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Problem 30

For a �xed partition λ of n ∈ N we de�ne an ordering of standard tableaux as follows.

Consider the sequen
e (rpλ)j , j = 1, . . . , n, of numbers in the boxes of Θp
λ starting with

the �rst row read from left to right, then the se
ond row from left to right et
. We say

that Θp
λ > Θq

λ if the �rst non-vanishing term in the sequen
e (rpλ)j − (rqλ)j , j = 1, . . . , n,
is positive. Then, e.g., the standard tableaux for λ = (3, 2) are ordered as

1 2 3
4 5

< 1 2 4
3 5

< 1 2 5
3 4

< 1 3 4
2 5

< 1 3 5
2 4

.

a) Prove that e
p
λe

q
λ = 0 if Θp

λ > Θq
λ.

b) Show that (a) implies that the left ideals generated by the standard tablaux for a

�xed partition are linearly independent.

Problem 31

a) Determine the 
hara
ter table of S4 using the methods of Se
tion 5.5 (re
ursive

method).

b) Consider the following produ
t representations of S4, determine whi
h irreps they


ontain and how many times. Also write their de
omposition into irreps in terms of

Young diagrams.

(i) ⊗ (ii) ⊗

(iii) ⊗ (iv) ⊗



Problem 32

Let ~n ∈ S2 →֒ R3
be a unit ve
tor in R3

and ϕ ∈ R. We denote by σj , j = 1, 2, 3, the
Pauli matri
es

σ1 =

(

0 1
1 0

)

, σ2 =

(

0 −i
i 0

)

, σ3 =

(

1 0
0 −1

)

,

and we de�ne

~σ =
(

σ1 σ2 σ3

)

.

Show that

exp
(

−iϕ
2
~σ · ~n

)

= 1 cos ϕ

2
− i~σ · ~n sin ϕ

2
,

and verify that exp
(

−iϕ
2
~σ · ~n

)

∈ SU(2).

Hint: First 
al
ulate (~σ · ~n)2.

Problem 33

We de�ne sl(2,C) := {A ∈ C2×2 : trA = 0}. Then the matrix exponential is a map

exp : sl(2,C) → SL(2,C) = {B ∈ C
2×2 : detB = 1} .

a) Show that the matrix

Sa =

(

−1 a

0 −1

)

is in the image of exp i� a = 0.

b) Is SL(2,C) 
ompa
t?


