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Exercise 1 (8pt). Inequalities II
[ Justify your answers ]

• Let 𝑣 ∈ 𝐿1(ℝ5), 𝑤 ∈ �̇�4
1(ℝ5). For which 1 ≤ 𝑝 ≤ ∞ is it true that for any 𝑢 ∈ 𝐿𝑝(ℝ5),

𝑢∗𝑣∗𝑤 ∈ 𝐿10(ℝ5)? [Recall that Sobolev’s embedding �̇�𝜎
𝑟 (ℝ𝑑) ↪ 𝐿 𝑟𝑑

𝑑−𝑟𝜎 (ℝ𝑑) implies that
‖ 𝑓 ‖ 𝑟𝑑

𝑑−𝑟𝜎
≤ 𝐶‖ 𝑓 ; �̇�𝜎

𝑟 ‖ for any 𝑓 ∈ �̇�𝜎
𝑟 (ℝ𝑑).]

• Let 𝑢 ∈ 𝐻2(ℝ), 𝑣 ∈ 𝐻−2(ℝ). Does 𝑢 ∗ 𝑣 ∈ 𝐿∞(ℝ)? [Hints: ‖𝑢 ∗ 𝑣‖∞ ≤ ‖ ̂(𝑢 ∗ 𝑣)‖1 (why?),
and 1 = ⟨𝜉⟩−𝛿⟨𝜉⟩𝛿 for any 𝛿 ≥ 0 and 𝜉 ∈ ℝ.]

Exercise 2 (7pt). Characteristic functions
Prove that the characteristic function 𝜒[−𝜚,𝜚] of the interval [−𝜚, 𝜚] (𝜚 > 0) does not belong to
𝐻𝛿(ℝ), 1

2 ≤ 𝛿 ≤ 1, but it belongs to 𝐻𝛿(ℝ) for 0 ≤ 𝛿 < 1
2 .

Exercise 3 (15pt). Contractions
Let 𝑋 = 𝐻1(ℝ𝑑), 𝒳(𝐼) = 𝐶0(𝐼, 𝑋). Consider the map 𝐴(𝑡0, 𝑢0), 𝑡0 ∈ ℝ, 𝑢0 ∈ 𝑋, defined as:
∀𝑢 ∈ 𝒳(𝐼)

[𝐴(𝑡0, 𝑢0)𝑢](𝑡, 𝑥) = 𝑒𝑖(𝑡−𝑡0)𝑢0(𝑥) − 𝑖 ∫
𝑡

𝑡0
𝑒𝑖(𝜏−𝑡0)(𝑉 ∗ 𝑢(𝜏))(𝑥)𝑢(𝜏, 𝑥)d𝜏 ,

where 𝑉 ∈ 𝐿2(ℝ𝑑). For any 𝜚 > 0, find 𝑇(𝜚) > 0 such that for any 𝑢0 ∈ 𝐻1: ‖𝑢0 ; 𝐻1‖ ≤ 𝜚, then
𝐴(𝑡0, 𝑢0) is a strict contraction on 𝐵(𝐼, 2𝜚), where 𝐼 = [𝑡0 − 𝑇(𝜚), 𝑡0 + 𝑇(𝜚)].

More precisely, you should prove the following steps (if you are not able to prove one, you may
use it to prove the following ones):

• Prove that the gradient acts on (𝑓 ∗ 𝑔), 𝑓 ∈ 𝐿2 and 𝑔 ∈ 𝐻1, as follows: ∇(𝑓 ∗ 𝑔) = 𝑓 ∗ (∇𝑔)
[Hint: use the properties of the Fourier transform]. Use this information to deduce that for
any 𝑓 ∈ 𝐿2 and 𝑔, ℎ ∈ 𝐻1 (be careful to a factor two coming from ‖𝑎+𝑏‖2 ≤ 2(‖𝑎‖2 +‖𝑏‖2)):

∥(𝑓 ∗𝑔)ℎ ; 𝐻1∥2 = 1
4𝜋2 ∥∇ (𝑓 ∗𝑔)ℎ∥2

2+∥(𝑓 ∗𝑔)ℎ∥2
2 ≤ 1

2𝜋2 (∥(𝑓 ∗(∇𝑔))ℎ∥2
2+∥(𝑓 ∗𝑔)∇ℎ∥2

2)+∥(𝑓 ∗𝑔)ℎ∥2
2 .

The last bound implies

∥(𝑓 ∗ 𝑔)ℎ ; 𝐻1∥ ≤ 1
√2𝜋

(∥(𝑓 ∗ (∇𝑔))ℎ∥2 + ∥(𝑓 ∗ 𝑔)∇ℎ∥2) + ∥(𝑓 ∗ 𝑔)ℎ∥2 .

• Use the above bound to prove (remember that 𝑎1𝑏1 − 𝑎2𝑏2 = 𝑎1(𝑏1 − 𝑏2) + 𝑎1𝑏2 − 𝑎2𝑏2 =
𝑎1(𝑏1 − 𝑏2) + (𝑎1 − 𝑎2)𝑏2) that for any 𝑡 > 𝑡0 (for 𝑡 < 𝑡0 being analogous) and for any

1



2

𝑢1, 𝑢2 ∈ 𝒳(𝐼):

∥[𝐴(𝑡0, 𝑢0)𝑢1](𝑡) − [𝐴(𝑡0, 𝑢0)𝑢2](𝑡) ; 𝐻1∥ ≤ 1
√2𝜋

‖𝑉‖2 ∫
𝑡

𝑡0
(‖∇(𝑢1(𝜏) − 𝑢2(𝜏))‖2

(‖𝑢1(𝜏)‖2 + ‖𝑢2(𝜏)‖2) + (‖∇𝑢1(𝜏)‖2 + ‖∇𝑢2(𝜏)‖2)‖𝑢1(𝜏) − 𝑢2(𝜏)‖2

+√2𝜋(‖𝑢1(𝜏)‖2 + ‖𝑢2(𝜏)‖2)‖𝑢1(𝜏) − 𝑢2(𝜏)‖2)d𝜏 .
From this conclude, taking the supremum for 𝑡 ∈ 𝐼 on both sides, that

∣𝐴(𝑡0, 𝑢0)𝑢1 − 𝐴(𝑡0, 𝑢0)𝑢2∣𝐼 ≤ 1
√2𝜋

‖𝑉‖2(|𝑢1|𝐼 + |𝑢2|𝐼)(2 + √2𝜋)𝑇(𝜚)|𝑢1 − 𝑢2|𝐼
≤ 4𝜚

𝜋 (√2 + 𝜋)‖𝑉‖2𝑇(𝜚)|𝑢1 − 𝑢2|𝐼 .
• Choose the time 𝑇(𝜚) in the above expression that gives a strict contraction estimate (with
contraction constant 1

2 ). Then check that from this choice it also follows that𝐴(𝑡0, 𝑢0)𝑢maps
𝐵(𝐼, 2𝜚) into itself (use the fact that |𝐴(𝑡0, 𝑢0)𝑢|𝐼 ≤ |𝑒𝑖(⋅−𝑡0)𝑢0|𝐼 + ∣𝐴(𝑡0, 𝑢0)𝑢 − 𝐴(𝑡0, 𝑢0)0∣𝐼 ).


