x
—
, or x

– = x
— and i < j.
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Example.

Mon2(x, y), f =
A

4x
2 + y

2 + x + 1
x

3 + 2

B

, >= (C, >dp).

LM(f) =
A

x
2

0

B

, LC(f) = 4 tail(f) =
A

y
2 + x + 1
x

3 + 2

B

.

f written as sum of terms in the order:

4
A

x
2

0

B

+
A

y
2

0

B

+
A

x

0

B

+
A

1
0

B

+
A

0
x

3

B

+ 2
A

0
1

B

.

Remark. Also for g, fi œ K[x]m we want division with remainder

g =
ÿ

i

qifi + r, r =
m

ÿ

j=1
rjej.

Now, there is a condition “between” ID2 and DD2,

MID LM(fi) - LM(rjej) (i = 1, . . . , k, j = 1, . . . , m), except rj = 0
… LM(rjej) /œ ÈLM(f1), . . . , LM(fk)Í for all j, except rj = 0.

2.4.3 Theorem. Let >m be a module monomial order w.r.t. a global order >.

Let g œ K[x]m, fi œ K[x]m \ {0}. Then there exist qi œ K[x], r œ K[x]m such that

g =
ÿ

i

qifi + r

satisfies DD1 and DD2.

The proof is constructive, using the analogous algorithms Buchberger ID and Red ID in the

same way.

Example. Let >m= (C, >dp ) on Mon(x, y, z)3.

Let

g =

Q

c

c

a

zx

y
2 + yz ≠ z

y

R

d

d

b

.

Further,

f1 =

Q

c

c

a

0
y

2
≠ z

≠z
2 + y

R

d

d

b

, f2 =

Q

c

c

a

x

y

1

R

d

d

b

.

0. Let r0 = g, and q10 = q20 = 0.

1. z · LM(f2) = z ·

Q

c

a

x

0
0

R

d

b
= LM(g) =

Q

c

a

zx

0
0

R

d

b
.
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Thus,
q11 = q10 = 0, q21 = q20 + z = z.

r1 = r0 ≠ z · f2 =

Q

c

c

a

zx

y
2 + yz ≠ z

y

R

d

d

b

≠

Q

c

c

a

zx

zy

z

R

d

d

b

=

Q

c

c

a

0
y

2
≠ z

y ≠ z

R

d

d

b

.

2. 1 · LM(f1) =

Q

c

a

0
y

2

0

R

d

b
= LM(r1) =

Q

c

a

0
y

2

0

R

d

b
.

Thus,
q12 = q11 + 1 = 1, q22 = q21 + 0 = z.

r2 = r1 ≠ 1 · f1 =

Q

c

c

a

0
y

2
≠ z

y ≠ z

R

d

d

b

≠

Q

c

c

a

0
y

2
≠ z

≠z
2 + y

R

d

d

b

=

Q

c

c

a

0
0

z
2

≠ z

R

d

d

b

.

Now no LM(fi) divides LM(r2), hence we stop.

g =

Q

c

c

a

zx

y
2 + yz ≠ z

y

R

d

d

b

=

Q

c

c

a

0
y

2
≠ z

≠z
2 + y

R

d

d

b

+ z ·

Q

c

c

a

x

y

1

R

d

d

b

+

Q

c

c

a

0
0

z
2

≠ z

R

d

d

b

.

satisfies ID1, ID2, even DD1, DD2 here already (else we would have to use the reduction
algorithm completely analogously).

Remark. The notion of an spoly generalizes to modules.

By definition, if x
–

| x
—, then x

–
· ei | x

—
· ei and

x
—≠–

· x
–

· ei = x
—

· ei,

so
x

—
· ei

x– · ei
= x

—≠–
.

The lcm of two monomials is 0 if they are not in the same component.

An spoly is 0 if LM(f), LM(g) are not in the same component.

The notion of a Gröbner basis generalizes to modules.

Buchberger’s criterion still holds (we prove it in this subsection for the ideal case, but
using the theory for modules) and the algorithm to compute a Gröbner basis is the same.
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2.4.4 Definition (Syzygies). Let R be a ring, I an R-module (e.g. I µ R an ideal). Let
f1, . . . , fk œ I. We let

Ïf : R
k

≠æ I, a ‘≠æ a · f =
k

ÿ

i=1
aifi.

Then
syz(f1, . . . , fk) := ker(Ïf ) =

I

a œ R
k

-

-

-

-

-

k
ÿ

i=1
aifi = 0

J

is called the first syzygy module of (f1, . . . , fk).

2.4.5 Definition. Let G = (f1, . . . , fk), fi œ K[x], and > a monomial order. We set

mij := LC(fi) ·
lcm

1

LM(fi), LM(fj)
2

LM(fj)
œ K[x].

With this notation,
spoly(fi, fj) = mji · fi ≠ mij · fj.

Fix a division with remainder

spoly(fi, fj) =
k

ÿ

‹=1
q

ij
‹ f‹ + rij ’ i < j.

Set
sij := mji ei ≠ mij ej ≠

k
ÿ

‹=1
q

ij
‹ e‹ œ K[x]k.

Note:
rij = 0 ≈∆ sij œ syz(f1, . . . , fk).

Our goal is to show two statements simultaneously:

If rij = 0 for all i < j, then

1) G is a Gröbner basis of Èf1, . . . , fkÍK[x] (Buchberger’s criterion 2.3.6)

2) {sij | i < j} is a Gröbner basis for syz(f1, . . . , fk) (Schreyer’s Theorem)

First, we need to fix a monomial order on K[x]k.

2.4.6 Definition (Schreyer ordering). Let > be a monomial order, G = (f1, . . . , fk),
fi œ K[x] \ {0}. Define the Schreyer ordering by

x
–

· ei >s x
—

· ej :≈∆ LM(x–
· fi) > LM(x—

· fj) or
1

LM(x–
· fi) = LM(x—

· fj) and i < j

2

.
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2.4.7 Lemma. The Schreyer ordering defines a monomial order on Monk
n w.r.t. >.

Proof. By definition, it is a total order.

If

x
–
ei >s x

—
ej

∆ LM(x–
fi) > LM(x—

fj) (or LM(x–
fi) = LM(x—

fj) and i < j)
∆ x

“
· LM(x–

fi) > x
“

· LM(x—
fj)

= =
LM(x“

x
–
fi) LM(x“

x
—
fj) (or equality and i < j)

∆ x
“
x

–
ei >s x

“
x

—
ej.

If x
–

> x
—

∆ LM(x–
fi) > LM(x—

fi) ∆ x
–
ei >s x

—
ei

Remark. For the
sij = mji ei ≠ mij ej ≠

k
ÿ

‹=1
q

ij
‹ e‹

(where
spoly(fi, fj) = mjifi ≠ mijfj =

ÿ

q
ij
‹ f‹ + rij),

in Def. 2.4.5, we have, w.r.t. the Schreyer ordering,

LM(sij) = mjiei ’ i < j,

because in
spoly(fi, fj) = mjifi ≠ mijfj,

the biggest terms cancel, thus

LM(mjifi) = LM(mijfj),

and the component counts. Furthermore,

LM(q ij
‹ f‹) Æ LM(spoly(fi, fj)) < LM(mjifi),

as it is a division with remainder.

2.4.8 Theorem (Schreyer). Let G = (f1, . . . , fk), fi œ K[x], > a monomial order on

Monn.

If ÷ P µ {(i, j) | 1 Æ i < j Æ k} such that:

a) For all (i, j) œ P there exists a division with remainder

spoly(fi, fj) =
k

ÿ

‹=1
q

ij
‹ f‹ with remainder rij = 0.

and

b)

Èmji ei | (i, j) œ P ÍK[x] = Èmji ei | 1 Æ i < j Æ kÍK[x] .
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Then:

(1) G is a Gröbner basis of

I = Èf1, . . . , fkÍK[x] w.r.t. >

(2) For the sij in Def. 2.4.5,

{sij | (i, j) œ P} is a Gröbner basis of syz(f1, . . . , fk) µ K[x]k

w.r.t. the Schreyer ordering >s. In particular,

syz(f1, . . . , fk) = Èsij | (i, j) œ P ÍK[x]

Proof of Buchberger’s criterion 2.3.6, 4) ∆ 1). using Schreyer’s theorem:
Set

P = {(i, j) | 1 Æ i < j Æ k}.

Then condition a) is satisfied by 4), and b) is obvious. By Schreyer’s theorem 1),
we conclude that G is a Gröbner basis, and 4) ∆ 1) is shown.

Proof of Schreyer’s theorem 2.4.8. Let

Ïf : K[x]k ≠æ K[x]
ei ‘≠æ fi,

be the morphism of 2.4.4. Let

f =
k

ÿ

i=1
aifi œ I = Èf1, . . . , fkÍ,

then
f = Ïf (g) for g =

k
ÿ

i=1
aiei.

We take a division with remainder

g =
ÿ

(i,j)œP

bijsij + r,

which satisfies MID. Let
r =

k
ÿ

‹=1
r‹e‹ .

Then

LM(sij) - LM(r‹e‹) ’(i, j) œ P, ‹ = 1, . . . , k, unless r‹ = 0
=∆ mji ei - LM(r‹e‹) ’(i, j) œ P, ‹ = 1, . . . , k, unless r‹ = 0. (ú)

We have
f = Ïf (g) =

ÿ

(i,j)œP

bij Ïf (sij) +
k

ÿ

‹=1
r‹ Ïf (e‹).
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And
Ïf (sij) = mjifi ≠ mijfj

¸ ˚˙ ˝

spoly(fi,fj)

≠
ÿ

q
ij
‹ f‹

¸ ˚˙ ˝

division with remainder 0
of spoly(fi,fj)

= 0

Hence
f =

k
ÿ

‹=1
r‹ f‹ .

Claim: If
LM(r‹f‹) = LM(rµfµ) for ‹ < µ,

then
r‹ = rµ = 0.

Assume there exists ‹ < µ with r‹ ”= 0, rµ ”= 0, and

LM(r‹f‹) = LM(rµfµ).

=∆ lcm
1

LM(fµ), LM(f‹)
2

| LM(r‹f‹) = LM(r‹) LM(f‹).

As

LM(mµ‹) · LM(f‹) = LM(mµ‹f‹)

=
lcm

1

LM(fµ), LM(f‹)
2

LM(f‹) · LM(f‹)

= lcm
1

LM(fµ), LM(f‹)
2

,

we obtain

LM(mµ‹) · LM(f‹) | LM(r‹) · LM(f‹)
∆ LM(mµ‹) | LM(r‹)
∆ LM(mµ‹e‹) | LM(r‹e‹)

Because of condition b), there exists (i, j) œ P such that

LM(mjiei) | LM(mµ‹e‹)
∆ ÷ (i, j) œ P : LM(mjiei) | LM(r‹e‹)
(ú)
∆ r‹ = 0.

(Notice that the mjiei are terms, i.e. leading coe�cient · leading monomial; writing LM
here we just neglect the leading coe�cient.)

The claim is proved.

For g œ syz(f1, . . . , fk),

f = Ïf (g) =
ÿ

aifi = 0 ∆ 0 =
ÿ

‹

r‹f‹ ,

and since nothing can cancel on the right, because if

LM(r‹f‹) = LM(rµfµ) for ‹ < µ,
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then r‹ = rµ = 0, we conclude r‹ = 0 for all ‹, hence r = 0.
As in Buchberger’s criterion, Thm. 2.3.6, 2) ∆ 1), we can conclude that

{ sij | (i, j) œ P }

is a Gröbner basis of syz(f1, . . . , fk).
Back to

f =
k

ÿ

‹=1
r‹f‹ .

Again on the right nothing can cancel, since if

LM(r‹f‹) = LM(rµfµ) ∆ r‹ = rµ = 0,

we conclude that there exists a ‹, such that:

LM(f) = LM(r‹f‹)
∆ LM(f‹) | LM(f)
∆ LM(f) œ ÈLM(f1), . . . , LM(fk)Í.
∆ LC(I) = ÈLM(f1), . . . , LM(fk)Í
∆ G is a Gröbner basis of I.

To sum up the idea of the proof of Schreyer’s theorem:

f œ I ∆ ÷ g œ K[x]k : Ïf (g) = f.

Division with remainder of g by (sij | (i, j) œ P ), remainder

r =
ÿ

‹

r‹e‹

such that
Y

]

[

r = 0 if f = 0 ≈∆ g œ syz(f1, . . . , fk) =∆ 2)

÷‹ : LM(f‹) | LM(f) if f ”= 0 =∆ 1)

2.4.9 Algorithm (Syzygies). .
Algorithm 5: Syzygies

Data: G = (f1, . . . , fk), a Gröbner basis w.r.t. > .

Result: S, a Gröbner basis of syz(f1, . . . , fk) µ K[x]k
1 P = {(i, j) | 1 Æ i < j Æ k};
2 S = ÿ.;
3 for (i, j) œ P do

4 Compute a division with remainder of spoly(fi, fj) = qk
‹=1 q

ij
‹ f‹ ;

5 Set sij = mjiei ≠ mijej ≠
q

‹ q
ij
‹ e‹ ;

6 Update S = S fi {sij};
7 end

8 return S;

Termination is clear and correctness follows from Schreyer’s theorem 2.4.8.
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2.5 Elimination and ideal operations

This is the nicest section of this chapter, because now we can finally apply the theory
developed in 2.1–2.4 to answer the questions asked as motivation in the beginning of
Chapter 2.

2.5.1 Definition (Elimination ordering). A monomial order > on K[x, y] is called an
elimination order w.r.t. x if for f œ K[x, y]

LM(f) œ K[y] =∆ f œ K[y].

Example. (1) The order >lp on Monn is an elimination order w.r.t. (x1, . . . , xs) for all
s = 1, . . . , n ≠ 1.

(2) If > = (>1, >2) is a product order on Mon(x, y) with >1 global, then > is an elimination
order w.r.t. x.

2.5.2 Proposition. Let > be a global elimination order on Mon(x, y) w.r.t. x.

Let I µ K[x, y].

(1)

L(I fl K[y]) = L(I) fl K[y].

(2) If (g1, . . . , gk) is a Gröbner basis of I µ K[x, y], then

{ gi | LM(gi) œ K[y] }

is a Gröbner basis of I fl K[y].

Proof. (1) “™” Let p œ L(I fl K[y]) be a monomial. Then ÷ f œ I fl K[y] such that
LM(f) = p. As f œ K[y], we have p œ K[y], hence

p œ L(I) fl K[y].

“´” Let p œ L(I) fl K[y]. Then ÷ f œ I s.th. LM(f) = p œ K[y]. Since > is an
elimination ordering, this implies f œ I fl K[y]. Therefore

p œ L(I fl K[y]).

(2)

L(I fl K[y]) 1)= L(I) fl K[y] = ÈLM(g1), . . . , LM(gk)Í fl K[y]
´ ÈLM(gi) | LM(gi) œ K[y]Í

Claim: We also have

ÈLM(gi)Í fl K[y] ™ ÈLM(gi) | LM(gi) œ K[y]Í.

Let f œ ÈLM(gi)Í fl K[y]. Then every monomial of f is in ÈLM(gi)Í and also in K[y].
Hence we can assume without restriction that f is a monomial itself.
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Let f = y
– for some – œ Nm. By Dickson’s Lemma (resp 2.1.3), ÷ i : LM(gi) | y

–.
Thus LM(gi) œ K[y] ∆ f œ ÈLM(gi) | LM(gi) œ K[y]Í.

∆ ÈLM(g1), . . . , LM(gk)Í fl K[y] = ÈLM(gi) | LM(gi) œ K[y]Í.
∆ ( gi | LM(gi) œ K[y] ) is a subset of I fl K[y]

and their leading monomials generate L(I) fl K[y] 1)= L(I fl K[y]).
∆ ( gi | LM(gi) œ K[y] ) is a Gröbner basis of I fl K[y].

2.5.3 Algorithm (Elimination). .
Algorithm 6: Elimination

Data: G = (f1, . . . , fk), fi œ K[x, y], > a global ordering on Mon(y)
Result: S, a Gröbner basis of I fl K[y] for I = Èf1, . . . , fkÍ µ K[x, y] w.r.t. > .

1 Choose a global elimination ordering >m on Mon(x, y) w.r.t. x which coincides
with > when restricted to Mon(y). (E.g. >m= (>dp, >).);

2 Compute a Gröbner basis S of I w.r.t. >m.;
3 return { g œ S | LM(g) œ K[y] }.;

Proof. Termination is clear, correctness follows from Prop. 2.5.2.

With this (and a radical algorithm), we can now compute projections of varieties (see 1.5.14,
“Question 6”).
2.5.4 Algorithm (Ideal containment). .

Algorithm 7: Ideal Containment
Data: g, f1, . . . , fk œ K[x]
Result: 1 if g œ Èf1, . . . , fkÍ, 0 else.

1 Choose a global monomial order >;
2 Compute a Gröbner basis f̃1, . . . , f̃¸ of Èf1, . . . , fkÍ w.r.t. >;
3 Compute a division with remainder r of g by the f̃i;
4 If r = 0, return 1;
5 Else return 0;

Proof. Termination is clear, correctness follows from the Proposition on
ideal membership 2.3.2.

With this, we can check whether a polynomial vanishes on a variety (Question 5).
2.5.5 Algorithm (Radical Containment). .

Algorithm 8: Radical Containment
Data: g œ K[x], f1, . . . , fk œ K[x] \ {0}

Result: 1 if g œ

Ò

Èf1, . . . , fkÍ, 0 else
1 Choose a global order > on Mon(t, x);
2 Compute a minimal Gröbner basis G = (g1, . . . , gs) of

Èf1, . . . , fk, 1 ≠ tgÍ µ K[x, t];
3 If LM(g1) = 1, return 1;
4 Else return 0;
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Proof. Termination is clear.

Correctness: If LM(g1) = 1, then G = (g1), since the Gröbner basis is minimal and

1 = LM(g1) | all other monomials.

As > is global, LM(g1) = 1

∆ g1 = c + 0, a constant ”= 0
∆ g1 œ (K[t, x])ú

∆ 1 = 1
c

· c = 1
g1

g1 œ Èf1, . . . , fk, 1 ≠ tgÍ

Rabinovitch’s
∆

trick 1.4.11
g œ

Ò

Èf1, . . . , fkÍ

If

g œ

Ò

Èf1, . . . , fkÍ

Rabinovitch’s
∆

trick 1.4.11
1 œ Èg1, . . . , gsÍ

∆ 1 œ L(Èg1, . . . , gsÍ)
∆ ÷ i : LM(gi) | 1
∆ LM(gi) = 1.

As G is minimal, i = 1 and G = {g1}.

(Questions 1), 2))

2.5.6 Proposition. Let

I = Èf1, . . . , fkÍ, J = Èg1, . . . , g¸Í

be ideals in R. Then

I fl J = Èt · f1, . . . , t · fk, (1 ≠ t) · g1, . . . , (1 ≠ t) · g¸ÍR[t] fl R.

Proof. “™” Let
f =

ÿ

aifi =
ÿ

bjgj œ I fl J.

Then

f = t · f + (1 ≠ t) · f =
ÿ

ai(tfi) +
ÿ

bj((1 ≠ t)gj)
œÈt · f1, . . . , t · fk, (1 ≠ t) · g1, . . . , (1 ≠ t) · g¸ÍR[t] fl R

“´” Let

Ï1 : R[t] æ R : t ‘æ 1
Ï0 : R[t] æ R : t ‘æ 0

Let

f =
ÿ

ai(t · fi) +
ÿ

bj((1 ≠ t)gj) œ Èt · f1, . . . , t · fk, (1 ≠ t)g1, . . . , (1 ≠ t)g¸ÍR[t] fl R.
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∆ f = Ï1(f) =
ÿ

ai(1)fi œ I

f = Ï0(f) =
ÿ

bj(0)gj œ J

∆ f œ I fl J.

2.5.7 Algorithm (Intersection). .
Algorithm 9: Intersection

Data: f1, . . . , fk, g1, . . . , g¸ œ K[x]
Result: S, a generating set for Èf1, . . . , fkÍ fl Èg1, . . . , g¸Í

1 Eliminate t from Èt · f1, . . . , t · fk, (1 ≠ t)g1, . . . , (1 ≠ t)g¸ÍK[x,t] using
Algorithm 2.5.3;

Proof. Termination clear, correctness 2.5.6.

With this, we can compute ideals for unions of varieties. (question 3)

2.5.8 Proposition (Ideal quotients). Let R be a ring and I µ R an ideal.

(1) Let g be no torsion element (i.e. { r œ R | r · g = 0 } = {0}). Let

I fl ÈgÍ = Èf1g, . . . , fkgÍR.

Then

I : ÈgÍ = Èf1, . . . , fkÍR.

(2) For g0, . . . , g¸ œ R:

I : Èg0, . . . , g¸Í =
‹̧

i=1
I : ÈgiÍ

=
Q

aI · R[t1, . . . , t¸] :
K

g0 +
ÿ̧

i=1
tigi

L

R[t]

R

b fl R

=
A

I · R[t] :
=

ÿ̧

i=0
t
i
gi

>

R[t]

B

fl R.

Proof. (1) Notice first that I fl ÈgÍ µ ÈgÍ

∆ All elements in I fl ÈgÍ are of the form a · g for some a.

∆ Thus we can assume that we have a generating set of the form
Èf1g, . . . , fkgÍR for some f1, . . . , fk œ R.

Claim: I : ÈgÍ = Èf1, . . . , fkÍR.

“´” As fi · g œ I by assumption.
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“™” Let f œ I : ÈgÍ

∆ f · g œ I

∆ f · g œ I fl ÈgÍ

∆ f · g =
ÿ

ai(fi · g) for some ai

∆ f · g ≠
ÿ

aifig = 0

∆

3

f ≠
ÿ

aifi

4

· g = 0
g no

torsion
element

∆ f ≠
ÿ

aifi = 0
∆ f =

ÿ

aifi.

(2)

I : Èg0, . . . , g¸Í = { f | f · gi œ I ’i } =
‹̧

i=1
I : ÈgiÍ.

Claim: I : Èg0, . . . , g¸Í =
3

I · R[t1, . . . , t¸] :
e

g0 + q¸
i=1 tigi

f

R[t]

4

fl R.

“™” Let f œ I : Èg0, . . . , g¸Í

∆ f · gi œ I ’i

∆ f ·

A

g0 +
ÿ̧

i=1
tigi

B

œ I · R[t1, . . . , t¸]

∆ f œ

3

I · R[t1, . . . , t¸] :
e

g0 +
ÿ̧

i=1
tigi

f

R[t]

4

fl R.

“´” Let

Ï : R[t] æ R, ti ‘æ 0 ’i,

Ïi : R[t] æ R,

Y

]

[

ti ‘æ 1,

tj ‘æ 0 ’j ”= i.

Let
f œ

3

I · R[t1, . . . , t¸] :
e

g0 +
ÿ̧

i=1
tigi

f

R[t]

4

fl R.

Then

f · g0 +
ÿ̧

i=1
ti f · gi œ I · R[t]

∆ f · g0 = Ï

A

f · g0 +
ÿ̧

i=1
ti f · gi

B

œ Ï(I · R[t]) = I.

where the latter equality holds since Ï applied to R[t]-linear combinations of generators
of I yields R-linear combinations of them.
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Furthermore, for all i = 1, . . . , ¸ we have

f · g0 + f · gi = Ïi

A

f · g0 +
ÿ̧

i=1
ti f · gi

B

œ Ïi(I · R[t]) = I

∆ f · gi œ I ’i = 0, . . . , ¸

∆ f œ I : Èg0, . . . , g¸Í.

Claim:

I : Èg0, . . . , g¸Í =
3

I · R[t] :
e

ÿ̧

i=0
t
i
gi

f

R[t]

4

fl R.

“™” Let

f œ I : Èg0, . . . , g¸Í.

∆ f · gi œ I ’i

∆ f ·

1

g0 + tg1 + · · · + t
¸
g¸

2

œ I · R[t]

∆ f œ I · R[t] :
e

g0 + tg1 + · · · + t
¸
g¸

f

.

f œ R by assumption.
“´” Let

f œ

3

I · R[t] :
e

ÿ̧

i=0
t
i
gi

f

R[t]

4

fl R.

Then
f ·

1

g0 + tg1 + · · · + t
¸
g¸

2

œ I · R[t].

Let

Ï0 : R[t] ≠æ R

t ‘≠æ 0

Then

f · g0 = Ï0
1

f · (g0 + tg1 + · · · + t
¸
g¸)

2

œ Ï0(I · R[t]) = I

∆ ftg1 + · · · + ft
¸
g¸ œ I · R[t]. (ú)

We show that if t · h œ I · R[t] for some h, then h œ I · R[t]:
To see this, let b1, . . . , bk œ R generate t · h in I, and let

t · h =
k

ÿ

i=1
aibi with ai œ R[t].

Write
ai = si + tri, si œ R, ri œ R[t].

Then
t · h =

k
ÿ

i=1
(si + tri)bi =

k
ÿ

i=1
sibi

¸ ˚˙ ˝

œR

+t

k
ÿ

i=1
ribi.
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As t · h is divisible by t, we obtain

k
ÿ

i=1
sibi = 0

∆ t · h = t

k
ÿ

i=1
ribi

∆ t ·

1

h ≠

k
ÿ

i=1
ribi

2

= 0

As t is no zero-divisor in R[t], this implies

h ≠

k
ÿ

i=1
ribi = 0,

and thus

h =
k

ÿ

i=1
ribi œ I · R[t].

With this, we conclude from (ú) that

f · g1 + f · tg2 + · · · + f · t
¸≠1

g¸ œ I · R[t]
∆ f · g1 = Ï0

1

f · g1 + f · tg2 + · · · + f · t
¸≠1

g¸

2

œ Ï0(I · R[t]) = I

∆ f · tg2 + · · · + f · t
¸≠1

g¸ œ I · R[t]

Recursively, we conclude f · gi œ I ’i

∆ f œ I : Èg0, . . . , g¸Í.

2.5.9 Algorithm (Quotient of ideals). We can give three variants with the same input
and the same result:

Algorithm 10: Quotient of ideals I
Data: f1, . . . , fk, g0, . . . , g¸ œ K[x] \ {0}

Result: S, a generating set of I : J µ K[x] with
I = Èf1, . . . , fkÍ, J = Èg0, . . . , g¸Í

1 For i = 0, . . . , ¸ compute a generating set Gi of I fl ÈgiÍ with Algorithm 2.5.7;
2 For i = 0, . . . , ¸ let

G
Õ

i =
Ó

g/gi | g œ Gi

Ô

,

i.e. divide the elements of Gi by gi;
3 Let S0 = G

Õ

0. For i = 1, . . . , ¸ compute a generating set Si of

ÈSi≠1Í fl ÈG
Õ

iÍ

using Algorithm 2.5.7;
4 Return S¸;
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Algorithm 11: Quotient of ideals II
Data: f1, . . . , fk, g0, . . . , g¸ œ K[x] \ {0}

Result: S, a generating set of I : J µ K[x] with
I = Èf1, . . . , fkÍ, J = Èg0, . . . , g¸Í

1 Compute a generating set S of

ÈIÍK[t,x] fl

=

ÿ̧

i=0
t
i
gi

>

using Algorithm 2.5.7;
2 Divide the elements of S by

ÿ̧

i=0
t
i
gi,

obtaining S
Õ;

3 Eliminate t from S
Õ using Algorithm 2.5.3;

Algorithm 12: Quotient of ideals III
Data: f1, . . . , fk, g0, . . . , g¸ œ K[x] \ {0}

Result: S, a generating set of I : J µ K[x] with
I = Èf1, . . . , fkÍ, J = Èg0, . . . , g¸Í

1 Compute a generating set S of

ÈIÍK[t,x] fl

=

g0 +
ÿ̧

i=1
tigi

>

using Algorithm 2.5.7;
2 Divide the elements of S by

g0 +
ÿ̧

i=1
tigi,

obtaining S
Õ;

3 Eliminate t1, . . . , t¸ from
ÈS

Õ
ÍK[t,x]

using Algorithm 2.5.3;

Proof. Termination is clear, correctness follows from Proposition 2.5.8.

With this, we can compute
V (I) \ V (J)

(see 1.5.13). (Question 4).
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3 Abstract varieties

3.1 Localization

To describe varieties locally at a point or in a neighbourhood, we use localizations of
coordinate rings. We start by introducing the concept of localization for rings in general.

3.1.1 Definition (Multiplicatively closed subset). Let R be a ring. S µ R is called
multiplicatively closed if

1 œ S and a, b œ S ∆ ab œ S

Example. (1) Assume R contains no zero-divisors. Then R\{0} is multiplicatively closed.

(2) Let f œ R, {f
n

| n œ N} is multiplicatively closed.

(3) Let p µ R be a prime ideal. Then R \ p is multiplicatively closed. Let a, b œ R \ p.
Assume ab /œ R \ p, i.e. ab œ p. Since p is prime, this implies a œ p or b œ p, which is a
contradiction.

(4) Monn is multiplicatively closed in K[x].

3.1.2 Definition. [Localization] Let R be a ring and S µ R be multiplicatively closed.
On R ◊ S define an equivalence relation by

(r, s) ≥ (rÕ
, s

Õ) : ≈∆ ÷ u œ S : u(rs
Õ
≠ r

Õ
s) = 0.

We define
S

≠1
R := (R ◊ S)/≥

to be the set of equivalence classes. We write the class [(r, s)] œ R ◊ S as r
s .

We set
r

s
+ r

Õ

sÕ
:= rs

Õ + r
Õ
s

ssÕ
,

r

s
·

r
Õ

sÕ
:= rr

Õ

ssÕ
.

We call S
≠1

R the localization of R w. r. t. S.

3.1.3 Theorem (Localization). Let R be a ring and S µ R multiplicatively closed. With

the operations of Definition 3.1.2, the localization S
≠1

R is a commutative ring with

0 = 0
1 , 1 = 1

1 .

Proof. We show that ≥ is an equivalence relation. Reflexive and symmetric is clear.
To show transitivity, let

(r, s) ≥ (rÕ
, s

Õ) ≥ (rÕÕ
, s

ÕÕ)
∆ ÷ u, u

Õ
œ S : u(rs

Õ
≠ r

Õ
s) = 0, u

Õ(rÕ
s

ÕÕ
≠ r

ÕÕ
s

Õ) = 0
∆ s

ÕÕ
u

Õ
u(rs

Õ
≠ r

Õ
s) = 0, suu

Õ(rÕ
s

ÕÕ
≠ r

ÕÕ
s

Õ) = 0
∆ suu

Õ(rÕ
s

ÕÕ
≠ r

ÕÕ
s

Õ) + s
ÕÕ
u

Õ
u(rs

Õ
≠ r

Õ
s) = 0

= ≠suu
Õ
r

ÕÕ
s

Õ + s
ÕÕ
u

Õ
urs

Õ = s
Õ
uu

Õ(rs
ÕÕ

≠ r
ÕÕ
s) = 0

∆ (r, s) ≥ (rÕÕ
, s

ÕÕ)
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Next, we show that the operations are well-defined. Let

r1
s1

= r
Õ

1
s

Õ
1
,

r2
s2

= r
Õ

2
s

Õ
2
.

To show:
r1s2 + r2s1

s1s2
= r

Õ

1s
Õ

2 + r
Õ

2s
Õ

1
s

Õ
1s

Õ
2

.

As
r1
s1

= r
Õ

1
s

Õ
1
, ÷ u s.th. u(r1s

Õ

1 ≠ r
Õ

1s1) = 0.

As
r2
s2

= r
Õ

2
s

Õ
2
, ÷ u

Õ s.th. u
Õ(r2s

Õ

2 ≠ r
Õ

2s2) = 0.

Multiply the first equation with u
Õ
s2s

Õ

2 and the second with us1s
Õ

1, and add:

u
Õ
s2s

Õ

2ur1s
Õ

1 ≠ u
Õ
s2s

Õ

2ur
Õ

1s1 + us
Õ

1s1u
Õ
r2s

Õ

2 ≠ us
Õ

1s1u
Õ
r

Õ

2s2 = 0
∆ u

Õ
u(r1s2 + r2s1)sÕ

1s
Õ

2 ≠ u
Õ
u(rÕ

1s
Õ

2 + r
Õ

2s
Õ

1)s1s2 = 0

∆
r1s2 + r2s1

s1s2
= r

Õ

1s
Õ

2 + r
Õ

2s
Õ

1
s

Õ
1s

Õ
2

To show:
r1r2
s1s2

= r
Õ

1r
Õ

2
s

Õ
1s

Õ
2
.

As before,
ur1s

Õ

1 = ur
Õ

1s1, u
Õ
r2s

Õ

2 = u
Õ
r

Õ

2s2.

Multiply those two equations:

uu
Õ
r1r2s

Õ

1s
Õ

2 = uu
Õ
r

Õ

1r
Õ

2s1s2.

Thus,
r1r2
s1s2

= r
Õ

1r
Õ

2
s

Õ
1s

Õ
2
.

Thus, the operations are well-defined. The axioms for the ring operations can be checked
easily.

3.1.4 Example. (1) If R has no zero-divisors and S = R\{0}, then S
≠1

R is the quotient
field of R.

(2) If S = {f
n

| n œ N} for some f œ R, then S
≠1

R =: Rf is the localization of R at f .
E.g.: if R = K[x], Rx = K[x±] Laurent polynom ring.

(3) If p µ R is prime and S = R \ p, then

S
≠1

R =: Rp

is the localization of R at p.

K[x]ÈxÍ = {
f

g
| g has a constant term=power series },

f

1 + gÕ
= f ·

ÿ

nØo

(gÕ)n
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3.1.5 Remark. Let R be a ring and S µ R multiplicatively closed. Then

R ≠æ S
≠1

R, r ‘≠æ
r

1 ,

is a ring homomorphism.

3.1.6 Theorem (Universal property of Localization). Let R be a ring and S µ R

multiplicatively closed. Let Ï : R æ R
Õ

be a ring homomorphism with

Ï(S) µ (RÕ)ú
.

Then there exists a unique homomorphism

Â : S
≠1

R æ R
Õ

such that the following diagram is commutative:

R
Ï
≠æ R

Õ

√ À Â

S
≠1

R

Here,

Â : S
≠1

R æ R
Õ
,

r

s
‘≠æ Ï(r) Ï(s)≠1

.

Proof. The diagram is commutative.

We show that Â is well-defined. Let

r

s
= r

Õ

sÕ

∆ ÷ u œ S : u(rs
Õ
≠ r

Õ
s) = 0

∆ urs
Õ = ur

Õ
s

∆ Ï(urs
Õ) = Ï(ur

Õ
s)

∆ Ï(u)Ï(r)Ï(s)≠1 = Ï(u)Ï(rÕ)Ï(sÕ)≠1

As Ï(s), Ï(sÕ) œ Ï(S) µ (RÕ)ú

∆ Ï(u)(Ï(r)Ï(s)≠1
≠ Ï(rÕ)Ï(sÕ)≠1) = 0

∆ Ï(r)Ï(s)≠1
≠ Ï(rÕ)Ï(sÕ)≠1 = 0

As Ï(u) œ Ï(S) µ (RÕ)ú

∆ Ï(r)Ï(s)≠1 = Ï(rÕ)Ï(sÕ)≠1
.

and Â is well-defined.

We show that Â is a ring homomorphism.

Â(1) = Â

31
1

4

= Ï(1)Ï(1)≠1 = 1

73



Moreover,

Â

3

r1
s1

+ r2
s2

4

= Â

3

r1s2 + r2s1
s1s2

4

= Ï(r1s2 + r2s1)Ï(s1s2)≠1

= Ï(r1)Ï(s2)Ï(s1)≠1
Ï(s2)≠1 + Ï(r2)Ï(s1)Ï(s1)≠1

Ï(s2)≠1

= Ï(r1)Ï(s1)≠1 + Ï(r2)Ï(s2)≠1

= Â

3

r1
s1

4

+ Â

3

r2
s2

4

.

Moreover,

Â

3

r1
s1

·
r2
s2

4

= Â

3

r1r2
s1s2

4

= Ï(r1r2) Ï(s1s2)≠1

= Ï(r1)Ï(s1)≠1
Ï(r2)Ï(s2)≠1

= Â

3

r1
s1

4

· Â

3

r2
s2

4

.

We show that Â is unique. Assume Â
Õ : S

≠1
R æ R

Õ makes the diagram commutative. Then

Â
Õ

3

r

1

4

= Ï(r)

and

Â
Õ

31
s

4

= Â
Õ

A

3

s

1

4≠1B

= Â
Õ

3

s

1

4≠1
= Ï(s)≠1

.

Hence
Â

Õ = Â.

3.1.7 Lemma. Let R be a ring and S µ R multiplicatively closed.

R æ S
≠1

R is injective ≈∆ S contains no zero-divisors and not 0.

Proof. “≈” Let
r

1 = r
Õ

1 .

Then

÷ u œ S : u(r ≠ r
Õ) = 0.

As S contains no zero-divisors and 0 /œ S, this implies

r ≠ r
Õ = 0 ∆ r = r

Õ
.
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“∆” If 0 œ S, then by Lemma 3.1.8 the map

R æ S
≠1

R

is not injective.

Let us = 0 for u, s œ S.

∆ u(s ≠ 0) = 0

∆
s

1 = 0
1

∆ s = 0 ✓
∆ us ”= 0 ’ u, s œ S.

3.1.8 Lemma. Let R be a ring and S µ R multiplicatively closed. Then

S
≠1

R = {0} ≈∆ 0 œ S.

Proof. “≈” Let r
s œ S

≠1
R. Then

r

s
= 0

1
as

0 · (r ≠ 0) = 0.

“∆”
1
1 = 0

1 .

Then there exists u œ S such that

u(1 ≠ 0) = 0 ∆ 0 œ S.

Remark. If R contains no zero-divisors, then

R
r ‘æ

r
1

≠≠æ Q(R) field of fractions
r ‘æ

r
1 √ ¬

r
s ‘æ

r
s

S
≠1

R

is commutative , and all are monomorphisms.

3.1.9 Theorem. Let R be a ring and S µ R multiplicatively closed.

Let I µ R be an ideal. Then

S
≠1

I :=
;

a

s

-

-

-

-

a œ I, s œ S

<

is an ideal in S
≠1

R. Furthermore,

S
≠1

I = S
≠1

R ≈∆ I fl S ”= ÿ.
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Proof. As 0
1 œ S

≠1
I, we have S

≠1
I ”= ÿ. Let

a1
s1

,
a2
s2

œ S
≠1

I,
r

s
œ S

≠1
R.

Then
a1
s1

+ a2
s2

= a1s2 + a2s1
s1s2

œ S
≠1

I,

as
a1s2 + a2s1 œ I

is an R-linear combination of elements a1, a2 œ I and
r

s
·

a1
s1

= ra1
ss1

œ S
≠1

I,

as ra1 œ I.

If S
≠1

I = S
≠1

R. Then
1
1 = a

s

for some a œ I, s œ S. Thus there exists u œ S such that

u(s ≠ a) = 0
∆us = ua.

But ua œ I as a œ I, and us œ S as u, s œ S. Hence

ua = us œ I fl S,

so I fl S ”= ÿ.

If I fl S ”= ÿ and let s œ I fl S. Then

1
1 = s

s
œ S

≠1
I,

and therefore S
≠1

I = S
≠1

R.

3.1.10 Lemma. Let R be a ring and S µ R multiplicatively closed. Let I, J µ R be ideals.

Then

(1) S
≠1(I + J) = S

≠1
I + S

≠1
J ,

(2) S
≠1(IJ) = S

≠1
I · S

≠1
J ,

(3) S
≠1(I fl J) = S

≠1
I fl S

≠1
J .

Proof. (1) and (2) follow directly from the definition.

(3) “µ” is clear.
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“∏” Let
r

s
œ S

≠1
I fl S

≠1
J.

Then there exist a œ I, b œ J and s1, s2 œ S such that

r

s
= a

s1
= b

s2
∆ ÷ u, u

Õ
œ S : u(rs1 ≠ sa) = 0, u

Õ(rs2 ≠ sb) = 0
∆ urs1 = usa œ I, u

Õ
rs2 = u

Õ
sb œ J

∆ uu
Õ
s1s2r œ I fl J

∆
r

s
= uu

Õ
s1s2r

uuÕs1s2s
œ S

≠1(I fl J)

3.1.11 Definition (Local ring). If a ring R contains precisely one maximal ideal, it is
called local.

3.1.12 Theorem (Localizations at prime ideals are local rings). Let R be a ring and

p µ R a prime ideal. Let S = R \ p. Then Rp is a local ring with maximal ideal S
≠1

p.

Proof. By Theorem 3.1.9, S
≠1

p is an ideal. We have

S
≠1

p ( S
≠1

R,

as
S fl p = (R \ p) fl p = ÿ,

by Theorem 3.1.9.

Let I ( S
≠1

R be an ideal and let
a

s
œ I.

Then
a

1 = s

1 ·
a

s
œ I.

As I is not the whole ring, it contains no unit, hence a
1 is not a unit. Therefore

a /œ S = R \ p ∆ a œ p ∆
a

s
œ S

≠1
p.

Hence we have seen that every ideal which is not the whole ring is contained in S
≠1

p.

Let m µ S
≠1

R be a maximal ideal.

m µ S
≠1

p ( S
≠1

R,

∆ m = S
≠1

p

∆ S
≠1

R is local and its unique maximal ideal is S
≠1

p.
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3.2 Regular functions

3.2.1 Definition (Regular functions). Let X µ K
n be an a�ne variety with coordinate

ring
K[X] = K[x]

I(X) ,

and let U µ X be open.

A function f : U æ K is called regular in x œ U if there exists an open neighbourhood
x œ V µ U and functions g, h œ K[X] such that h ”= 0 on V and

f = g

h
on V.

A function is called regular on U if it is regular in x for all x œ U .

Example. For X = K and U = K
ú, the function

f : U ≠æ K, x ‘≠æ x
≠1

,

is regular on U .

3.2.2 Proposition (Regular functions are continuous). Let X µ K
n

be an a�ne variety,

U µ X open, and f : U æ K regular on U . Then f is continuous.

Proof. As continuity is a local property, we can assume

f = g

h
on U

for some g, h œ K[X].

Let A µ K be closed. Assume first that A = {a} consists of precisely one point. Then

f
≠1(a) = {x œ U | f(x) = a}

=
;

x œ U

-

-

-

-

g

h
(x) = a

<

= {x œ U | g(x) = ah(x)}
= U fl {x œ X | (g ≠ ah)(x) = 0}

= U fl V (g ≠ ah).

Hence f
≠1(a) is closed in U .

An arbitrary closed set in K contains finitely many points. Its preimage is thus a finite
union of closed sets of the form f

≠1(a) as above, and thus closed.

Remark. If f, g : U æ K are regular in x œ U and a œ K, then af , f + g, and f · g are
regular in x.

3.2.3 Definition (Ring of regular functions). Let X µ K
n be an a�ne variety with

coordinate ring K[X] and let U µ X be open. We write

O(U) := OX(U) := { f : U æ K | f regular }

for the algebra of regular functions on U . Furthermore, we set

OX(ÿ) = {0}.
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3.2.4 Remark. Let X µ K
n be an a�ne variety. Then

{ open sets U µ X } ≠æ K-algebras
U ‘≠æ OX(U),

satisfies the following conditions:

(1) If V µ W µ X are open, then there is the restriction morphism

fl
W
V : OX(W ) æ OX(V ), f ‘≠æ f |V .

The restriction morphisms are compatible in the following sense:
If U µ V µ W µ X, then

fl
W
U = fl

V
U ¶ fl

W
V .

(2) If U = t

iœI Ui with open subsets Ui µ X, then

(a) If f œ OX(U) with
f |Ui = 0 œ OX(Ui)

then f = 0.
(b) If fi œ OX(Ui) satisfy

fi|UiflUj = fj|UiflUj ,

then there exists f œ OX(U) such that

f |Ui = fi.

3.2.5 Definition (Presheaves). Let X be a topological space. A presheaf of abelian
groups (rings, K-algebras, . . . ) on X is an assignment

F : {open sets in X} ≠æ {abelian groups}
U ‘≠æ F(U)

with a collection of homomorphisms

fl
W
V : F(W ) ≠æ F(V )

f ‘≠æ f |V ,

for each pair V µ W µ X of open sets, such that the conditions of Remark 3.2.4 1) are
satisfied.

If the conditions 2) a), b) are satisfied in addition, the presheaf is called a sheaf.

We call the elements of F(U) the sections of F on U .

3.2.6 Definition (Basis of topology). A basis of a topology is a subset (Ui | i œ I) of
the open sets such that each open set is a union of some Ui.

3.2.7 Remark. Because of the conditions 2) a), b) of Remark 3.2.4, a sheaf is already
defined if we know the assignment on the open sets in a basis of the topology.
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3.2.8 Proposition (Basis of the Zariski topology). Let X be an a�ne variety. The sets

D(f) := X \ V (f)

form a basis of the Zariski topology on X.

Proof. Let U µ X be open. Then

U = X \ V (I)

for some radical ideal I.

Let x œ U .

∆ x /œ V (I)
∆ mx ”∏ I

∆ ÷ fx œ I with fx /œ mx

∆ V (fx) ∏ V (I)
∆ x /œ V (fx)
∆ x œ D(fx) µ U

∆
€

xœU

D(fx) = U

and thus we can write any open set as a union of subsets D(f), which hence form a basis
of the topology.

3.2.9 Theorem. Let K = K. Let X µ K
n

be a�ne and g œ K[X]. Then

K[X]g ≠æ OX(X fl D(g))
f

gr
‘≠æ

1

x ‘≠æ
f(x)
g(x)r

2

K[X]g ≠æ OX(X fl D(g)), f

gr
‘≠æ

1

x ‘≠æ
f(x)
g(x)r

2

,

is an isomorphism of K-algebras.

Proof. As g is a unit in OX(X fl D(g)), the universal property of localizations (Theo-
rem 3.1.6) shows that the above map is a well-defined homomorphism of K-algebras.
Injectivity: Let f œ K[X] such that

f(x)
g(x)r

= 0 for all x œ X fl D(g).

Then

fg = 0 on X

∆ g · (f · 1 ≠ 0 · g
r) = 0 in K[X]

∆
f

gr
= 0

1 œ K[X]g.
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Surjectivity: Let h œ O(X flD(g)). Let x œ X flD(g). Then there exists an open set which
we can choose as

X fl D(gÕÕ) with x œ X fl D(gÕÕ) µ X fl D(g),

such that
h = f̃

g̃

for some f̃ , g̃ œ K[X] with
g̃ ”= 0 on X fl D(gÕÕ).

As X fl D(g) is quasicompact as a Noetherian topological space by 1.5.11, finitely many
such X fl D(gÕÕ) are su�cient to cover X fl D(g).
We call those g

ÕÕ

1 , . . . , g
ÕÕ

k , and we let

h = f̃i

g̃i
on X fl D(gÕÕ

i ) for f̃i, g̃i œ K[X], i = 1, . . . , k.

Set
f

Õ

i := g
ÕÕ

i f̃i, g
Õ

i := g
ÕÕ

i g̃i.

Then

X fl D(gÕ

i) = {x œ X | g
Õ

i(x) ”= 0}

= {x œ X | g
ÕÕ

i (x)g̃i(x) ”= 0}

= X fl D(gÕÕ

i ),

as g̃i(x) ”= 0 on X fl D(gÕÕ

i ).

On X fl D(gÕ

i) = X fl D(gÕÕ

i ) we therefore have

h = f̃i

g̃i
= f

Õ

i

g
Õ
i

.

For the intersections
(X fl D(gÕ

i)) fl (X fl D(gÕ

j))

we have
f

Õ

ig
Õ

j = f
Õ

jg
Õ

i,

and hence

g
Õ

ig
Õ

j

1

f
Õ

ig
Õ

j ≠ f
Õ

jg
Õ

i

2

= 0

holds on all of X.

Now set
fi := g

Õ

if
Õ

i , gi := (gÕ

i)2
.

Then
X fl D(gi) = X fl D(gÕ

i), h|XflD(gi) = fi

gi
,
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and
figj ≠ fjgi = 0 holds on all of X (ú)

X fl D(g) = (X fl D(gÕÕ

1)) fi · · · fi (X fl D(gÕÕ

k))
= (X fl D(gÕ

1)) fi · · · fi (X fl D(gÕ

k))
= (X fl D(g1)) fi · · · fi (X fl D(gk))

∆ VX(g) = VX(g1) fl · · · fl VX(gk),

where VX(g) denotes the variety defined by g œ K[X] in X (see 1.4.18), and IX(Y ) denotes
the ideal in K[X] defined by a subvariety Y of X:

∆ g œ IX

1

VX(g1) fl · · · fl VX(gk)
2

= IX

1

VX(g1, . . . , gk)
2

=
Ò

Èg1, . . . , gkÍ,

where the last equality holds because of Hilbert’s Nullstellensatz (1.4.12).

Let r œ N such that
g

r
œ Èg1, . . . , gkÍ.

There exist hi œ K[X] such that

g
r =

k
ÿ

i=1
higi.

Set
f :=

k
ÿ

i=1
hifi.

Then

g
r
fj =

k
ÿ

i=1
(higi)fj

(ú)=
k

ÿ

i=1
higjfi

=
k

ÿ

i=1
(hifi)gj

=fgj.

Hence
h = fj

gj
= f

gr
on X fl D(gj).

But the X fl D(gj) cover X fl D(g), and the function has now the same representation f
gr

on each X fl D(gj). Therefore

h = f

gr
on X fl D(g).
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3.2.10 Corollary. Let K = K and let X µ K
n

be an a�ne variety. Then

OX(X) = K[X].

Proof. Follows from 3.2.9 by choosing g = 1.

Example. The regular functions on K
n are

O(Kn) = K[x1, . . . , xn].

3.3 Abstract varieties

So far we studied a�ne varieties X embedded in K
n. This concept is for some purposes

not flexible enough. E.g. K
ú

µ K is homeomorphic to V (xy ≠ 1) µ K
2 via

(x, y) ‘æ x, t ‘æ (t, t
≠1)

(a polynomial map and a map of regular functions), but K
ú

µ K is not an a�ne variety
itself (see 3.3.9).

We therefore change the perspective:

3.3.1 Definition (Space with functions). Let K = K. A space with K-functions is a
topological space X with a sheaf OX of algebras of K-functions, i.e.

(1) For all open U µ X, OX(U) is a set of functions U æ K.

(2) OX(U) is a K-algebra with pointwise operations

(f + g)(x) = f(x) + g(x),
(f · g)(x) = f(x) · g(x)
(⁄ · f)(x) = ⁄ · f(x)

(3) For V µ U µ X there exist restriction morphisms

fl
U
V : OX(U) ≠æ OX(V )

f ‘≠æ f |V .

(4) The assignment U ‘æ OX(U) satisfies the axioms of a sheaf.

OX is called the structure sheaf of X.

Example. If X µ K
n is an a�ne variety and OX the sheaf of regular functions, then

(X, OX) is a space with functions.

3.3.2 Definition (Subspace). If X is a space with structure sheaf OX and Y µ X, then
Y obtains the subspace topology and

OY (V ) := {f : V æ K | ’y œ V ÷ a neighbourhood U µ X of y

and F œ OX(U) s.t. f |UflV = F |UflV }

= {f : V æ K | f = F locally for some F œ OX(U)}

(Y, OY ) is the subspace induced by (X, OX).
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3.3.3 Example. (1) Let K = K and X µ K
n be an a�ne variety. Then (X, OX) is the

subspace induced by K
n with structure sheaf OKn , as

OX(U) =
;

f : U æ K

-

-

-

-

locally f = g

h
for g, h œ K[X]

<

=
;

f : U æ K

-

-

-

-

locally f = G

H
for G, H œ K[x]

<

.

(2) If X is a space with functions, U µ X is open and V µ U is open, then

OU(V ) = OX(V ).

(3) Let X = K and U = K
ú. Then

OU(U) = OX(U) ≥= K[x, x
≠1],

the ring of Laurent polynomials in x.

Remark. It is easy to see that if Z µ Y µ X, then the subspace structure of Z induced
by the subspace structure of Y induced by X coincides with the subspace structure of Z

induced by X.

3.3.4 Definition (Morphism). Let X, Y be spaces with functions. A morphism f : X æ

Y is a continuous map f : X æ Y such that for all h œ OY (V ) we have

h ¶ f œ OX

1

f
≠1(V )

2

.

We set

f
ú : OY (V ) ≠æ OX

1

f
≠1(V )

2

h ‘≠æ h ¶ f.

3.3.5 Theorem (Morphisms and polynomial maps). Let X µ K
n
, Y µ K

m
be a�ne

varieties and f : X æ Y a map. Then the following are equivalent:

(1) f : X æ Y is a morphism of spaces with functions (X, OX) and (Y, OY ).

(2) f : X æ Y is the restriction of a polynomial map F : K
n

æ K
m

.

Proof. (1) ∆ (2): Consider the regular functions

y1, . . . , ym œ K[Y ] = OY (Y ).

As f is a morphism, we obtain regular functions

fi = yi ¶ f œ OX(X) = K[X].

84



Each fi œ K[X] is represented by a polynomial Fi œ K[x]. Thus f is given by

F |X : X æ Y

x ‘≠æ

1

F1(x), . . . , Fm(x)
2

.

(2) ∆ (1): By Lemma 3.3.6 we will show that the restriction of a morphism to subspaces is
again a morphism. With that, it is su�cient to show that a polynomial map F : K

n
æ K

m

is a morphism. By 1.6.2, F is continuous. Let V µ K
m and h œ OKm(V ). Then locally

h = h1
h2

with h1, h2 œ K[y1, . . . , ym].

Thus
h ¶ F = h1 ¶ F

h2 ¶ F
locally,

where h1 ¶ F, h2 ¶ F œ K[x1, . . . , xn] as F is given by polynomials in x. Hence

h ¶ F œ OKn

1

F
≠1(V )

2

.

3.3.6 Lemma. Let f : X æ Y be a morphism of spaces with functions, X
Õ
µ X, Y

Õ
µ Y

subspaces with f(X Õ) µ Y
Õ
. Then the restriction

f |XÕ : X
Õ
æ Y

Õ

is a morphism.

Proof. We show that f |XÕ is continuous. Let U
Õ
µ Y

Õ be open. Then there exists an open
set U µ Y with

U
Õ = U fl Y

Õ
.

Hence

(f |XÕ)≠1(U Õ) = f
≠1(U fl Y

Õ) fl X
Õ

= f
≠1(U) fl X

Õ

is open. We now show the compatibility with the ring of functions: Let U
Õ
µ Y

Õ be open
and h œ OY Õ(U Õ) then locally

h = H|Y Õ for some H œ OY (U), U µ Y.

Then
h ¶ f = H ¶ f |XÕ ,

but
H ¶ f œ OX

1

f
≠1(U)

2

because f is a morphism, and thus

h ¶ f œ OXÕ

1

(f |XÕ)≠1(U Õ)
2

.
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3.3.7 Definition (Abstract varieties). An (abstract) a�ne variety is a space with
functions which is isomorphic to an embedded a�ne variety, i.e. to

X = V (I) µ K
n

with its sheaf of regular functions OX .

3.3.8 Lemma. Let X be an a�ne variety and Y µ X closed. Then Y with the subspace

topology and the induced structure sheaf is an a�ne variety, the inclusion

i : Y Òæ X

is a morphism,

OY (Y ) = i
ú
1

OX(X)
2

and ker(iú) = IX(Y ) µ OX(X),

for

i
ú : OX(X) æ OY (Y ).

Proof. As X is isomorphic to an embedded variety, we can assume without restriction
that X µ K

n. Then Y µ X µ K
n and OY is the sheaf of regular functions on Y by

Example 3.3.3 (1).

3.3.9 Example. With this more general definition, K
ú is now an a�ne variety, because it

is isomorphic to
V (xy ≠ 1) µ K

2
.

f : K
ú

≠æ V (xy ≠ 1)
t ‘≠æ (t, t

≠1)
x Ω≠[ (x, y)

Then f is a homeomorphism; the inverse is continuous as it is polynomial ( 1.6.2).

Let V (I) µ V (xy ≠ 1) µ K
2 be closed for I µ K[x, y]/Èxy ≠ 1Í. Then

f
≠1(V (I)) = { t œ K | g ¶ f = 0 ’g œ I },

where g ¶ f œ K[t, t
≠1]. After clearing denominators, this is given by the vanishing of

polynomials in K[t], hence the preimage is closed in K
ú

µ K.

Let U µ V (xy ≠ 1) be open and h œ O(U). Then locally

h = h1
h2

with h1, h2 œ K[x, y]/Èxy ≠ 1Í.

Hence

h ¶ f is locally a fraction of Laurent polynomials in K[t, t
≠1]

∆ h ¶ f is locally a fraction of polynomials in K[t]
∆ h ¶ f œ OKú

1

f
≠1(U)

2

which consists of functions which are
locally restrictions of regular functions in OK .
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The inverse map is polynomial and thus a morphism. Hence, f and f
≠1 are morphisms

which are inverse to each other.

∆ K
ú ≥= V (xy ≠ 1) µ K

2

is an (abstract) a�ne variety.

More generally, the following holds:

3.3.10 Theorem. Let K = K, X an a�ne variety, f œ O(X). Then

X fl D(f) = {x œ X | f(x) ”= 0}

is an a�ne variety and

O

1

X fl D(f)
2

≥= O(X)f .

Proof. That O(X fl D(f)) ≥= O(X)f follows from Theorem 3.2.9, as X is isomorphic to
an embedded variety. What we still have to show is that X fl D(f) is a�ne, too.

We first consider the case X = K
n, then f œ K[x]. Let

Z = V (fxn+1 ≠ 1) µ K
n+1

and

„ : K
n

fl D(f) ≠æ Z : (x, f(x)≠1)

As in Example 3.3.9, we can see that „ is continuous and that it is a morphism of spaces
with functions. The general case follows using the induced subspace structure.

X fl D(f) is called an open subvariety of X.

Example. The group GLn(K) of invertible n ◊ n matrices is now an a�ne variety, namely

K
n◊n

fl D(det).

3.3.11 Definition (Stalks). Let X be a topological space and F a presheaf of abelian
groups on X. We define the stalk of F at x, denoted Fx, as follows:

Let F be the disjoint union
F = ˙€

xœUµX
F(U),

where U runs over all open neighbourhoods of x. We define an equivalence relation on F :

F(U) – s ≥ s
Õ
œ F(U Õ)

if there exists x œ V µ U fl U
Õ an open neighbourhood of x such that

s|V = s
Õ
|V .

The stalk Fx is defined by
Fx := F/≥ .
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The elements of the stalks, the classes sx, are called germs.
The stalk Fx is an abelian group by defining

sx + s
Õ

x =
1

s|UflU Õ + s
Õ
|UflU Õ

2

x

where s œ F(U) and s
Õ
œ F(U Õ) are representatives of sx respectively s

Õ

x.

Analogously, if F is a presheaf of rings, K-algebras, . . . , then the stalks at x are rings,
K-algebras, . . . .

3.3.12 Theorem (Stalks and local rings). Let X be an a�ne variety, x œ X and

mx = { f œ OX(X) | f(x) = 0 } µ OX(X)

the corresponding maximal ideal (see 1.4.16). Then there is an isomorphism of K-algebras

OX(X)mx ≠æ OX,x

f

g
‘≠æ (fg

≠1)x

Proof. Well-defined: There is a K-algebra homomorphism

OX(X) ≠æ OX,x

f ‘≠æ fx

For g œ OX(X) \ mx, g(x) ”= 0
∆ x œ X fl D(g)

and
g

≠1
œ OX(X fl D(g)) ≥= OX(X)g

is the multiplicative inverse of g. By the universal property of localization (3.1.6), yields
the following commutative diagram of K-algebra homomorphisms

OX(X) f ‘æfx
≠≠≠æ OX,x

f ‘æ
f
1 √ ¬

f
g ‘æ (fg

≠1)x

OX(X)mx

Surjectivity: Let hx œ OX,x with h œ O(U). Locally,

h = h1
h2

with h1, h2 œ K[X] = OX(X) and h2(x) ”= 0.

Hence
h1
h2

œ OX(X)mx

is the preimage of hx.

Injectivity: Let
(fg

≠1)x = 0.

Then there exists a neighbourhood U of x, U µ X fl D(g), such that

fg
≠1 = 0 œ OX(U),
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hence f = 0 œ OX(U). Choose

h œ I(X \ U) such that h(x) ”= 0.

Then hf = 0 on all of X, and

f

g
= hf

hg
œ OX(X)mx , but hf

hg
= 0.

Remark (Products of varieties). In 1.6.4, we saw that X ◊ Y is an a�ne (embedded)
variety if X and Y are, and that the projection maps are morphisms. We now study the
coordinate ring of a product and generalise to the abstract case.

3.3.13 Corollary. If

X = V (f1, . . . , fk) µ K
n
, Y = V (g1, . . . , g¸) µ K

m
,

then

K[X ◊ Y ] =
K[x, y]

Èf1, . . . , fk, g1, . . . , g¸Í

= K[x]
Èf1, . . . , fkÍ

¢
K[y]

Èg1, . . . , g¸Í

= K[X] ¢ K[Y ].

Proof. Follows from 1.6.4.

3.3.14 Definition (Tensor product of K-algebras). Let A, B be K-algebras. Then A¢K B

is a K-vector space. Define a multiplication on the pure tensors via

(f ¢ g) · (f Õ
¢ g

Õ) = ff
Õ
¢ gg

Õ
.

One can show that this can be uniquely extended to a product on A ¢K B such that
A ¢K B is a K-algebra together with canonical homomorphisms

A æ A ¢K B : f ‘æ f ¢ 1
B æ A ¢K B : g ‘æ 1 ¢ g,

which satisfies the following universal property:

Let C be a K-algebra with

Ï : A æ C and Â : B æ C

Then there exists a unique
µ : A ¢K B æ C

such that the following diagram is commutative:
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A ¢K B

C

BA

Ï Â

µ

Here µ : f ¢ g ‘æ Ï(f)Â(g).

Example. Let A = K[x]/I and B = K[y]/J . Then

K[x]/I ¢K K[y]/J = K[x, y]/(I + J),

as this satisfies the universal property:

K[x, y]/(I + J)
xi yj

C

fi gj

K[y]/J

yj

K[x]/I

xi

Ï Â

3.3.15 Theorem (Products of (abstract) varieties and tensor products). Let X and Y be

(abstract) varieties. Then X ◊ Y is a variety, with structure sheaf

OX◊Y (X ◊ Y ) = OX(X) ¢K OY (Y ).

Proof. Follows from the embedded version, Corollary 3.3.13.

90



3.4 The category of a�ne varieties

Categories give us an e�cient way to formulate results about algebraic varieties.
3.4.1 Definition (Category). A category consists of a class C of mathematical objects
and for each X, X

Õ
œ C a set MorC(X, X

Õ), which we call the morphisms of X to X
Õ and

write as f : X æ X
Õ.

For each three objects X, X
Õ
, X

ÕÕ
œ C we have the composition

MorC(X Õ
, X

ÕÕ) ◊ MorC(X, X
Õ) ≠æ MorC(X, X

ÕÕ)
(f, g) ‘≠æ f ¶ g,

such that the following holds:

(1) The composition is associative.

(2) For all X there exists idX œ MorC(X, X) such that

Ï ¶ idX = Ï ’ Ï : X æ X
Õ

idX ¶ Â = Â ’ Â : X
Õ
æ X

Example. (1) Vector spaces and linear maps

(2) Groups and homomorphisms

(3) Rings and homomorphisms

(4) K-algebras and homomorphisms

(5) Sets and maps

(6) A�ne varieties and morphisms
3.4.2 Definition (Isomorphism). A morphism Ï : X æ X

Õ is called an isomorphism if
there exists an inverse Ï

≠1 : X
Õ
æ X in MorC(X Õ

, X), s.th.

Ï ¶ Ï
≠1 = idXÕ , Ï

≠1
¶ Ï = idX .

We write X ≥= X
Õ.

3.4.3 Definition (Functor). Let C, D be categories. Let F associate an object F (X) œ D

for all objects X œ C, and a morphism F (Ï) for every

Ï : X æ X
Õ
.

Let
F (Ï) œ MorD(F (X), F (X Õ)).

then we call F a covariant functor if

F (idX) = idF (X) and F (Â ¶ Ï) = F (Â) ¶ F (Ï).

Let
F (Ï) œ MorD(F (X Õ), F (X))

with
F (idX) = idF (X), F (Â ¶ Ï) = F (Ï) ¶ F (Â).

Then F is called a contravariant functor.
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Example. The assignment

V ‘≠æ the dual vector space V
‚

f ‘≠æ the dual linear map f
‚

is a contravariant functor from the category of vector spaces and linear maps to itself.

3.4.4 Definition (Fully faithful functors). Let C, D be categories and F : C æ D a functor.
We call F

1. essentially surjective if

’ Y œ D ÷ X œ C : F (X) ≥= Y

2. full if for all X, X
Õ
œ C the map

MorC(X, X
Õ) ≠æ MorD(F (X), F (X Õ))
Ï ‘≠æ F (Ï)

is surjective. (Or to MorD(F (X Õ), F (X)) if contravariant.)

3. faithful if for all X, X
Õ
œ C the map

MorC(X, X
Õ) ≠æ MorD(F (X), F (X Õ))
Ï ‘≠æ F (Ï)

is injective. (Or to MorD(F (X Õ), F (X)) if contravariant.)

4. fully faithful if it is full and faithful.

3.4.5 Theorem (Anti-equivalence theorem). Let K = K.

Let C be the category of a�ne varieties and morphisms, X œ C, and let D be the category

of finitely generated K-algebras without nilpotent elements.

Then the assignment

X ‘≠æ OX(X)
together with

{morphisms Ï : X æ X
Õ
} ≠æ {homomorphisms OXÕ(X Õ) æ OX(X)}
Ï ‘≠æ Ï

ú

is an essentially surjective, fully faithful contravariant functor.

That is:

(1) X ‘æ O(X), Ï ‘æ Ï
ú

is a contravariant functor.

(2) (Essentially surjective) For every finitely generated K-algebra A without nilpotents,

there exists an a�ne variety X such that

OX(X) = A.
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(3) (Fully faithful)

I

Ï : X æ Y

morphisms

J

1:1
Ωæ

I

homomorphisms

O(Y ) æ O(X)

J

Ï ‘≠æ Ï
ú

Proof. (1) Let X be an a�ne variety, i.e. X ≥= X
Õ
µ K

n closed, and

O(X) ≥= K[X Õ] = K[x1, . . . , xn]
I(X Õ)

is a finitely generated K-algebra which has no nilpotents as I(X Õ) is radical by Hilbert’s
Nullstellensatz. Thus C æ D : X ‘æ O(X).

Let Ï : X æ X
Õ, then

Ï
ú : O(X Õ) æ O(X).

We have idú

X = idO(X) and for Ï : X æ X
Õ, Â : X

Õ
æ X

ÕÕ

(Â ¶ Ï)ú : O(X ÕÕ) ≠æ O(X)
f ‘≠æ f ¶ (Â ¶ Ï)

Ï
ú : O(X Õ) ≠æ O(X)

g ‘≠æ g ¶ Ï

Â
ú : O(X ÕÕ) ≠æ O(X Õ)

h ‘≠æ h ¶ Â

∆ Ï
ú

¶ Â
ú : O(X ÕÕ) ≠æ O(X),

f ‘≠æ (f ¶ Â) ¶ Ï

= f ¶ (Â ¶ Ï),

∆ Ï
ú

¶ Â
ú = (Â ¶ Ï)ú

.

(2) Let A be a finitely generated K-algebra,

A = K[g1, . . . , gn].

Then there exists a K-algebra homomorphism

f : K[x1, . . . , xn] ≠æ A

xi ‘≠æ gi,

and
A ≥=

K[x1, . . . , xn]
ker f

.

As A has no nilpotents, ker f is a radical ideal and defines an a�ne variety X with

K[X] ≥= O(X) ≥= A.
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(3) Surjectivity: By 2), we may assume our K-algebras are coordinate rings K[X] and
K[Y ]. Consider a K-algebra homomorphism

– : K[Y ] ≠æ K[X].

Then – is the restriction of a polynomial map

Õ
ú : K[y1, . . . , ym] ≠æ K[x1, . . . , xn]

yi ‘≠æ fi.

We obtain the commutative diagram

K[y1, . . . , ym] Õú
≠æ K[x1, . . . , xn]

¿ fi1 ¿ fi2
K[Y ] –

≠æ K[X]

With

fi1 : g ‘æ g/Y and fi2 : f ‘æ f/X

Here,
ker(fi1) = I(Y ), ker(fi2) = I(X).

Moreover,
Õ

ú(ker(fi1)) µ ker(fi2), as – ¶ fi1 = fi2 ¶ Ï
ú :

Let g œ ker(fi1)

∆ –(fi1(g)) = –(0) = 0 = fi2(Õú(g))
∆ Õ

ú(g) œ ker(fi2)
∆ Õ

ú(I(Y )) µ I(X).

The algebra-homomorphism corresponding to the map

Õ : K
n

≠æ K
m

(x1, . . . , xn) ‘≠æ (f1(x), . . . , fm(x))

is Õ
ú, where

Õ
ú : K[y1, . . . , ym] ≠æ K[x1, . . . , xn]

g ‘≠æ g ¶ Õ = g(f1(x), . . . , fm(x))
yi ‘≠æ fi

We can restrict Õ to X and obtain

Õ| : X ≠æ Y.

As for x œ X we have

f(x) = 0 ’f œ I(X)
∆ f(x) = 0 ’ Õ

ú(I(Y )) µ I(X)
∆ Õ

ú(g)(x) = 0 ’g œ I(Y )
∆ g ¶ Õ(x) = 0 ’g œ I(Y )
∆ Õ(x) œ V (I(Y )) = Y.
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We have Õ| = –, since
Õ

ú

|
([yi]) = [Õú(yi)] = [fi].

Injectivity: Let Ï, Â : X æ Y be morphisms with

Ï
ú = Â

ú
.

As before, we choose polynomial maps

Õ, Œ : K
n

≠æ K
m

whose restrictions to X equal Ï, Â.
We obtain

K[y1, . . . , ym] Õú,Œú
≠≠≠≠æ K[x1, . . . , xn]

¿ ¿

K[Y ] Ïú=Âú
≠≠≠≠æ K[X]

Hence
[Õú(yi)] = Ï

ú([yi]) = Â
ú([yi]) = [Œ ú(yi)].

Therefore,
Õ

ú(yi) = Œ
ú(yi) + fi

for some fi œ I(X).
Restricting those to X, as fi(x) = 0 for all x œ X, we obtain

Õ|X = Œ |X ∆ Ï = Â

3.4.6 Corollary. A morphism Ï : X æ Y is an isomorphism

≈∆ Ï
ú : O(Y ) ≠æ O(X) is an isomorphism.

Proof. “∆” Let Ï : X æ Y be an isomorphism. Œ X and Y are embedded,
and Ï, Ï

≠1 are restrictions of polynomial maps. We have

Ï ¶ Ï
≠1 = idY , Ï

≠1
¶ Ï = idX .

For the contravariant functor from the anti-equivalence theorem 3.4.5 we thus obtain

(Ï≠1)ú
¶ Ï

ú = idO(Y ), Ï
ú

¶ (Ï≠1)ú = idO(X).

Hence
Ï

ú : O(Y ) ≠æ O(X)

is an isomorphism.
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“≈” Let Ï
ú : O(Y ) æ O(X) be an isomorphism.

∆ ÷ (Ïú)≠1 : O(X) æ O(Y ).

As the functor is full, there exists

Â : Y æ X s.t. Â
ú = (Ïú)≠1

.

Then
(Â ¶ Ï)ú = Ï

ú
¶ Â

ú = Ï
ú

¶ (Ïú)≠1 = idO(X)

and
(Ï ¶ Â)ú = Â

ú
¶ Ï

ú = (Ïú)≠1
¶ Ï

ú = idO(Y ).

But
idú

X = idO(X), idú

Y = idO(Y ),

and the functor is faithful.

∆ Â ¶ Ï = idX , Ï ¶ Â = idY .

Therefore Â = Ï
≠1 is the inverse of Ï, and Ï : X æ Y is an isomorphism.
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4 The geometry of a�ne varieties

4.1 Fields of functions and dimension

4.1.1 Definition (Transcendence basis). Let K µ L be a field extension. A subset A µ L

is called algebraic if ÷ a1, . . . , an œ A (pairwise di�erent) and f œ K[x1, . . . , xn] s.th.
f(a1, . . . , an) = 0.

A µ L is called algebraically independent, if A is not algebraic.

A transcendence basis of K µ L is a maximal algebraically independent set.

4.1.2 Lemma. Let K µ L be a field extension and B µ L be algebraically independent.

Then:

(1) Every element b œ K(B) \ K is transcendent (i.e. algebraically independent/K).

(2) a œ L is transcendent over K(B) … B fi {a} is algebraically independent

Proof. (1) Assume b œ K(B) \ K is algebraic/K. Then

÷ 0 ”= f œ K[x] with f(b) = 0

As b œ K(B) \ K, ÷ g, h œ K[x1, . . . , xn] (without common factor) and b1, . . . , bn œ B

s.th.
b = g(b1, . . . , bn)

h(b1, . . . , bn) .

Substituting this into f , we obtain the algebraicity of {b1, . . . , bn}, ✓

(2) “∆” Assume B fi {a} is algebraic. Then ÷ b1, . . . , bn œ B, f œ K[x1, . . . , xn+1] s.th.

f(b1, . . . , bn, a) = 0.

Sorting w.r.t. powers of a, we see that a is algebraic over K(B).
“≈” Assume a is algebraic over K(B). Then ÷ c0, . . . , cn≠1 œ K(B) s.th.

c0 + c1a + c2a
2 + · · · + cn≠1a

n≠1 + a
n = 0.

Each ci is of the form
ci = gi(b1, . . . , br)

hi(b1, . . . , br)
for gi, hi œ K[x1, . . . , xr], where we let {b1, . . . , br} be the union of all sets of b’s which
we used for the c

Õ
s.

Substitute these expressions into the above and clear denominators, then we obtain
an algebraic relation of B fi {a}.
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4.1.3 Theorem. [Transcendence degree] Let K µ L be a field extension.

(1) If A µ B µ L, A algebraically independent over K, then ÷ a transcendence basis

C µ B for K µ K(B) containing A.

(2) If B µ L is a transcendence basis for K µ L, then every element of K(B) \ K is

transcendent, and K(B) µ L is algebraic.

(3) For transcendence bases B, B
Õ

of K µ L, |B| = |B
Õ
|.

4.1.4 Corollary (Existence of transcendence basis). Every field extension has a

transcendence basis.

Proof. Apply Theorem 4.1.3 (1) to A = ÿ and B = L.

4.1.5 Definition (Transcendence degree). If B is a transcendence basis of K µ L, we set

|B| = trdegK(L),

the transcendence degree of L/K. This is well-defined by Theorem 4.1.3 (3).

Proof of Theorem 4.1.3. (1) Let

M = { D | A µ D µ B, D algebraically independent }.

Then M ”= ÿ, as A œ M . Let
D1 µ D2 µ . . .

be an ascending chain in M . Then t

iœI Di is again algebraically independent, and

A µ
€

iœI

Di µ B.

By Zorn’s Lemma, M has a maximal element C.
Claim: C is a transcendence basis.
If C was not maximal, then ÷ a œ K(B)\C s.th. Cfi{a} is algebraically independent/K.
By Lemma 4.1.2 (2), a is transcendent /K(C).
Thus ÷ b1, . . . , br œ B, f, g œ K[x1, . . . , xr] s.th.

a = f(b1, . . . , br)
g(b1, . . . , br)

.

If all bi were algebraic over K(C), then also a. ✓

∆ ÷ bi transcendent /K(C)
4.1.2 (2)

∆ C fi {bi} is algebraically independent /K

✓ to the maximality of C in M .

(2) Every element of K(B)\K is transcendent/K by Lemma 4.1.2 (1). Assume K(B) µ L

was not algebraic, then ÷ a œ L transcendent over K(B). By Lemma 4.1.2 (2), B fi {a}

was algebraically independent, ✓ to the maximality of B as a transcendence basis.
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(3) If all transcendence bases have infinitely many elements, there is nothing to show.
Assume there is a transcendence basis B with n elements.
Claim: Every transcendence basis C has at most n elements.
(By changing the role of B and C, it follows that they have equally many elements.)
Assume C had more than n elements. Choose c1 œ C and consider

K µ K(c1, b1, . . . , bn).

(where B = {b1, . . . , bn}). Because of (1), there exists a transcendence basis C1 of this
field extension with

C1 µ B fi {c1} and c1 œ C1.

After relabeling,
C1 = {c1, b1, . . . , bn1} with n1 < n.

By (2),
K(C1) µ K(B fi {c1}) and K(B fi {c1}) µ L

are algebraic. Hence K(C1) µ L is algebraic.
Next, choose c2 ”= c1, c2 œ C, then {c1, c2} are algebraically independent. As above,
after relabeling, we obtain a transcendence basis

C2 = {c1, c2, b1, . . . , bn2} with n2 < n1

for the field extension
K µ K(C1 fi {c2}).

Again,
K(C2) µ K(C1 fi {c2}) and K(C1 fi {c2}) µ L

are algebraic. Hence K(C2) µ L is algebraic.
Continuing like this, we obtain

Cr = {c1, . . . , cr}, r Æ n, s.th. K(Cr) µ L is algebraic.

As Cr ( C (since C is supposed to have more than n elements), this contradicts the
algebraic independence of C.

Example. Let K µ K(x1, . . . , xn) be the quotient field of the polynomial ring.
Then {x1, . . . , xn} is a transcendence basis.

Remark. If K µ L, B = {b1, . . . , bn} µ L is algebraically independent/K, then there
exists an isomorphism

K(x1, . . . , xn) ≠æ K(B)
xi ‘≠æ bi

To study varieties, we assume again K = K.
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4.1.6 Definition (Field of functions). Let X be an irreducible variety.
The field of rational functions K(X) is the quotient field of the ring O(X) of globally
regular functions.
Example. The field of functions K(Kn) is K(x1, . . . , xn).
4.1.7 Definition (Dimension). Let X be an a�ne variety.

(1) If X is irreducible, we set

dim(X) := trdegK

1

K(X)
2

,

the transcendence degree of the field of functions of X over K.

(2) If X = X1 fi · · · fi Xr is the decomposition into irreducible components, then

dim(X) := max
i=1,...,r

{dim(Xi)}.

Example. (1) dim(Kn) = n.

(2) X = V (xz, yz) =
= V (z) fi V (x, y)
= X1 fi X2.

K(X1) = Quot
1

K[x, y, z]/z

2

≥= Quot
1

K[x, y]
2

= K(x, y)

∆ dim(X1) = trdegK

1

K(x, y)
2

= 2

K(X2) = Quot
1

K[x, y, z]/Èx, yÍ

2

≥= Quot
1

K[z]
2

= K(z)

∆ dim(X2) = trdegK

1

K(z)
2

= 1
∆ dim(X) = max{dim(X1), dim(X2)} = max{2, 1} = 2.

4.1.8 Theorem (Dimension 0). Let X be a variety. Then the following are equivalent:

(1) X is finite.

(2) dim(X) = 0.

Proof. “(1) ∆ (2)”: Let X = X1 fi · · · fi Xr be the decomposition into irreducible
components, i.e. Xi = {pi} is a point. It is thus enough to show dim({p}) = 0 for each
point p.
We have

O({p}) = K ∆ K({p}) = Quot(K) = K,

and hence
trdegK(K) = 0.

“(2) ∆ (1)”: Œ X is irreducible. As trdegK

1

K(X)
2

= 0, K µ K(X) is an algebraic field
extension.
As K = K, we have K(X) = K, hence O(X) = K.
Let x œ X and assume ÷ y œ X \ {x}. Then ÷ f œ mx with f(x) = 0 but f(y) ”™ 0 as
{y} ”= {x}.
But the functions in O(X) = K are constant, i.e. they cannot be zero at one point and
non-zero at another. Thus there is no y œ X \ {x} and X consists of only one point.

100



4.1.9 Proposition. If Y µ X is a closed subvariety, then dim(Y ) Æ dim(X).

Proof. Œ X and Y are irreducible and

Y µ X µ K
n
.

Then
OY (Y ) = K[x]/I(Y ),

and hence
K(Y ) = K([x1], . . . , [xn]).

Let d = dim(Y ). By Theorem 4.1.3 (1) there exists a transcendence basis

{[xi1 ], . . . , [xid
]}

of K µ K(Y ). In particular, if
f œ K[y1, . . . , yd]

is a polynomial with

f([xi1 ], . . . , [xid
]) = 0 (… f(xi1 , . . . , xid

)|Y = 0),

then f = 0.

Now let

f(xi1 , . . . , xid
)|X = 0

∆ f(xi1 , . . . , xid
)|Y = 0

∆ f = 0
∆ [xi1 ], . . . , [xid

] as classes in K(X) are algebraically independent
∆ trdegK

1

K(X)
2

Ø d

∆ dim(X) Ø d.

4.1.10 Proposition. Let X be irreducible and Y µ X a closed subvariety.

If dim(Y ) = dim(X), then Y = X.

Proof. Œ
Y µ X µ K

n
.

We also assume that Y is irreducible and let

d = dim(X) = dim(Y ).

As before,

K[Y ] = K[x1, . . . , xn]/I(Y ) ∆ K(Y ) = K([x1], . . . , [xn]).

By Theorem 4.1.3 (1), there exist indices i1, . . . , id such that

{[xi1 ], . . . , [xid
]}
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is a transcendence basis of K(Y ) over K.

As before,

[xi1 ], . . . , [xid
] œ K(X) = Quot

1

K[X]
2

= Quot
1

K[x1, . . . , xn]/I(X)
2

are algebraically independent/K. Hence

{[xi1 ], . . . , [xid
]}

is a transcendence basis for K µ K(X).

Assume Y ( X. Then I(Y ) ) I(X).
Hence the ideal corresponding to I(Y ) in K[X] is not the zero ideal.
Thus ÷ 0 ”= f œ K[X] with f œ I(Y ).

Then
{[xi1 ], . . . , [xid

], f} µ K(X)

is algebraically dependent/K. ∆ ÷ an equality

akf
k + · · · + a1f + a0 = 0 on X

with ai œ K[xi1 , . . . , xid
].

As X is irreducible, I(X) is prime, hence OX(X) = K[X] has no zero-divisors.

As f ”= 0, and
f · (akf

k≠1 + · · · + a1) = a0 on X

we can assume a0 ”= 0. But f œ I(Y ) ∆ a0 œ I(Y ), hence

a0 = 0 on Y,

but a0 œ K[xi1 , . . . , xid
] and [xi1 ], . . . , [xid

] are algebraically independent in K(Y )/K, ✓
Thus Y = X.

4.1.11 Definition (pure-dimensional). A variety X is called purely k-dim, or
pure-dimensional (of dim k), if all irreducible components of X are of dimension k.

Example. X = V (xz, yz) = is not pure-dimensional.

X = V (xy) µ K
2 is purely of dimension 1.

4.1.12 Theorem (Hypersurfaces are pure-dimensional). Let f œ K[x1, . . . , xn] be

non-constant. Then the hypersurface V (f) µ K
n

is purely (n ≠ 1)-dimensional.
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Proof. Let
f = f

r1
1 · · · f

rk
k

be the decomposition into prime factors. Then

V (f) = V (f1) fi · · · fi V (fk)

is the decomposition into irreducible components (see 1.5.9 (1)).
We have to show that each V (fi) has dimension n ≠ 1. Hence we can assume without
restriction that f is prime.

Let X = V (f) µ K
n. By Proposition 4.1.9 we have

dim(X) Æ n.

As K
n is irreducible and X ( K

n, we can conclude using Proposition 4.1.10 that

dim(X) < n.

It remains to show dim(X) Ø n ≠ 1. Let xj be a variable in the support of f and consider

A := {[x1], . . . , [xj≠1], [xj+1], . . . , [xn]} µ K(X).

Assume that A was algebraic/K.

∆ ÷ g œ K[x1, . . . , xn] with xj /œ supp(g), g = 0 on X

∆ g œ I(X) = ÈfÍ µ K[x]
∆ g = h · f for some h

But xj œ supp(f) and xj /œ supp(g), ✓

∆ A is algebraically independent
∆ trdegK

1

K(X)
2

Ø n ≠ 1
∆ dim(X) Ø n ≠ 1
∆ dim(X) = n ≠ 1.

4.1.13 Theorem. Let X µ K
n

be an a�ne variety which is purely (n ≠ 1)-dimensional.

Then X is a hypersurface.

Proof. Assume first that X is irreducible. Then I(X) µ K[x] is prime (see 1.5.2).
As dim(X) = n ≠ 1, we have X ( K

n, hence I(X) ”= È0Í. Let

g œ I(X) \ {0}

As I(X) is prime, there must be a prime factor f of g which is in I(X). As ÈfÍ µ I(X),
we have

X µ V (f).
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By Theorem 4.1.12,
dim(V (f)) = n ≠ 1,

and V (f) is irreducible since f is prime and thus ÈfÍ is prime. As dim(X) = n ≠ 1,
by Proposition 4.1.10 we obtain

X = V (f),
is a hypersurface.

If X is not irreducible, let
X = X1 fi · · · fi Xk

be the decomposition into irreducible components. By the above, each

Xi = V (fi)

is a hypersurface. Then
X = V (f1 · · · fk)

is a hypersurface.

4.2 Morphisms

K = K.

4.2.1 Theorem. Let Ï : X æ Y be a morphism of algebraic varieties, with

Ï
ú : OY æ OX .

(1) If I µ OY (Y ) is an ideal and B = V (I) µ Y the closed subset for I, then

Ï
≠1(B) = V (ÈÏú(I)Í) µ X,

with

I

1

Ï
≠1(B)

2

=
Ò

ÈÏú(I)Í µ OX(X).

(2) If J µ OX(X) is an ideal and A = V (J) µ X, then

Ï(A) = V

1

(Ïú)≠1(J)
2

µ Y,

and

I

1

Ï(A)
2

= (Ïú)≠1(
Ô

J) µ X.

Proof.

Ï : X æ Y, with A, Ï
≠1(B) µ X, B, Ï(A) µ Y,

(1)

x œ Ï
≠1(B) … Ï(x) œ B

… g(Ï(x)) = 0 ’ g œ I

… f(x) = 0 ’ f œ Ï
ú(I)

104



with

Ï
ú : OY (Y ) ≠æ OX(X)

g ‘≠æ g ¶ Ï

… x œ V

1

Ï
ú(I)

2

.

By Hilbert’s Nullstellensatz,

I

1

Ï
≠1(B)

2

= I

1

V (Ïú(I))
2

=
Ò

Ïú(I).

(2) Claim:
I

1

Ï(A)
2

= (Ïú)≠1(
Ô

J).

For g œ OY (Y ) we have

g œ I(Ï(A)) … g(Ï(x)) = 0 ’ x œ A

… Ï
ú(g) œ I(A) = I(V (J)) =

Ô

J

(where the last equality holds again by Hilbert’s Nullstellensatz)
… g œ (Ïú)≠1(

Ô

J)

Now

Ï(A) = V

1

I(Ï(A))
2

= V

1

(Ïú)≠1(
Ô

J)
2

= V

1

Ò

(Ïú)≠1(J)
2

= V

1

(Ïú)≠1(J)
2

.

4.2.2 Corollary. Let Ï : X æ Y and y œ Y , and set

Xy := Ï
≠1(y),

the fiber of Ï of y. Then Xy is a closed subvariety of X, and

I(Xy) =
Ò

Ïú(my)

is the radical of the pullback of the maximal ideal of y, my µ OY (Y ). In particular,

O(Xy) = O(X)
O

Ò

Ïú(my)

4.2.3 Definition (closed embedding). Ï : X æ Y is called a closed embedding if

Ï(X) µ Y

is closed and
Ï : X æ Ï(X)

is an isomorphism.

4.2.4 Theorem (closed embedding). Let Ï : X æ Y be a morphism of a�ne varieties,

with

Ï
ú : OY æ OX .

Then Ï : X æ Y is a closed embedding if and only if

Ï
ú : OY (Y ) æ OX(X)

is surjective.
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Proof. “∆”: Let Ï(X) = B µ Y . By Lemma 3.3.8, the inclusion

i : B æ Y

comes with a surjective
i
ú : O(Y ) æ O(B).

By assumption, Ï| : X æ B is an isomorphism. Hence

Ï
≠1 : B æ X

is a morphism, and

Ï
ú

|
¶ (Ï≠1)ú = idOX , (Ï≠1)ú

¶ Ï
ú

|
= idOB

∆ OB
≥= OX

∆ O(Y ) iú
≠æ O(B)

≥=
≠æ O(X)

is surjective.
“≈” Let

I = ker(Ïú) µ O(Y )
and

B = V (I) µ Y (B closed).

As X = V (0) µ X by Theorem 4.2.1 2) we obtain

Ï(X) µ V

1

(Ïú)≠1(È0Í)
2

= V (ker Ï
ú) = V (I) = B.

Thus we can restrict Ï to obtain
Ï| : X æ B,

furthermore we have the inclusion
i : B æ Y,

and
i ¶ Ï| = Ï.

By Lemma 3.3.8,
i
ú : O(Y ) æ O(B)

is surjective and
ker(iú) = I(B) µ O(Y ).

By Hilbert’s Nullstellensatz,

I(B) = I(V (I))
=

Ô

I

=
Ò

ker Ïú

= { g œ O(Y ) | g
r

œ ker Ï
ú

}

= { g œ O(Y ) | g
r

¶ Ï = 0 }

= { g œ O(Y ) | g ¶ Ï = 0 }

= ker Ï
ú

= I.
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We have

O(Y ) O(B) O(X)i
ú Ï

ú

|

Ï
ú

with Ï
ú surjective by assumption and

ker(Ïú) = ker(iú).

Thus Ï
ú

|
is surjective and if

f œ ker(Ïú

|
) ∆ f œ O(B) = i

ú(O(Y ))
∆ ÷ g œ O(Y ) : f = i

ú(g)
∆ Ï

ú

|
¶ i

ú(g) = Ï
ú

|
(f) = 0 = Ï

ú(g)
∆ g œ ker(Ïú) = ker(iú)
∆ f = i

ú(g) = 0
∆ ker(Ïú

|
) = {0}

∆ Ï
ú

|
injective

∆ Ï
ú

|
is an isomorphism

3.4.6
∆ Ï| is an isomorphism.

4.2.5 Definition (dominant). Ï : X æ Y is dominant if Ï(X) = Y , i.e. the image of Ï

is dense in Y .

4.2.6 Theorem (dominant). Let Ï : X æ Y be a morphism. Then

Ï is dominant ≈∆ Ï
ú

is injective.

Proof. By Theorem 4.2.1 we have

Ï(X) = V

1

(Ïú)≠1(È0Í)
2

= V (ker Ï
ú) µ Y.

Thus, if Ï(X) = Y , then ker Ï
ú = È0Í and Ï

ú is injective.

If Ï
ú is injective, then ker Ï

ú = {0} and hence

Ï(X) = V (ker Ï
ú) = V (0) = Y.

4.2.7 Theorem. Every morphism of a�ne varieties Ï : X æ Y can be decomposed as

Ï = i ¶ Â

with Â : X æ Z dominant and i : Z æ Y a closed embedding.
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Proof. Let
Z = Ï(X) µ Y,

set i : Z æ Y to be the inclusion and

Â : X æ Z, x ‘æ Ï(x).

4.2.8 Corollary. Let Ï : X æ Y be dominant, X, Y irreducible. Then

Ï
ú : K(Y ) æ K(X)

can be extended to function fields.

Proof. This follows from Theorem 4.2.6, since

Ï
ú : K[Y ] æ K[X]

is injective. Hence we can set
Ï

ú

3

g

h

4

= Ï
ú(g)

Ïú(h) ,

and Ï
ú(h) ”= 0 as h ”= 0.

4.2.9 Theorem. Let Ï : X æ Y be dominant. Then

dim Y Æ dim X.

Proof. Assume first X and Y are irreducible. By Corollary 4.2.8,

Ï
ú : K(Y ) æ K(X)

exists and is injective (Theorem 4.2.6). Thus we can view

K(Y ) µ K(X)

as a field extension. Hence

dim(Y ) = trdegK

1

K(Y )
2

Æ trdegK

1

K(X)
2

= dim(X).

If
X = X1 fi á á áfi Xk

is the decomposition into irreducible components, then

Y = Ï(X) = Ï(X1) fi á á áfi Ï(Xk).

Here, the Ï(Xi ) are irreducible (1.6.3, 1.5.3). Because of the uniqueness of the decomposition
of Y (1.5.7), the components Yi are equal to the Ï(Xj ). Thus, without restriction,

Ï(Xi ) = Yi .
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Hence (by the first case we considered)

dim(Y ) = max{ dim(Yi )}
Æ max{ dim(Xi )}
= dim(X).

4.2.10 Definition (birational map). A dominant morphism

Ï : X æ Y

of irreducible varieties is called birational, if

Ï
ú : K(Y )

≥=
≠æ K(X)

Remark. For a birational morphism,

dim X = dim Y.

Example. Let
X = K = A1

, Y = V (x2
≠ y

3),
and define

Ï : X ≠æ Y

t ‘≠æ (t3
, t

2).

Then
K(X) = K(t), K(Y ) = Quot

A

K[x, y]
Èx2 ≠ y3Í

B

.

Ï
ú : K[Y ] ≠æ K[X]

x ‘≠æ t
3

y ‘≠æ t
2

Notice that t /œ Im(Ïú), in particular, Ï
ú is not surjective.

∆ Ï is not a closed embedding and Ï
ú is not an isomorphism of coordinate rings

∆ is not an isomorphism by the antiequivalence theorem 3.4.6.

(The problem is the “singularity” , X is a line, a “smooth” curve ,
it cannot be isomorphic to a curve with a singularity.)

Ï
ú is injective, so we can pass to function fields:

Ï
ú : Quot

A

K[x, y]
Èx2 ≠ y3Í

B

≠æ K(t)

x ‘≠æ t
3
,

y ‘≠æ t
2

x

y
‘≠æ

t
3

t2
= t.
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Let

Â : K(t) ≠æ Quot
A

K[x, y]
Èx2 ≠ y3Í

B

t ‘≠æ
x

y

Then

t
2

‘≠æ
x

2

y2
= y

3

y2
= y,

t
3

‘≠æ
x

3

y3
= x

3

x2
= x.

So Â is the inverse to Ï
ú.

∆ Ï is a birational morphism.

Remark. Let X be an irreducible a! ne variety and X fl D(f) µ X. Then the inclusion

i : X fl D(f) ≠æ X

is birational and
i
ú : K(X) ≠æ K(X fl D(f)) : g

h
‘≠æ

g/1
h/1

has the inverse
K(X fl D(f)) ≠æ K(X) : g/f

n

h/fm
‘≠æ

gf
m

hfn
.

4.2.11 Theorem. Let X, Y be irreducible.

(1) If Â : K(Y ) ≠æ K(X) is a K-algebra homomorphism, then there exists f and a

dominant

Ï : X fl D(f) ≠æ Y

such that Ï
ú = Â.

(2) If Â : K(Y )
≥=

≠æ K(X), then there exist f œ O(X), g œ O(Y ) and an isomorphism

Ï : X fl D(f)
≥=

≠æ Y fl D(g)

such that Ï
ú = Â.

(3) If Ï : X ≠æ Y is birational, then there exists g œ O(Y ) such that

X fl D(Ïú
g) = Ï

≠1(Y fl D(g)) ≠æ Yg

x ‘≠æ Ï(x)

is an isomorphism.

110



Example. Let X = K, f = t, and Y = V (x2
≠ y

3), and let g = x. Then

X fl D(f) =

Y fl D(g) =
and

Ï : t ‘≠æ (t3
, t

2)

now defines an isomorphism.

Claim: The coordinate ring K[Y fl D(g)] is

K[x, x
≠1

, y, y
≠1]

Èx2 ≠ y3Í

and is generated by x
y and y

x .

As x is invertible and x
2 = y

3, also y must be invertible.
Let h be a polynomial in x, x

≠1
, y, y

≠1.

As x
2 = y

3,

y = y
3

y2
= x

2

y2
,

x = x
3

x2
= x

3

y3
,

we can write h in the variables x
y and y

x .

∆ K[Y fl D(g)] ≥= K

C

x

y
,

y

x

D

≥= K[t, t
≠1] = K[X fl D(f)].

Proof of 4.2.11. (1) Let g1, . . . , gs generate O(Y ). For all i there exist hi , fi œ O(X) such
that

Â(gi ) = hi

fi
.

Let f = f1 á á áfs, then

O(Y ) ≠æ O(X)f

g ‘≠æ Â(g)

is injective.

By the antiequivalence theorem 3.4.5, we obtain a dominant morphism (4.2.6)

Ï : X fl D(f) ≠æ Y.
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(2) By (1), there exists f œ O(X) and a dominant morphism

Ï : X fl D(f) ≠æ Y

with Ï
ú = Â. We can apply (1) also to the inverse and obtain a dominant

Ï̃ : Y fl D(g) ≠æ X

with Ï̃
ú = Â

≠1.
As Â ¶ Â

≠1 = id = Â
≠1

¶ Â, the restrictions of Ï and Ï̃ must be inverse to each other
and hence define an isomorphism.

(3) Let Â = Ï
ú : K(Y )

≥=
≠æ K(X). Let f1, . . . , fr be generators of O(X). Then

fi = Ï
ú(hi )

Ïú(gi )
for some hi , gi œ O(Y ).

We set g := g1 á á ágr and obtain a monomorphism

Â0 = Â

-

-

-

O(Y )g
: O(Y )g ≠æ O(X)! ! (g) .

It is surjective, as the fi are contained in the image. We have Â0 = Ï
ú

0 for the restriction

Ï0 : X fl D(Ïú
g) ≠æ Y fl D(g).

by construction. As Œ0 is an isomorphism, by the antiequivalence theorem 3.4.5 also
Ï0 is.

4.2.12 Definition (Parametrisation). Let X be irreducible of dimension n.
A parametrisation of X is an isomorphism

W
≥=
≠æ U

where ÿ ”= W µ K
n is open and ÿ ”= U µ X is open.

If a parametrisation of X exists, we say X is rational.

Example. V (x2
≠ y

3) is rational. V (y ≠ x
2) is rational. Ï : t ‘æ (t3

, t
2)

4.2.13 Corollary.

K(X) ≥= K(x1, . . . , xn) =∆ X is rational

Proof. ÷ birational map K
n

æ X, by 4.2.11 (2), ÷ param.

Remark. “≈” holds also in 4.2.13.
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4.3 Integral ring extensions

The following subchapter collects necessary background from commutative algebra, which
we use for further geometric insights in 4.4 and 4.5.

4.3.1 Definition (Integral). Let R µ S be ring extensions. An element s œ S is called
integral over R if there exists a monic non-constant polynomial f œ R[x] such that
f(s) = 0, i.e. there exist r0, . . . , rk≠1 œ R with

s
k + rk≠1s

k≠1 + á á á+ r1s + r0 = 0.

The extension R µ S is called integral if every s œ S is integral over R.

Remark. If K µ L is a field extension and – œ L, then – is integral over K if and only if
– is algebraic over K.

4.3.2 Lemma. Let A be an m ◊ m matrix with entries in R. Let v œ R
m

.

If A áv = 0 then det(A) ávi = 0 for all i = 1, . . . , m.

Proof. Follows from Cramer’s rule, i.e. there exists Ã œ R
m◊m with

Ã áA = det(A) á m .

Apply Ã to the equation A áv = 0.

4.3.3 Proposition (Finite integral extensions). Let R µ S be a ring extension.

Let S = R[s1, . . . , sn ] for some si œ S. Then the following are equivalent:

(1) R µ S is integral

(2) si is integral over R for all i

(3) S is a finitely generated R-module.

Proof. (1) ∆ (2) !

(2) ∆ (3) For each i there exist ki œ N and ri 0 , . . . , ri k i " 1
œ R such that

s
ki
i + ri k i " 1

s
ki " 1
i + á á á+ ri 0 = 0.

Claim: S is generated as an R-module by

{ s
"1
1 á á ás"n

n | ¸i Æ ki }

Let s œ S. As S = R[s1, . . . , sn ], we can write

s =
ÿ

#œNn

a#s
#1
1 á á ás#n

n for some a# œ R.

Substituting the equations for integrality from above, we can write s as an R-linear
combination of the s

"1
1 á á ás"n

n with ¸i Æ ki .
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(3) ∆ (1) Let
S = Rv1 + á á á+ Rvm with vi œ S.

Let s œ S. Write
s – svi =

m
ÿ

j =1

bij vj , bij œ R.

Set
v := (v1, . . . , vm) œ S

m
, B = (bij ).

Then we have
(s á n ≠ B) áv = 0.

By Lemma 4.3.2 we obtain
det(s á n ≠ B) ávi = 0.

As s = r1v1 + á á á+ rmvm for some ri œ R, we conclude

det(s á n ≠ B) ás = 0.

This yields a (monic) equation proving integrality of s.
4.3.4 Lemma. Let R µ S be integral.

(1) Let I µ S be an ideal, then

R/(R fl I) µ S/I

is integral.

(2) Let T µ R be multiplicatively closed. Then

T
≠1

R µ T
≠1

S

is integral.

Proof. (1) Let

[a] = a + I œ S/I

As R µ S is integral, there exists f œ R[x] such that

f(a) = 0.

Then [f ] œ R/(R fl I)[x] yields

[f ]([a]) = [f(a)] = [0],

with [f ] monic.

(2) Let s
t œ T

≠1
S. As R µ S is integral, there exist ak≠1, . . . , a0 œ R such that

s
k + ak≠1s

k≠1 + á á á+ a0 = 0.

Multiply this equation with
1

1
t

2k
to obtain

3

s

t

4k

+ ak≠1

t
¸ ˚˙ ˝

œT " 1R

3

s

t

4k≠1

+ á á á+ a0

tk
¸˚˙˝

œT " 1R

= 0.

Hence s
t is integral over T

≠1
R.
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4.3.5 Lemma. Let R µ S be integral, S = R[s1, . . . , sn ]. Then

Quot(R) µ Quot(S)

is a finite algebraic field extension.

Proof. We have
Quot(S) = Quot(R)

3

s1

1 , . . . ,
sn

1

4

,

and every generator is integral /R ∆ every si
1 is algebraic over Quot(R).

Thus the field extension is algebraic and finite.

4.3.6 Lemma. Let S contain no zero-divisors. Let R µ S be integral. Then

R is a field ≈∆ S is a field.

Proof. “∆” Let 0 ”= s œ S. As R µ S is integral, there exist ak≠1, . . . , a0 œ R such that

s
k + ak≠1s

k≠1 + á á á+ a0 = 0
∆ s

k + ak≠1s
k≠1 + á á á+ a1s = ≠a0

∆ s

1

s
k≠1 + ak≠1s

k≠2 + á á á+ a1

2

= ≠a0

R Þeld
∆ ≠

1
a0

1

s
k≠1 + ak≠1s

k≠2 + á á á+ a1

2

ás = 1

∆ ≠
1
a0

1

s
k≠1 + ak≠1s

k≠2 + á á á+ a1

2

is the inverse for s and S is a field.

“≈” Let 0 ”= r œ R. Then r œ S and, as S is a field, there exists s œ S such that

rs = 1.

For s, there exist ak≠1, . . . , a0 œ R such that

s
k + ak≠1s

k≠1 + á á á+ a0 = 0.

Multiply this equation with r
k≠1:

s + ak≠1 + ak≠2r + á á á+ a0r
k≠1 = 0

∆ s = ≠ak≠1 ≠ ak≠2r ≠ á á á≠ a0r
k≠1

œ R

∆ R is a field.

4.3.7 Theorem (Going up-Theorem). Let R µ S be integral. Then

(1) For every prime ideal p µ R there exists q µ S prime, such that

q fl R = p.
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(2) For every maximal ideal m µ R there exists n µ S maximal, such that

n fl R = m.

Proof. (1) Let p µ R be a prime ideal. Let

T = R \ p.

Then T is multiplicatively closed and

R S

T
≠1

R T
≠1

S

µ

µ

!Ï Ï
Õ

With Ï : r ‘æ
r
1 and Ï

Õ : s ‘æ
s
1 . The diagram commutes. By Lemma 4.3.4,

T
≠1

R µ T
≠1

S

is integral.
Let I µ T

≠1
S be maximal and set

J := I fl T
≠1

R.

By Lemma 4.3.4,
T

≠1
R/J µ T

≠1
S/I

is integral. Since T
≠1

S/I is a field (as I is maximal), it follows from Lemma 4.3.6 that
T

≠1
R/J is a field. Hence J µ T

≠1
R is maximal.

But T
≠1

R = Rp is local (3.1.12), so Rp has a unique maximal ideal, namely T
≠1p.

Thus
J = T

≠1p. (ú)

Let
q := (ÏÕ)≠1(I) µ S.

As the preimage of an ideal, q is an ideal.
Furthermore, q is prime: Let ab œ q. Then

Ï
Õ(ab) = Ï

Õ(a)ÏÕ(b) œ I.

As I is maximal and thus prime, Œ

Ï
Õ(a) œ I ∆ a œ q.

We have
q fl R = Ï

≠1(J),
by the commutative diagram, and

Ï
≠1(J) (ú)= Ï

≠1(T ≠1p) = p.

Hence
q fl R = p.

Thus, for p µ R prime we constructed q µ S prime such that

q fl R = p.
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(2) Let m µ R be maximal. Using (1), we find

n := (ÏÕ)≠1(I) µ S,

where I µ (R \ m)≠1
S is maximal, such that n is prime and

n fl R = m.

We only need to show that n is maximal. By Lemma 4.3.4,

R/m µ S/n

is integral.
S/n contains no zero divisors as n is prime. R/m is a field as m is maximal.

4.3.6
∆ S/n is a field
∆ n is maximal.

4.3.8 Definition (integral closure). Let R µ S be a ring extension. The integral closure

of R in S is
R := { s œ S | s is integral over R } .

4.3.9 Proposition (Integral Closure is ring). The integral closure R of R µ S is a subring

of S.

Proof. Let s, s
Õ
œ R. By Proposition 4.3.3, R[s, s

Õ] is integral over R. As

s + s
Õ
, ≠s, ≠s

Õ
, s ás

Õ
œ R[s, s

Õ],

these elements are all integral over R. Hence

s + s
Õ
, ≠s, ≠s

Õ
, s ás

Õ
œ R,

and thus R is a ring (a subring of S).

4.3.10 Definition (normal). A ring R without zero divisors is called normal if it is
integrally closed in its quotient field.

4.3.11 Theorem (UFDs are normal). Let R be a unique factorization domain. Then R is

normal.

Proof. Let p
q œ Quot(R). We assume that p and q do not have common prime factors.

Assume p
q œ R. Then there exist ak≠1, . . . , a0 œ R such that

A

p

q

Bk

+ ak≠1

A

p

q

Bk≠1

+ á á á+ a0 = 0.
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Multiplying with q
k yields

p
k + ak≠1p

k≠1
q + á á á+ a0q

k = 0,

∆ p
k = ≠ak≠1p

k≠1
q ≠ á á á≠ a0q

k = q

1

≠ak≠1p
k≠1

≠ á á á≠ a0q
k≠1

2

∆ q | p
k

∆ q is a unit in R

∆
p

q
œ R

∆ R = R and R is normal.

Example. Z is normal, K[x] is normal.

4.4 Noether normalization

K = K.

4.4.1 Definition (finite morphism). Let f : X æ Y be a morphism of a! ne varieties. f

is called finite if O(X) is a finitely generated f
ú(O(Y ))-module.

Example. (1) idX : X æ X is finite, as

idú

X : O(X) æ O(X)

satisfies idú

X = idO(X ) , hence

idú

X (O(X)) = O(X),

and O(X) is a finitely generated O(X)-module (by 1).

(2) Let f : X æ Y be a closed embedding, then f is finite.
Œ, X µ Y µ K

n . Then I(Y ) µ I(X) and

O(X) = K[X] = K[x]
I(X) , O(Y ) = K[Y ] = K[x]

I(Y ) .

The map
f

ú : O(Y ) æ O(X)

is the quotient map
K[x]
I(Y ) æ

K[x]
I(X)

and
f

ú

A

K[x]
I(Y )

B

= K[x]
I(X) ,

in particular it is a finitely generated K [x]
I (X ) -module (by 1).
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(3) Let X = Y = K and

f : K ≠æ K

x ‘≠æ x
2

Then O(X) = K[x], O(Y ) = K[x] and

f
ú : K[x] ≠æ K[x]

x ‘≠æ x
2

Hence
f

ú(K[x]) = K[x2] µ K[x].
Now K[x] is a finitely generated K[x2]-module, generated by 1 and x:

K[x] = 1 áK[x2] + x áK[x2].

As every polynomial can be written as a sum of terms of even degree plus the terms
of odd degree, the first summand lies in K[x2] and the second in x áK[x2].
Hence f is finite.

4.4.2 Theorem. Let Ï : X æ Y be a dominant finite morphism of irreducible varieties.

Then

Ï
ú(K(Y )) µ K(X)

is a finite, algebraic field extension and

dim X = dim Y.

Proof. By Theorem 4.2.6, Ï
ú is injective, i.e. we can view

Ï
ú : O(Y )

≥=
≠æ Ï

ú(O(Y )) µ O(X)

as an isomorphism followed by a ring extension. As O(X) is a finitely generated K-algebra,
it can in particular be given in the form

Ï
ú(O(Y ))[s1, . . . , sk ]

with si œ O(X). By assumption, O(X) is a finitely generated Ï
ú(O(Y ))-module. By

Proposition 4.3.3 we conclude that

Ï
ú(O(Y )) µ O(X)

is an integral ring extension and with 4.3.5

Ï
ú
K(Y ) µ K(X)

is an algebraic and finite field extension.
Thus,

dim Y =trdegK (K(Y ))
ú1=trdegK (Ïú(K(Y )))
ú2=trdegK K(X)
= dim X.

with ú1 : as K(Y ) æ Ï
ú(K(Y )) is an isomorphism

and ú2 : as Ï
ú(K(Y )) µ K(X) is algebraic
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4.4.3 Theorem. Let Ï : X æ Y be a finite morphism of a! ne varieties. If A µ X is

closed, then Ï(A) µ Y is closed and

Ï|A : A æ Ï(A)

is finite.

Proof. Let B = Ï(A), then
Ï|A : A æ B

is a morphism. We obtain the following commutative diagram:

O(Y )/I(B)

O(Y )

O(B)

Ï
ú(O(Y )) O(X)

Ï
ú(O(Y ))/Ï

ú(I(B)) O(X)/I(A)

Ï
ú(O(B) O(A)

≥=

≥=

≥=

µ

µ

µ

≥=

As Ï|A : A æ B is dominant,
Ï

ú : O(B) æ O(A) (ú)

is injective (4.2.6).

As Ï : X æ Y is finite, O(X) is a finite Ï
ú(O(Y ))-module, in particular

Ï
ú(O(Y )) µ O(X)

is an integral ring extension (4.3.3).

We have

Ï
ú(I(B)) ={ Ï

ú(g) | g œ I(B)}
={ g ¶ Ï | g œ I(Ï(A))}
={ f œ Ï

ú(O(Y )) | f œ I(A)}
=Ï

ú(O(Y )) fl I(A)

∆
Ï

ú(O(Y ))
Ïú(I(B)) = Ï

ú(O(Y ))
Ïú(O(Y )) fl I(A) µ

O(X)
I(A) .

This is integral by 4.3.4.

∆ Ï
ú(O(B)) µ O(A) is integral

4.3.3
∆ O(A) is a finitely generated Ï

ú(O(B))-module
∆ Ï : A æ B is finite.
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It remains to show B = Ï(A), i.e. Ï : A æ B is surjective.

Let y œ B. Then
Ï

≠1(y) = V (Ïú(my)) µ A.

We have
Ï

ú : O(B)
≥=
≠æ Ï

ú(O(B))
by (ú), hence

Ï
ú(my) µ Ï

ú(O(B)).
is a maximal ideal.

By the going-up Theorem 4.3.7, there exists

m µ O(A)

maximal such that
Ï

ú(my) = Ï
ú(O(B)) fl m.

By Hilbert’s Nullstellensatz, m = mx for a point x œ A. As

ÈÏ
ú(my)Í µ mx ,

we have

{ x} = V (mx) µ V (Ïú(my)) 4.2.111)= Ï
≠1(y)

∆ ÷ preimage x for y œ B

∆ Ï is surjective and Ï(A) = B.

4.4.4 Corollary. Let Ï : X æ Y be a dominant finite morphism. Then Ï is surjective and

dim X = dim Y.

Proof. By 4.2.9, dim Y Æ dim X. By 4.4.3, Ï(X) is closed. Hence

Ï(X) = Ï(X) = Y,

and therefore Ï is surjective.

It remains to show dim X Æ dim Y . Let X
Õ
µ X be an irreducible component of maximal

dimension, i.e.
dim X

Õ = dim X.

Then
Ï(X Õ) =: Y

Õ

is irreducible (1.6.3). By 4.4.3, Y
Õ is closed and

Ï : X
Õ
æ Y

Õ

is finite. By 4.4.2,
dim Y

Õ = dim X
Õ
.
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As Y
Õ
µ Y is closed, we have

dim Y
Õ
Æ dim Y.

Thus
dim X = dim X

Õ = dim Y
Õ
Æ dim Y,

as required.

4.4.5 Corollary. Let Ï : X æ Y be a finite morphism, and let A
Õ " A µ X be closed. Let

A be irreducible, then

Ï(AÕ) " Ï(A).

Proof. By 4.4.3,
Ï|A # : A

Õ
æ Ï(AÕ) and Ï|A : A æ Ï(A)

are finite dominant morphisms. By 4.4.4,

dim Ï(AÕ) = dim A
Õ
, dim Ï(A) = dim A.

By 4.1.10,

dim A
Õ
< dim A

∆ dim Ï(AÕ) < dim Ï(A)
∆ Ï(AÕ) " Ï(A)

4.4.6 Corollary. Let Ï : X æ Y be finite. Then every fiber Ï
≠1(y) is finite.

Proof. Let y œ Y . If Ï
≠1(y) is not empty, let

Ï
≠1(y) = A1 fi á á áfi Ak

be the decomposition into irreducible components.
For each i choose ai œ Ai . Assume { ai } " Ai , as { ai } is closed and Ai is irreducible,
by 4.4.5 we have

Ï(ai ) " Ï(Ai ).

But Ï(ai ) = Ï(Ai ) = { y} , !
Hence

Ai = { ai } .

Therefore
Ï

≠1(y) = { a1} fi á á áfi { ak}

is a finite collection of points if not empty.

4.4.7 Definition (Finite ring morphism). Let Â : R æ S be a ring homomorphism. If S

is a finitely generated Â(R)-module, we say Â is finite.

4.4.8 Theorem (Noether normalization). Let R be a finitely generated K-algebra. Then

there exists a finite monomorphism

K[x1, . . . , xd] ≠æ R.
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Proof. Later.

4.4.9 Theorem (Noether normalization, geometric). Let X be an a! ne variety. Then

there exists a finite surjective morphism

X ≠æ K
d
,

where d = dim(X).

Proof. By 4.4.8, we obtain an injective finite morphism

K[x1, . . . , xd] ≠æ O(X).

The corresponding morphism X æ K
d is finite, dominant (4.2.6), and thus surjective with

dim(X) = d

by 4.4.4.

4.4.10 Lemma. Let f œ K[x1, . . . , xn ] be a polynomial of degree d. Then there exists a

K-algebra automorphism

‡ : K[x] ≠æ K[x]
such that

‡(f) = c áx
d
n +

d≠1
ÿ

i =0

hi (x1, . . . , xn≠1) x
i
n ,

with c œ K
ú

and polynomials

h0, . . . , hd≠1 œ K[x1, . . . , xn≠1].

Furthermore, ‡ can correspond to an invertible linear map K
n

æ K
n
.

Proof. We write f = fd + á á á+ f0 with fi of degree i. We write

fd =
d

ÿ

j =0

fd,j x
j
n ,

where fd,j œ K[x1, . . . , xn≠1] of degree d ≠ j. There exists j such that fd,j ”= 0, as fd ”= 0
since deg f = d. Hence

h :=
d

ÿ

j =0

fd,j œ K[x1, . . . , xn≠1]

satisfies h ”= 0. Choose – = (–1, . . . , –n≠1) œ K
n≠1 such that h(–) ”= 0 and set

‡ : K[x] ≠æ K[x]

xi ‘≠æ

Y

]

[

xi + –i xn 1 Æ i Æ n ≠ 1,

xn i = n.

‡ is a K-algebra isomorphism with inverse

K[x] ≠æ K[x]

xi ‘≠æ

Y

]

[

xi ≠ –i xn 1 Æ i Æ n ≠ 1,

xn i = n.
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As the degree is preserved (it is a linear isomorphism), we have

! (f )d = ! (f d) = !

!

"
d#

j =0

f d,j xj
n

$

%

=
d#

j =0

! (f d,j ) xj
n . (! )

Assume
f d,j =

#

! ! Nn ! 1

a! x! 1
1 á á áx! n ! 1

n" 1 .

Then

! (f d,j )(x1, . . . , xn) = f d,j (x1 + " 1xn, . . . , xn" 1 + " n" 1xn)

= f d,j (" 1, . . . , " n" 1) xd" j
n +

d" j " 1#

k=0

hdjk (x1, . . . , xn" 1) xk
n

with somehdjk " K [x1, . . . , xn" 1].
Inserting into (! ) we obtain

! (f )d =

!

"
d#

j =0

f d,j (" 1, . . . , " n" 1)

$

% xd
n +

d" 1#

j =0

hdj (x1, . . . , xn" 1) xj
n

= h(" ) xd
n +

d" 1#

j =0

hdj (x1, . . . , xn" 1) xj
n

for somehdj " K [x1, . . . , xn" 1].

As
! (f ) = ! (f )d + á á á+ ! (f )0,

we obtain the desired form for! (f ).

4.4.11 Lemma. Let R contain no zero divisors and letf " R[x],

f = cdxd + á á á+ c0 with cd " R#

Then there is a division with remainder byf , i.e. for all g " K [x] there existq, r such that

g = qf + r, degr < d,

and

Rd $=#$ R[x]/ %f & as R-modules,

(a0, . . . , ad" 1) '#$ ad" 1xd" 1 + á á á+ a0.

Proof. As cd " R# we can do polynomial division as over Þelds. The isomorphism statement
follows asRd parametrizes all possible coe! cients of remainders.
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4.4.12 Lemma. Let R
f

#$ R% g
#$ R%%be Þnite ring morphisms, theng ( f is Þnite.

Proof. R%is a Þnitely generatedf (R)-module, let r %
1, . . . , r%

k be generators.
R%%is a Þnitely generatedg(R%)-module, let r %%

1, . . . , r%%
" be the generators.

Claim:

{ g(r %
i ) r %%

j | 1 ) i ) k, 1 ) j ) #}

generatesR%%as g ( f (R)-module.

Let r %%" R%%, we can write

r %%=
"#

j =1

aj r %%
j with aj " g(R%).

As aj " g(R%) there existsbj " R%with g(bj ) = aj . Write

bj =
k#

i =1

cij r %
i with cij " f (R).

Then

r %%=
"#

j =1

aj r %%
j

=
"#

j =1

g(bj ) r %%
j

=
"#

j =1

g
& k#

i =1

cij r %
i

'

r %%
j

=
"#

j =1

k#

i =1

g(cij ) g(r %
i ) r %%

j .

and ascij " f (R), g(cij ) " g ( f (R).

Proof of Noether normalization4.4.8. As R is a Þnitely generatedK -algebra, there exists

$0 : K [x1, . . . , xn ] #$ R

surjective. In particular, R is a Þnitely generated$0(K [x])-module.
If $0 is injective, $0 is as required.

Assume$0 is not injective. Let f " ker($0) and choose an isomorphism! as in 4.4.10:

K [x1, . . . , xn" 1] #$ K [x1, . . . , xn ] #! 1

#$
$=

K [x1, . . . , xn ]
$ 0##$ R

$1 * + + , $0

K [x1, . . . , xn ]/ %! (f )&
$=##$ K [x1, . . . , xn ]/ %f &

Then ø$0 is still surjective and thus Þnite. As

! (f ) = c áxd
n + . . . with c " K # = ( K [x1, . . . , xn" 1])#,
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we can apply Lemma4.4.11to R = K [x1, . . . , xn" 1] and see that

K [x1, . . . , xn ]/ %! (f )&

is a Þnitely generatedR-module

- ø$1 is Þnite.
4.4.12- $1 := ø$0 ( ! " 1 ( ø$1 is Þnite.

$1 : K [x1, . . . , xn" 1] #$ R

If $1 is injective, it is as required.
Else, we iterate the procedure and obtain Þnite

$k : K [x1, . . . , xn" k ] #$ R.

Latest for k = n such a morphism is injective.

4.5 Krull dimension and KrullÕs principal ideal theorem

4.5.1 DeÞnition (Krull dimension). The Krull dimension of a topological spaceX is

sup
r

(
. / ! X 0 ! á á á! X r 0 X s.th. eachX i is irreducible and closed

)
.

Example. Let X be the a! ne variety K 2, then the Krull dimension of X is 2. We have
chains

/ ! { pt} ! { irred. plane curve} ! K 2,

all have length2, and so the supremum above is2.

4.5.2 Theorem. Let X be an a! ne variety. Then the Krull dimension ofX is dim X .

Proof. Claim: The Krull dimension of X ) dim X .

Let
/ ! X 0 ! á á á! X r 0 X

be a chain of irreducible subvarieties ofX .

By 4.1.10., dim(X i ) < dim(X i +1 ) and by 4.1.9dim(X i ) ) dim(X ).
- We can produce a longest chain if we letdim(X 0) = 0 , dim(X i +1 ) = dim(X i ) + 1 , but
as dim(X i ) ) dim(X ) such a chain has lengthdim(X )

- r ) dim(X )

for the length r of any chain.

Claim: Krull dimension of X 1 dim X .

To see this, we have to prove the existence of a longest chain as above. IfX = K n, we can
use linear subspaces

{ 0} 0 K 0 K 2 0 á á á0 K n
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to obtain a chain of lengthn, showing the inequality above.

If X is an arbitrary a! ne variety, by Noether normalization4.4.9 there exists

$ : X #$ K n

Þnite and surjective, with dim(X ) = n. Let X n 0 X be an n-dimensional irreducible
component. By4.4.3,

$n := $|X n : X n #$ $(X n)

is a Þnite morphism. By4.4.4,
dim $(X n) = n.

As $(X n) is closed andK n irreducible, by 4.1.10we have

$(X n) = K n

Consider an(n # 1)-dimensional linear subspaceK n" 1 0 K n and

$n| : $" 1(K n" 1) #$ K n" 1.

The preimage$" 1
n (K n" 1) is closed by4.2.1, thus by 4.4.3

$n| : $" 1(K n" 1) #$ K n" 1

is Þnite. By 4.4.4,
dim

*
$" 1(K n" 1)

+
= dim( K n" 1) = n # 1.

- There exists an(n # 1)-dimensional irreducible component

X n" 1 0 $" 1(K n" 1) ! X n.

Consider
$n" 1 := $n|X n ! 1 : X n" 1 #$ K n" 1

and continue as above to produce a chain

/ ! X 0 ! á á á! X n 0 X

of irreducible subvarieties, using the chain of linear subspaces

/ ! { 0} 0 K 0 á á á0 K n" 1 0 K n.

- n = dim( X ) ) the Krull dimension of X .

4.5.3 Theorem (KrullÕs principal ideal theorem). Let dim(X ) = n, X an irreducible
a! ne variety. Let f " O(X ) s.th.

/ 2= V(f ) ! X.

Then V(f ) is purely (n # 1)-dimensional, i.e. every irreducible component ofV(f ) has
dimension n # 1.

Proof. later.
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4.5.4 Corollary. Let dim(X ) = n, X an irreducible a! ne variety. Let f 1, . . . , f r " O(X ),
then every irreducible component of

V(f 1, . . . , f r )

has dimension at leastdim(X ) # r .

Proof. Induction on r .

r = 1 is KrullÕs principal ideal theorem.

r # 1 #$ r : Let
X %= V(f 1, . . . , f r " 1).

Then in X %,
V(f 1, . . . , f r ) = V(f r ).

Let Y be an irreducible component ofV(f 1, . . . , f r ) and Y %an irreducible component of
X %with Y 0 Y %. By the induction assumption,

dim(Y %) 1 dim(X ) # r + 1.

Using KrullÕs principal ideal theorem, we conclude, asY = V(f r ) in Y %,

dim(Y) 1 dim(X ) # r.

Remark. We cannot conclude that

dim
*
V(f 1, . . . , f r )

+
= dim( X ) # r,

as thef r do not need to cut out a lower-dimensional variety from an irreducible component.

Example. Let X = K 3,
f 1 = xz, f 2 = yz.

Then V(xz) is purely of dimension2 by KrullÕs principal ideal theorem; it is the union of
two coordinate planes.

The two irreducible components areV(x) and V(z)

Now f 2 restricted to these components yields a ÒcrossÓ:
V(yz) inside V(x) given by y = 0 or z = 0.
Each component here has dimension one (KrullÕs principal ideal theorem applies).

all of V(z) - here the theorem does not apply.
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Hence we can conclude
dim(X ) 1 n # r = 3 # 2 = 1,

but not equality.

V(xz, yz) = it is of dim 2.

4.5.5 Corollary. Let X be irreducible,dim X = n, x " X . Then there exists a chain

{ x} ! X 1 ! á á á! X n 0 X

of irreducible subvarieties containingx.

Proof. Induction on n.

n = 0 : nothing to show.

n # 1 #$ n: Let X n := X and choose0 2= f " O(X ) with f (x) = 0 .
Then by KrullÕs principal ideal theorem,V(f ) 0 X contains an irreducible component
X n" 1 of dim n # 1 with x " X n" 1. We apply the induction assumption forX n" 1 and obtain
the desired chain.

4.5.6 Theorem. Let K 0 L be a Þnite Þeld extension. Let0 2= a " L.

Multiplication with a is a K -vectorspace endomorphism ofL:

f a : L #$ L,

v '#$ a áv.

(1) The minimal polynomialma of the elementa " L and of the endomorphismf a coincide.

(2) The characteristic polynomial%f a is a power ofma.

Proof. (1) Let v " L and

g =
k#

i =0

bi xi " K [x].

Then

g(f a)(v) =
k#

i =0

bi f i
a (v) =

k#

i =0

bi ai v = g(a) áv.

Thus the minimal polynomials coincide.

(2) Let K 0 K (a) 0 L, then
[K (a) : K ] = deg(ma).

Let
[L : K (a)] = k,
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then L is a k-dimensionalK (a)-vector space. We can pick a basisv1, . . . , vk and set

Vi := %vi &K (a) ,

then

L =
k,

i =1

Vi

is the direct sum of these subspaces, and

Vi
3= K (a) 4i.

We havef a(Vi ) 0 Vi , as Vi is a K (a)-vectorspace anda " K (a).

The characteristic polynomial%i of f a|Vi has degree

dimK (Vi ) = deg(ma),

and

%f a =
k-

i =1

%i .

Claim: %i = ma for all i .

As both have the same degree, it is enough to showma | %i . But

%i (a)(v) = %i (f a)(v) = %i (f a|Vi )(v) = 0

by CayleyÐHamilton. Hencema | %i , and the claim is proved.

- %f a = mk
a .

4.5.7 DeÞnition. Let K 0 L be a Þnite Þeld extension,a " L, f a the multiplication map
as in 4.5.6. We deÞne thenorm of a to be

N (a) = det( f a).

4.5.8 Lemma. Let K 0 L be a Þnite Þeld extension.

(1) For a " K , N (a) = a[L :K ].

(2) For a, a%" L, N (aa%) = N (a) N (a%).

(3) For a " L,
%f a (x) = x[L :K ] + á á á+ ( # 1)[L :K ]N (a).

Proof. (1) Let v1, . . . , vn be aK -vectorspace basis ofL, n = [ L : K ]. The matrix repre-
sentation of f a with respect to this basis, asf a(vi ) = a ávi , is

!

.

.
"

a 0
. . .

0 a

$

/
/
% " K n& n,

hence
N (a) = det( f a) = an = a[L :K ].
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(2) For

f aa" : L #$ L,

v '#$ (aa%) áv,

we have
f aa" = f a ( f a" .

Thus

N (aa%) = det( f aa") = det( f a ( f a") = det( f a) det(f a") = N (a)N (a%).

(3) Follows from the general form of characteristic polynomials.

4.5.9 Proposition. Let R be a normal ring andK = Quot(R). Let K 0 L be a Þeld
extension anda " L algebraic with minimal polynomialma " K [x].
If a " L is integral over R then ma " R[x].

Proof. Let K 0 K be the algebraic closure witha " K . Then ma decomposes into linear
factors overK :

ma = ( x # " 1) á á á(x # " n)

with " i " K , a = " 1.

Claim: " 2, . . . , " n are integral overR.

Let f " R[x] be a monic polynomial withf (" 1) = 0 (which exists as" 1 is integral over
R). Then

f = g áma

for someg " K [x], as ma is the minimal polynomial of a.

- f (" i ) = 0 4 i = 1, . . . , n

- The " i are integral overR.

As " 1, . . . , " n " K are integral overR and the integral elements inK form a subring of
K , also the coe! cients ofma are integral overR.
As ma " K [x] and R is normal and thus integrally closed inK = Quot( R), we conclude

ma " R[x].

4.5.10 Corollary. Let R be normal,K = Quot(R), K 0 L a Þnite Þeld extension,a " L
integral over R. Then

N (a) " R.

Proof. As ma " R[x], also
%f a " R[x]

by 4.5.6(2), and thus N (a) " R by 4.5.8.
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Proof of KrullÕs principal ideal theorem4.5.3. Let

V(f ) = Y1 5 á á á5 Yr

be the decomposition into irreducible components ofV(f ) 0 X . Let

A = Y2 5 á á á5 Yr .

Then
Y1 20A = V(I (A)).

- . h " I (A) : h|Y1 2= 0.

We considerV(f ) in
X 6 D(h),

as h = 0 on A, X 6 D(h) does not containA and thus V(f ) in X 6 D(h) equals

Y1 6 D(h|Y1 )

and is irreducible.

If we show the statement forX 6 D(h) and the irreducible

V(f ) = Y1 6 D(h|Y1 )

inside, i.e. if we show

dim
*
Y1 6 D(h|Y1 )

+
= dim( X 6 D(h)) # 1,

then we are done, as
dim

*
Y1 6 D(h|Y1 )

+
= dim Y1

and
dim(X 6 D(h)) = dim X.

(In general,
dim(X 6 D(h)) = dim X,

as O(X 6 D(h)) 3= K [X ]h and O(X ) = K [X ] and both have the same Þeld of fractions
and thus the same transcendence degree overK .)

Thus, we can now Î assume that
Y := V(f )

is irreducible in X .
By Noether normalization 4.4.9 there exists a surjective Þnite

$ : X #$ K n,

wheren = dim X . $(Y) 0 K n is closed by4.4.3and

$|Y : Y #$ $(Y)

is Þnite. By 4.4.4,
dim(Y) = dim( $(Y)).
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Thus, we have to show that
dim($(Y)) = n # 1.

By 4.1.12/ 4.1.13, we have to show that

$(Y) = V(g), g " K [x1, . . . , xn ],

is a hypersurface.
$# : K [x1, . . . , xn ] #$ O(X )

and O(X ) is a Þnitely generated$#(K [x1, . . . , xn ])-module by assumption (Þniteness of
$), thus by 4.3.3

$#(K [x1, . . . , xn ]) 0 O(X )

is integral. As $ is surjective,$# is injective

- K [x1, . . . , xn ]
$=##$ $#(K [x1, . . . , xn ])

- $#(K [x1, . . . , xn ]) is UFD, as K [x1, . . . , xn ] is
4.3.11- $#(K [x1, . . . , xn ]) is normal.

Let
R := $#(K [x1, . . . , xn ]).

Consider the corresponding Þeld extension

Quot(R) 0 K (X ),

which is algebraic and Þnite by4.3.5.

Let
mf = tk + ak" 1tk" 1 + á á á+ a1t + a0

be the minimal polynomial off " K (X ), mf " Quot(R)[t]. As f " O(X ), which is integral
over R, we can apply4.5.9and deduce

ai " R 4i.

Furthermore, %f is a power ofmf by 4.5.6 (2), and the constant coe! cient of %f , which is
the norm N (f ) by 4.5.8(3), equals± ak

0 .

Claim:
I (Y) 6 R =

0
%a0& 6R.

Once we know that, we can deduce

$(Y)
4.2.1(2)

= V
*
($#)" 1(I (Y))

+

(#)
= V

*
($#)" 1(I (Y) 6 R)

+

claim= V
*
($#)" 1(

0
%a0& 6R)

+

= V
*
($#)" 1(

0
%a0&)

+

= V
* 0

($#)" 1(%a0&)
+
.
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with
(! ) : as $# : K [x1, . . . , xn ] #$ R 0 O(X ),

As
a0 " R = $#(K [x1, . . . , xn ]),

we have
a0 = $#(g)

for someg " K [x1, . . . , xn ]. Hence

($#)" 1(a0) 7 { g} .

As $# is injective,

($#)" 1(a0) = { g}

- ($#)" 1(%a0&) = %g&

- $(Y) = V
* 0

($#)" 1(%a0&)
+

= V(
0

%g&) = V(%g&) = V(g) is a hypersurface.

- dim Y = dim( $(Y)) = dim V(g) = n # 1

and the theorem is proved.

To prove the claim:

I (Y) 6 R =
0

%a0& 6R,

where a power ofa0 is N (f ).

Ò7 Ó: Asmf (f ) = 0 we have

f k + ak" 1f k" 1 + á á á+ a0 = 0,

where the coe! cients ai " R 0 O(X ). We restrict this equation to Y, but as f |Y = 0, we
obtain

a0|Y = 0 - a0 " I (Y),

hence 0
%a0& 6R 0 I (Y) 6 R.

Ò0 Ó: Letg " I (Y) 6 R. As Y = V(f )

- I (Y) = I (V(f )) =
0

%f &by HilbertÕs Nullstellensatz.

- g "
0

%f &

- . # : g" " %f &

- . g%: g" = g%áf

whereg%" O(X ).

We now apply the norm to this equation:
As before, we consider the Þeld extension

Quot(R) 0 K (X ) and g " I (Y) 6 R
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- g " Quot(R). By 4.5.8(1),

N (g") = ( g")[K (X ):Quot( R)] = g"á[K (X ):Quot( R)] .

But also
N (g") = N (g%áf ) = N (g%) áN (f ) = N (g%) á(± ak

0) " %a0&.

Hence

g"á[K (X ):Quot( R)] " %a0&

- g "
0

%a0&

- g "
0

%a0& 6R, as g " R.

4.6 Singularities, Smoothness and Tangent Space

Throughout this section we assumeK = K .

Intuition:

Smooth plane curve not smooth

A variety should be smooth at a point if there is a Ògood tangent spaceÓ:

Recall the stalks and local rings from3.3.12.

O(X )mx = O(X )x

is a local ring with maximal ideal

mx = { f | f (x) = 0 } .

4.6.1 Lemma. Let X be an a! ne variety, p " X , O(X )p the local ring with maximal
ideal mp. Then

O(X )p/ mp
3= K.
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Proof. The map

O(X )p #$ K

f
g

'#$
f (p)
g(p)

is a surjectiveK -algebra homomorphism with kernelmp.

4.6.2 DeÞnition (Tangent space). Let X be an a! ne variety, p " X , O(X )p the stalk
at p, and mp 0 O(X )p the maximal ideal. Then

mp

m2
p

is the cotangent space of X at p, and its dual space

Hom

1
mp

m2
p
, K

2

=: TpX

is the (Zariski-) tangent space of X at p.
An irreducible variety X is calledregular or smooth at p if

dim X = dim K TpX = dim K
mp

m2
p
.

Else,X is calledsingular at p.

Note: The quotient mp

m2
p

is a K -vector space, where we identifyK with

O(X )p/ mp

using Lemma4.6.1, as multiplication with an element ofO(X )p/ mp is well-deÞned, since
multiplication with an element in mp is in m2

p.

Example. (1) Let X = K n and p = 0.

-
mp

m2
p

=
%x1, . . . , xn&
%x1, . . . , xn&2

= K áx1 8 á á á8 K áxn

- dimK TpX = n = dim K n

- K n is smooth at0

(2) Let X = V(x2 # y), p = 0.

mp =
%x, y&

%x2 # y&

m2
p =

%x, y&2 + %x2 # y&
%x2 # y&

=
%x2, xy, y2&+ %x2 # y&

%x2 # y&

=
%y, xy, y2, x2&

%x2 # y&
=

%y, x2&
%x2 # y&

mp

m2
p

=
' x,y (

' x2" y(
' y,x 2(
' x2" y(

3=
%x, y&
%y, x2&

= K áx

Therefore

dim TpX = 1, as dim X = 1

- X is smooth at0.
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(3) Let X = V(x2 # y3), p = 0.

mp

m2
p

=
' x,y (

' x2" y3(
' x2 ,xy,y 2(
' x2" y3(

3=
%x, y&

%x2, xy, y2&
= K áx 8 K áy.

- dim TpX = 2 > dim X = 1

- X is singular at p

The next aim is to show
dim X ) dim TpX

for X irreducible (4.5.6). This requires some more preparation from commutative algebra.

4.6.3 Theorem (NakayamaÕs Lemma). Let R be a local ring with maximal idealm.
Let M be a Þnitely generatedR-module such that

mM = M.

Then M = 0.

Proof. We proceed by induction on the number of generators ofM .

AssumeM = %f 1, . . . , f n&. Then f 1 " M = mM , hence we can write

f 1 = a1f 1 + á á á+ anf n with ai " m.

Thus
(1 # a1)f 1 = a2f 2 + á á á+ anf n .

As a1 " m, we have1 # a1 " R \ m (else1 " m, ! ).
But then %1 # a1&= R, since if %1 # a1& 2= R, then %1 # a1& 0 m 0 R, as it Þts into a
maximal ideal andR is local !

- 1 # a1 is a unit in R

- f 1 =
a2

1 # a1
f 2 + á á á+

an

1 # a1
f n

- M = %f 2, . . . , f n&hasn # 1 generators.

4.6.4 Corollary. Let R be a local ring with maximal idealm and let M be a Þnitely
generatedR-module.

If [f 1], . . . , [f n ] generateM/ mM , then f 1, . . . , f n generateM .
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Proof. Let
N = %f 1, . . . , f n&.

Then
N + mM

mM
= %[f 1], . . . , [f n ]&=

M
mM

.

- N + mM = M

- m á
M
N

=
N + mM

N
=

M
N

4.6.3-
Nakayama

M
N

= 0

- M = N

4.6.5 Proposition. Let X be an irreducible a! ne variety andp " X . Then

dim X ) dim TpX.

Proof. Let [f 1], . . . , [f n ] be a basis ofmp/ m2
p as O(X )p/ mp

3= K Ðvector space.

By Corollary 4.6.4, mp is generated byf 1, . . . , f n .
By Corollary 4.5.4, the variety V(f 1, . . . , f n ) has dimension at leastdim X # n.

But
V(f 1, . . . , f n ) = V(mp) = { p}

has dimension0.

- dim X # n ) 0

- dim X ) n = dim TpX.

4.6.6 DeÞnition. Let f " K [x]. Denote by f (1) the linear part of f .

For an ideal I 0 K [x], set
I (1) := { f (1) | f " I } .

Then I (1) is a subspace of theK -vectorspace

K [x1, . . . , xn ](1) = K áx1 8 á á á8 K áxn

of all linear forms.

Moreover,V(I (1) ) is a linear subspace ofK n.

Example. (1) Let X = V(x2 # y), I (1) = K áy. V(y) is the tangent line at 0.

(2) Let X = V(x2 # y3), I (1) = { 0} . V(I (1) ) = K 2.

4.6.7 Lemma. The vector spaceV(I (1) ) is the dualK -vector space to

K [x1, . . . , xn ](1) /I (1) .
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Proof. This follows from the existence of the bilinear map

K [x1, . . . , xn ](1) /I (1) 9 V(I (1) ) #$ K

(f, p ) '#$ f (p).

4.6.8 Proposition. Let X 0 K n be an a! ne variety with 0 " X . Then

K [x1, . . . , xn ](1) /I (1) 3= m0/ m2
0.

4.6.9 Corollary. Let X 0 K n be an a! ne variety with 0 " X , and let I = I (X ). Then

T0X = V(I (1) ).

Proof. The dual spaces of

K [x1, . . . , xn ](1) /I (1) and m0/ m2
0

can be identiÞed because of Proposition4.6.5.
The dual space of the former isV(I (1) ) by 4.6.4, the dual space of the latterT0X by
DeÞnition.

Proof of Proposition 4.6.8. Consider the map

$ : K [x1, . . . , xn ](1) /I (1) #$ m0/ m2
0

f '#$ [
[f ]
1

]

Here, [f ] denotes the class inK [X ], and [ [f ]
1 ] the class inm0/ m2

0.

Well-deÞnedness:If f is a linear form, thenf (0) = 0 , hence[ [f ]
1 ] " m0.

Injectivity: Let f be a linear form such that[ [f ]
1 ] " m2

0. Then [f ] = 0, as f is linear and
has no quadratic terms

- f " I - f " I (1)

Surjectivity: Let h = f
g " m0 0 O(X )0, Î let g(0) = 1 . Set

h%=
n#

i =1

&h
&xi

(0) xi " K [x1, . . . , xn ](1) .

Claim: h # h%" m2
0.

g á(h # h%) = g á

1
f
g

#
#

i

&h
&xi

(0) áxi

2

= f # g á
#

i

%f
%xi

(0) ág(0) # %g
%xi

(0) á

=0 as f ! m03456
f (0)

g(0)2

5 63 4
1 by assumption

áxi

= f # g á
#

i

&f
&xi

(0) áxi .
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As g ! g(0) " m0 and xi " m0,

(g ! g(0)) áxi " m2
0 #i

$ The above equals

f ! g(0) á
!

i

! f
! xi

(0) áxi = f !
!

i

! f
! xi

(0) áxi . (%)

If f has a linear term of the forma áxi , then ! f
! x i

(0) contains the terma, hence this linear
term cancels in the expression(%) above.
f has no constant term, asf " m0.
$ (%) consists of higher order terms off , i.e. equals0 mod m2

0,

$ " (h!) =

"
h!

1

#

= [ h] =

"
f
g

#

"
m0

m2
0

and " is surjective.

4.6.10 Remark. Corollary 4.6.9 hands us a way to determineT0X for X & K n with
0 " X . To determine TpX , use coordinate transformations

K [x1, . . . , xn ]
"=!' K [y1, . . . , yn ]

xi (!' yi + pi

xi ! pi )! !yi

We can use formal Taylor expansion

f (x1, . . . , xn) = f (p1, . . . , pn) +
n!

i =1

! f
! xi

(p) á(xi ! pi ) + á á á

(!' f (p) +
n!

i =1

! f
! xi

(p) áyi + á á á

to compute the image off " K [x].

After the transformation, X (' ÷X ,p (' 0, 0 " ÷X ,

T0
÷X = V

$% n!

i =1

! f
! xi

(p) yi

&
&
&
& f " ÷I

'(

Transforming back, we obtain

TpX = V
$% n!

i =1

! f
! xi

(p) á(xi ! pi )
&
&
&
& f " I

'(

.

Example. Compute the tangent space at(1, 1) of

X = V(x2
1 ! x3

2).
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We have

T(1,1)(X ) = V
)
2 á(x1 ! 1) ! 3 á(x2 ! 1)

*

= V(2x1 ! 3x2 + 1)

= V
$

x2 !
2
3

x1 !
1
3

(

.

Remark. We have seen:X is smooth inp if

dim X = dim K TpX,

where the latter is the a! ne subspace generated by the linear terms off " I
(expanded inxi ! pi ).

Being smooth thus means: the variety can be approximated by a linear space locally.

4.6.11 Theorem (Jacobi-Criterion). Let X & K n and I (X ) = *f 1, . . . , f r +, p " X .
Then X is smooth atp if and only if the rank of the Jacobi matrix

+
! f i

! xj
(p)

,

i,j

is equal ton ! dimp X .

Here,dimp X denotes the local dimension ofX at p, i.e. the dimension of the irreducible
component containingp. If p is in several irreducible components, thendimp X is the
maximal dimension of all irreducible components containingp. We can generalize DeÞniti-
on 4.6.2 to not necessarily irreducible varieties.
Points contained in several irreducible components are singular.

Proof. We use Taylor expansion and write

f i = f i (p) +
n!

j =1

! f i

! xj
(p) (xj ! pj ) + . . . .

Then

TpX = V
$ n!

j =1

! f i

! xj
(p) (xj ! pj )

&
&
&
& i = 1, . . . , r

(

.

X is smooth atp

, dim TpX = dim p X

, the subspaceU & K [x1, . . . , xn ](1) generated by the
n!

j =1

! f i

! xj
(p) (xj ! pj ) has dimensionn ! dimp X

As U is generated by the Jacobi matrix, the claim follows.
Here,TpX is the kernel of the Jacobi matrix andU is its image.
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Example. Let
X = V(x2 ! y3).

Then
! f
! x

= 2x,
! f
! y

= ! 3y2,

and

rank(2x ! 3y2)(p) =

-
.

/
1 if p -= 0,

0 if p = 0.

Hence,0 is the only singular point ofX .

4.6.12 Corollary. Let X be an irreducible variety. Then

Sing(X ) := { p " X | X is singular at p}

is a closed subvariety ofX . In particular, its dimension is at most dim(X ) ! 1.

Proof. We have

p " Sing(X )

, p " X and the rank of the Jacobi matrix is < n ! dim X

, f (p) = 0 #f " I (X ) and all (n ! dim X )-minors of the Jacobi matrix vanish

, Sing(X ) is given by polynomial equations and is thus closed.
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