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Exercise 1 (Multiplication in operator topologies I)

(a) Let A € L(H). Show that multiplication by A (as a map L(H) — L(H)) from left
and right is continuous in the weak and strong operator topology.

(b) Conclude from (a): Let S C L(H). Then the commutant S’ is closed in the weak
operator topology (and therefore also in the strong operator and norm topology).

Exercise 2 (Joint continuity of multiplication and adjoints in operator topologies)

(a) The multiplication map -: L(H) x L(H) — L(H), (A, B) — AB is in general not
strongly continuous, but it is strongly continuous on bounded subsets of L(H).

(b) The adjoint map *: L(H) — L(H), A — A*, is continuous in the weak operator
topology but not in the strong operator topology.

Exercise 3 (Bases for operator topologies)

(a) For Ay,..., A, € L(H), &,..., & € H, let
N((A)iLy, (€)izy) ={B e L(H) :Vi=1,...,n: (B —A)&ll <1},

and let Ny == {N;((A), () :n €N, Ay,... A, € L(H), &,....& € H}.
Show that N is a topological basis for the strong operator topology defined as in the
lecture of the seminorms, i.e., show for that for every open set U C L(H) and A € U
there is an element N € N, such that A€ N C U.

(b) For Al,...,An € £<H), nl,...,nn,gl,...,gn c H, let
Nw((A)?:l, (77)?:17 (5)?:1) = {B S E(H> Vi=1,...,n: |<7h‘; (B - Al)€2>| < 1}7

and let Ny = {N,((A)" 1, ()):neN, Ay,..., A, € L(H),m,- -, &1y, &n €
H}. Show that N, is a topological basis for the weak operator topology.



Exercise 4 (A commutative von Neumann algebra)

Let (X, i) be a finite measure space. Show that the space of essentially bounded functions
L>=(X) C L(L*(X, p)) is a von Neumann algebra, where the inclusion is to be understood in
the sense that each function f € L*°(X) can be understood as a (bounded) multiplication
operator M; € L(L*(X,u)). Hint: It suffices to show L>*(X) = L>*(X)". To this end
consider for A € L>*(X)', the function f = A(1x) € L*(X, ). Show that f € L>°(X) and
A= My.
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