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Exercise 1 (20pt). Tempered Distributions

Are the following functionals tempered distributions? [Check both lnearity and continuity)
e T: (R% = C,
(T.f) o= [ If0)ldx .
o Leta : R - Csatisfy |a(x)| < (1 +x|'0) foranyx € R. Then T, : #(R) - C is defined
by
(Tyof) = [ a()f” (x)dx .
« T: P (RY) > [0, +oo],
(T.f) = [, ¢T1f)ldx.

e LetE = {x € [0,1], x = Z;Zl 8]-3_j, g; € {0,2}} be the Cantor set, and E. = R \ E.

Also, let g € £ (R) be fixed. Then Tg,: F(R) - Cis defined by:
(Tppof) = [, g0 ()dx.
Also, prove that Ty, , equals T, defined by
(Teof) = [, 800f (x)dx .
e T: #(R% - C,
(T.f) 2= [ (D + 4D, P +1D,| + 5)f (x)dx ,

where D, = %, and |D,° + 4|D.|? + |D,| + 5 should be considered as a pseudodifferential

operator.

Exercise 2 (10pt). Uncertainty principle
Let y € #(R), such that |3 = fR|W(X)|2dX = 1. Prove that

- . 1
lew COIBIEW (£)13 = [, Py (0P &2 (&) Pdrdé > —— .

[Hint: 1 = |lyl3 = - [ x|y (x)Pdx = - Jr (" ()@ (x) + xp" (x)w (x))dx ]



