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Exercise 1 (20pt). Tempered Distributions

Are the following functionals tempered distributions? [Check both linearity and continuity]
• 𝑇 ∶ 𝒮(ℝ𝑑) → ℂ,

⟨𝑇, 𝑓 ⟩ ∶= ∫
ℝ𝑑 |𝑓 (𝑥)|d𝑥 .

• Let 𝛼 ∶ ℝ → ℂ satisfy |𝛼(𝑥)| ≤ (1 + |𝑥|16) for any 𝑥 ∈ ℝ. Then 𝑇𝛼 ∶ 𝒮(ℝ) → ℂ is defined
by

⟨𝑇𝛼, 𝑓 ⟩ ∶= ∫
ℝ

𝛼(𝑥)𝑓 ‴(𝑥)d𝑥 .
• 𝑇 ∶ 𝒮(ℝ𝑑) → [0, +∞],

⟨𝑇, 𝑓 ⟩ ∶= ∫
ℝ𝑑 𝑒|𝑥|2 | 𝑓 (𝑥)|d𝑥 .

• Let 𝐸 = {𝑥 ∈ [0, 1] , 𝑥 = ∑∞
𝑗=1 𝜀𝑗3−𝑗 , 𝜀𝑗 ∈ {0, 2}} be the Cantor set, and 𝐸c = ℝ ∖ 𝐸.

Also, let 𝑔 ∈ 𝒮(ℝ) be fixed. Then 𝑇𝐸,𝑔 ∶ 𝒮(ℝ) → ℂ is defined by:

⟨𝑇𝐸,𝑔, 𝑓 ⟩ ∶= ∫
𝐸c

𝑔(𝑥)𝑓 (𝑥)d𝑥 .

Also, prove that 𝑇𝐸,𝑔 equals 𝑇𝑔, defined by

⟨𝑇𝑔, 𝑓 ⟩ ∶= ∫
ℝ𝑑 𝑔(𝑥)𝑓 (𝑥)d𝑥 .

• 𝑇 ∶ 𝒮(ℝ𝑑) → ℂ,

⟨𝑇, 𝑓 ⟩ ∶= ∫
ℝ𝑑(|𝐷𝑥|5 + 4|𝐷𝑥|3 + |𝐷𝑥| + 5)𝑓 (𝑥)d𝑥 ,

where 𝐷𝑥 = 𝑖∇
2𝜋 , and |𝐷𝑥|5 + 4|𝐷𝑥|3 + |𝐷𝑥| + 5 should be considered as a pseudodifferential

operator.

Exercise 2 (10pt). Uncertainty principle

Let 𝜓 ∈ 𝒮(ℝ), such that ‖𝜓‖2
2 = ∫ℝ|𝜓(𝑥)|2d𝑥 = 1. Prove that

‖𝑥𝜓(𝑥)‖2
2‖𝜉𝜓̂(𝜉)‖2

2 = ∫
ℝ×ℝ

𝑥2|𝜓(𝑥)|2𝜉2|𝜓̂(𝜉)|2d𝑥d𝜉 ≥ 1
16𝜋2 .

[Hint: 1 = ‖𝜓‖2
2 = − ∫ℝ 𝑥 d

d𝑥 |𝜓(𝑥)|2d𝑥 = − ∫
R

(𝑥𝜓′(𝑥)𝜓̄(𝑥) + 𝑥𝜓̄′(𝑥)𝜓(𝑥))d𝑥.]
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