IMC Training Universitiat Tiibingen
SoSe 2022 Angela Capel Cuevas

Sheet 1 29. April 2022

Matrix analysis. Part I

Exercise 1: Problem 1 of IMC2021

Let A be a real n x n matrix such that A3 = 0.
1. Prove that there is a unique real n x n matrix X that satisfies the equation

X+ AX + XA2=A.

2. Express X in terms of A.

Exercise 2: Problem 5 of IMC2021

Let A be a real n x n matrix and suppose that for every positive integer m there exists a real symmetric
matrix B such that
20218 = A™ + B%.

Prove that |detA| < 1.

Exercise 3: Problem 2 of IMC2020

Let A and B be n X n real matrices such that
tk(AB—BA+1)=1,

where I is the nx n identity matrix.
Prove that .
tr(ABAB) — tr(A%2B?) = §n(n —1).

( rk(M) denotes the rank of matrix M, i.e., the maximum number of linearly independent columns in
M; tr(M) denotes the trace of M, that is the sum of the diagonal elements in M)



