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Problem 34

The Lie algebra of SU(2) is the (real) ve
tor spa
e

su(2) = {X ∈ C
2×2 : tr(X) = 0, X† = X} .

A basis is given by the Pauli matri
es (see Problem 32). Show:

a) SU(2) a
ts on su(2) by 
onjugation: X 7→ UXU †
.

b) 〈X, Y 〉 = 1

2
tr(XY ) de�nes a s
alar produ
t on su(2).

Hint: Begin by 
al
ulating tr(σiσj).


) Every U ∈ SU(2) ∼= S3
(
f. Problem 19) 
an be written as e−

1

2
iα~σ·~n

with ~n ∈ S2 →֒ R3

(
f. Problem 32). Over whi
h values does α run?

Problem 35

The elements of su(2) 
an be written as X = ~σ ·~x with ~x ∈ R3
(
f. Problems 32 & 34). The

a
tion of SU(2) on su(2) by 
onjugation (see Problem 34) then de�nes a homomorphism

ϕ : SU(2) → GL(3,R)

~σ · ϕ(U)~x := U(~σ · ~x)U † .

Show that

a) ϕ(U)ij =
1

2
tr(σiUσjU

†),

b) ϕ(U)T = ϕ(U)−1
, and


) det(ϕ(U)) = 1. Hint: Re
all the 
onne
tedness properties of SU(2).

Hen
e ϕ(SU(2)) ⊂ SO(3).

d) Determine the kernel of ϕ.

e) Cal
ulate ϕ(Uα) for Uα = e−
1

2
iασ3

, α ∈ [0, 2π) and explain that ϕ(SU(2)) = SO(3).
What 
an we now 
on
lude using the homomorphism theorem (Problem 8)?



Problem 36

Let V be a (
omplex, �nite dimensional) ve
tor spa
e and let V ∗
be its dual, i.e. the spa
e

of all linear maps V → C. For a linear map A : V → V we de�ne its dual A∗ : V ∗ → V ∗

by V ∗ ∋ f 7→ A∗(f) = f ◦ A. Let G be a group and Γ : G → GL(V ) a representation.

a) De�ne a representation Γ∗ : G → GL(V ∗) in a natural way.

Hint: Simply repla
ing Γ(g) : V → V by its dual map doesn't quite work (why?)

but with a slight modi�
ation it does.

Let {ej} be a basis of V and {fj} the 
orresponding dual basis, i.e. fj(ek) = δjk ∀ j, k =
1, . . . , dimV = dimV ∗

. For g ∈ G we express Γ(g) : V → V and Γ∗(g) : V ∗ → V ∗
as

matri
es in the bases {ej} and {fj}, respe
tively.

b) What is the relation between these two matri
es? What happens if Γ is unitary?


