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Quantum entropies. Part 11

Exercise 1: Quantum Shearer’s inequality

Consider the multipartite space H1 @ Ha®...®H, and p a state in it. Prove the following inequality:

S(p) = Y H(ili),,

%

where
H(ili%, = S(p) — S(p1,2,..i-1,i+1,...n) -

Hint: Use strong subadditivity.

Exercise 2: Triangle-like inequality

Consider p,o,w € B(H) and « € [1/2,1]. The following inequality holds:
ﬁa(PHU) < ﬁa(PHW) + Dmax(w([0) ,
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Hint: Use Lowner-Heinz’s theorem.

Exercise 3: Sandwiched Rényi divergences

Let p,o € B(H) and let Pyen be the Pinching map with respect to 0®™. Prove that the sandwiched
Rényi divergence of p and ¢ with a > 0 can be obtained in the following form:

Da(pllo) = lim Da(Pyen(p®™)[0®")
n—oo
where the term in the right-hand side can be viewed as a classical Rényi divergence.

Hint: Follow the next steps
1. Prove that for a > 1, the following inequality holds:

Qalpllo) = Qu(Ps(p)lo) -

For a < 1, we have the opposite direction.



2. For p < p, we have
Qalpllo) < Qalpo).
For o < o', we have for a >1
Qa(pllo) > Qalplld’),
whereas for 1/2 < a < 1, we have the opposite direction.

3. For a € (1,2], we have _ N
Qa(pllo) < [spec(a)|* ™ Qa(Ps(p)ll0)
The opposite direction holds for a € (0,1].



