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Exercise 1

Let A be a Banach algebra and a,b € A. Show that

(a) o(ab) \ {0} = o(ba) \ {0},
(b) o(ab) = o(ba) is false in general,
(c) ab,ba € Inv(A) = a,b € Inv(A).

Exercise 2

Let D := B1(0) = {z € C: |z| < 1} be the complex disc and let U := D° ={z€ C: |z] <
1} be its inner part. Consider

A={feC(D): fis holomorphic on U}

equipped with ||f|| . := sup,cp |f(2)|. Show that A with the pointwise multiplication is a
Banach algebra and o4(f) = f(D) for all f € A.

Exercise 3 (Spectrum depends on the algebra)

Let A be as in Exercise 1 and S := {z € C: |z| = 1}. Consider C(S) with ||-||_, as Banach
algebra. Show the following.

(a) The restriction map ¢: A — C(S), f — f |s is an isometric algebra homomorphism.
(b) B :=¢(A) C C(S) can be considered as subalgebra of C(S) and

op(6(f) = f(D),  oce(o(f)) = f(S).
(c) Find g € B such that o5(g) # oc(s)(9)-

Exercise 4

Consider ¢'(Z) with the convolution as algebra (as in Example 1.2 (6) of the lecture).

(a) Show explicitly that it is a commutative Banach algebra (take again for granted that
it is complete).

(b) Show that
0:02) = CO), f [ Jl2)=) fm)e"
neZ
is a well-defined continuous algebra homomorphism.
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(c) Conclude that f(S) C opnz)(f).
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