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1 Manifolds

I assume that you know calculus for functions and vector fields on the “flat” euclidean space R™.
In this course you learn how to do calculus on “curved” spaces, called manifolds, that still look
locally like some possibly curved piece of R™. In order to translate concepts like differentiation and
integration to manifolds, we need to understand which mathematical structures of R™ underlie
the respective concepts and how we can lift them to these more general spaces. In the process of
doing this, we will gain a more geometric view of calculus that is necessary to understand most
of modern physics.

Recall that one way to define continuity of a function f: R"™ — R™ is to require that for every
open set O C R™ its pre-image f~1(0) := {z € R"| f(x) € O} C R™ under f is open as well.
More generally, a map f : X — Y between topological spaces is continuous, if pre-images of open
sets under f are open, i.e. if for every open set O C Y the set f~1(O) C X is open. In other
words, to speak of continuity, we need the structure of a topological space.

1.1 Definition. Topological space

A topological space is a pair (M, Q), where M is a set and O is a set of subsets of M. (The
elements O € O of O are thus subsets of M, called the open sets.) One requires that

(i) § and M are open, i.e. ) € O and M € O,
(ii) arbitrary unions of open sets are open,
(iii) the intersection of two open sets is open.

A topological space (M, Q) has the Hausdorff property if O separates points in M, i.e. if for
any pair x,y € M of different points x # y there exist open sets V,U € O such that x € V,
yeU,but VNU =0.

A topological space (M, ) is called second countable if there exists a countable basis for the
topology of M, that is a countable set B C O such that any open set can be written as a union
of sets in B. o

1.2 Example. Euclidean space R"

Consider euclidean space R™ with the euclidean metric d : R™ x R" — [0, 00), (z,y) — d(z,y) =
V(@1 —y1)2+ -+ (zn — yn)?®. Equipped with the topology induced by the Inetri R™ is a
second countable Hausdorff space: For  # y € R and ¢ := d(z,y)/2 the two balls B.(z) and
B:(y) are disjoint open sets containing = resp. y. Moreover, the open balls B.(z) with rational
radii € € Q and rational centers x = (x1,...,xz,) € Q", form a countable basis for the topology.c

Heuristically speaking, a topological manifold is
a topological space that “looks locally like” eu-
clidean space R™, but might have a completely
different shape globally. A curved surface as
depicted here is an example of a topological
manifold with a topology that looks locally like
that of R2.

Tn a metric space X a set U C X is called open, if for any x € U there exists € > 0 such that B.(z) C U, i.e.
such that the ball B.(z) := {y € X |d(y,x) < €} of radius ¢ around z lies still completely in U.
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To make the notion of “topological spaces that look locally alike” precise, one uses the concept
of homeomorphisms.

1.3 Definition. Continuous maps and homeomorphisms

A map f: M — N between topological spaces (M,O) and (N, P) is called continuous if pre-
images of open sets are open, i.e. if U € P implies f~1(U) € O. It is called a homeomorphism,
if it is bijective (i.e. one-to-one) and bi-continuous (i.e. continuous with continuous inverse).

1.4 Definition. Topological manifold

A second countable topological Hausdorff space M is called a topological manifold of dimen-
sion n, if any point x € M has a neighbourhood that is homeomorphic to an open set in R™. The
latter means that for any point x € M there exist an open set V' C M with x € V, an open set
U C R", and a homeomorphism f : V — U. o

Remark. Don’t worry if you are not familiar with topological spaces, these concepts will not be
central to the following. Just remember that in a topological space we have the notion of open
sets and concepts derived from there, like continuous functions, compactness etc. The additional
conditions on the topology in the above definition of a topological manifold ensure that there
are not too few open sets (Hausdorff) and not too many (second countable). Note also that the
properties of being Hausdorff and second countable do not follow from the property of being
locally homeomorphic to the second countable Hausdorff space R", see also example (f). o

Since differentiability is a local property, we can use the fact that a manifold looks locally like a
piece of R™ to also lift the differentiable structure of R™ to manifolds. Recall for the following
definition that a map f : V' — U between open sets V C R" and U C R™ is in C"(V,U) or short a
C"-map, if it is r-times continuously differentiable. It is a C"-diffeomorphism, if it is bijective,
a C"-map, and the inverse f~!: U — V is also a C"-map.

1.5 Definition. Charts

Let M be a topological manifold of dimension n. A chart on M is a pair (V,¢) of an open set
V C M and a homeomorphism ¢ : V' — U C R™ onto an open subset U = ¢(V) of R™. Charts
are also called coordinate charts, because a chart (V) allows one to label points x € V' by
“coordinate vectors” ¢(z) € R™.

Two charts (V1,¢1) and (Va,@2) on M are

called C"-compatible, if either ViNV, = 0,
or if the composition

01005 1 pa(ViNTa) — o1(V1 N Va)

is a C"-diffeomorphism of open sets of R™.

The maps @1 o gogl and g o cpfl are called
transition maps. o

Remark. Note that for any two charts
(Vi,¢1) and (Va,¢2) the transition maps
p1oPy Land ¢g0 gpfl are necessarily home- >

omorphisms because ¢; and ¢ are homeo-
morphisms. o

1.6 Definition. C"-atlas

A set of pairwise C"-compatible charts A = {(V},¢;)|j € J} that cover M, i.e. M = UjeJ Vj, is
called a C'"-atlas.
Two CT"-atlases are equivalent, if any two charts in the atlases are C"-compatible. o



Remark. It is straightforward to check that equivalence of atlases is really an equivalence rela-
tion. The only non-obvious property to check is transitivity. Let A;, j = 1,2, 3, be atlases such
that A; and Ay are compatible and Ay and As are compatible. To see that also A; and Ajg are
compatible, let (V1,¢1) € A; and (V3, ¢3) € Az. Then

w1003 1 o3(ViNV3) — o1(Vi NV3)

is a homeomorphism and it suffices to check differentiability locally. But for any (Va,2) € As
with V1 NVo N V3 # () we have that

prop;! = (propy')o(propst)

is the composition of two C"-functions and thus itself a C"-function on ¢3(V4 N Ve N V3).

Thus every atlas lies in a unique equivalence class of atlases. o

1.7 Definition. Differentiable manifold

A topological manifold M together with an equivalence class of C"-atlases is called a differen-
tiable manifold (or more precisely a C"-manifold). This equivalence class of atlases is often
called a differentiable structure for M. o

Remark. In view of the previous remark it suffices to provide one atlas in order to specify a
differentiable manifold. More precisely, let M be a second countable Hausdorff space. Then the
structure of a topological manifold and a unique differentiable structure on M are defined by
providing one atlas of compatible charts, i.e. open sets V; C M with U;V; = M and homeomor-
phisms ¢; : V; = ¢;(V;) € R™ with ¢; o (pj_l € C" for all i,j. Moreover, on a second countable
differentiable manifold one can always find a countable atlas[] o

1.8 Examples. (a) Any open subset O of euclidean space R" is a differentiable manifold in a
natural sense: just pick the single chart (O,id) as an atlas. Indeed, any open subset O of a
differentiable manifold M is again a differentiable manifold in a natural sense: just restrict
the charts of M to O C M.

(b) The unit circle S := {z € R?|||z| = 1} C R? with the relative topologylﬂ is a 1-dimensional
topological manifold. The four charts (V}, ;) =1,..4 with

@1:V1:{x1>0}—>

(=1,1), z— ¢1(z) =m2
w2 Vo={x1 <0} = (—=1,1), z— pa(x) =22
p3: Va={x2 >0} = (—=1,1), x> p3(x) =m
w1 :Vi={x2 <0} = (—1,1), z— ps(z) =m;

provide the local homeomorphisms to R and define a differentiable structure on S*.

(c) Note that definition does not require M to be embedded into some ambient space, like
St into R%. We can, for example, define the “same” differentiable manifold S' by equipping

2To see this let A = {(Vi, i) }ier be any atlas for M and {Uy }ren a countable base for the topology of M. Then
for every k € N there is an i(k) € I such that Uy, C V). Hence, {(Uk, ¥i(k)|v,, ) ren is an equivalent countable
atlas for M.

3Let (M, O) be a topological space and N C M. Then the relative topology on N is P:={U C N|30 € O: U =
ONN}.
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the topological space R/Zﬁ

o1 R/Z\{[0]} = (0,1) and 2 :R/Z\{[3]} = (—3,3)

that map [z] € R/Z to its representative in [0,1) or [—3, 3) respectively. More precisely,

the manifold obtained in this way is diffeomorphic to S', cf. definition m

The n? elements of an nxn-matrix define a point in R””. We can thus identify the set Mat(n)
of n x n-matrices with R"” and thereby obtain for Mat(n) the structure of a differentiable
manifold. The invertible matrices A, i.e. {A € Mat(n)|detA # 0}, form an open subset of
Mat(n) and thus, according to (a), again a differentiable manifold, the group GL(n).

™ M\ (9,0)
M = {x € R?||x1| = |z2|} with the induced
topology is not a topological manifold. This \ /
is because there is no connected open set
containing (0,0) € M that can be mapped / \

homeomorphically to an open connected set

(i.e. an interval) in R. To see this note

that every connected open set containing (0,0) € M dissociates into four disconnected
pieces when removing the point (0,0), while an open interval in R dissociates into two
pieces when removing a single point. But the number of connected components is invariant
under homeomorphisms.

The requirement that the topology of a manifold is Hausdorff is not redundant, i.e. it does
not follow from being locally homeomorphic to R™ (whose topology is indeed Hausdorff).
Example: Let M = (R\ {0}) U {p1} U {p2} be equipped with the two charts

N

o RO B, i) ={ 0 HEE

. 2,
Then the transition maps ¢1 0 5 V= o cpl_l = id|g\fo} are diffeomorphisms, but the
induced topologyﬂ on M turns ¢1 and o into homeomorphisms but it is not Hausdorft:
{p1} and {pa2} have no disjoint neighbourhoods. Note that in the induced topology a set
B C M is open, iff there exist open sets O1, Oz C R such that B = ¢ 1(O1) U, 1 (Os).
Given two manifolds M; and Ms one can form the product manifold M; x Ms. To this
end one equips the cartesian product M; x My with the product topology and then covers
this space with product charts of the form (Vi,¢1) x (Va,¢2) = (Vi X Va, (¢1, p2)), where
(V1,¢1) and (Va, p2) are charts from atlases of Mj resp. M.

4 Let M be a topological space and f : M — N surjective. Then the quotient topology on N is given by defining
U C N to be open iff its preimage f~(U) C M is open. If ~ is an equivalence relation on M, then the quotient
M/ ~ is the set of equivalence classes [z] := {y € M |y ~ z} and the projection p : M — M/ ~, x — [z], is
surjective. Hence, with respect to the quotient topology a set U € M/ ~ is open if Upjep[2z] C M is open. The
notation R/Z stands for R/ ~ where the equivalence relation is defined by z ~ y < z —y € Z. Le. two points in
R are equivalent if they lie on the same orbit of the canonical group action of Z acting on R. The equivalence
classes are all of the form [z] ={...,z — 2,2 — 1,2,z + 1,2 + 2,...} and in any interval of the form [a,a + 1)
their lies exactly one representative of each equivalence class.

Let M be a set, (N, P) a topological space, and f : M — N a map. Then f induces a topology on M be putting
Of = {fH(U)|U € P}. Tt is the smallest topology on M such that f is a continuous function. In case of
several maps f; : M — N, as in the example, the induced topology is the smallest topology on M containing
all Oy, .



1.9 Remarks. (a) In the physics literature a chart is often called a local coordinate system.
The inverse ¢! of a chart ¢ is also called a local parametrisation.

(b) The fact that the differentiable structure of a manifold is defined through an equivalence
class of atlases, and not through a single one, shows that there are no preferred coordinate
charts on a manifold. All coordinate systems compatible with the differentiable structure
are on an equal footing.

(¢) Note that a differentiable manifold does not yet have a metric structure. Distances between
points are not defined.

1.10 Convention. From now on, by a chart on a differentiable manifold we always mean a
chart that is compatible with the differentiable structure, i.e. a chart from an atlas within the
equivalence class of atlases defining the differentiable structure.

1.11 Definition. Differentiable maps

Let My and Ms be C"-manifolds with dimM; = n; and dimMs = ny. A continuous map
f: My — My is p-times differentiable (where p < r), if for any chart (¢1,V1) on M; and for
any chart (2, V2) on My the map

20 fopr i R™ Dy (Vinf1(WB)) — R™

is p-times continuously differentiable. The set of all p-times differentiable functions f : M7 — M
is denoted by CP(Mj, My).

1.12 Convention. Whenever we speak about a differentiable manifold in the following, we always
mean a C"-manifold with » > 1 large enough for the statements in the corresponding context to
make sense. The notion smooth manifold is synonymous for C'**°-manifold. o

1.13 Definition. C"-diffeomorphisms and diffeomorphic manifolds

A C"-diffeomorphism f of two differentiable manifolds M; and Ms is a bijection f : My — My
such that f € C"(My, Ms) and f~! € C"(Ms, M;). Two differentiable manifolds M; and My are
called diffeomorphic, if there exists a diffeomorphism f : My — M. o

1.14 Example. Every chart (V| ¢) of a manifold M is a diffeomorphism of the manifold V' C M
to (V) C R™ (cf. example (a)). o
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1.15 Remark. In the exercises it is shown that to a given topological manifold one can find
different differentiable structures that are nevertheless diffeomorphic. o

Heuristically it is clear that a sufficiently smooth boundary of an n-dimensional differentiable
manifold is itself a (n — 1)-dimensional differentiable manifold. As an example think of the circle
S! (a one-dimensional manifold) being the boundary of the unit disk in R? (a two-dimensional
manifold). The precise definition of a manifold with boundary rests on a very simple idea: instead
of using R™ as the “local model”, we use the half-space

R? :={x € R" |21 > 0} with (n — 1)-dimensional boundary OR!} = {z € R"|z; =0}.

That is, charts now map into R”} instead of R". Recall that by definition a set U C R} is open
with respect to the induced topology (also called relatively open), if there exists an open set
U c R such that U = U N R .

"

1.16 Definition. Topological manifold with boundary 128 4 IR"
A second-countable topological Hausdorff space M is called a \
topological manifold with boundary of dimension n, if any o u
point x € M has a neighbourhood that is homeomorphic to an ) ';p
(relatively!) open set in R}. P ‘%
A chart for a topological manifold with boundary M is a pair / / X,
(V,¢), where V. C M is an open set and ¢ : V — (V) C R} a ~
homeomorphism . o V¥ (-\
L]
AR,

In order to define also differentiable structures on manifolds with boundary, we first have to
clarify what it means for a function defined on R’} to be differentiable at a point z on the
boundary OR": we say that a map f : U — R™ on a relqtively open subset of U C R is
r-times continuously differentiable, iNf there exist an open set U C R" containing U and a r-times
continuously differentiable map f : U — R™, such that f|y =

From here on C"-compatibility and atlases can be defined as in definition [I.5] and [I.6] also for
charts taking values in R’}.

1.17 Definition. Differentiable manifold with boundary

A topological manifold with boundary M together with an equivalence class of C"-atlases is called
a differentiable manifold with boundary (or more precisely a C"-manifold with boundary).

The boundary of M is

U% HBR")

where {(V;, i)} is an atlas. o

A m:- 'P

N
—
R:r\'f(v))i’\?(v) SH




1.18 Remark. Note that M is well defined, since for any diffeomorphism f: R} DV — U C
R” of relatively open sets V,U C R’} (and thus, in particular, for the transition maps) it holds
that € VNORY if and only if f(z) € 8]1%:{@ To see this, let z € VN (R} \OR" ) be a point in the
interior. By Taylor’s theorem f(x + h) = f(x) + D f|sh + o(||h]]), and thus, since the differential
Df]|, at z is an isomorphism, there exists an open neighbourhood O of z such that f(O) is open
in R"™. Hence, f(z) € UN (R} \ ORY). o

1.19 Example. The closed interval M = [a, b] with the charts (V; = [a,b), ¢1 : ©+— = —a), and
(Vo = (a,b], p2 : & — b —x), is a differentiable manifold with boundary OM = {a} U {b}. o

1.20 Remark. The boundary 0M of a manifold with boundary as just defined can differ from
its topological boundary as a subset of some other topological space. For example, as a manifold
the circle S' has no boundary, but as a subset of the plane R? the topological boundary of S' is
ST itself. o

1.21 Consequence. Let M be a differentiable manifold with boundary dM. Then M \ OM and
OM inherit the structure of manifolds without boundary of dimension dim(M \ OM) = n resp.
dim(OM) =n—1.

Proof. Let (V;, ;) with ¢; : V; — Rl be an atlas for M. Then

(Vi (M \ OM), wilv,na\om))

is an atlas for M \ OM where none of the charts hits a boundary point in OR’.. To obtain an
atlas for oM, put U; = V;NOM and ¢; : U; — OR"} = R"1 %; = |y, Then (U;, ;) is an atlas
for OM. O

1.22 Convention. Note that differentiable manifolds without boundary as in definition can
be seen as a special case of differentiable manifolds with boundary as in definition [I.17 where the
boundary just happens to be empty. Therefore, with the exception of the beginning of chapter 2,
we will not distinguish the two concepts: a “manifold” may have or may not have a boundary. ¢

German nomenclature

atlas = Atlas boundary = Rand

chart = Karte compatible = vertréglich

continuous = stetig countable = abzahlbar
diffeomorphism = Diffeomorphismus differentiable = differenziebar
equivalent = &dquivalent euclidian space = Euklidischer Raum
homeomorphism = Homoéomorphismus manifold = Mannigfaltigkeit

open set = offene Menge topological space = topologischer Raum
topology = Topologie transition map = Kartenwechsel

5The same statement also applies to homoeomorphisms, but requires more advanced techniques to prove it.






2 The tangent bundle

For an n-dimensional manifold M embedded into an ambient R™, like the sphere S? embedded
in R3, it is easy to picture the tangent space at any point € M as an n-dimensional euclidean
space sitting in R™ with the origin attached to the point z and being “tangent” to M. While this
is a very useful geometric picture to keep in mind, it does not provide a mathematical definition
of tangent spaces for general manifolds. There are indeed different but in the end equivalent
approaches to such a general definition of tangent vectors and spaces, some more geometric,
others more algebraic. We will start with a geometric approach based on the idea that a tangent
vector to a manifold can be understood as a velocity vector associated with a trajectory on the
manifold. To simplify the discussion, we will initially define tangent vectors and tangent spaces
only for manifolds without boundary.

A C'-curve on a differentiable manifold M is a C'-map ¢ : I — M from an open interval I C R
into M, i.e. amap ¢ € C*(I, M). For any x € M let

Cpi={ce CY(I,M)|I C Ropen, 0€ I, c(0) =}, (2.1)

which will be called the set of curves through x for short. Two curves ¢; and co in C), are said to
be equivalent, ¢; ~ ¢y for short, if in one (and thus in any) chart (V,¢) with « € V it holds that[]]

Slpoc)li=o = F(poca)li=o- (2.2)

Thus two curves are equivalent if they pass through z with the same “velocity”. The fact that
(2.2)) holds either for all or for no chart follows from the chain rule: Let ¢ and @2 be charts, then

L1 o0)li=o = £ (p10 05" 02 00)li=0 = D(¢1 005 )y (92 0 0)li=0- (2.3)

Thus, when changing the coordinate system, the velocity vector %(@2 o ¢)|t=o of a curve ¢ at x
with respect to a chart 9 is mapped to the velocity vector %(901 oc)|i=o with respect to the chart
1 by acting on it with the Jacobian D(¢j 0 ¢y 1) of the transition function evaluated at the point
¢2(z). Being the Jacobian of a diffeomorphism, D(p; 0 ;') is an isomorphism. Moreover, it is
independent of the curve ¢ and thus the equality holds either in all charts or in none.

M ¢ ~ m"‘
*7/ Z\f/ ,

o
’Tt(\hc ) I't-'o

I\ R

A 7

0

Tt will be convenient in the following to write the evaluation of a derivative Df at a certain point p on a manifold
M not as D f(p), but as Df|,. To be consistent we use this notation also for derivatives of functions on R, e.g.

L(pocr)|i=o = (poc1)(0) in 22).



2 The tangent bundle

2.1 Definition. Tangent vectors and tangent spaces

A tangent vector v to a differentiable manifold M at a point € M is an equivalence class [c];
of curves ¢ € C; under the equivalence relation (2.2]). The set of all tangent vectors to M at x is
called the tangent space to M at x and denoted by T, M. o

2.2 Proposition. The tangent space is a vector space
For any chart (V, ) with € V' the map

Top: TeM = R™, [ S(poe)|io

is well defined and a bijection. Moreover, the vector space structure induced by (T,¢)™' : R” —
T, M on T, M is independent of ¢ and thus turns 7, M in a natural way into a real vector space
of dimension dim7T, M = n = dimM.

Proof. The map T,p is well defined (meaning that its value does not depend on the chosen
representative ¢ € [c],) and injective by definition of T, M. To see that it is also surjective, note
that for any given vector w € R™ the curve c(t) := ¢~ !(¢(z) +tw) (defined on a sufficiently small
interval around zero) satisfies

si(po0)l—o=1w.

For the last statement let @1 and @92 be charts at z. Then with (2.3]) we have

Topr([cla) = §; (10 O)li=0 = D(1 093l i (92 0 =0 = D010 93 ) ly0) Top2([cl)

and thus also
Topr " = Topy " (D(01 005 )lgn(@)

where D(p1 0 5 1) oo(x) 18 @ vector space isomorphism of R™. Hence, for v,u € T, M we have

Vtppu = Tx‘Pl_l (Trp1(v) + Trp1(u))
= Tooi" (D(91 093 ) Tep2(v) + D010 03 )|y @) Tepa(u))
To) ' D(91 0 95 gy () (Tep2(v) + Tuipa(u))
= Topy" (Tupa(v) + Tugpa(u))
= UVt u. L]

2.3 Remark. According to the previous proposition, every chart (V, ) for M with = € V yields
a vector space isomorphism Ty : T, M — R™. In the following we will treat T,¢ also notationally
as a linear map between vector spaces and write T, v instead of Typ(v).

The components v’ of v € T, M with respect to ¢ are by definition
v' = (e, Tpp v)Rn and thus Tyov = szei,
i=1

where (eq,...,e,) denotes the canonical basis of R™. Clearly the components v’ of a tangent
vector v depend on the chosen chart (. Since there are no preferred charts on a general manifold
M (in physics one would often say that there is no preferred coordinate system), there is also no
preferred basis of T, M and also no natural scalar product. Moreover, there is no canonical way
to identify tangent spaces T, M and T, M at different points x # y.

However, in the special case of an open set M C R™ we can identify T, M for any x € M in a
natural way with R™ using the canonical chart T,id. o

10



2.4 Remark. Derivations at points

An alternative, more algebraic way to define tangent vectors is via derivations. Given a tangent
vector v € T, M at x € M, i.e. an equivalence class of curves through x, one can define the
directional derivative of a function f € C'(M,R) =: C*(M) at the point z in the direction v by

Dy(f) = g(f ocv)li=o,

where ¢, € v is any curve in the equivalence class v. This is well defined, since using a chart
(V,¢) we find that (again by the chain rule for functions on euclidean spaces) that

Dy(f) = G(foe)lmo=g ((fep ™) olpoc)) o
D(f o Soil)‘go(x) %(90 © Cv)‘tzO
= <V(f © 90_1)|g0(:c)7 Ty U>Rn (2.4)

is given by the directional derivative of the function fo ¢! :R" D (V) — R in the direction
Trpv € R", where the latter depends only on v and not on the representative c,,.

Moreover, this computation also shows that the map CY(M) — R, f — D,(f), is linear and
satisfies the product rule, i.e. that for f,g € C'(M) we have

Dy(fg) = Duo(f) g(x) + f () Du(g) - (2.5)

On a smooth manifold, a linear map D : C*°(M) — R is called a derivation at =z € M,
if it satisfies . The set of derivations at a point x is naturally a real vector space with
(D + D)(f) := D(f) + D(f) and (aD)(f) := aD(f) for a € R. We have just shown that
every tangent vector v € T, M defines a derivation D, at x and that the map v — D, is linear
and injective. One can show that this map is also surjective and thus defines a vector space
isomorphism between T, M and the space of derivations at . Hence one can naturally identify
tangent vectors at x with derivations at z. Actually, the latter concept is often taken as the
definition of a tangent vector. o

With the previous two remarks and proposition [2.2]in mind, the following notation for coordinate
bases of tangent spaces appears natural.

2.5 Definition. Coordinate bases
Let (V,¢) be a chart on M and let x € V. Then (0,,,...,0,,) with

0p; = (T ) te; €TLM forj=1...,n

is called the coordinate basis of T, M with respect to the coordinate chart ¢. Note that in
the present context d,, does not denote a differential operator, but a tangent vector. One can
“act” by a tangent vector on a function by taking the directional derivative in the direction of
the vector, however. o

2.6 Notation. When emphasising the “coordinate g2 =const. W’
aspect” of a chart we will often use the letter ¢ in- a

stead of ¢ for a coordinate chart ¢ : V" — R™. Cor-

A
.'
“\

respondingly the coordinate basis of T,M is then
(8611"--»8%)- .’ ath
Note that the coordinate tangent vector 9, € T, M '

is the tangent vector defined by the curve

c:(—ee)=> M, t— q_l((ql(x),...,qj(as)+t,...,qn(x))) )

11
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2 The tangent bundle

2.7 Remark. The tangent space at a boundary point

Up to now we defined tangent spaces only at interior points of a manifold. Our definition of
tangent vectors in terms of equivalence classes of curves through a point needs to be slightly
modified in order to cope with points on the boundary. This could be done by considering also
curves that start or end at the boundary point, i.e. by replacing C, in by

C, = {ceC'(I,M)|I=0,¢) or I =(—¢,0] for some & > 0, c(0) = z} .

Alternatively we could take the algebraic viewpoint as a definition and identify the tangent space
at a boundary point x € 0M with the space of derivations at that point. We skip the details and
just note that all the statements of this section naturally carry over to tangent spaces at boundary
points. In particular, the tangent space at a boundary point of an n-dimensional manifold with
boundary is also an n-dimensional real vector space that can be identified (non-uniquely) with
R™ using a chart containing that point. o

2.8 Definition. The tangent bundle

The tangent bundle T'M of M is the disjoint union r \/ .

of the tangent spaces T™ M

T™ := | ) ({2} x TuM) = {(z,v) |z € M, v € T, M}
xeM

{x,v)

Points in TM are thus pairs (z,v) with z € M

(the base point) and v € T, M (the tangent vector). /_\L/

The map 7ps : TM — M that maps a point (z,v)

in the total space T'M to the point x in the base /_\;]/ﬂ"‘\"_/ H
space M is called the projection onto the base space.

The second component of the pre-image 7} ({z}) = x

{z} x Ty M is called the fibre over x € M.

2.9 Example. For an open set M C R" we can identify T'M in a natural way with M x R".
Since M x R™ is an open subset of R?"” and thus a manifold, we can in this case equip the tangent
bundle T'M in a natural way with the structure of a manifold. We will soon see that also for
general differentiable manifolds of dimension n the tangent bundle T M is again a manifold of
dimension 2n. o

We now define the derivative (called differential) of a smooth map between differentiable mani-
folds. Recall that for a smooth map f : R® — R™ the differential of f at a point x € R" is the
linear approximation Df|, : R” — R to f at z. Linear maps from R" to R™ are given by
matrices and the differential (D fl,);; = ggj_ (x) is the Jacobian matrix. For a map f : M; — Mo
between manifolds the linear approximation to f at x € Mj is a map between the tangent spaces
Ty My and Ty, Mz. With our definition of tangent vectors as equivalence classes of curves the

following definition is very natural.

2.10 Definition. The differential of a smooth map and the pushforward
Let f € C'(My, Ms). Its differential

Df : TM1 — TM2
maps the point (z, [c];) € T'M; to the point (f(z), [f o clf(x)) € T Mo, i.e.
Df((l‘v [C]I)) = (f(l‘), [f ° C]f(z)) .

The differential D f of a smooth map is often also called the pushforward of tangent vectors
under f, as it “pushes” tangent vector on M; to tangent vectors on My. Other notations for D f
are df, T'f or fs.

12



2.11 Proposition. Linearity of the differential
The differential Df of a function f € C*(My, M3) is well defined and its restriction

Dfly : TuMy — TppyMa, v Dfl|zv:= (Df(z,v))2,

to a single tangent space is a linear map. Here (Df(z,v))2 denotes the second component of
Df(z,v) € {f(x)} X Ty(z)Ma.

Proof. Tt is clear that f maps C'-curves c¢ in M to C'-curves f o ¢ in M,. By using charts it
is easy to see that equivalent curves through x € M; are mapped to equivalent curves through
f(z) € My and that Df|, : T, My — Ty M> is a linear map:

(Df(z,v))2 = Tramps 5 (w20 foc)limo=Tiumes 5 (2o foer!opiocy) o
Trayp7 D@20 f o 01 pi (@) 5 (P10 ) li=o (2.6)
= Tiayes D(pao foor ) w Tuprv. O

Note that for f : R® D M — R™ using the canonical chart id it is common to identify the
differential Df|, = (Tf(gg)id_l)D(id o foid™1)|, (Tyid) with the Jacobian D(id o f oid™1)|,.

2.12 Definition. The tangent bundle as a manifold

We can equip the tangent bundle T'M with the structure of a differentiable manifold of dimension
2n by covering it with the natural atlas: Let A = {(V;, ¢;)} be an atlas for M, then

TA:={(TV;,Dp;)}
is an atlas of T'M, where the charts
Dy; : TM > TV; — Dp;(TV;) = ¢;i(V;) x R* € TR™ = R*" (2.7)
map into R?”. Note that in this case also the topology on T'M is defined by the charts DgpiE] o

2.13 Consequence. The differential of a smooth map is smooth

Since fibre wise Dyl = Ty, (2.6) implies that the differential Df : TM; — T My of a smooth
map is itself a smooth map between manifolds, cf. definition and the following diagram

D
TM; DTV, —f> TVy C T My
Doy = (01, Te1) L Do = (2, Tp2)
D ofopT !
01(17) x R” (p20f0er) 02(Va) x R™ .

2To see that the topology induced by the charts Dy; is Hausdorff and second countable, note that for two different
points (z1,v1) and (x2,v2) in TM we have either x1 # x2, or 1 = z2 and v1 # v2. In the first case there
are disjoint open sets Uy, Uz C Vi containing z1 respectively xz. Then Dga[l(Ul x R™) and D<p;l(U2 x R™)
are disjoint open sets containing (z1,v1) respectively (x2,v2). In the second case with £1 = x2 =: = there are
disjoint open sets Uy, Uz C R™ containing D;|,v1 respectively Dg;|,v2. Again the preimages Dgp;l(V x Uy)
and Dy (V x Us) are disjoint open sets containing (21, v1) respectively (22,v2). To constrcut a countable base
for the induced toplogy on T'M let {U;}; be a countable base for the toplogy of M (which is second countable
by assumption) and {Wj} a countable base for the topology of R™. Then {D; ' (U; x Wi)}s,j% is a countable
base for TM when we chose a countable atlas A.

13



2 The tangent bundle

Remark. In classical mechanics the configuration space is usually a manifold M. Then the
tangent bundle T'M corresponds to the space of configurations and velocities, i.e. a point y € T'M,
y = (x,v) is a pair of a configuration x = 7y and a velocity v € T, M. We will see that the
Lagrangian is a function on TM (but not the Hamiltonian!). o

2.14 Remark. Locally T'M is diffeomorphic to M x R™, since every bundle chart yields such
a diffeomorphism, cf. (2.7)). However, globally TM and M x R™ need not be diffeomorphic. ¢

2.15 Definition. Parallelisable manifolds

A differentiable manifold M is called parallelisable (and T'M trivialisable) if there exists a
diffeomorphism ¢ : TM — M x R™ such that ¢|p.a @ T, M — {z} x R™ is a vector space
isomorphism for all x € M.

The terminology is motivated by the fact that such a trivialisation ¢ allows for an identification
of different tangent spaces,

.M & {z}xR* & {y}xR" & T,M.

Note that this identification is not canonical but depends on the choice of ¢. o

2.16 Proposition. The chain rule

For differentiable maps f : My — Ms and g : My — Ms between differentiable manifolds the
chain rule

D(go f)=DgoDf
holds.

Proof. D(go f)([cz) = [g0 f o €lgop@) = Dg([f 0 cly(a)) = Dg(Df([c]z))- 3

2.17 Definition. Immersions, submersions, embeddings
Let M7 and M5 be differentiable manifolds.

(a) f: My — My is called an immersion or immersive, if f € C! and Df|, is injective for
all x € M.

(b) f: M; — My is called a submersion or submersive, if f € C' and Df|, is surjective for
all x € M;.

(¢) f : My — M, is called an embedding, if f is an injective immersion that is also a

homeomorphism onto its range.

2.18 Examples. Let M; = R" and My = R™.

(a) Let n <m and f: R" - R™ = = (z1,...,2,) — (21,...,2pn,0,...,0). Then the m x n-
matrix
1 0
0 1 0
Df=lo - 1
0 a0
0 .o i 0

has full rank equal to n and is therefore injective. Hence, f is an immersion. Moreover, the
map f is injective and continuously invertible on its range and therefore an embedding.
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(b) Let n >m and f: R" - R™, = = (x1,...,2,) — (z1,...,%m). Then the m X n-matrix

1 0 0 0 0
Df = 0 1 0
0 1 0 0

has full rank equal to m and is therefore surjective. Hence, f is a submersion.

(¢) Let n=1,m > 1, and f : R — R a smooth curve. The map f is immersive iff its velocity
vector satisfies f/(t) # 0 for all ¢ € R. If the curve intersects itself, i.e. f(t) = f(s) for t # s,
then f is not an embedding.

2.19 Definition. Submanifolds

Let M be a n-dimensional differentiable manifold. Then N C M is called a k-dimensional
submanifold of M if for every x € N there exists a chart (V, ¢) for M with

o) =(q1,---,q,0,...,0) foralye NNV,
k

2.20 Remark. Note that a k-dimensional submanifold is, in particular, a k-dimensional manifold:
the charts in definition become charts for N by dropping the last n — k components.

2.21 Proposition. The following assertions are equivalent:
(a) N C M is a k-dimensional submanifold.
(b) N is locally the image of an embedding of a piece of R¥. More precisely, for every point
x € N there exists an (relatively) open neighbourhood V' C N of z, an open set U C R,

and an embedding
f:U—M with fU)=V.

(c) N is locally a level set of a submersion into R™~*. More precisely, for every z € N there
exist an open neighbourhood V C M of 2 and a submersion F : V — R"* such that

NNV ={yeV|F(y)=0}.

Proof. The proof is a somewhat tedious application of the inverse function theorem resp. of the
implicit function theorem. O

2.22 Example. The sphere S? = {z € R?|||z|| = 1} is a two-dimensional submanifold of R3.
This can be seen most easily by using condition (c) above. Let F : R® — R,  ~ |z||*> — 1. Then
F is smooth, {F(r) =0} = S%, and DF|, = (2, -)gs # 0 for z € S2.

x
2.23 Example. Let M = R? then N = {x ¢ T N
M|ze = |z1|} is not a submanifold, but it can be
equipped with the structure of a manifold. E.g. the at- y
las (V. = N,p : (z1,22) — 1) turns the set N into a *
manifold that is diffeomorphic to R.

2.24 Remark. Whitney embedding theorem

A famous theorem of Hassler Whitney states that any smooth n-dimensional manifold (Hausdorff
and second-countable) can be smoothly embedded into R?". Thus any abstract manifold is
actually diffeomorphic to a of submanifold of some R™.
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2 The tangent bundle

We now introduce a new type of functions on manifolds namely vector fields. A vector field is a
map that selects at each point of a manifold a tangent vector at that point in a smooth way.

2.25 Definition. Vector fields
A CP-map X : M — TM with my; o X = idyy is called a CP-vector field. We denote the set of
C>®-vector fields by T (M).

It will often be convenient to identify for a vector field X € T'(M) its value X (z) € {z} x T.M
at x € M with its part in 7, M without making this explicit in the notation by projecting on the
second factor. o

The idea behind the notation 7' (M) will become clear later on: tangent vector fields are just
tensor fields of type (1,0).

2.26 Remark. In the exercises you will show that M is parallelisable if and only of there exist
a global frame for the tangent bundle, that is vector fields Xy, ..., X, € 761(M ) such that
(X1(x),...,Xn(x)) is a basis of T, M for each = € M. o

While the differential of any smooth map between manifolds defines a map between the tangent
bundles, only diffeomorphisms allow for mapping also vector fields to vector fields.

2.27 Definition. The pushforward of vector fields

A diffeomorphism ® : M; — My allows to map (“push forward”) vector fields on M; to vector
fields on M5y. The map

O, THM) = TE(My), X—®,X=DbPoXod

is called the pushforward and can be most easily understood through the following commutative

diagram: -1
Ml — M2

X 1 ®.X
TM1 — TM2 .

2.28 Remark. Coordinate representation of a vector field

Using a coordinate chart (V,¢) for M, the restriction of a vector field X € T3'(M) to V can be
mapped to a vector field on (V') C R™ using the pushforward .,

n

P Xt R" D (V) = Tp(V) = (V) xR™, ¢ (g,v(g)) with v(q) = v7(q)e;,
=1

where v7(q) are the components of the vector X (z) € T,M at x = ¢~ !(g) with respect to the
coordinate basis (0y,,...,0,,), cf. definition Note the twofold role of the chart ¢ here: it
provides the coordinates ¢ = () on the patch V and also the coordinate bases of the tangent
spaces.

When using charts one often writes only the vector part v(q) of the vector field X. o

In remark we saw that a tangent vector v at a point € M defines a derivation (i.e. a
linear map D, : C*°(M) — R satisfying the product rule) at that point by taking the directional
derivative of a function at that point. A vector field X now provides a tangent vector, and hence
a derivation, at every point of a manifold and thus a map C>*(M) — C*>°(M).
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2.29 Definition. The Lie derivative of a function
For a vector field X € T3 (M) the map Lx : C®°(M) — C*°(M) with

f—=Lx(f) = IoDfoX
is called the Lie derivative of f with respect to X. Here I : TR = R x R — R denotes the
projection onto the second factor. One also writes just X (f) instead of Lx(f). o

2.30 Remark. Within a chart (V) we write . X (¢) = (¢,v(q)) and according to (2.4) we have

Lx(h) Z 8q2

where 8f 2 (@) is a short hand for 9;(f o ¢y, i-e. for the partial derivative of the pull-back of f
to coordlnate space.

2.31 Proposition. Properties of the Lie derivative

The Lie derivative has the following properties:
(a) Lx(f+g)=Lx(f)+ Lx(9)

(b) Lx(f-9) = fLx(g9) +9Lx(f)

(¢) Lax+py(f) =aLx(f)+BLy(f)

for all f,g,a,8€ C®(M), X,Y € T¢(M).

Proof. Homework assignments. O

2.32 Remark. Derivations
A map L: C®(M) — C*>®(M) satistying
(i) L(ef +9) =aLf + Lg
(ii) L(f-9) = fLg+gLf
for all f,g € C°(M) and « € R is called a derivation. Every derivation L is associated with a
unique vector field X € 7,t(M) such that L = Lx, cf. remark

2.33 Corollary. The commutator of vector fields
Let X,Y € T;{(M). There exists a unique vector field Z € T, (M) such that for all f € C*°(M)

[Lx,Lylf:=LxLyf—LyLxf=1Lzf.
The vector field Z is also written as Z = [X,Y] and called the commutator of X and Y.

Proof. Homework assignments. O

2.34 Remark. Naturality of the Lie derivative
Let ® : My — M be a diffeomorphism, f € C*(My), and X € T,t(M;). Since the diagram

My 2 My
X 1. X
vy 2% T, BoTR
is commutative according to the definition of ®,.X, it follows that
Lx(fo®) = IoD(fo®)oX=IoDfoDPoX=I0Dfod,Xod
= Lo.x(f)o®.
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2 The tangent bundle

M.

4o $

Ly (49

(../L},x ()

LY

4

The fact that an operation behaves “natural” under diffeomorphisms is often called naturality.
Here the Lie derivative transforms in the natural way: one can either pull back the function f to
M or push forward the vector field X to M.

German nomenclature

bundle chart = Biindelkarte
commutator = Kommutator
derivation = Derivation
embedding = Einbettung

immersion = Immersion
parallelisable = parallelisierbar
representation = Darstellung
submanifold = Untermannigfaltigkeit
tangent bundle = Tangentialbiindle
tangent vector = Tangentialvektor
vector field = Vektorfeld
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chain rule = Kettenregel
coordinates = Koordinaten
differential = Differential, Ableitung
fibre = Faser

Lie derivative = Lieableitung
pushforward = Pushforward
smooth curve = glatte Kurve
submersion = Submersion

tangent space = Tangentialraum
trivialisable = trivialisierbar



3 The cotangent bundle

3.1 Reminder. The dual of a vector space

For a real vector space V of dimension n € N its dual space V* := L(V,R) is defined as the
space of linear maps from V' to R. Hence, also V* is an n-dimensional real vector space. The
elements of V* are often called linear functionals and for v* € V* and w € V' one writes

v (u) =: (v, u) =: (v u),
even though the dual pairing (v*| u) is not a scalar product.

3.2 Definition. The cotangent space

Let M be a differentiable manifold and € M. The dual space T M := (T,;M)* of the tangent
space T, M is called the cotangent space of M at x. The elements of Ty M are called cotangent
vectors, covectors, or 1-forms.

3.3 Remark. A scalar product (-,-) on a vector space V provides a natural identification of V'
and V*, namely V' 3 v — (v,-) € V*. Without scalar product it is still true that dim V* = dim V,
but there is no canonical isomorphism.

3.4 Example. The differential of a function

For f : R® — R one usually considers the gradient Vf(x) at a point x € R™ to be a vector.
Without further structure, however, the differential of a function f : M — R on a manifold is a
covector:

For f € C*°(M,R) the differential (cf. definition [2.10))
Dfls: ToM = TR =R

is linear and thus D f|; € T M. The differential of a real-valued function is usually written as
df|, and also called the exterior derivative of f.

As we saw in the previous chapter, the action of df|, on a tangent vector v € T, M is just the
directional derivative of f at the point € M in the direction v. For v = [¢] we have

dfle(v) = S F(e(t))le=o-

We can thus think of the dual pairing (df|v) either as a linear action of the covector df on
the vector v or vice-versa as the linear action of the vector v as a derivation operating on the
function f.

3.5 Remark. Coordinate 1-forms

In a chart (V,p), ¢ : M DV — R" z +— ¢(z) we can think of the components g; for
i=1,...,n, as functions ¢; : V — R, x — ¢;(x) := ¢(x);. The corresponding coordinate 1-forms
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3 The cotangent bundle

dgil, € TiM, i =1,...,n, form a basis of the corre-
sponding cotangent space T M, since with (2.4)

(L

Thus the coordinate basis (dg;)i=1,..n of T M is the ..i
dual basis to the coordinate basis (9, )i=1,...n of TpM. M
Somewhat formally the above computation reads .
9 ‘
(dail 0,) = 9g, 1~ Sij -

Moreover, given a covector w = Z?:l wjdg; and a vector v = Y"1, viaqi expressed with respect
to the corresponding coordinate bases from a chart ¢, then, by linearity in both arguments, the
dual pairing takes the form

(wv) = (ijdqj’ Zviaqi) = Zijvi(dqu ) = ijvj . (3.1)
j=1 i=1 =1

j=1 i=1

—1
(dgil g;) = (V(gi 0 @™ ") lp(a)- €5) = €i - €5 = bij .

=e;

8‘1 1

q1 =const.

3.6 Remark. The double dual

While there is no canonical identification of T, M with its dual space Ty M, the double dual
Tx*M := (T M)* can be canonically identified with T, M: Let v € T, M then

by :TiM =R, u* = ly(u") := (u*|v)

is a linear map and therefore ¢, € T*M. The map ¢ : T,M — T;*M, v — ¢, is a vector space
isomorphism. To see this note that ¢ is clearly linear, that ker(¢) = {0} implies that ¢ is injective,
and thus because of finite dimension dim7, M = dim7T;*M < oo also surjective. o

We thus keep in mind that a vector acts as a linear functional on covectors and a covector
acts as a linear functional on vectors.

While we saw that a smooth map f : M; — Ms can be naturally used to push forward tangent
vectors from T, My to Ty, Mz via its differential f. = Df|;, the natural direction for covectors

is the pullback from T}k(x)MQ to Ty M;.

3.7 Definition. The pullback of covectors

Let f: M1 — My be a smooth map between manifolds and x € M;. The linear map
fo 1 TiyMe = Ty My, u™ = fru® with  (fiu")(v) == u*(fw) for all v € Tp My
is called the pullback of covectors under f.

3.8 Definition. The cotangent bundle
The cotangent bundle T*M of M is the disjoint union of the cotangent spaces

T°M = | ({a} x TEM) = {(w,v5)|x € M, v* € TIM}.
zeM

As in the case of TM, also T*M can be equipped with a canonical differentiable structure: Let
A = (V;,¢;) be an atlas of M, then

T* A= (T*V;, (01,97 1))

(2
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is an atlas of T*M . Here

(i, 07 %) - T*Vi — T*pi(V;) € T*R”
(z,u*) —  (pi(z), (] ") u").

3.9 Definition. Covector fields or 1-forms
A CP-map w: M — T*M with 7wy ow = id)s is called a CP-covector field or 1-form. We
denote the set of C*-covector fields by T°(M).
As for vector fields we will often identify for a covector field w € T2(M) its value w(z) € {x} xTF M
at € M with its part in T M without making this explicit in the notation by projecting on the
second factor. o

3.10 Example. The differential of a function as a 1-form
Let f € C°°(M), then the map

df : M —>T*M, z—dfl,eTiM
defines a covector field df € T°(M).

3.11 Definition. The pullback of 1-forms

A smooth map f : My — My allows to map (“pull back”) covector fields on My to covector fields
on M;j. The map

FrT(Me) = TP (M), we flw owith (ffw)(z) = f; (w(f(2))

is called the pullback.

3.12 Remark. While one needs a diffeomorphism ® in order to push-forward a vector field (cf.
definition [2.27]), one can pull back a covector field with any smooth map f.

3.13 Remark. Coordinate representation of a 1-form resp. differential

Using a coordinate chart (V) for M, the restriction of a covector field w € T?(M) to V can be
mapped to a covector field on ¢(V) C R™ using the pullback (p~1)*,

(VW :R" D (V) = T*o(V) = (V) xR", ¢~ (¢,u*(q)) with u*(¢q) = ij(q) e,
j=1

where w;(q) are the components of the covector w(x) € Ty M with respect to the coordinate basis
(dgi, - .-, dgn), Le. w(z) = 35 wi(p~"(g))dg;.

Using once more and recalling (cf. homework assignment 15), we find that for w = df
the components with respect to the coordinate basis are w;(q) = g—({j(q), ie.

df = E — do. . 3.2
f j:1an “ ( )

Recall that %(Q) is a short hand for 8;(f o ©™1)|y()-
This implies immediately the product rule: Let f,g € C°°(M), then

d(fg) =gdf + fdg. o
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3 The cotangent bundle

3.14 Proposition. The pullback of a differential

Let f € C°°(My, Ms) and g € C°°(M3). Then
ffdg=d(go f) =d(f7g),

where we also introduce the pullback of a function as frad +g

f*g =go f R _ R

M1 — M2

Proof. By the chain rule for differentials we have for all x € My and v € T, M that
d(g o f)lev =dglp@) Dflev = dglp@) (Dflev) = (f7dg)lev. O

3.15 Example. Polar coordinates on R?

Polar coordinates on R? are most easily defined by the map
®:(0,00) x (—m,7) — R2\{z €R?®|zy =0 and z; <0}
(r,0) +— (rcos6,rsinf).

It is straight forward to check that ® is indeed a diffeomorphism between open subsets of R? and
we might think of ®~! as a coordinate chart for (parts of) R2.
On the target R? we have the basis 1-forms dx; and dxs. In order to express them in terms of
the coordinate 1-forms dr and df we apply proposition the product rule, and :

®*(dz1) = d(z10®)=d(r cosf) = cosfdr + rd(cosf) = cosfdr —r sinf df

®*(dze) = d(zgo®)=d(r sinf) =sinfdr +rd(sinf) =sinfdr + r cosdf. o

We will see later that 1-forms are the natural geometric objects that can be integrated along
1-dimensional (oriented) submanifolds, i.e. along curves. Without giving further details at this
point, let us just give the definition of the integral of a 1-form along a curve as a first hint.
3.16 Definition. The line integral of a 1-form

Let M be a smooth manifold, I = [a,b] C R an interval, v € C*°(I, M) a smooth curve, and
w € (M) a 1-form. Then the integral of w along 7 is the number

Aw:ﬂfw:[ﬁfw@@w,

where v*w is the pullback of w to I under v and e : I — I x R, t — (¢, 1), is the unit vector field
on I. The dual pairing (v*w|e) € C*°(I) between v*w € T(I) and e € T3 (I) is to be taken
pointwise and defines a smooth function on I that is integrated in the standard Riemannian sense.

So the idea is to pull back the 1-form to parameter space and interpret the integral there as
a usual Riemann integral. You will show in the homewrok assignments that the value of a line
integral according to this definition is invariant under reparametrisations of the curve up to a sign
coming from a possible change of orientation. Moreover, you will show the fundamental theorem
of calculus, namely that for w =df

/hf:fww»—ﬂww»

German nomenclature

cotangent space = Kotangentialraum differential = Differential

double dual = Bidual dual space = Dualraum

line integral = Wegintegral polar coordinates = Polarkoordinaten
product rule = Produktregel pullback = Riickzug

1-form = 1-Form
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4 Tensors

As explained in the previous chapter, covectors are by definition linear maps from the underlying
vector space V' into R and vectors can be understood in a canonical way as linear maps from the
dual space V* into R. In a nutshell, tensors are multi-linear maps on cartesian products of the
form V*x .- - xV*xV x---x V. For example, a scalar product is a bilinear map (-,-) : VxV — R.
Also the (signed euclidean) area of a parallelogram spanned by two vectors v,u € R? is a bilinear
function of the two vectors,

area: RZx R? - R, (u,v) — area(u,v) := u A v := u1vs — ugvy ,

since
area(au,v) = area(u, av) = carea(u, v) for all u,v € R? and o € R
area(u + w,v) = area(u,v) + area(w, v) for all u,v,w € R?
area(u,v + w) = area(u, v) + area(u, w) for all u,v,w € R?.

Such functions of several vectors or covectors that are linear in each argument are also called
multi-linear forms or tensors. Multi-linear functions of tangent vectors and covectors to manifolds
appear naturally in different geometrical and physical contexts. In the following we will discuss
basic definitions and properties of tensors for arbitrary finite dimensional real vector spaces V,
independently of the context of differentiable manifolds. But you can keep in mind that later on
the tangent space T, M at a point z in a differentiable manifold M will take the role of the vector
space V.

4.1 Definition. Tensors

Let V' be a n-dimensional vector space and V* its dual. A multi-linear map

t: V% .. xV*xXVx--.xV 3R

r-copies s-copies

is called a tensor of type (r,s) and we write, similar to the notation used for the dual pairing,
(V] Un s U, vs) =0 (B VT, U UL, )
For tensors ¢ and to of the same type and a1, as € R one defines
(a1t + asgta| ...)i=aq(tr ] ...) + aolta] ...),

and thereby equips the space of tensors of a given type with the structure of a vector space that
will be denoted by V. In particular, V* =V and V = Vol. o

Given, for example, two covectors v, v5 € V*, one can define the bilinear map
Vv VXV —-R, (u1,u2) = v @v3(ug,uz) = (vi|ur) (V3] uz),

called the tensor product of v] and v3. In the same way one can define tensor products of arbitrary
tensors in order to define new tensors of higher order.
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4 Tensors

4.2 Definition. The tensor product of tensors

Let V be a n-dimensional vector space and ¢; € V_ and t3 € V;,T,,. The tensor product t; ® to
is the tensor of type (r + 1/, s + s’) defined by

(1@t | ul, s Uy UL, - Ugyg) = (Br] Ul Uy s w, ) (B2 U gy e Uy s U1y e e Usp?) -

Note that multi-linearity is obvious from this definition.

4.3 Remark. It follows directly from the definition that the map

®: VI xVE = vty

is associative and distributive, but not commutative. o

While not every tensor can be written as a tensor product of vectors and covectors, linear com-
binations of such tensor products span the whole spaces V.

4.4 Proposition. Let {e;} and {e}} be bases of V =V} and V* = V respectively. Then every
t € VI can be uniquely written in the form

t=Y T e 00 06 ® -0 (+)
(4),(7)

with coefficients tfllf: € R. In the sum all indices ji,...,j, and é1,...,is run from 1 to n.

Thus, the n"** tensor products
€j1®--'®€jr®€z®"'®ez, TlyeeesJrsllye--yls=1,...,m
form a basis of V] and the space V! has dimension n""*.

Proof. Let {b7} and {b;} be the bases of V* and V' that are dual to {e;} and {e}}, i.e.

o) — b fp) =g ey L EE=T
(bj|el)_52j and (€i|bj)_5lj ‘_{ 0 lfl#j

Note that the dual bases are unique because a linear map is uniquely specified when given its
action on a basis. If we now define

tz11 gT: (b;p "ab;(,bip"'?b’is)a (41)
then (%) holds on elements of the form (b;‘l, s DY iy .,b;i,) and by multi-linearity of both
sides of (%) on any tupel (uj,...,u’, u1,...,us). Uniqueness follows from linear independence of
the different tensor products ej, ® --- ®e;, ® e, Q- ®ej. O

4.5 Remark. Note that we use the standard convention to write the coefficients of a tensor with
vector indices (also called contravariant indices) as upper indices and covector indices (also called
covariant indices) as lower indices. It is not uncommon in physics to call “tensor” the components
tfll ZJT of a tensor ¢ and to say that the array of numbers tjl ZJ: is a tensor of type (r,s) because
it transforms under basis changes in the appropriate way. o

4.6 Definition. Metric tensor

(a) A tensor g € V3 that is symmetric, i.e. that satisfies
g(u,v) = g(v,u) for all u,v € Vg,

and positive definite, i.e.
g(v,v) >0 for all v #0,

is called a metric tensor or scalar product.
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(b) A tensor g € V3 with the property that
glv,u)=0 forall ueV = v=20 (4.2)

is called non-degenerate.

Any metric tensor g is non-degenerate, since g(v,u) = 0 for all u implies that, in particular,
g(v,v) = 0 and thus by definiteness v = 0. Examples for (b) are pseudo-metrics (g symmetric
and non-degenerate) or symplectic forms (g skew-symmetric and non-degenerate). o

4.7 Remark. Recall that a metric tensor allows us to define the “length” or norm of a vector
v €V as |v|| := y/g(v,v) and the angle between vectors as g(v,u) =: cos(£L(v,w)) ||v] ||v|. In
particular, two vectors are orthogonal with respect to the metric g, if g(u,v) = 0.

4.8 Remark. With the help of a non-degenerate g € Vi) one can identify a vector space V and
its dual space V*:

For v € V the map
gv,): V=R, u~— g(v,u)

is linear and hence defines an element of V*. The map
Lg: V= V™ v y(v) == g(v,-)

is again linear. Because of (4.2), its kernel contains only the zero vector and thus ¢y is an
isomorphism. o

4.9 Notation. The index calculus

Let (e;)j=1,..n be a basis of V' and let (from now on always) be (€)i=1,..n (upper index!) the
dual basis of V* defined by
; 1 ifi=jy

o) = 8. =

e'le)) = 0 : { 0 ifij
To avoid confusion between indices of components of vectors and covectors, components of vectors
have upper indices, while components of covectros have lower indices. For example, the basis
representation of a vector v € V' with respect to (e;) is

n
v = g v'e; =:v'e;
i=1

and the basis representation of a covector u € V* with respect to (e?) is

n
u = E w;et =: u;e’.
i=1

Note that in the expressions above we applied the Einstein summation convention where
summation over indices appearing twice is understood implicitly.

Similarly, the basis representation of a metric tensor g € V3 is written as

n
g = Z gij6i®€j = gij6i®€j.
ij=1
These conventions provide a very elegant calculus that simpifies computations in components

considerably. Here are some examples: Let u,v € V with u = u"e, and v = v"e, and w € V*
with w = w,e™ then

(a) w(v) = wpe™(V"en) = wpv™e™(em) = wpv"
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4 Tensors
(b) (ulv)g = g(u,v) = gi; (¢’ '@el) (UM em, v en) = gijumv" et(em) el (en) = Gij w vl = U™ gpn 0"
(c) From (a) and (b) it follows that ¢g(u) = g(u,-) has the basis representation t4(u) = une”
with components u, = u™ gmn.

(d) We denote by g% the entries of the inverse matrix of (g;;), i.e.

9i; 67" = g” gjn = 6, = Oin .

" and t4(e;) = g(e;,-) = gije’. Hence, in general,

Thus in (c) we also have u" = wu,, g™
tglei) # €.

(e) The space Vi is canonically isomorphic to the space of endomorphism £(V) of V. Let
a € Vi1, then

AV =V, ue Au:=1"(a(-,u))

defines an endomorphism. Here we used the identification of V and V** introduced in
remark Vice versa, an endomorphism A : V — V defines a tensor a € V;! through

a(v*,u) = (v*| Au).

The maps a — A and A — a are clearly linear and inverse to each other.

Using the basis representation we find that the components ag ofa € Vl1 are just the matrix
entries of the endomorphism A,

(€' | Aej) = (']t ale) = ale’sej) =aj = (Aej)' =af

i
;= Aej=a

jei )
where we used the formula (4.1)) to compute the components of a.

(f) In the same way the space V11 is also canonically isomorphic to the space of endomorphism
L(V*) of V*. Let a € V!, then

A"V =V uf s A% = a(u’,))

defines an endomorphism. Given an element a € Vj!, the corresponding A* is really the
adjoint map of the corresponding A,

(v* | Au) = a(v*,u) = (A™v" |u).

We now discuss how a change of basis affects the components of tensors. Let A: V — V be an
isomorphism and define a new basis (&;) of V by putting é; := Ae;, with dual basis (é!). The
endomorphism B : V* — V* that connects the dual bases as €' := Be® is determined by

|

§ji = (6| é;) = (Be'| Aej) =: (A*Be'|ej) = B=(A")" . (4.3)

If @] is the matrix of A, i. e. Aez = al e], then A*el = a]eZ and thus the matrix of b] of B, i.e.
Bel = b] e’ must satisfy b = §j;. Hence, as a matrix, b7 is the inverse of ak, However, b7

is the matrix of an endomorph1sm B :V* - V* while ak is the matrix of an endomorphism
AV >V,

The components of an arbitrary tensor ¢ € V; transform because of

r i l lr o N o o
t=tT e @ ®e, @@ @t =00 g, 006,00 g

i1
according to

fll-' lr I gdrpk oL ks — piidr o) {ll"'lr — Jrdr bll ..

. lr il PPN is
all is i1ls ki-ks 11 ls bjrakl aks'
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4.10 Remark. Given a non-degenerate g € V', one often identifies a vector u and the covector
tg(u) = g(u,-). Then, mostly in the physics literature, u’ are called the contravariant and u;
the covariant components of u, although u; are actually the components of ¢, (u). o

4.11 Definition. A non-degenerate g € V3 allows also for a canonical identification of any tensor
space V! with V,* and with V2, and V3t by concatenating ¢4 or ¢! in the respective arguments.
In particular,

g

. r s —1 —1
I Vi = V2t to (g, yigity 5oty ).
SN—— — —
s copies T copies

Within the index calculus this identification takes the following form. Let ¢ € V] with ¢t =
e @ Qe e @+ ®els, then e.g.

J1---Js
t o= 2T en) ® - ®yle,) 0 ® - ® ek
= Y G Gin, €M O QTR @@

. . ) ni Ny jl js 0
= tj. jenim € Q- QeTRNR--Qe° €V .

In general one can thus use ¢ and gij to raise resp. lower tensor indices and thereby change the
tensor type from (r,s) to (r+1,s — 1) resp. (r — 1,5+ 1). o

4.12 Definition. A non-degenerate bilinear map g € V3 can be lifted to a non-degenerate bilinear
map on arbitrary tensors,

G: Vi xV] =R, (t,t)—= G(tt)= I4(t)|1).
In index notation we have

N 4l lp T . . Jini Ce . Jsm
G(t,t) - tjl--.js tm---ns " Giymy Girm, 9 g

If g is a metric on V/, then G is a metric on V. o

4.13 Definition. Contraction of tensors

By contracting two indices, more precisely one upper, say the fth, and one lower, say the kth,
of a tensor t € V" with
t=t1"e @ Qe, WNQ--- @€

$1-ngs
one obtains a tensor £ € V:__ll by putting

f:til“'m"'ireil®-"®éie®"'®€jl®"'®éjk®"': t(”',em,‘-',em,--').

G

—_

m=

Here the hat over a factor means that it is left out and in the sum on the right hand side the
vector €™ is in the £th covector-slot and e,, is in the kth vector-slot. It is easy to check that the
resulting tensor f is independent of the chosen basis for V.

Unless t;llzj: is symmetric in all upper and lower indices, the resulting tensor ¢ depends on which
indices are contracted.

For a € V! the contraction tra := a! is called the trace of a and it is just the usual trace of the
corresponding endomorphism A : V' — V. For a metric g € Vi) and t € V02 resp. t € V3 the

contractions try ¢t = ¥ g;; resp. tryt = t;; g/ are called the metric traces. o

We now define the tensor bundles over a manifold M by attaching locally the tensor spaces T, M
associated with the tangent space V =T, M.
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4 Tensors

4.14 Definition. Tensor bundles

We define Ty M = | cp,({z} x TosM) = {(z,t) | € M, t € T,;M} as the bundle of tensors of
type (7,s). Any atlas A = (V;, p;) of M yields a natural atlas on 7 M through

TiA = (T5Vi, i) -
Here
@i TSVi = Topi(Vi)
is defined by
@i(x, ey @ Reg, & el R ® ejs) = (%’(x), ikl @+ @ Pixer, @ ((Pz-_l)*ejl R ® ((Pi_l)*ejs)
and linearity in each fibre.

4.15 Definition. Tensor fields

A C®-map t: M — T;M with my; ot = idys is called a tensor field and we denote the space of
tensor fields by T (M). We set TP (M) := C*°(M).

4.16 Remarks. (a) Locally any tensor field can be expressed in terms of coordinate basis
fields:

Ha) = £177 () gy, © - © 0y, @ dg?' © - @ A

with tg)) € C®(M). In the physics literature sometimes the component functions tg)) (x)
are called tensor fields.

(b) If there exist n vector fields e; € T;t(M) that are pointwise linear independent, i.e. if M
is parallelisable, then the covector fields e/ € T(M) that are pointwise dual are pointwise
linear independent in 7T,°(M) as well. By taking tensor products, one obtains basis sections
of all tensor bundles. We thus have: if M is parallelisable, then all tensor bundles over M
are trivialisable.

4.17 Definition. Riemannian and pseudo-Riemannian metrics

A non-degenerate and symmetric bilinear form g € 72(M) is called a pseudo-Riemannian
metric and the pair (M, g) a pseudo-Riemannian manifold. If g is, in addition, fibre-wise
positive definite, then it is called a Riemannian metric and (M, g) a Riemannian manifold.

4.18 Example. Minkowski space

On M = R* a pseudo-Riemannian metric is given by

n=n;d¢’ ® d¢’

with
-1 0 0 0
- 0 1 0O
M= 0 0010
0 0 0 1
It is called the Minkowski metric and the space M equipped with the Minkowski metric 7 is called
Minkowski space. It is the space-time manifold of special relativity. o

4.19 Remark. Abstract index notation

Instead of using indices to label components of tensors in specific basis representations with respect
to local charts, one can also use the indices to merely have a concise notation for indicating the
type of a tensor and to have a shorthand for operations like the contraction that are difficult to
express in the coordinate free notation.
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One would write for example for the Riemann tensor Ry, ; € V31 and obtain the Ricci tensor by
contracting to Ryq := Ry, € VZO. Here the indices are merely a notational tool, not related to
any basis and, in particular, have no numerical values. The notation R} ; then indicates that one
contracts the first and the third argument of the tensor to obtain a new one. o

We end this section with a few straight forward observations. First we can extend the pull back
map to arbitary multilinear forms in an obvious way.

4.20 Definition. The pull-back of multilinear forms
Let f : My — M, be smooth and w € T,)(Ms). Then f*w € T2(M1) is defined as

frwle(vi, . vp) = Wl (fevs - -, fevp) for all vy,...,v, € T, M; . o
M, !
Hl
fo ©

Next we clarify how a diffeomorphism & : M7 — Ms between manifolds induces a diffeomorphism
of corresponding tensor bundles of equal type. First observe that the fibre wise pull-back defines
a diffeomorphism of the cotangent bundles,

T"My — T*My, (y,w)+— (@71(y),<13*w\¢71(y)) .

For the inverse of this map we write

D*®:T*My — T* My, (2,w) = (®(2), 2 wlp()) -
It holds that

(D*®w | DPV)g(y) = (w|v)e forallwe Ty My, ve T M,

since (D*®w)(D®v) = w(D®~! o DO v) = w(v).
We obtain diffeomorphisms of arbitrary tensor bundles through

DP®---@DPRD®®R---@D*®: Ty My — T, M,
where one defines on products
DP®---@DPRD®R - @D®(z, 11 @ Qu, Q' ® -+ @ w®)

= (®(z),DPu; ® - -- @ DPu, ® D*dw' @ - ® D*dw?)
and then extends this definition by linearity in every fibre T} M;.

4.21 Definition. The push-forward of tensor fields

A diffeomorphism ® : M; — M induces a map ®, : 7] (M;) — T](Ms), called the push-
forward of tensor fields, that is defined by commutativity of the diagram

M1 i) M2

£ | @yt
T, PEETEPeELIRe oDt oy,

ie. for t € T (M;) we set
P t=DP® - - DPRID®R--- R D*Potod L.

-~

r-copies s-copies

Again the chain rule (® o ¥), = ®,¥, holds and the pull-back ®* can be extended to arbitrary
tensor fields by defining ®* := (®~1),.
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4 Tensors

4.22 Examples. (a) For a function f € 70(M;) we have ®,f = fo ®~L.

(b) For a vector field X € T,'(M;) the push-forward ®,X = D® o X o ! was already defined
definition 2.27]

(¢) The push-forward under a diffeomorphism commutes with the differential: for f € TY(M)
we have ®.df = d(P.f).

(d) Let (V,¢) be a chart on M, let e; be the ith canonical unit vector field on R", and let
e :R" - R, ¢ = (q1,...,qn) — ¢ denote the ith coordinate function on R”. Then the
coordinate 1-forms and the coordinate vector fields on V' C M are given by d¢' = ¢*de’
and 9;, = (¢~ ')se;. From this the tranformation laws for d;; and dg’ under coordinate
changes follow immediately: Let ¢ be another chart on V, 95, = (¢71)sej and dg' = @*de
the corresponding coordinate forms and vector fields, and ® = @ o ! the transition map
in R™.

9, € THV) > (D®)og

J

-1 d ~—1
Py * ~ (2
To (U) — T3 (U)
¢ o > .
ej . - oej = (DP)ie;

Since the diagram is commutative,
Do, = (97 )wej = (97)e(@71)sluej = (§7)u(DD)j e; = (DP);,
and thus 9z, = (D®71)i 0,,. It then follows from that d¢/ = (D®)’ dg’ and d¢/ =
(D@~ 1)!dg'. o
While the dual pairing (|) is invariant under diffeomorphisms,
(@ ®.0) = (] 0),

this does not hold for scalar products in general, but only for diffecomorphisms ® that leave
invariant the metric g.

4.23 Definition. Isometries and canonical transformations

Let M7 and Ms be smooth manifolds and let g; € ’7'20(M1) and go € 7-20(M2) be non-degenerate.
A diffeomorphism ® : My — Ms with g3 = ®.q1, i.e.

92(Psv, D) o @ = gy (v, u) for all v,u € ToH(My)

is called an isometry, if g; and gy are (pseudo-)Riemannian metrics, resp. canonical transfor-
mation or symplectomorphism, if g; and go are symplectic forms.

German nomenclature

contravariant = kontravariant covariant = kovariant

index = Index isometry = Isometrie

metric tensor = metrischer Tensor, Metrik non-degenerate = nicht entartet
pull-back = Riickzug riemannian metric = Riemannsche Metrik
scalar product = Skalarprodukt symplectic form = symplektische Form
tensor = Tensor tensor product = Tensorprodukt
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5 Differential forms and the exterior derivative

In this section we discuss special types of tensors, so called differential forms or k-forms. A k-
form is a tensor of type (0, k) that is alternating, i.e. skew-symmetric in all arguments. For k = 1
these are just the 1-forms or covectors. A k-form takes k vectors as arguments and defines a
k-dimensional volume spanned by these k-vectors. Hence, as we will see in the next section, one
can integrate k-forms over k-dimensional manifolds.

5.1 Definition. Alternating k-forms and the exterior product of covectors

Let V' be a real n-dimensional vector space.
(a) A tensor w € Vko, 1 < k < n, is called alternating, if it is skew-symmetric in all arguments,
i.e. if for all vectors u1,...,ur € V and permutations w € Si it holds that

w(“ﬂ'(l)? s ,’U,ﬂ-(k)) = Sgn(ﬂ-) CU(’I,Ll, ceey ,Uk) .

In particular, the exchange of two arguments changes the sign of w.

The subspace of alternating tensors in Vko is denoted by Ay and its elements are called
exterior forms, alternating k-forms, or just k-forms. One defines A := V) := R.

(b) The exterior product (or wedge product) vj A --- A v} of k covectors is defined as
(VI A Ao |, . ug) = det ((uf | uy)) .

Skew-symmetry of the determinant under permutations of the columns implies that vi A
-+ Ay is alternating and thus vy A --- A vy € Ag. Analogously, skew-symmetry of the
determinant under permutations of the rows implies that

Uny N+ A Urgy = sgn(m) vf A=+ A vy (5.1)
Finally, using the Leibniz formula for the determinant, we note that

VA A = Z sgn() vz (qy @ -+ ® Vppy (5.2)
TESE

5.2 Reminder. An alternating k-form w defines the signed “volume” that is spanned by k vectors
v1,...,U in T M via
w(vi,...,v,) = volg(vi,...,vg) .

Here “volume” is to be understood in a dimension-dependent sense. For k = 1 it means length,
for k = 2 area, and for £ = 3 volume in the usual sense. In case you are not familiar with
the connection between alternating forms and volume it is recommended that you read e.g. the
section “Heuristics of volume measurement” in the book Introduction to smooth manifolds by
John M. Lee. o

5.3 Proposition. A basis for Ay
Let (ej)jzl’_“,n be a basis of V* and 1 < k < n, then the k-forms

A AR with 1<ji<--<jp<n

form a basis of the space of alternating k-forms Ay C Vko. Thus, dim(Ay) = (2), and, in particular,

A, = Ao =R and Ay = {0} for k > n.
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5 Differential forms and the exterior derivative

Proof. First note that because of (5.1)) all other wedge products e/ A --- A e/* of k basis vectors
than those with 1 < j; < --- < ji < n are either zero (if the same basis vector appears twice) or
are a linear multiple of the corresponding product with indices ordered increasingly.

Let w € Ay, and let (e;)i=1,... » be the dual basis to (ej)j:h_,,n. Then for uq,...,u; € V we have
no .
uj =y e (uj)e; for j=1,... k and

n n
w(ula"'vuk) = w Zell(ul)eila-.,aZ€Zk(uk)eik
i1=1 ik=1
n n
= D dw) e dRu)w (e, )
=1  ip=1
n n )
= Z Z 1 ® - @e* | ug,. .., ug ki ngn (eiw(l),...,eiﬁ(k))
i1=1 ip=1 TESE
Je =tz (g) - -
=" Z Z (Cjrr--vei) Y sga(m) (@0 @ @ 10 [y, up)
1=1 Jr=1 TESE
n
- k?lz Z e]l""’ejk)(eh/\”'/\ejk|u1>"'7uk)
n=l  jp=1
n—k+1 n—k+2 n

_ Z Z Z w(ejl,...,ejk)(ejl/\”-/\ejk|’LL1,...,uk).

J1=1 jo=ji+1 Jk=Jk—1+1

Thus
n—k+1 n—k+2 n
g g e E Wip iy €T Ao Ne'®
11=1 d2=i1+1 1=t _1+1
with the skew-symmetric coefficients w;,...;,, = w(e;,, ..., €, ). O

5.4 Remark. According to (4.1)) we have the basis representation w = w;,..; €' ® -+ @ e
in Vko. When using the basis representation in Ay, we will often abbreviate J = (j1, ..., jx) with
1<j; <--- < ji <n for an ordered multi-index and e/ ;= el A--- Aedk. Then

OJZZWJ(iJ
J

Sometimes one wants to avoid restricting the sum to ordered multi-indices, in particular when
using the index calculus and the Einstein summation convention. Then one has

1 4 , 1 ) .
w = H Z wll’bk 6“ FANRIREIVAN e“" = Ewll’bk 6“ FANRIREIVAN 6%

where
=1 Q=

was abbreviated in the first expression and the Einstein summation convention was used in the
second term. Be warned that some authors absorb the normalisation % into the definition of the
coefficients wj,...;, . o
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5.5 Proposition. The projection onto Ay
Let Py : Vk0 — A, be defined by

1
(Pet) (ug, ... ug) = il Z sgn(7) t(uﬂ(l),. . .,uﬂ(k)) forall wy,...,up €V.
'WESk

Then Py is a linear projection and it holds that
VA Avp =kl P(v] ® - Q@ u).

Proof. To see that Py is a projection, just compute

(P/C Pkt) (ulv s 7“1@) = (]j)2 Z Sgn(ﬂ-)sgn(ﬂ-/) t(uﬂ’(ﬁ(l))a s uﬂ"(ﬂ'(k)))
m,m' €S
7= e D) sen(o) tHugys - o)
TES oESy
= &Y sen(0) Hupy, - Ua) = (Prt)(u, ... up)
€Sk
The second claim follows from ((5.2]). O

Since the tensor product w ® v € Vk0+p of two alternating forms w € Ay, v € A, is in general
not alternating, one introduces the so called exterior product of alternating forms. It is basically
defined as the tensor product w ® v followed by skew-symmetrisation, i.e. by projection onto the
skew-symmetric subspace Ay, of Vk0+p'

5.6 Definition. The exterior product of exterior forms

We extend the exterior product (wedge product) to alternating forms by putting
/\:AkXAp — Ak+p

(k + p)!

Tp!Pker (w1 ®wa).

(UJl,WQ) — w1 Awg =

5.7 Example. The wedge product of two 1-forms w and v is
WAV =2P(w®V)=2(w®V—rvRuw) =wlr-—rRw.

5.8 Proposition. The exterior product of exterior forms has the following properties:

(w1 Aw2) Aws = wi A (we A ws) for wi € Ag, wp €Ay, w3 €A, (associativity)
(w1 +w2) Awg = w1 Aws+wa Aws for wi,wa € Ag, w3 € Ay (distributivity)
wi A (w2 +ws) = wi Awa+wip Aws for wi € Ag, wo,w3 € Ay (distributivity)

w1 Awy = (—1)’“’ wa A Wi for wi €A, wr€A,.

Proof. The first claim follows from

(k+p+ ! (k+p)!
w1 Awg) ANwsg = P P, w w w
(w1 Awa) Aws CETET ket-prg(Prp(w1 ® w2) @ ws)
(k+p+q)
= kaﬂqu(wl ® wa ® w3)
and a similar computation for w; A (w2 Aws). Note that the last step in the previous computation
follows from a straightforward but tedious calculation as in the proof of proposition Dis-
tributivity of the wedge product follows directly from distributivity of the tensor product. The

final claim is a homework assignment. OJ
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5 Differential forms and the exterior derivative

5.9 Definition. The inner product of exterior forms

The inner product of exterior forms with respect to a non-degenerate g € V3 is the bilinear
map
i:AgXAk — Ak_g, Egk‘
(r,w) = dw
that is inductively defined by the following rules
(i) iyw = G(r,w) for w,v € Ay (cf. defintion |4.12))
(ii) iy (w1 A ws) := (iyw1) Aws + (—=1)Fwy Adyws for v € Ay and w; € Ay,
(iil) @y Avy = Guy O lyy
together with bilinearity.

In components one finds for w = %wjl...jkeﬂ'“]k and v = %uil...iée““'” that

oy JiJe . L P L N NP NP
LW = i Wiy fedes1-jn € AREEAN

Mk —0)
In particular, for k = £ we have i,w = %G(V,w). o

5.10 Definition. The canonical volume form

Let V be a n-dimensional real vector space, (e1,...,e,) a basis of V, g € V20 non-degenerate, and
g=gije® ¢/. The canonical volume form associated with g € V3 is defined as

e:=/|det(gij)| e N2 A Ae™.

You will show as a homework assignment that € depends only on the orientation of the chosen

basis. By definition, two bases (e1,...,e,) and (€1,...,€,) have the same orientation, if the
matrix associated with the basis change has positive determinant, i.e. if det(e’(¢;)) > 0. If
(e1,...,epn) and (€1,...,6,) have the same orientation, then € = &, otherwise ¢ = —¢&. o

Since Ay and A,,_x both have dimension (Z), we can identify the two spaces using a non-degenerate

g € V3 and an orientation of V, i.e. a choice of the sign of its associated volume form e.

5.11 Definition. The Hodge isomorphism

Let V be a n-dimensional oriented real vector space, g € V' non-degenerate, and ¢ the corre-
sponding volume form. For 0 < k < n the linear bijection

*:Ak — An—k:»

W KW = 1,E
is called Hodge isomorphism, Hodge duality, or Hodge star operator.

5.12 Remark. Properties of x and ¢

Let g € V' be non-degenerate and g = g,-jei ® €/ its representation with respect to a basis (ef)
of V*.
(i) The coefficients of ¢ are
e — 0 if jl:jk for l#kﬁ
A T sgn(w) - /| det g if (j1,...,9n) =m(1,...,n) for some w € S,

where det g := det(g;;). (Note that detg depends on the chosen basis, since g;; does not
transform like the matrix of a linear map!)
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(ii) For 1 € Ay it holds that
x]l =416 :=¢,

and vice-versa that

*E = 1.6 = % Ejywin Eirervin gjlil .. gjnin
= |detg]| % Z Sgn(ﬂ)sgn(ﬂ’)g”(l)“'(l) .. .gvr(n)w/(n)
7, ESn

= |detg|detg™! =: (—1)*,
where det g~! := det(g%) and thus s = 0 if g is a metric.
(iif) If g is symmetric, then * o x|y, = (—1)F(=F)1+sid, . (Homework assignment)
(iv) iy * W = Gyiwe = Twrve = *(W A V)

5.13 Definition. Differential forms on manifolds

On a smooth manifold M we denote the space of tensor fields w € 7,2(M) that take values in
the alternating k-forms on T, M by Ax(M) and call w € Ax(M) a differential k-form or just
k-form. In particular, Ag(M) = C>®(M) and A1 (M) = T(M).

Note also that the fibre-wise wedge product defines a bilinear map
N Ag(M) X Ap(M) = Apyp(M), (w,v)—»wAv with (wAV)(z)=w)Av(z).
5.14 Proposition. Pull-backs of exterior products
Let w € Ap(M), v € Ap(M), and f : N — M smooth. Then
fflwnv)=ff'wA ffr,

and

I (Z wrdg? Ao A dqfk> =Y (wro f)d(gh o f)A---Ad(gh o f). (5.3)
J

J

Proof. Both claims follow from the definition and proposition about the pull-back of a
differential. O

We saw that the exterior derivative of a function f € Agp is a 1-form df € A;. We will now
generalise the exterior derivative to a map d : Ax(M) — Ap1(M).

5.15 Definition. The exterior derivative in a chart
Let w € Ap(U) for an open subset U C R™ and

W= Zw[deil A---Ade?  with wy € C®(U).
I

Then its exterior derivative dw € Ap,1(U) is defined by
dw = E:dw]/\dei1 A Ader .
(i)
For a smooth manifold M, w € Ay,(M), and (V,¢) a chart, the exterior derivative dw €
Ap i1 (M) is defined locally by dwly := ¢*d(¢sw), i.e. for

w]V:Zwquil/\---/\dqu with w; € C®°(M)
I

we define

dwly ::Zdwj/\dqil/\---/\dqif’. o
I
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5 Differential forms and the exterior derivative

5.16 Proposition. The exterior derivative: global definition
For two charts (V1, 1) and (Va, p2) on M and w € Ap(M) it holds that

P1(d(P12w)] 0y (Virva)) = ©2(A(P2:w) |y (vir12))

and thus the exterior derivative dw € Ap41(M) is uniquely defined by the local expressions.

More generally, it holds for any diffeomorphism ® : M — N, w € A,(N), and chart (V,¢) on M
that
" (dw|p(v)) = AP w|v

and thus ®*dw = dd*w.

Proof. Let (V,¢) be a chart on M and (V,$) = (®(V), ¢ o &) its push-forward to ®(V) C N.
For w =Y, wrdg’ € A,(N) we compute that

do*w), & d(Z(wlo<I>)<I>*(dq”“)/\---/\<I>*(ddip)>

I

SR (Z(wl o®)dgt A--- A dqip>

I
Zdwloq))/\dqil/\---/\dqip
ne » s(gair) & o
=" ) 0% (dwr) ARG Ao ART(dGP) = D% (dwlay) -
I

Applying this general result to the diffecomorphism @ : po(U) — ¢1(U), ® = ¢ 0 (70271 on
U := Vi N Vs yields

1 (A(P1ew)lpy 1) = @593 ) @1 (d(P1ew)] oy (1)) = P5L*(A(P15w)] (1))
= @3(d(Q*p1w) gy 1)) = P2(d(P2:w)]n (1) 5

where we used that because of the chain rule we have ®* = (95 1)*pt = po. (7). O

5.17 Proposition. Properties of the exterior derivative

From the definition we can conclude the following properties of the exterior derivative:
(a) d(wi +w2) =dwy +dwy  for all w; € Ap(M)
(b) d(fw) =df Aw+ fdw forall fe C® andw €A,
(c) d(wi Awz) =dwi Awa + (—1)Pw; Adwe  for all wy € Ay, wy € Ay
(d) d(dw) =0 for all w € A,

Proof. (a) is obvious and (b) follows directly from the definition, and (c) follows from the ob-
servation that one has to commute the exterior derivatives of the coefficients of wo through the
p-form w; when comparing the right side with the left side of the claimed equality. Finally, (d)
results from the commutativity of partial derivatives,

82&}[ k . I 620.)] 620.)] k ; I
dg¢" ANd¢’ ANdg' = ( — )dq ANdg? Adg' =0.
Z Z 9qk04; EI: % Iqk0q; 990k
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5.18 Proposition. Naturality of the exterior derivative
Let f: M — N be smooth and w € A,(N), then

ffdw=d(f*w).

Proof. Homework assignment (Look at the computation in the proof of proposition and
apply what we learned in proposition [5.17)). O

5.19 Remark. Restriction of differential forms
Let N C M be a submanifold and ¢ : N — M the natural injection. For w € A, (M)

Prw € Ap(N)

is called its restriction to V. According to proposition [5.18] restriction and exterior derivative
commute,

Yrdw = d(Y*w).

5.20 Example. Vector differential operators in R? and the exterior derivative

Let M = R3 with the Euclidean metric gij = 0;;. We can identify vector fields and 1-forms using
the canonical isomporphism ¢4 (cf. remark and for the components with respect to cartesian
coordinates we have v; = v’. Let f € C®(R?) and v € T (R3). Then we have the following
relations between vector differential operators in R? and the exterior derivative:

af . .
Af = 5haq = (sradf)id’ = sy(grad )
i i i ovi .y, i o . j
*dig(v) = #(d(vidg")) = *(dv" Adqg") = *( d¢" Ndq") = €jrim—d¢’ = (curlv);d¢’
Aar, Ay,
= 4(curlv)
*d* Lg(v) = *d(vi%aijkdqj/\qu) = *(%ajkdvi/\dqj/\qu) = x(3&ik gz)]dql/\dqj/\qu)
!
o' ov;
1 7 .
= 5Eiik = - = = d .
26 ik 8ql El]k: Z 8qi 1V v

(2
The properties of the exterior derivative from proposition can now be translated to the
differential operators. From (b) we conclude:

e For p =k =0 it follows from d(f - g) = fdg + gdf that grad (f - g) = fgradg + ggrad f

e For p =0,k =1 it follows from d(fw) = df Aw + fdw that curl (fv) = grad f x v+ f curlv
From (c) we conclude:

e For p =0 it follows from d(df) = 0 that curlgrad f =0

e For p =1 it follows from 0 = *ddw = *d* *dw that divcurlv = 0.

5.21 Definition. Closed and exact forms

A p-form w is called closed if dw = 0. It is called exact if w = dv for some v € A, (M), i.e. if
it has a primitive.
Because of proposition (c) we have

wis exact = w is closed.

The converse holds, in general, only locally. o

We state two versions of the so called Poincaré lemma, the classical one and a slightly more
general statement.
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5 Differential forms and the exterior derivative

5.22 Theorem. Poincaré lemma (version 1)

Let w € Ap(M) be closed, i.e. dw = 0. Let V' C M be open and diffeomorphic to a star-shaped
domain of R™. Then there exists v € A,_1(V) such that w|y = dv.

Proof. The following proof reduces the problem to the Poincaré lemma in R”. Let ¢ : V — U C
R™ be a diffeomorphism to the star-shaped domain U C R”. Then @ := ¢,w is a closed p-form on
U and according to the Poincaré lemma on R" (which we will show below) there exists a primitive
Ve Np—1(U) with @ = div. But then v := ¢*r is a primitive for w since dp*V = ¢*dP = ¢*® = w.
We now show the Poincaré lemma on R"™. Assume without loss of generality that U C R" is
star-shaped with respect to the origin. We define the map PP : A,(U) — Ap—1(U) by setting for
arbitrary w € A,(U) with w =Y, wrdg!

P 1
Pru:= "3 (-1t </o = wr(tq) gi, dt) dq’
I a=1

Recall the notation I = (iy, ... ,4,) for an ordered p-Tupel 1 < iy < --- < i, < n and dg’ = dg®* A
-+Adg’ € A,(U). Moreover, we also abbreviated dg!” = dg’t A---Adgie A---Adg'? € Ap_1(U),
where the hat means that the corresponding factor is omitted.

We will show that w = dPPw + PP*!'dw. For closed w this implies that w = d(PPw), i.e. the
existence of a primitive. We first compute

dPPw = En: 3 zp:(—na—l </01 tp—la(wfg(i) o) dt) dg* A dg"*

1
G / w1 (tq) gi, dt ) dg* A dg™"
o O

> 3 < /01 pordert0) ) dt) a

Qg

On the other hand

and thus

PPldw = ) ) { (/ (tq) gdt) dg’ + Z </O tpgq (tq)qladt> dgt A dqla} .

I gl a=1

For the sum of the two terms we finally get
dPPw + PPHldw = Z / (Z 2L (tq)qo + pt? w;(tq)) dt dq’
= Z/ tpr tq dt dq’ ijdq = w. O

5.23 Theorem. Poincaré lemma (version 2)
Let w € Ap(M) be closed and let V' C M be a submanifold that is contractible in M, i.e. there

exists a smooth function F : [0,1] x V' — M such that F(0,-) = idy and F(1,-) = z¢ for some
xo € M. Then there exists v € A,_1(V) such that w|y = dv.
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Proof. The proof uses the so called homotopy operator (cf. PP in the previous proof) and will be
developed in the homework assignments. O

German nomenclature

alternating form = alternierende Form canonical volume form = kanonische Volumenform
closed form = abgeschlossene Differentialform determinant = Determinante

differential form = Differentialform exact form = exakte Differentialform

exterior derivative = &uflere Ableitung exterior form = &uflere Form

exterior product = &ufleres Produkt skew-symmetric = schiefsymmetrisch

wedge product = Dachprodukt, Hutprodukt
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6 Integration on manifolds

In this chapter we discuss integration of n-forms over n-dimensional manifolds. Using pull-
backs, this will, in particular, also result in a notion of integration of p-forms over p-dimensional
submanifolds.

The sign of the integral of a differential n-form is only fixed after choosing an orientation of the
manifold.

6.1 Definition. Orientation

In an oriented atlas (V;, ¢;)icr all charts have the same orientation, i.e. for all transition func-
tions ®;; := p; 0 apj_l it holds that det D®;; > 0.

An oriented manifold is a manifold with an oriented atlas. A manifold that allows for an
oriented atlas is called orientable.

6.2 Remarks. (a) Not every manifold is orientable. For example the Mobius strip is not
orientable.

(b) If a manifold is orientable, there are exactly two different orientations, i.e. equivalence
classes of atlases with the same orientation. Given an orientation on a manifold, that is
an oriented atlas, any chart from the same equivalence class of atlases is called positively
oriented, all others are called negatively oriented.

(¢) A nowhere vanishing volume form w defines an orientation: If in the coordinate representa-
tion w = w(q)dg" A --- A dg™ with respect to a chart p(x) = ¢ it holds that w(g) > 0, then
we say that the chart ¢ is positively oriented with respect to w, otherwise it is negatively
oriented.

To see that this really defines an orientation, let ¢ and @ be two charts and let ® = pop L.

Because of d§’/ = (D(ID)gdqi we have with ¢ = ®(q) that

w=&(G)dg"' A---ANdG" = (@o®)(q) DP] |q-- DO |gdg?t A+ Adg
= (wo®)(q)det(D®|,)dg" A--- Adg"
= w(g)dg" A~ Adg"
and thus
w(q) = (W o ®)(q) det(DP|,) . (6.1)
Hence w(q) and @(q) have the same sign if and only if det(D®|,) > 0. o

6.3 Definition. Compact support
The support of a tensor field ¢t € T (M) is the set

suppt :={x € M |t(x) #0} C M.

We say that ¢ € 7] (M) is compactly supported if suppt is a compact set. o

6.4 Definition. The integral on the domain of a single chart

Let (V, ) be a chart from an oriented atlas of M and let w € A, (M) have compact support in V.

Then one defines
/w = /w ::/ Dl ::/ w(q)d"q,
M 1% o(V) R

n
+
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6 Integration on manifolds

where
puw = w(g)e! Ao Ae" € A (RY)

and d"¢ denotes the n-dimensional Lebesgue measure on R". o
6.5 Proposition. Up to orientation, [ )y w is independent of the chosen chart.

Proof. Let ¢ and ¢ be two charts on V with the same orientation and let ® = @ o ¢~ !. The
change of variables formula for integrals on R™ implies

[D(V) Paw 1= /w(Q) d"q /((IJO@)(Q) det(D®|,) d"q “=" /@(q) d"g = /@(V) pow. O

In order to integrate also forms that are not supported in the domain of a single chart, one
decomposes the integration with the help of a partition of unity.

6.6 Definition. Partition of unity

Let M be a smooth manifold and A = (V;, ¢;)icr an atlas. A family of smooth functions (x;)ier,
Xi: M —[0,1], is called an partition of unity adapted to A if the following properties hold.

(a) Each x; is supported in the single chart V;, suppyx; C V;.

(b) The partition is locally finite, i.e. each x € M has a neighbourhood U such that UN
suppy; # 0 only for finitely many ¢ € I.

(c) The functions y; sum up to one everywhere: ) ._; x;(z) = 1 for all z € M.

Note that because of (b) the sum in (c) contains for any x € M only finitely many terms. o

6.7 Remark. Existence of a partition of unity

If one assumes that a manifold is second countable, as we did in the definition of a manifold, then
one can show that for any atlas (Vj, p;)ic; an adapted partition of unity exists.

Moreover, if K C M is compact, there exists a finite subcover (V;j)j:l,__m and an adapted
partition of unity (x;);=1,..,m such that >, x;(z) =1 for all z € K. o

In order to avoid additional technicalities, we will only discuss integration over compact regions.
More precisely, we will integrate volume forms w € A, (M) with compact support.

6.8 Remark. Behaviour at the boundary

n
The fact that the closed set supp w is contained ER"'

in the open set V does not imply that w van-

ishes on the boundary M of M. For exam- Svpp ©
ple, V = [O,%) is a relatively open subset of

M = [0,00) and K = [0, 1] a compact subset Yiv)

of V.

6.9 Definition. The integral of volume forms

Let M be a smooth oriented manifold and (V;,¢;) a positively oriented atlas. Let w € A, (M)

have compact support. Then
m
[w= > [ e
M =V

where (x;) is a partition of unity adapted to the finite cover of suppw by charts (V;) such that
>_jXxj(z) = 1 for z € suppw. The summands on the right hand side are integrals as defined in
definition [6.41 o
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6.10 Proposition. The value of | y w does neither depend on the choice of the atlas nor on the
choice of the partition of unity.

Proof. The independence from the choice of the charts has already been demonstrated in proposi-
tion Let (X;) be another partition of unity adapted to (V) with 3, X;(z) = 1 for z € suppw.
Then

NE

i/@ P (xjw) =

]:1 J

0ix(Xj Y Xiw)
Lo #2032

J

<
Il
—

I
Ms

/( Pjx XJXZUJ) = Z/ Spi*(Xinw)
i

Ji=1 ji=1 7 ei(V;NV3)
m m
-3 e = 30 [ e,
i=1 Jei(Vi j=1 i=1 7 ei(Vi)
where we used proposition in the third equality. O

6.11 Example. Let M = [a,b] C R and f € C§°(M) (this does not imply that f(a) = f(b) =0
since M is compact). Then df € A1(M) and suppdf C supp f is compact. In the canonical chart

¢ = idr one has
B bof B B .
/df—/a —axdx—f(b) f(a) =: aMf.

6.12 Definition. The integral on submanifolds

Let M be an n-dimensional smooth manifold, NV a p-dimensional smooth manifold, and ¢ : N —
M smooth. (If N C M is a submanifold, then ¢ : N — M is just the inclusion map.) Let
w € Ap(M) have compact support. Then one defines

fiom [

6.13 Definition. Orientation of the boundary

If M is an oriented manifold, then also its boundary M is orientable and an orientation on M
induces an orientation on OM: Let (V;, ;) be a positively oriented atlas on M, then we define
(Viloas, ¢iloar) to be negatively oriented. Put differently: if dg! A --- A dg" is a positive volume
form on M, then —dg? A --- A dg™ is a positive volume form on OM. o

We now formulate and prove the generalisation of the fundamental theorem of calculus to mani-
folds with boundary.

6.14 Theorem. Stokes theorem
Let M be an oriented manifold with boundary OM and let w € A,,_1 (M) be compactly supported.

Then
/ dw = / w
M oM

where OM inherits the orientation of M as in definition [6.13] o

For integration on submanifolds this implies the following result.
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6 Integration on manifolds

6.15 Corollary. Stokes theorem for submanifolds

Let M be a smooth manifold and N C M an oriented submanifold of dimension p. Let w €
Ap—1(M) be compactly supported. Then

/dw:/ w,
N ON

where again ON inherits the orientation of N.

The result holds as well if one replaces the submanifold N C M by the image of p-dimensional
manifold N under a smooth map v : N — M. o

6.16 Remarks. (a) An important special case of Stokes theorem is the observation that the
integral of a compactly supported exact form over a manifold without boundary vanishes.

(b) On the on hand, the requirement in Stokes theorem that the integrand is compactly sup-
ported serves to avoid technical discussions of convergence of the integral. However, it is
also important at the boundary: Consider, for example, M = (a,b) with M = ) and the
function f(z) = x. Then

b
/df:b—a;é f=0,
a oM

which does not contradict Stokes theorem since f is not compactly supported. On M = [a, b
we have OM = {a,b} and f(z) = x is compactly supported.

(c) The fact that ddw = 0 for every w € A,(M) corresponds to the fact that a boundary has
no boundary, i.e. that 90N = () for any manifold N:

Oz/ddw:/ dw:/ w=20.
N ON OON
Proof. of Stokes theorem.

Let (Vi, ¢i)i=1,...m be a finite cover of suppw by positively oriented charts and (x;) an adapted
partition of unity with ), x;(z) = 1 for all x € suppw. Abbreviating w = >, xyw =: ), w; we

have

dw = / dw;
and it suffices to show that f% dw; = faw w; for ¢ = 1,...,m. In a boundary chart w; has the
form

n
wj :Zaj(q)dql/\---/\dqj/\-'-/\dq",
j=1
and with U*dg' = 0 it holds that

8M:\I/*wi:61,1(0,qg,...,qn)dq?/\--~/\dq”.

Wi

Computing

— daj(q), -
dw; = (1) gt A - A dgT,
> %
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we find that

da;
dw; / bt} 7 tdgt Ao Adg”
/M Z 8%
B Z/ dql/ dgs / dgn (g@(—l)]_1
j=1 0 —o0 —00 4a;

= —/ dqQ-"/ dgnai(0,q2,- - ,qn)

- _/ a1(07q27"' aQn)dQQ/\/\dqn - / Wy . O
Rn—1 oM

6.17 Examples. (a) Consider the annulus M = {(z,y) € R?|1 < 2?+y? < 1} and the 1-form
w = —detedy («— 497y Then dw = 0, hence Sy dw = 0, and also

24y
2 2
/ w:/ w+/ w:/ dG/ dd =2m—-21=0.
oM x2+y2=1 w2+y2=% 0 0
Note that while locally w is the differential of the angle func- M

tion @, it can’t be exact on all of M: w = dv would imply

that Ty
27r:/ w:/ dV:/ v=20
St St 0851

since 0S1 = 0. oH

(b) The integral theorems from calculus are special cases of Stokes theorem (cf. example [5.20)).
(i) Let ¢: N =[0,1] = M =R" be a curve in R" and let f € C§°(R").

Then ds

_ af _ Lz ¢ 3 (
/Ndf = 8q] = /Cgradf ds E 3

o 4
_ / o= fe1) = £(c(0)).
ON

(ii) Let N be 2-dimensional submanifold of M = R3 with boundary and w = w;dg¢’ a
compactly supported 1-form. Then, on the one hand,

/ w = / wjdqj:/ @ - d§,
ON ON ON
and on the other hand

/Ndw = /N*(*dw) = /N(curlcv)j xdg’

d¢® A dg?

= / curld - [ d¢g® Adg! ::/ curl@ - dF .
N dql A qu N

We thus obtain the classical Stokes theorem in R?:

/ a‘)’-d§:/cur1c3'dﬁ.
ON N
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6 Integration on manifolds

(iii) Let N be a n-dimensional submanifold of M = R" with boundary and w = x(w;d¢’) a
compactly supported (n — 1)-form. Then

/ w—/ w; *dg’ —/ &-dF

ON ON ON

/dw = / s d o+ w; dg’ :/*dmv :/divwg = /divwdv.
N N N N N

We thus obtain the Gaufl theorem in R":

/ w-dﬁ—/divwdv.
ON N

and

<o

We now introduce the notion of smoothly deforming submanifolds (or smooth images of manifolds)
into each other.

6.18 Definition. Diffeotopy (=smooth homotopy)
Let Nog = ¥o(N) and N; = 91(IN) be smooth images of a p-dimensional manifold N in the
n-dimensional manifold M, i.e. ¢pg : N — M and ¥ : N — M are smooth. The maps g

and 1; are called diffeotopic (or smoothly homotopic), if there exists a smooth function
F:[0,1] x N — M such that

wozFOLotN—)NO and ¢1:FOL1:N—>N1.

Here ¢y and ¢; denotes the inclusion of N in {0} x N respectively in {1} x N, i.e. ¢, : N — [0,1]x N,
x +— 1p(x) = ({,x). The map F' is then called a diffeotopy. If N has a boundary, one requires
in addition that ¥glony = Y1laony = F(t,-)|an for all ¢ € (0,1), and refers to a diffeotopy with
fixed boundary.

An further corollary of Stokes theorem is now the following statement: the integral of a closed dif-
ferential form over the smooth image of a p-dimensional manifold doesn’t change, if one smoothly
deforms the latter while keeping the image of its boundary fixed.

6.19 Theorem. Invariance of the integral of closed forms under diffeotopies

Let M be an n-dimensional smooth manifold, N a p-dimensional smooth orientable manifold,
and g : N — M and ¢; : N — M smooth and diffeotopic. For every closed w € A,(M) with

compact support it holds that
/ w= / o.
No N

Proof. Homework assignment. O

We end this section with a few simple observations that will be useful in applications.

6.20 Proposition. Invariance of the integral under diffeomorphisms

Let ® : My — M> be a diffeomorphism and let w € A,,(M2) be compactly supported. Then

/@*w:/ w.
M Mo

Proof. See the proof of proposition O
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6.21 Corollary. Let ® : M — M be a diffeomorphism and Q € A, (M) an invariant volume
form, i.e. ®*Q = Q. Then it holds for all functions f € C5°(M) that

/M o= /M(f ° )

Proof. This follows from proposition and

*(fQ) = (fo ®)D*Q = (f 0 D). 0

6.22 Remark. The integral of measurable resp. integrable functions

The integral defined in definition|6.9|can be extended to measurable functions in a straightforward
way: Let Q € A, (M) be a positive volume form and let f : M — [0,00) be measurable. Then
one defines

/M = Z/%(Vi) Pix(Xif Q) = Z/i(m(xifo%—l)%*g

i

N Z/,(V_)(Xifowil)(qm(q) d"q,

where the last integral is again a Lebesgue integral on R™. One calls f : M — R integrable if
Jas 1 F1€2 < oo and defines for integrable f € L'(M, Q) its integral as [,, fQ:= [,, fTQ—[,, Q.

German nomenclature

compact support = kompakter Trager integral = Integral
orientation = Orientierung partition of unity = Zerlegung der Eins
volume form = Volumenform
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7 Integral curves and flows

Similar to the situation on R™ also vector fields on manifolds define ordinary differential equations
(ODEs): Let I C R be an open interval and u : I — M a smooth curve in a manifold M. At
each point u(t) € M on the curve the tangent vector defined by the curve is

u(t) = [u(- +t)]u@) = (Duoe)(t) € TypyM,
where e : I — T1, t > (t,1) denotes the canonical unit vector field on I.

7.1 Definition. Integral curve

A smooth curve u € C°(I, M) with I C R an open interval is called integral curve for the
vector field X € TH(M) if

@ = Duoce = Xou, (7.1)
i.e. if the following diagram is com-
mutative: Du
e /-"\
I AN M DD —p D=
- W 7
T 2 TMm
7.2 Remark. Using a coordinate chart ¢ with
uy () ¢ q v1(q)
pou:tr : and e X : : — : , :
Uun (t) an dn vn(q)

we can apply D¢ on both sides of ([7.1)) to obtain the familiar form
wi(t) = v (ui(t),...,un(t)) ,Jj=1,...,n,

of a first order ODE on R™. Hence we can at least locally transfer the results for ODEs in R™
also to ODEs on manifolds.

7.3 Reminder. Let
X:R"D>U—-R"
be a vector field on an open subset U of R and

a(t) = X (u(t)) (7.2)

the corresponding first order ODE. Then we have the following implications:

(a) If X is continuous, then to each z¢ € U there exists an € > 0 and a differentiable curve
Uz : (—€,€) = U with ug,(0) = z¢ that solves (7.2)) (Peano existence theorem).

49



7 Integral curves and flows

(b) If X islocally Lipschitz continuous, then the solution uz, from (a) is unique (Picard-Lindelof
theorem).

(c) If X € CP(U,R"), then the solution map ® : (t,xg) — P(t,z¢) := ug,(t) is p-times con-
tinuously differentiable as a function of the initial data, i.e. ®(¢,-) € CP(U) for all ¢ in the
existence interval.

7.4 Theorem. Existence, uniqueness and differentiability of local solutions

Let X € TH(M) be a smooth vector field on M. For every x € M := M \ OM there exist ¢ > 0,
an open neighbourhood U of z, and a unique map

O:(—c,e)xU — M
(t,l‘o) — (I)(t,xo),

such that

(a) for every zo € U the curve
D, (—g,8) > M, t— Dy (t) := D(t, 20)

is an integral curve of X through zg, i.e. &, = X o ®,, and P, (0) = zo,
and

(b) for every t € (—¢,¢) the map
O, :U - M, x9— Pi(xg) := P(t, 20)

is a diffeomorphism from U onto an open subset of M .

Proof. The statements follow immediately from the corresponding results on R"™ when we restrict
to a chart. O

Also the existence of unique maximal solutions that necessarily leave every compact set can be
shown exactly as in the case of R".

7.5 Theorem. Existence and behaviour of maximal solutions
Let X € TH(M).
(a) For every initial point zy € M there exists a unique maximal solution of 1, = X o uy,.
More precisely, there exist an open interval I, C R and a unique ug, : Iy, — M with
Uy, = X 0 Uy, and ug, (0) = xo. The solution is maximal and unique in the following sense:
for every other solution @ : I — M with @& = X o and @(0) = xg it holds that I C I, and
Ugy |7 = T

Moreover, the set D := {(t,z9) € R x M |t € I,,,} is open and
XD M, (t,xo) > OX(t,20) := Uy, (1)
is called the maximal flow. For any ¢t € R the map
X : {xg e M|(t,m0) € Dy = Dy — M, z— ®X(t,z0),

is a diffeomorphism onto its range.
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(b) Let 2o € M and I, =: (t"(x0),t" (x0)) be the existence interval of the maximal solution
Uz : Loy — M of 4 = X ow starting at zg. Let K C M be compact. If t*(zg) < oo, then
there exists 0 < 7 < t*(z) such that

Ug, (t) & K for all t € (1,t7(x0)).

Put differently, a maximal integral curve can not “end” inside a compact set that doesn’t
contain boundary points. Thus, if a solution does not exist for all times, then it must either
run to infinity in finite time or hit the boundary of M.

7.6 Definition. Global flow
Let & : R x M — M be a smooth map such that for every ¢ € R the map
S :M—> M, x— Dt z),
is a diffeomorphism with ®y = idj; and such that
Dy, 0 Dy = Py 4, for all t1,to € R. (7.3)
Then @ is called a global flow. o

7.7 Definition. Complete vector fields and global flows

Let X € 7T3(M) and OM = (). If I, = R holds for all zyg € M then D = R x M and, according
to theorem (a), ¥ : M — M is a diffeomorphism for all t € R, and, by the uniqueness of
integral curves,

DN o®) =), forall t,ty€R. (7.4)

Hence ®¥ is a global flow and X is called complete. o

For simplicity we discuss only global flows in the following. But all results hold also for local
flows where one has to restrict the domains appropriately, as indicated in theorem

7.8 Definition. Closed manifold

A compact manifold without boundary is called a closed manifold. o

7.9 Corollary. Vector fields on closed manifolds are complete

Let M be closed. Then every vector field X € 7,/(M) on M is complete and the corresponding
flow ®X is a global flow.

Proof. This is a direct consequence of theorem (b). O

7.10 Proposition. A global flow is always the flow of a complete vector field X
Let ® be a global flow on M. There exists a unique vector field X € 7'(M) such that ® = X,

Proof. For x € M define the curve ®, : R — M, t — ®(¢,z), and the vector field
X M—->TM, zw— X(z):=(D®,0e)(0).
Since ®,(0) = x, we have (D®, o ¢e)(0) = X(z) = (X o ®,)(0). To conclude that ® = &% it
remains to check that (D®, oe)(t) = (X o ®;)(t) for all ¢ € R. However, by the flow property
(7.3) we have for T; : R - R, s — s+t and y := ®;(z) that
3)
(@20 Ty)(s) = (s + £:0) = upale) 2 (800 ) (2) = . (B1(x)) = Duly) = D, 5),

ie. &, o Ty = ®,. Using that T} is the flow of e, we find

(Xo®,)(t) = (Xo®,0T;)(0) = (X o0d,)(0) = (DP,0e)(0)

(D(®40T;)0e)(0) = (DP, 0 DT} 0 €)(0)
= (D®yo0eo0T})(0) = (DPyoe)(t). O
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7 Integral curves and flows

7.11 Definition. Killing vector fields and Hamiltonian vector fields

Let g € TX(M) be either a (pseudo-)metric or a symplectic form and X € 73 a complete
vector field. If the flow maps ®;¥ are isometries resp. canonical transformations, then X is
called a Killing vector field (named after Wilhelm Killing, a German mathematician) resp. a
Hamiltonian vector field. o

7.12 Example. Linear drift on R"

Let M =R" L:(q1,...,q:) — ((q1,.--,qn),(1,0,0,...,0)). Then & is a global flow, called the
linear drift, and is explicitly given by

¢L(t’q) = (ql +taq27' . aQn) .

The linear drift is obviously a Killing field for the euclidean metric on R".

7.13 Proposition. Integral curves and diffeomorphisms

Let ¥ : M7 — M5 be a diffeomorphism, X € 761(M1) a vector field and w : I — M; an integral
curve of X. Then Wowu : I — Ms is an integral curve of ¥, X.

If X is complete, we thus have
TodX =/ oW,

Proof.

D(Wou)oe=DVoDuoe=DVoXou=DVoXoU¥ loWou="0,Xo(Vou). O

The following theorem states that in appropriate coordinates every flow ®X has locally the form
of a linear flow with the exception of the fixed points where X = 0. Note that for a point  with
X (x) = 0 the unique integral curve through x is u(t) = x for all ¢t € R.

7.14 Theorem. Normal form of a flow away from the fixed points

Let X € T (M) and z € M with X(x) # (x,0). Then there exists a chart (V, ) with z € V.
such that

X =1L

and thus locally
2 =g oab oy,

Proof. Since X (x) # (x,0) there exists a chart
(V1,9) with ¢(z) = 0 € R" and ¢, X(0) =
(1,0,...,0). Since 1. X € Ty (1(V1)) is contin-
uous, there exists an open relatively compact
neighbourhood Us C (V1) of 0 on which the
first component of ¥, X remains larger than %,
ie. (1¥.X)1(q) > 3 for all g € Us.

Strategy: We first interpolate the vector fields . X on U C Uz and L on Uj in order to obtain a
smooth vector field L on all of R". Next we show that L and L are diffeomorphic, i.e. that there
exists a diffeomorphism € : R” — R™ such that 2,L = L. Then ¢ = Q o is the chart we are

52



looking for since p, X = Q0 X = O.L=LonV = ¢_1(U).
So let U C Uz be open with 0 € U and pick a function f € C*°(R") with

1 if qeU
f((-’)_{o it qeUs

and 0 < f(q) < 1. Then the interpolating vector field is defined as
L=fp.X+(1-f)LeT (R").

Clearly the flow q)ti of L is global as R™ has no boundary and no integral curve can escape to
infinity in finite time. We now show that

Q= lim L, o ®F

t—o00

exists and defines a diffeomorphism such that
Q.L=1L.

Since (<I>Z“ (@)1 > ¢+ %t, every integral curve leaves Uy after a finite time. Hence on compact
sets K C R™ the limit i )
. L Ll _ &L L
tlgroloé_t o dy = O o P
is reached already after a finite time 79(K). Thus, Q is well defined and a diffeomorphism.
Moreover,
L : L L L : L L L L
Qody = slggo(ﬁfsoq)soq)t = slggo(btoq)*sfto(pwrt = dfoQ

and the flows ®% and & are diffeomorphic. In particular, we also have @% =0"1o @é(m). Taking
derivatives we find that for all x € R"

Lo®} = Ddyoe= D" o DdG, 0e =D oLodf, .

At ¢t =0 this gives L =DQ ' o Lo Q = Q*L. O

7.15 Remark. Linearisation of a vector field at a fixed point

Away from the fixed points the flow of a vector field is diffeomorphic to the linear drift. The local
behaviour near a fixed point can be analysed by looking at the linearisation of the vector field
at such a fixed point.
Let X € 73(M) and 29 € M with X (z¢) = (20,0). In a chart ¢ with ¢(z¢) = 0 it then holds
that

Xo(q) = Xp(0)+DXploq+O(lgl*) = DXylog+O(lal?).

=0

where we abbreviated X, (q) := (I o 9. X)(q). Close to ¢ = 0 we can thus approximate X, (q)
by its linearisation DX, |o¢. Qualitatively, the behaviour close to the fixed point is determined
by the eigenvalues of DX, |y and their (geometric) multiplicities. These are independent of the
chosen chart since for different charts ¢ and ¢ the differentials DX,|o and DXy|o are similar
matrices.

We illustrate the different possible types of fixed points only for n = 2:
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7 Integral curves and flows

(a) DXy diagonalisable with real eigenvalues and
(i) )\1,/\2>01 (ii) )\1,)\2<02 (iii) >\1>0,)\2<0:

|
\T“‘. talf -zl*«.

(b) DXy has two complex conjugate eigenvalues Ao = a +1ib, e.g. DX|p = ( Z _ab >3

(i) b>0,a=0: (ii)) b>0,a >0 (iii) b>0,a <0 :

A A
TRy <Y

(c) DX|p has one real eigenvalue of geometric multi-
11 VA Zg
plicity 1, e.g. DX|o = < 01 >: ® —
& N
« A A
German nomenclature
complete vector field = vollstandiges Vektorfeld integral curve = Integralkurve

fixed point = Fixpunkt flow = Fluss
solution = Losung
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8 The Lie derivative

The exterior derivative of differential forms is defined on any smooth manifold without involving
further structure. If one tries to differentiate other tensor fields, e.g. vector fields, in the conven-
tional way by taking the limit of a difference quotient, the following question comes up: how can
one compare the values 7(x) and 7(y) of a tensor field 7 € 7] (M) at nearby points? In contrast
to the familiar situation on R”, 7(x) and 7(y) are elements of different vector spaces, namely of
T;M and T, M, and thus an expression of the form

4 e S @)
DvT|x = a(T o C'U)(t)|t=0 = }llli)r[l) , U= [Cv]acv

makes no sense. One could, of course, use charts and define, e.g., for a vector field X € 761 (M)

0X?
8qj

DX = D(X'9,,) = d¢/ ®0,, .
However, this definition is not independent of the chosen chart and does not define a global
tensor field in 71(M).

In order to differentiate tensor fields in the usual sense we need further structure that allows for
a coordinate independent identification of neighbouring tangent spaces.

e A connection V (on the tangent bundle) allows one to define the derivative V,X|; of a
vector field X in the direction v € T, M at the point z € M. Every metric on M induces a
connection, the so called Levi-Civita connection. Hence, on Riemannian manifolds we have
a canonical way of differentiating vector- and other tensor fields. We will study connections
in section

e Alternatively, a vector field X yields itself an identification of neighbouring tangent spaces
by using the corresponding flow ®;X. The pull-back ®;* under the flow map is an isomor-
phism between T},"M at y = ® (z) and T, M and the limit of the corresponding difference
quotient defines the Lie derivative. Note, however, that we now take the derivative in the
direction of a vector field, not in the direction of a single tangent vector.

8.1 Definition. The Lie derivative

For X € T7;'(M) the Lie derivative of a tensor
field 7 € 7] (M) is defined by

OX*r — 1 d
Lyx7:=lim —t——— = — 07|,
KT @ T

Note that the pull back ®;X* acts fibre wise as a linear map ®;**|,, on the vector space T}" and
that thus %(‘I)tX*T)(CL') = (%Cbtx*]l«)T(x).
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8 The Lie derivative

8.2 Remark. For » = s = 0 we recover

Lxf = 5 f 08 i = df(X) = (47 %),

t

i.e. the Lie derivative of functions from definition In this specific case (Lx f)(y) depends
only on the value X(y) of X at the point y. For r + s > 0, in contrast, the value (Lx7)(y) of
Lx7 at y depends on the behaviour of X on a whole neighbourhood of y € M. o

8.3 Lemma. Lx commutes with the flow maps @g(
Let X € TH(M) and 7 € T/ (M). Then

Lx ®X* 7(2) = ®X* Lx 7(x)
for all t € I,. If X is complete, it thus holds for all ¢ € R that
Lx ®X* 7 =0 * LyT.

Proof. By the flow property ®X o X = @gﬂrt = & o ®X we have that ®X* ®;* = (I)gj-*s =
®X* ®X*, which restricted to the fibre T}” are just compositions of linear maps ®X*|,®X*|, =
x|, = @, @5*|,. Hence,

Lx@¥r) = (02 ) ot o) = (5 8 ) lor(a)

* d * *
= 0 (8 emoro) = L L (o).

8.4 Proposition. Properties of the Lie derivative
Let t1,t2 € T/ (M), t3 € TS (M), ty € T,5(M), and X € T (M). Then
(i) LX(tl +t9) = Lxt) + Lxto
(ii) Lx(t1 ®t3) = Lxt; @ ts+t1 & Lxts
(iii) Lx(t1]ts) = (Lxty|ts) + (t1] Lxts)

Proof. For ®* it holds that
(i) ®X*(t +to) = Xty + OX* ¢y
(i) ®F*(t1 @ t3) = ®X*t ® B 13
(i) D7 (t1[ta) = (D7 11 [ @ *ta) -

Evaluating in each case the derivative with respect to t at t = 0 yields the corresponding claim. [

8.5 Remark. Let g € 7(M) be a metric or symplectic form and denote by (-|-)y = G(-,")
the bilinear form of definition For isometries resp. canonical transformations ® it holds by
definition that

®*g =g and thus @*(t;|ta)y = (P*t1|P*t2), for tensor fields ¢; and ¢y of the same type.
Hence, for Killing resp. Hamiltonian vector fields X is holds that
Lx(t1|t2)g = (Lxty|t2)g + (1] Lxta)g-

Warning: for general vector fields this is not true, since also g itself must be “differentiated”! <
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8.6 Proposition. Naturality of the Lie derivative
Let W : My — Ms be a diffeomorphism, X € T, (M), w € Ak (M), and 7 € T/ (M;). Then

U, Lxt=Ly,x V.7

and
dLXw = Lde .

Proof. According to proposition we have
Tod)X =/ oW,

Hence
U (B )t = (%), W7,

and thus, after taking a derivative,
U, Lxt=Ly xV,.T.

Since the exterior derivative commutes with the pull-back (®;¥)*, d(®;X)*w = (®{)*dw, it also
commutes with Lx. O

8.7 Definition. The Lie bracket of vector fields
The Lie bracket of two vector fields X,Y € T'(M) is the vector field

[X,Y]:=LxY. o

8.8 Proposition. Properties of the Lie bracket
For t € T7(M) and X,Y, Z € T3 (M) we have

L[X7y]t = (LxLy - LyLX)t. (81)
As a consequence, [X,Y] = —[Y, X] and the Jacobi identity holds:
(X, [V, Z]| + [V, [2, X]] + [2,[X, Y]] = 0.
Proof. On T (M) we have with proposition (iii), remark and proposition that
Lixyf Z @7 Y]) = (@f|Lxy) BB L(@fY) - (@Lx V) = LxLyf - LyLx/.

It follows that [X,Y] = —[Y, X] since L_z = —Ly and since a vector field is uniquely speci-
fied by its action on 7. By the same reasoning the Jacobi identity follows from the following
computation:
(X, Y. 2]l + [V, [Z2, X]| + [2, [ X, Y])(f) =
= LxLyzf—LyznLxf+LyvLzx)f—Lizx)Lyf+LzLixy)f — Lixy)Lzf
= LxLyLzf—LxLzLyf—LyLzLxf+ LzLyLxf
+ LyLzLxf—LyLxLzf—LzLxLyf+ LxLzLyf
+ LzLxLyf—LzLyLxf—LxLyLzf+ LyLxLzf = 0.

With proposition 8.6 we get
Lix yjdf = LxLydf — Ly Lxdf

and thus, with proposition (i), the equality (8.1) also on 7.°(M). With proposition (ii)
and (iii) (8.1)) holds on all 7 (M). O
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8 The Lie derivative

8.9 Examples. Let X be given within a coordinate chart as X = X if)qi.
(a) For f € T we have Lx f = (df | X) = %Xi = f, X"
(b) For w = w;dq’ € T we have
Lxw = (Lxw;)dg" +wid(Lxq") = w;p X"dg" + wid(X?)
= wip XFdg' +wiX3dd" = (wip XF 4w, X5)dg'.

(c) Since Lixy)f = XI0;Y0,f —YI0; X0, f = (XJY; — Yijj)f,i, the commutator has the
coordinate expression

[X,Y] = (XIY=Y7X7)8,, = ((dY"|X)—(dX"[Y))dy, - °

8.10 Lemma. Let X € 7 (M). Then
X, X (2) = X(2) (3.2)
for all ¢t € I,. Thus, for complete vector fields it holds that ®X*X = X for all ¢ € R.

Proof. For t = 0 the equality (8.2) holds, since ®*|, = id. Moreover,

GO0 = (B ) oX () = 8 (3837 ) Lo X () = 9L LaX =0,
as LxX = [X, X]| = —[X, X] = —LxX implies that Lx X = 0. Hence the left hand side of (8.2))
is independent of t € I, and thus the equality holds for all times. O

The next statement establishes a close connection between the Lie bracket of two vector fields X
and Y and the corresponding flows: the flows commute (statement (iii)) if and only if each vector
field is invariant under the flow of the other (statement (ii)) if and only if the Lie bracket [X,Y]
vanishes.

8.11 Proposition. Commuting flows and vector fields

Let X,Y € TH(M) be complete vector fields and ®;* and ®Y the corresponding flows. Then the
following assertions are equivalent:

(i) [X,Y]=0
(ii) ®X*Y =Y for all t € R and ®Y*X = X for all s € R
(iii) ®X o @) = ®) o ®X for all s, € R.

Proof. Homework assignment. O

Finally, we discuss the relationship between the action of the Lie derivative on differential forms
and the exterior derivative. To this end, we need the following definition.

8.12 Definition. Inner product of a vector field and a differential form
Let X € T3t (M) and w € Ay(M), then the inner product ixw € A,—1(M) is defined by

ixw(vi, ..., vp—1) |y = w(X(y),v1,...,0p—1).

; L — Xty .
Hence (ixw)i,.i,_; = X/ Wjiy iy y - o
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8.13 Theorem. The Lie derivative of differential forms: Cartan’s formula
For X € T3H(M) and w € Ay(M), 0 < p < n, it holds that

Lyw =ixdw+d(ixw).
On differential forms we thus have
Ly =ixod+doix.
Proof. For f € TY(M) we have according to remark that Lxf = df(X) = ixdf. And
ixf = 0 holds by definition. For w = w;dg¢’ € A1(M) proposition (ii) yields that
Lxwjd¢’ = (Lxw;)d¢’ + wjLxd¢’ = dwj(X)d¢’ + wjdLxq¢ = dwj(X)d¢’ + w;d(d¢/ (X)).
On the other hand
(ixd+dix)w;dg! = dwj(X)d¢/ — d¢? (X)dw; + dg? (X)dw; + w;d(d¢’ (X))

= dwj(X)d¢’ + w;d(d¢’ (X)).

Thus, Lx =ix od+doix on Ag and on Ay. Again with proposition (ii) it holds for w € A4

and v € Ay that
Lx(wAv)=LxwAv+wA Lxv

and

(ixd+dix)(wAv) = ix(dwAv—wAdv)+dw(X)ry —wAixv)
= ixdw Av+dwAixy —w(X)dr +w Aixdy
+dw(X)Av+wX)dy —dw ANixy +w Adixv
= (ixd+dix)wAv+wA (ixd+dix)v.

By induction it follows that Lx and dix + ixd agree also on w = Z% Z(i) w(i)dqil A---Adgir. O

The following proposition computes the rate of change of the volume of a set V (¢) := ®;* (V) that
is transported along the flow of a vector field X either in terms of the Lie derivative or in terms
of an integral over the boundary of V. It can be seen as a variant of the divergence theorem of

Gauf.

8.14 Proposition. A variant of Gauf’ theorem

Let w € A,(M), V C M an n-dimensional submanifold, and X € 7,}(V') with compact support.
Then

d

d
SVol(@X(v))| = | :/L :/'
dt © ( t( )) t=0 dt q)g((v)wt:(] 7 X QVZXM

/ Lxw=0.
M

Proof. The first equality is the infinitesimal version of proposition [6.200 The second equality
follows from Cartan’s formula and Stokes theorem. O

and, as a consequence, if OM = () then

German nomenclature

to commute = kommutieren, vertauschen Lie bracket = Lie-Klammer
Lie derivative = Lie-Ableitung
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9 Vector bundles

We have seen already plenty examples of vector bundles, namely all the tensor bundles over a
smooth manifold M. A general vector bundle is a base space (a smooth manifold) M where at
each point x € M a finite dimensional real or complex vector space is attached and all these fibres
are glued together in a “smooth way”.

9.1 Definition. Real vector bundles
A smooth vector bundle of rank k over an n-dimensional smooth manifold M is a smooth
(n 4+ k)-dimensional manifold E together with a smooth surjective map = : E — M with the
following properties:
(a) For each z € M the set E, := 7 1({z}) C E has the structure of a real k-dimensional
vector space, called the fibre over x.

(b) For each z € M there exists a neighbourhood U C M of z and a diffeomorphism
® : 71 (U) — U x R¥ such that m o ® = 7 where m : U x R¥ — U is the projection
on the first factor. Moreover, ®|, : E, — {z} x R¥ = R¥ is a vector space isomorphism.

The manifold E is called the total space, M is called the base space, 7 its projection, and
each map ® as above is called a local trivialisation. If there exists a local trivialisation ®
defined on all of M, i.e. ®: E — M x R*, such a map is called a global trivialisation and the
bundle FE is called trivialisable. o

9.2 Examples. (a) For any manifold M and k-dimensional real vector space V' one can define
the trivial bundle E = M x V with n(x,v) = 2 and ® = (idps, I) for some isomorphism
I:V =R

(b) The tangent bundle T'M, the cotangent bundle 7% M, and actually all the tensor bundles
T M are vector bundles. For T'M the fibres are the tangent spaces T, M and local triviali-
sations are given by the bundle charts of definition [2.12 o

We now discuss several basic schemes that allow us to construct new vector bundles.
9.3 Lemma. (a) Given a vector bundle 7 : E — M and a submanifold N C M, then the
restriction E|y := 7T]T41(N) with 7y : E|y — N, mny = 7|y, is a vector bundle.
(b) Given two vector bundles 7 : E; — M and 7 : Ea — My also the product

m X me 1 By X By = My x Mz, (p1,p2) = (m1(p1), 72(p2))
is a vector bundle with fibres 7, ' ({z}) x 75 ' ({y}).

Proof. (a) is obvious and for (b) note that from local trivialisations ®; : 77 ' (Uy) — Uy x R¥ for E;
and @5 : W;l(UQ) — Uy xR! for F5 one obtains a local trivialisation ®; x ®s : wfl(Ul) xw;l(Ug) —
(Uy x Up) x RF for By x Es. O

9.4 Definition. The direct sum of vector bundles

Let E7 and E5 be vector bundles over M. Then the direct sum 7 : F; & Ey — M is the bundle
with total space

Ey @ By :={(p1,p2) € E1 x Ex|mi(p1) = m2(p2)}
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9 Vector bundles

and the projection 7 : By ® Eo — M, 7((p1,p2)) := m1(p1) = ma(p2). Hence the fibre 77! ({x})
over x € M is the direct sum Fy, ® E2,. To check that this really defines a vector bundle,
note that m : By ® Eo — M is just the restriction of the product E; x Es to the submanifold
M = {(z,z) € M x M} C M x M and apply lemma[9.3] o

9.5 Definition. Inner product on a vector bundle

An inner product on a vector bundle 7 : E — M is a smooth map
(wV:EF®@E—-R

such that its restriction to each fibre F, ® F, is an inner product, i.e. a positive definite symmetric
bilinear form. o

9.6 Example. A metric tensor g € T (M) defines an inner product on the tangent bundle TM .o

9.7 Definition. Vector subbundle

Let w : E — M be a vector bundle and F' C E a submanifold such that for each x € M the
intersection F, := F'N E, is a p-dimensional linear subspace of the vector space F, and such that
7|p : F — M defines a rank-p vector bundle. Then 7|p : F — M is called a subbundle of E. ¢

9.8 Example. The tangent bundle of a submanifold

Let N C M be a p-dimensional submanifold of the n-dimensional manifold M. Then the restric-
tion T'M |y is a rank-n vector bundle over N and the tangent bundle TN of N can be naturally
seen as a rank-p subbundle of T M|y as follows. Let v : N — M denote the natural injection,
then Dy)(TN) C TM|y is a subbundle. o

Often one needs to construct new vector bundles where the total space initially comes without
the structure of a differentiable manifold. Then the following construction can be helpful.

9.9 Proposition. Construction of vector bundles

Let M be a smooth manifold, E a set, and 7 : E — M a surjective map. Let (V;,¥;)icr be an
atlas for M and suppose we are given bijective maps ®; : 7~1(V;) — V; x R satisfying mjo®; = 7
such that on V' := V; N'V; it holds that ®; o <I>]71 :V x RF = V x RF is of the form

00 @ ((2,y)) = (2, Aij(2)y) (9.1)

for some for some smooth map A;; : V.— GL(k,R).

Then E has a unique structure of a rank-k vector bundle over M for which the maps ®; are local
trivialisations.

Proof. For each x € M a vector space structure on F, := 7~ '({x}) is defined by choosing i € I
with 2 € V; and declaring the bijective map ®;|, : E, — {z} x R¥ to be a linear isomorphism.
This vector space structure is independent of the choice of i since by ;| 0@l = A(z) is
an isomorphism of R¥.

Declaring the compositions (¢;,id) o ®; : 71 (Vi) — ¢;(V;) x R¥ € R™ x R¥ to be homeomorphism
resp. charts, we obtain a topology resp. a differentiable structure on E. Now, by definition, the
maps P; are diffeomorphisms and define local trivialisations of the bundle F. O

9.10 Remark. Note that for a given vector bundle E the local trivialisations always satisfy (9.1]).
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9.11 Definition. The dual bundle

Given a vector bundle E over M one can define the dual bundle E* with total space

E*={(z,v)|lx e M, veE;,}

and projection 7((z,v)) = z, where E denotes the dual space of the fibre £, of E over x. Given
a local trivialisation ® : 7= (U) — U x R¥ of E, let

U7 L (U) = RY, O((z,0) = (z,w) with w=((®|.)") v,
where (®|,)7 : (R¥)* =2 R¥ — E denotes the adjoint map defined by
((@la)'(w) [v) = (w | @|a(v)) -
For two such maps ¥, and Wy we have that
(W10 03" (w,w) = (@) ®fow = (@], @1 '[a)Tw = AT ()
where ®5|, 71|,y =: A(z)y. Hence, according to porposition the ¥, define local trivialisa-
tions for a unique vector bundle £*. o

9.12 Example. The cotangent bundle T*M is the dual bundle of the tangent bundle TM. ¢

9.13 Definition. The tensor product of vector bundles

Let E and F' be vector bundles over M. Then the tensor product bundle 7 : E® F — M is
the bundle with fibre E, ® F, over x € M, i.e. with total space

EQF ={(z,v)|ze M, ve E,® F,}

and projection 7((x,v)) = x. We can again apply proposition Choose local trivialisations
Op;: ng(VZ-) — Vi xR" and ®p; : WEI(V;;) — V; x R™ for each domain V; C M of an appropriate
atlas. Then the fibre-wise tensor product maps

U :=0p,; @Pp; 7, {(Vi) @1y H(V;) — Vi x (R" @ R™)

are again fibre-wise and W; o \Ifj_l are fibre-wise isomorphisms and thus satisfy (9.1)). o

9.14 Example. The tensor bundles 77 M arise as the tensor products of the tangent and the
cotangent bundles TM and T*M,

TTM=TM® - @ TMQT*M®---@T*M .

T copies s copies

9.15 Definition. Sections and frames
Let m: E — M be a rank-k vector bundle.

(a) A smooth function S : M — E with m o S = id)/ is called a section (or global section)
of E. A smooth function S : M D U — FE defined on an open set U C M with 7o S = idy
is called a local section of E. We write I'(E) for the space of global sections of E and
I'(E|y) for the space of local sections on U C M.

(b) A family of k local sections (Si,...,Sk) such that (Si(z),...,Sk(z)) is a basis of E, for
each x € U is called a local frame. If U = M, then (S, ..., Sk) is called a global frame.
The sections S; in a frame are sometimes called basis sections.
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9 Vector bundles

9.16 Examples. (a) Vector fields on a manifold M are global sections of the tangent bundle,
ie. D(TM) =T (M).
(b) More generally, tensor fields are global sections of the tensor bundles, i.e. T'(T7 M) = T (M).
(c¢) Functions f € C°°(M) are sections of the trivial bundle M x R.

(d) For any vector bundle 7 : E — M the zero-section S(x) = 0 for all x € M is an embedding
of M into E.

(e) Any chart on a manifold M yields local frames (d,,,...,0,,) and (dq!,...,dq") of the
tangent bundle T'M resp. the cotangent bundle T*M, so called coordinate frames.

9.17 Remark. Given a local frame (S, ..., Sk) of a vector bundle E, any section Y € I'(E) can
be written as a linear combination of the elements of the frame since the latter form a basis of
E, at each point x € U C M. We employ again the Einstein summation convention and write

Y:Yij on U,

where Y7 € C®(U) for j =1,...,k. o

9.18 Proposition. A vector bundle 7w : E — M is trivialisable if and only if it admits a global
frame.

Proof. Let ® : E — M x R be a global trivialisation and (e1, ..., e;) the canonical basis of R¥.
Then (S1(z), ..., Sk(x)) := (®|;ter,..., ®|; ey) is a global frame.

Let conversely (S1,---,Sk) be a global frame for E. Then
D:E— MxRF,  (z,0) = (2,0'Si(z)) — (z, (v,...,0%))

is a global trivialisation. O

9.19 Example. The tangent bundle 7'S? of the two-sphere S? is not trivialisable since, as was
shown as a homework assignment, every smooth vector field on S? has at least one zero. Thus,
no global frame for 7.5? can exist.

9.20 Definition. The endomorphism bundle

Let m : E— M be a vector bundle. Then the endomorphism bundle End(F) is the vector
bundle over M whose fibre over x € M is End(FE), = L(Ey), i.e. the space of linear endomorphisms
of the vector space E,. The local trivializations ® : 77 1(U) — U x R* are defined using the
matrix representation with respect to local frames (51, ..., Sk).

Since for any vector space V' the space of endomorphisms £(V') is isomorphic to V ® V*, we have
that End(E) = F ® E*. o

German nomenclature

fibre = Faser frame = Rahmen
section = Schnitt subbundle = Unterbiindel
total space = Totalraum trivial = trivial

vector bundle = Vektorbiindel
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10 Connections on vector bundles

Loosely speaking, a connection provides a way of taking directional derivatives of a section of a
vector bundle. In particular, it allows to define the concept of “constant” or “parallel” sections
and, along curves, to define “parallel transport”.

10.1 Definition. Connections on vector bundles

Let m: E — M be a vector bundle and I'(E) the space of its smooth sections. A connection V
in F is a map

V: T (M) xT(E) = T(E), (X,S8)— VxS,
with the following properties:
(a) X — VxS is linear over C*°(M), i.e.
VixtgvS=fVxS + gVyS

for all f,g € C*®°(M), X,Y € TjH(M), and S € T'(E).
(b) S+ VxS is R-linear, i.e.

Vx(OéS—i-,BS) =aVxS + 5VX5~'

for all a, B € R, X € T} (M), and S, S € T'(E).
(¢) V satisfies the product rule

Vx(fS) = (df|X) S+ fVxS

for all f € C®(M), X € T;{(M), and S € T'(E).
The section VxS € T'(E) is called the covariant derivative of S in the direction of X. If
VxS =0 for all X € T;{(M) then S is called parallel or constant with respect to V. o

10.2 Example. The trivial connection on a trivial bundle

Let E = M x V be a trivial vector bundle. Then sections S : M — M xV, z +— S(x) =: (z, s(z))
are in one-to-one correspondence with smooth functions s : M — V, 2 +— s(z). But for such
functions we can define the derivative in the direction of a tangent vector v € T, M as in the case
of real-valued functions (cf. remark pointwise as

d
Dy,(s) := a(s ocy)(t)t=o for v € T, M with v = [cy]s.

Defining (Vx.5)(z) := Dx(4)(s) we obtain the so called trivial connection on the trivial bundle
E =M xV. For V =R this is just the action of vector fields on functions, i.e. VxS = (ds|X), or
equivalently but with different notation, VxS = Lxs. The properties of the Lie derivative acting
on functions were collected in proposition [2.31] and show that V x defines indeed a connection for
this case. But the same argument leading to proposition shows that the trivial connection
is a connection also for vector valued functions. o
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10 Connections on vector bundles

10.3 Example. As a special case of example [10.2] we consider the exterior derivative on functions
as a connection on the trivial bundle M x R, i.e. for f € C*°(M) =T'(M x R) set

dx f:= (df]|X).
Given any 1-form w € T(M), also the map
Vx[i=dxf+w(X)f

defines a connection on M x R, denoted by d + w. To see this, note that properties (a) and (b)
of definition are clearly satisfied. The product rule is an easy computation:

Vx(fg) = (d(f9)|X) + w(X)fg = (df|X)g + f(dg|X) + fw(X)g = (df[X)g + [Vxg.
Actually, as we will show later on, the set of all connections on C*°(M) is given by

{d+w|we A (M)}. o

Although this is not completely obvious from the definition, the value VxS(z) of VxS at a
point & depends only on the value X (z) of X at z. So VxS(z) is really a directional derivative
and, in contrast to the Lie derivative, not a derivative along a vector field.

10.4 Proposition. Locality of the covariant derivative

Let V be a connection on a vector bundle 7 : E — M. Let X, X € T/ (M) and S, S € T'(E) be
such that for some xz € M there exists an open neighbourhood U C M of z with

Sly=Sly and X(z)=X(z).

Then VxS(z) =V ¢5(x).

Proof. By linearity it suffices to show that Vx.S(z) = 0 whenever X (z) =0 or S|y = 0.

First assume that S|y = 0 and 2 € U. Now choose a bump function f € C§°(M) with suppf C U
and f(x) = 1. Then fS =0 on all of M and therefore

Vx(fS)=Vx(0-fS)=0-Vx(fS)=0.
On the other hand, by the product rule,
Vx(fS) = (df|X)S+ fVxS = fVxS,

since in the first factor either df or S vanishes. Hence, VxS(z) = f(2)VxS(z) = 0.
Now let X|y = 0. Then fX =0 on all of M and analogously

fVXS=VixS=VoxS=0-VxS=0

implies VxS(z) = f(x)VxS(z) =0.
Up to now we showed that VxS(z) depends only on S and X in a neighbourhood of U of z.
Hence, we can compute V xS(x) using a local coordinate frame (91, ...,9,) on U. Let X = X'0;,
then

VxS(z) = Vxip,S(x) = X{(x)Vp,S(x) .

Hence Vx S(z) = 0 whenever X (z) = 0. O

We emphasise once more that the preceding proposition tells us that V x.S(z) depends only on S
in a neighbourhood of z and on X (z). Hence, we can compute Vx.S(z) using a local frame.
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10.5 Definition. Christoffel symbols

Let (Z1,...,Z,) be a local frame for TM, (S1,...,Sk) a local frame (on the same set U C M)
for a vector bundle 7 : E — M, and V a connection on E. Then Vz Sg € I'(E|yy) can again be
represented in terms of the basis sections S, and the coefficients I'f; € C°°(U) in

V2,55 = T%5Sa

are called Christoffel symbols of V with respect to these frames. o

10.6 Lemma. A connection is determined by its Christoffel symbols

Let (Z1,...,Zy) be alocal frame for the tangent bundle TU C T'M of a manifold M, (Si,...,Sk)
a local frame (on the same set U C M) for a vector bundle 7 : E — M, V a connection on F,
and I'f5 its Christoffel symbols with respect to these frames. Let X € T (M) and Y € T'(E) be
locally represented as X = Xij and Y =Y%S,. Then, on U,

ViV = ((de) + Xiyﬁrgﬁ) S (10.1)
Proof. The proof is a simple computation using the defining properties of a connection:

VY Vi Sves,) B S v res,)

H
e
= I
&

S ((@V*1X)S0 + YUy, x50

«

DY ((dve|x)s, +ve invzisa> =3 (@re1x)8, + Yo 3 XT,85).

@ @ ivB

=
B
1=

We did not use the Einstein convention here to highlight that interchanging the summation with
the action of V is indeed justified. From now on we will take this fact for granted again and use
the Einstein summation convention again. O

Conversely, given local frames (Z1,...,Z,) for TM and (S, ...,Sk) for E on U C M, any choice
of n - k? smooth functions I‘f‘ﬂ eC>®U),i=1,...,n,a,=1,...,k determines a connection by

the formula (10.1)).

10.7 Lemma. Let (Z1,...,Z,) be a local frame for the tangent bundle TU C T'M of a manifold
M and (S, ..., Sk) alocal frame (on the same set U C M) for a vector bundle 7 : E — M. Then
for any choice of I‘f‘ﬁ eC®U),i=1,...,n,a,=1,...,k, the expression

VyY = ((dY“|X) + XiYﬂl“g"ﬁ) S,
defines a connection on E|y, where X € T'/(M) and Y € T'(E) with X = X/Z; and Y = Y*S,,.

Proof. The properties (a) and (b) of definition are clearly satisfied. And the product rule
follows from the product rule for the differential: for f € C°°(U) we have

Vx(fY) = (@fY")Ix) + FX'YTh) S
- ((df|X)Ya + FAYOIX) + inYBFQ?B) Sa
= (dfIX)Y + fVxY. O
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10 Connections on vector bundles

10.8 Lemma. Tensor characterisation lemma

Let mj: E; — M, j =1,...,m, be vector bundles over M. A map
T:D(E) X xT'(Ep) — C°(M)
is induced by a section F' € I'(E} ® --- ® E},) in the sense that
T(Y1,...,Ym)(x) = (F(x) | Yi(x),...,Yn(z)) (10.2)
if and only if it is C°°(M)-linear in all arguments, i.e.
T(YVi, . Y+ fY, oY) =7(Ye, . Y + fr(Ye, ., Y, V)
forall f e C*(M),Y; eT'(Ej),and j =1,...,m.

Proof. Let F' € T'(EY ® --- ® Ey) be given. Then F(x) € B}, ® --- ® Ej, . and thus the map

7 defined by (10.2) is C°°(M)-linear in all arguments. On the other hand, for a given C*°(M)-

multi-linear map 7, the map
F(z):Eiz XX Epz =R, (v1,...,00) = 7(Y1,....Yy)(2)

for any choice of Y; € I'(E;) with Yj(x) = v; is well defined and multi-linear: By a bump function
argument completely analogous to the one in the proof of proposition [I0.4] one can show that
7(Y1,...,Yn)(x) depends only on the Y; in a neighbourhood of . Then, using local sections we
see that for Y; = YfSM

T(V1,o oY) (@) = 7O St Yol Smi) (2) = Y1 (2) - Yo ()7 (St - S ) (2)

depends only on the values of Y; at x. O

10.9 Definition. The total covariant derivative

Let V be a connection on E and Y € I'(E). Then VY € I'(T*M ® E) defined by the C*°(M)-
bilinear map

VY :T'(E¥) x 761(M) — C®(M), (S,X)— VY (S, X):=(VxY]|S)
is called the total covariant derivative of Y. o
10.10 Notation. When one writes the components of a total covariant derivative VY of a
section Y € T'(E), one uses a semicolon to separate the index that results from differentiation:

for Y = Y*" S, one writes ‘
VY =Y}, Si®dd* eT(E@T*M).

10.11 Proposition. The difference of two connections

Let V and V be connections on a vector bundle 7 : E — M. Then there exists a unique
endomorphism-valued 1-form w, i.e. a section of the vector bundle 7*M ® End(F), such that

VxY - VxY =w(X)Y,

where (w(X)Y)(z) := w(X)(x)Y (z) denotes the pointwise action of the linear map w(X)(x) €
L(E;) onY(z) € E,.

Conversely, given a connection V and an w € I'(T*M ® End(E)), then the map
V4w:TH(M)xT(E) = T(E), (X,Y) VxY +w(X)Y

defines a connection on FE.
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Proof. By the tensor characterisation lemma we need to show that the map
V - V: T M) x T(E) x T(E*) = C®(M), (X,Y,Z) (VXY —VyY| Z)

is C°°(M)-linear in all arguments. This holds by definition for X and Z and for Y it follows from
the product rule,

<VX(fY) —Vx(fY)] Z) - ((dfyX)Y + VXY — (df|X)Y — fVxY | Z) —f (vxy —VyY| Z) .

To see that V + w is a connection for every w € I'(T*M ® End(E)), note that (a) and (b) of
definition are obvious, and the product rule (c) follows easily,

Vx(fY)+wX)fY =df|X)Y + fVxY + fw(X)Y = (df|I X)Y + f(VxY +w(X)Y). O

10.12 Remark. Proposition [10.11] shows that the set of connections on a vector bundle E is
not a linear set. For example, if V and V are connections, then neither V + V nor %V is a

connection, since neither V+V —V = V nor %V -V = —%V are endomorphism-valued 1-forms.
Alternatively one can check directly that neither of them satisfies the product rule.

Instead, given a connection V on E, the set of connections is
{(V4+w|wel(T"M ® End(E))},
i.e. it is an affine space over the vector space I'(T*M ® End(FE)). o

In the following chapters we will be mainly concerned with connections on the tangent bundle.

10.13 Definition. Affine connections

A connection

V:THM) x T(TM) — T(TM)

on the tangent bundle TM of a smooth manifold M is called an affine connection or linear
connection or just a connection on M. (Note that the terminology in the literature is not at
all uniform in this respect.) We used the different notations for the same object T(T M) = T, (M)
in order to emphasise the different roles played by the two factors. o

10.14 Remark. Note once more that an affine connection V is not a tensor field of type (1,2)
since it is not linear over C*°(M) in the second argument, but instead satisfies the product rule.
However, given a connection V and a tensor field A € T,H(M) = I'(T*M ® End(TM)), also

V4 A:(X,Y) VyY + A(X,Y)

is a connection on M. Actually, by proposition [10.11] the set of all affine connections is precisely
the affine space {V + A| A € T3} (M)} over the vector space T (M). o

10.15 Definition. Christoffel symbols for an affine connection

For an affine connection V it suffices to choose a local frame (71, ..., Z,) of the tangent bundle
TU C T'M in order to define the Christoffel symbols

V2,25 =152

Note that a chart on U C M provides a local coordinate frame (01, .. ., d,,) and thus corresponding
Cristoffel symbols Vg, 0; = ngjak. o
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10 Connections on vector bundles

10.16 Proposition. Every manifold admits an affine connection.

Proof. Let A = (V,, pa) be an atlas for M and (x,) an adapted partition of unity. Then on each
coordinate patch V,, we can choose an arbitrary family of smooth functions I‘fiﬂ-j € C>®(Vy) in
order to define a connection V< with the help of the frame (9y¢, ..., 9a) of TV, as in lemmam
Now we define
VxY =) XxaVXY .
[e%

Again it is obvious that properties (a) and (b) of definition are inherited from the corre-
sponding properties of V¢. For the product rule we find that

x(FY) =) xaVEUY) =D Xa((dfIX)Y + fVEY) = (df|X)Y + f VXY . 0

A connection on the tangent bundle 7'M of a manifold M can be canonically lifted to a connection
on all tensor bundles 77 M.

10.17 Proposition. The lift of an affine connection to tensor bundles

Given be an affine connection ¥V on M, there exists a unique family of connections V = (V) on
the tensor bundles 77 M with the following properties:

(a) On T{M, Vx f =dxf = (df|X).
(b) OnTM,V = V.
(¢) V obeys the product rule with respect to tensor products,

Vx(F®G)=(VxF)® G+ F ® (VxQG),

where F' and G are tensor fields of arbitrary type.

(d) V commutes with all contractions: if “tr” denotes the contraction of any pair of indices
(one upper and one lower), then

Vx(trF)=tr(VxF).
This connection satisfies the following additional properties:
(i) Let w € A;(M) and Y € T (M). Then
(Vxw)(Y)=dxw(Y) —w(VxY).

1) For any tensor € , vector fields Y; € , and l-forms wh e Ay , it holds
i) F FeTl (M fields Y; 761M d 1-f e MM hold
that

(VxF)(w!, ... 0" Y1,....Y,) = dxF(w!,...,u",Y1,...,Y)

.

=) Fw',...,Vxu', . . WY, YY)
i=1
S

=Y P, WY, VXYL Y.
j=1

Proof. We only sketch the strategy of the proof. By (a) and (b) the action of V on functions
and vector fields is fixed. Now we use (i) to define the action of V on 1-forms, (Vxw|Y) :=
dx(w|Y)—(w|VxY), and then (ii) to define the action of V on arbitrary tensor fields. Now one
needs to check that V really defines a connection on each tensor bundle and that the properties
(c) and (d) are also satisfied. Uniqueness follows, finally, by showing that the properties (a)—(d)
imply (i) and (ii). O
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10.18 Remark. Let V be an affine connection. Then in a local coordinate chart its action on
1-forms is given by
VXw = (Xlﬁiwj — Xiwkl“fj> dqj .

Proof. Homework assignment. O

10.19 Lemma. Let V be an affine connection and F' € 7] (M). Then the components of its
total covariant derivative VF' with respect to a local coordinate basis are

11...1s; i1...0s i1...0s  kp £ 4 T i1...p...

J1e--Jr Jie--Jr Ji---Pee-Jr ]'m J1---Jr
13 k_akF ZF F ZF is k'Lm'

Proof. This follows from lemma proposition [10.17| (i), and remark [10.18 O

While in general there need not exist parallel sections for a given connection (except from the zero
section), one can always construct parallel sections along curves by so called parallel transport.
In order to define parallel transport we need to introduce some more terminology.

10.20 Definition. Sections along curves

Let m: E — M be a vector bundle, I C R an interval, and v : I — M a smooth curve. Then a
smooth map Y : I — E such that moY = u is called a section along u. If there exists a section
Y € T'(F) such that Y =Y o, then Y is called extendible.

The space of sections along w is denoted by I'(u). For the space of (r,s)-tensor fields along a
curve u we write 7. (u). o

10.21 Example. Any section Y € T'(E) defines a section Y along « through ¥ := Y ou. By
definition, such a Y is extendible. o

10.22 Example. The velocity vector field along a curve

Let w: I — M be a smooth curve. Then the velocity vector field 4 := Du o e is a vector field
along u, cf. definition If u has self-intersections then, typically, 4 is not extendible, as u can
pass through a self-intersection with different velocities at different times. o

Let V be a connection on the vector bundle 7 : E — M and u : I — M a smooth curve. For
any extendible section Y along u we can define its covariant derivative along u by choosing an
extension Y with Y = Y o u and setting

DY :I—E, te (VapY)(u(®),

i.e. by taking at each point u(t) on the curve the covariant derivative of Y in the direction u(t).
Intuitively we expect that this derivative does not depend on the choice of the extension Y and
that a similar map should also exist for non-extendible sections along wu.

10.23 Proposition. Covariant derivative along a curve

Let V be a connection on the vector bundle 7 : E — M and v : I — M a smooth curve. Then

there exists a unique operator

satisfying the following properties:
(a) Dy is R-linear, i.e. Di(aX +bY) =aD:X +bD,Y for all a,b € R and X,Y € I'(u).
(b) D satisfies the product rule: Dy(fY) = fY + fD;Y for all f € C®(I) and Y € T'(u).
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10 Connections on vector bundles

(¢) For extendible Y € I'(u) and any extension Y of Y it holds that (D,Y)(t) = (Va(t)f/)(u(t)).

D.Y is called the covariant derivative of Y along u.

Proof. We only sketch the proof. First assume that a map D; with the claimed properties exists.
Using the product rule (b) one concludes in the usual way that DY (t9) depends only on the
values of Y in a neighbourhood of ¢3. The properties (a), (b), and (c) imply that with respect
to a local frame (Si,...,S) defined on a neighbourhood U of u(t) we have with Y = Y*S,, and
Sy = 5’a o u that

DY (1) "= Y()Sa(t) + Y (O)DiSa(t)
9V Sau®) + YOV Sa) (u(t))
= (YO + YO 5 ()) Salu). (10.3)

This proves, in particular, uniqueness. To prove existence, we use the coordinate expression
as a local definition of D; and need to check that it really satisfies (a), (b), and (c). For (a) and
(b) this is obvious. For (c) we just revert the above computation and find with that for
any extension Y of Y we have

(Vi V) (@) = ((@F((t) [a(t)) + V2 (b)) (O () ) Sa(u(t))
(7 (u(s)lomt + Y2 @i O (u(t)) ) Sau(®))
= (Y omt + YPOEOTH (D)) Salu(t) = DY (1)

Hence we have local existence of D; on sets where a frame exists. By uniqueness the local
expressions agree on intersections of local domains and thus we have also global existence. O

10.24 Lemma. D; and reparametrisations of curves

Let V be a connection on the vector bundle 7 : & — M, v : I — M a smooth curve, and
Y € I'(u). For a diffeomorphism & : I — I of open intervals let @ := u o ® be the reparametrised
curve i: I — M and Y :=Y o ® € I'(@t). Then

DY =d DY od.

Proof. This follows from the observation that in ([10.3)) we have %f’o‘(s) = Y(®(s)) P'(s) and
also Liii(s) = u'(®(s)) ¥'(s). O

10.25 Definition. Parallel sections

A section Y along a curve u : I — M of a vector bundle 7 : £ — M is called parallel with
respect to a connection V on E, if

DtYEO

10.26 Proposition. Parallel transport

Let V be a connection on a vector bundle 7 : £ — M and u : I — M a smooth curve.

Let to € I and Yy € Ey (). Then there exists a unique parallel section Y along u with Y (t9) = Yp.
The map Ty, @ Eyry) — Buw)s Yo = Ti4oYo == Y(t), is a linear isomorphism and called the
parallel transport map.

The parallel transport does not depend on the parametrisation of the curve: Let ® : I — I be
a diffeomorphism of open intervals, @ := u o ® the reparametrised curve, and TS,SO its parallel
transport map. Then

Ts,so = T@(s),@(so) .
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Proof. According to ((10.3), within a coordinate patch the condition D;Y = 0 is a homogeneous
first order linear ODE,

VO(1) = i (T (u(t) YA (1) = A3(0) YA (1),

where AZ(t) is a smooth matrix-valued function of ¢. Hence, given an initial value Y*(to) it has a
unique smooth solution and the solution map T} 4, (propagator) is for each ¢ € I an isomorphism.
Uniqueness allows to patch the local solutions within coordinate charts together.

The last claim is a consequence of uniqueness and lemma O

10.27 Definition. Geodesics

Let V be an affine connection on M. Then a curve u : I — M is called a geodesic for the
connection V if its velocity vector field is parallel, i.e. if

DtUEO

10.28 Remark. One possible rephrasing of the definition of a geodesic is a “curve of constant
speed”: the velocity vector field u is constant with repsect to the given connection. One could
also say that the “acceleration” D,u vanishes. o

In order to prove existence and uniqueness of geodesics, given a starting point zg € M and an
initial velocity vg € T, M, we first observe that, using again ([10.3]), the geodesic equation Dyt = 0
takes the following form within a coordinate chart (V, ¢):

i (t) + a' () @ () T (u(t)) = 0. (10.4)

Note that by definition u*(t) := (¢(u(t))* and u(t) =: (¥ (t)d,, )(u(t)), and thus indeed " (t) =
Luk(t). (10-4) is a system of second order ODEs for the components u*(t) of (¢ ou)(t) on (V).
Introducing v*(t) := 4*(t), (10.4) is equivalent to the system of first order ODEs

ab(t) =k () and  oF(t) = —0i(t) VY (1) Ff](u(t)) on (V) x R™. (10.5)

Now we could either use local existence and uniqueness of solutions to this ODE to prove local
unique existence of geodesics and patch the local solutions together in order to obtain maximal
solutions. Or we observe that defines actually a vector field on the tangent bundle T'M.
To see this first recall that any chart (V,¢) on M defines a bundle chart

Do :TV — (V) xR", (z,v) — Dp(x,v) =: (¢(x),§(z,v))

on the tangent bundle T'V. Note that the dot in ¢ is not a time derivative but ¢ is just the name
for a generic point in the second factor of (V) x R™. Using these local coordinates and the
corresponding coordinate vector fields, we can define a vector field X on T'V by

X(z,v) == v*d, — vl (Ff} omm)(x) Oy, -

By construction, u : I — V is a geodesic if and only if the curve 4 : I — TV, 4 = Duoe is an
integral curve to X. To see this, note that for a curve

wil 5TV, tewt) = (u(t),v"(t)d,,)

we have that
Wil = T(TV), te ((u(t), v (£)0y, ), WF (1), + 0F(1)Dg )
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10 Connections on vector bundles

and
X(w(t)) = X(u(t), v* (£)0y,) = ((U(t),vk(t)aqk)avk(t)aqk — ol (1) v'(t) F%(U(t))aqk) -

Hence, comparing the coefficients, we see that w = X (w(t)) is equivalent to ((10.5]).

Since the geodesic equations are independet of the choice of coordinates, X is defined actually on
all of TM and u: I — M is a geodesic if and only if « is an integral curve to X.

10.29 Proposition. Existence of unique maximal geodesics and the geodesic flow

Let V be an affine connection on M. For each zop € M and vy € T, M there exists a unique
maximal geodesic Yoy ¢ Loy — M With Fug.00(0) = (z0,v0). The corresponding flow ®X on
TM is called the geodesic flow.

Moreover, for any o € R\ {0} it holds that

Iy ,avy = élﬂfomo and  Yzq,avy (t) = Yzo,v0 (at) .

Hence, if one starts at the same point in the same direction with a different velocity, one runs
through the same curve just with a different speed.

Proof. For existence and uniqueness just apply theorem to the vector field X on TM. To
prove the second claim, either check directly that also t — 74, 4, (of) is a geodesic by inserting it
into the differential equation. Or note that on a geodesic the velocity field is obtained by parallel
transport of the initial velocity vector along the curve and that parallel transport is linear in the

fibres. O

10.30 Remark. Note that T'M is never compact. Thus we don’t get easily a global existence
result for geodesics of general connections. Indeed, one can easily construct examples where the
integral curves to X run to “infinity in the fibres” of T M in finite time.

In the next chapter we will discuss the affine connection induced by a Riemannian metric. For this
so called Levi-Civita connection, however, we will obtain global existence of geodesics on compact
manifolds M since the “length” of the velocity vector remains constant along a Riemannian
geodesic. o

By following the geodesic starting in a point x with a velocity v for a fixed time, say t = 1, one
obtains a map from (a subset of) TM to M, the so called exponential map.

10.31 Definition. The exponential map

Let V be an affine connection on M and v, : I, — M the maximal geodesic of V starting at
with velocity v. The exponential map

exp, 1 TuM D& — M, v exp,(v) :="7z,(1),
is defined on & :={v e T, M |1 € I,,}, and
exp: TM DE— M, (x,v)— exp,(v),

is defined on & := {(z,v) € TM |v € &, }. o

10.32 Proposition. Properties of the exponential map

(a) & is an open subset of TM containing the zero-section and exp : £ — M is smooth.

(b) Each set &, is star shaped with respect to 0, i.e. v € &, implies that also av € &, for all
a € [0,1].
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(c) For t € I, it holds that
Yo (t) = exp,(tv) .

Proof. According to theorem the maximal domain D; := {(x,v) € TM |t € I,,} of the
geodesic flow
XD, - TM

is open for any ¢t € R and ®X is a diffeomorphism onto its range. Now (a) follows from noting
that £ = D; and exp = 7y o ®X. Claims (b) and (c) follow immediately from the rescaling
property of geodesics shown in proposition [10.29 O

For the next lemma we require the manifolds version of the inverse function theorem.

10.33 Theorem. Inverse function theorem

Let f : My — Mj be a smooth map between manifolds M; and Ms. If D f|r, s, is invertible at a
point x € M, then there exist open neighbourhoods U of z and V of f(z) such that f: U — V
is a diffeomorphism.

Proof. Just apply the inverse function theorem for maps on R™ within local charts. O

10.34 Lemma. Normal neighbourhood lemma

Let M be a manifold with affine connection V. For each x € M there exists a star shaped open
neighbourhood V, C &, of 0 € T,, M such that

exp, : Vo — exp, (Vo)
is a diffeomorphism. Such a neighbourhood exp,(V,) is called a normal neighbourhood of z.
Proof. Tt suffices to show that the differential D exp, is invertable at 0 € T, M, i.e. that the map
Dexp, : To(TeM) =T, M — Top, )M =T M

is invertible. However, exp, maps the curve ¢(t) = tv in T, M to the curve exp, (tv) = 73 ,(t) in
M. By definition of the geodesic v, we have that %%7@ (t)|t=0 = v, and thus D exp, restricted
to To(T, M) is actually the identity and, in particular, invertible. O]

German nomenclature

connection = Zusammenhang covariant derivative = Kovariante Ableitung
exponential map = FExponentialabbildung geodesic = Geodate
inverse function = Umkehrfunktion parallel transport = Paralleltransport

section along a curve = Schnitt entlang einer Kurve
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11 The Riemannian connection

For a (pseudo-)Riemannian manifold (M, g), i.e. a manifold M with a (pseudo-)metric g € T2 (M),
there exists a natural connection on its tangent bundle T'M, the so called Levi-Civita connection.
It is natural in the sense that it is the unique connection that is compatible with the metric
structure and symmetric.

11.1 Definition. Compatability

An affine connection V on a (pseudo-)Riemannian manifold (M, g) is called compatible with a
(pseudo-)metric g € T2 (M), if

Vxg(Y,Z) = g(VxY,Z) + g(Y,VxZ)
for all X,Y,Z € T{(M). Recall that for an affine connection we put Vy f := Lx f = (df|X). o

Note that in general a connection V need not be compatible with a given metric g, since when
taking the derivative of the function g(Y, Z) also g itself is differentiated.

11.2 Lemma. Let V be an affine conncetion on a (pseudo-)Riemannian manifold (M, g). Then
V is compatible with g if and only if Vg = 0.

Proof. According to proposition [10.17| (ii) we have that
Vxg(Y, 2) —g(VxY,2) —g(Y,VxZ) = (Vxg)(Y, Z). O

11.3 Remark. If V is compatible with g, then it also follows that

(a) For any curve u and any vector fields X, Y along u

d
&g(X7Y) = g(Dth Y) +g(Xa DtY) .

(b) If X, Y are parellel vector fields along a curve u, then g(X,Y’) is constant along u.
(c) Along any curve u, the parallel transport map T} s, : Ty o) M — Toyy)yM is an isometry.

Actually it is not difficult to see that the validity of either (a), or (b), or (c) in turn implies that
V is compatible with g. o

11.4 Remark. As a consequence of remark (b), geodesics with respect to a affine con-
nection V that is compatible with a metric g are constant speed curves. That means that
|a(t)]|? := g(u(t),u(t))(u(t)) is independent of ¢. Thus, on a compact manifold without bound-
ary the corresponding geodesic flow exists globally.

11.5 Definition. Symmetry and torsion

Let V be an affine conncetion on a manifold M. The torsion map
T:%l(M)X%l(M)%%l(M)a T(X,Y) = VXY_VYX_[X7Y]7

defines (by lemma and a simple computation) a (1, 2)-tensor field on M, the torsion tensor
of V. The connection V is called symmetric or torsion free if 7 = 0, i.e. if

VxY - VyX =[X,Y]
for all vector fields X, Y. o
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11 The Riemannian connection

11.6 Remark. In local coordinates the symmetry condition reads

(VxY —VyX — [X,Y])! = (dYYX)+ XY*rE — (dXYY) — YIXFDE — ((dYF)X) — (dXY))
= XlYk( ?k— 21) = 0.

Thus, an affine connection is symmetric if and only if its Christoffel symbols with respect to one
(and thus to any) coordinate basis are symmetric in the lower indices. o

11.7 Theorem. Fundamental lemma of Riemannian geometry

Let (M, g) be a (pseudo-)Riemannian manifold. There exists a unique affine connection V on M
that is compatible with g and symmetric.

This connection is called the Riemannian connection or the Levi-Civita connection of g.
It satisfies the Koszul formula

9(VxY.2) = ((dg(v.2)|X) + (dg(Z X)|Y) - (dg(X,Y)|2)

—g(V, X, Z]) = g(Z. Y, X]) + 9(X,[2,Y])) (11.1)
and its Christoffel symbols with respect to a local coordinate frame are
I =449" (.gjk,i + Grij — gij,k) :

Proof. The strategy of the proof is as follows. One first assumes that an affine connection with the
desired properties exists and derives the Koszul formula. From this we can conclude that if such
a connection exists, then it is unique. Finally we show that actually defines a connection
with the desired properties, which proves existence.

Assume that V is an affine connection that is compatible with g and symmetric. Then for
X,Y,Z € TgH(M) three versions of the compatibility condition are

(dg(Y,2)|X) = g(VxY,Z)+g(Y,VxZ)
(dg(Z, X)IY) = g(VvZ,X)+9(Z,VyX)
(dg(X,Y)|Z) = g(VzX,Y)+g(X,VzY),

where we permuted X, Y, Z cyclically. Applying the symmetry condition on the last term in each
line this becomes
(dg(Y, 2)|X) = g(VxY.Z)+g(Y,VzX) +g(Y,[X, Z])

g(VyZ,X) —|—g(Z, VXY) +9(Za [KX])
(dg(X,Y)|Z) = g(VzX,Y)+g(X,VyZ)+g(X,[Z,Y]).

Q.
Q
N
>
=

I

Adding the first two lines and subtracting the last one yields

(dg(Y; 2)|X) + (dg(Z, X)[Y) — (dg(X,Y)|Z)
= 29(VxY,2) +9(Y,[X, Z]) + 9(Z,[Y, X]) — 9(X, [Z,Y]),

where we used also symmtry of g. Solving for g(VxY, Z), this yields the Koszul formula (11.1)).
Since the right hand side of (11.1]) does not depend on V, this proves that for any two symmetric
connections V and V that are compatible with g we have

9(VxY,Z) =g(VxY,Z)  forall X,Y,Z € T (M).
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As a (pseudo-)metric, g is non-degenerate. Thus, VxY = VxY for all X,Y € T;}(M), which
proves uniqueness of V.

Existence is now proved by using the Koszul formula as a definition of V. Since we already
have uniqueness, it suffices to construct a connection with the desired properties within local
coordinate charts. Replacing X,Y, Z in (11.1)) by coordinate vector fields we find that

9(Vo,05,0k) = %((dg(aj, O)10;) + (dg(Ok, 0;)10;) — (dg(;, 3j)’ak)> '
Recalling the definitions
g9 = 9(0,8;) and V8, =TLo,
we obtain
T = %(gjk,i + Grij — gij,k) and hence T} =1/ (gj,w- + Grij — gz-j,k) . (11.2)

It remains to show that these Christoffel symbols really define a connection with the desired
properties. Symmetry in the lower indices, and thus according to remark also symmetry of
the connection, is evident by the symmetry of g, i.e. g;; = gj;. To show also compatibility with g,

i.e. Vg =0, we use again lemma [10.19
! !
Gigsk = Gigk — Ukigiy — Ui 9i -
On the other hand, using ([11.2]) twice, we obtain
Y01 + Fijgz‘l = %(gjz‘,k + Gjki — Gikj t Gjik + Griy — gkj,z‘) = Gijk

and thus g;;.x = 0. O

11.8 Proposition. Naturality of the Riemannian connection

Let ® : M — M be an isometry of (pseudo-)Riemannian manifolds (M, g) and (M, §).
(a) For all X,Y € T (M) it holds that

P, (VxY) = Vo, x(0.Y).
(b) For any smooth curve u : I — M and vector field Y € 7! (u) along u
®,(D,Y) = Dy(D,Y),
where ®.Y : [ — TM is defined as DY =DdoY.

(¢) Let u: I — M be a geodesic on M, then @ := ® o u is a geodesic on M.

Proof. Define the pull-back connection
VT (M) x T(TM) - T(TM), VxY :=®*(Vg,x(0.Y)).

One now checks easily that V defines a connection on T'M. It is compatible with g,

Vxg(Y,Z2) =dxg(Y,Z) = dx(®*g)(V,Z) = ®*de,xJ(D.Y, D.Z)
= *G(Vo,x .Y, .Z) + &*§(P.Y, Vo, xP.Z)
= g(®*Vo,x®.Y, Z) + g(Y,®*Vg,x D7)
= 9(VxY,2)+g(Y,VxZ),

and, by a similar computation, also symmetric. Hence, V = V. For (b) proceed analogously
using the characterization of D, from proposition [10.23 and (a). Finally, (c) follows from

Dyii = Dy(D(® ou) o €) = Dy(DP o Du o €) = Dy(P,1t) = o (Dyt) = 0. O
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11.9 Proposition. Naturality of the exponential map

Let ® : M — M be an isometry of (pseudo-)Riemannian manifolds (M, g) and (M, §) and denote
by exp and exp the exponential maps with respect to the corresponding Riemannian connections.
Then

P o exp, = eXPg(y) © Pule,

Proof. Homework assignment. O

11.10 Definition. Geodesic balls and spheres

Let (M, g) be a Riemannian manifold. Fore > 0 and x € M let B.(0) := {v € T, M | g.(v,v) < &2}
be the e-ball around zero in T, M. For e small enough B.(0) C V, and then exp,(B:(0)) C M
is called a geodesic ball around x with radius . If dB.(0) := {v € T,M | g.(v,v) = 2} is
contained in V,, then exp,(0B.(0)) C M is called a geodesic sphere around z with radius e.

11.11 Definition. Riemannian normal coordinates

Let (wy,...,w,) be an orthonormal basis of T, M with respect to a (pseudo-)Riemannian metric
g € TR (M). For the induced isomorphism with R" we write

W :R" = T, M, (ql,...,q")l—>quj.

Then on any normal neighbourhood U of x one can define (Riemannian) normal coordinates
centred at x by
0:U—=R", ¢:=Woexp,?

11.12 Proposition. Properties of normal coordinates

Let (M, g) be a (pseudo-)Riemannian manifold and let (U, ¢) be normal coordinates centred at
x € M. Then

(a) p(x)=1(0,...,0).

(b) gw( ) = ij-

(c) T ( =0foralli,jk=1,.
)

(d) For v = v/ 0q; € T M the coordlnate representation of the geodesic v, , has the simple form

(povew)(t) = (toh, ..., t"),

as long as v, , stays in U.

Proof. (a) is obvious, since exp;!(z) = 0. For (b) note that d,,(0) = w; and thus g;;(0) :=
9(94;504;)(0) = gl (Wi, wy) = 45, since (wy, ..., wy) is, by definition of normal coordinates, an
orthonormal basis of T, M. For (d) note that v, ,(t) = exp,(tv) and thus u(t) == (povyzn)(t) =
W=L(tv) = (tv',...,to"). Since i*(0) = 0, the geodesic equation (10.5) implies that v UJFk () =
0 for all ¢,j,k=1,...,n and v € T, M. Thus also Ffj(x) =0 for all z,j,k: =1,...,n

O

Be warned that (b) and (c) only hold at the point x and that there is, in general, no coordi-
nate system such that g;; = d;; or Ffj = 0 holds in an open neighbourhood of z. Also (d)
holds in general only for geodesics passing through x, so called radial goedesics. The coordinate
representation of other geodesics passing through U need not be a straight line.

German nomenclature

normal coordinates = Normalkoordinaten geodesic ball = geodatischer Ball
torsion = Torsion
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12 Curvature

Let m : E — M be a vector bundle with connection V. Given a vector sy € E, one can ask
whether there exists a section S € I'(E|y) defined in a neighbourhood U C M of the point = such
that S(z) = sg and such that S is parallel, i.e. V.S = 0. We already know that for one-dimensional
manifolds (i.e. curves) the answer is yes and that S is indeed unique and given by the parallel
transport. On vector bundles over higher dimensional manifolds this is only true if the curvature
of the connection vanishes. Hence, curvature can be seen as an obstruction to the existence of
parallel sections.

Let us briefly motivate the definition of curvature given below. Assume the above setting where
M is a two dimensional manifold. Choose a chart ¢ centred at z, i.e. such that p(z) = 0. To
construct a parallel section S with S(z) = sp we proceed in the following way: We first parallel
transport sy along the gi-coordinate line going through x and then, starting on each point on
this coordinate line, parallel translate the resulting vector along the corresponding go-coordinate
line. By smooth dependence on initial data this indeed yields a local section S € I'(E|y) with
S(z) = sg. By construction, it holds that Vo, S = 0 on the gi-coordinate line through z and
Vo, =0 on all of U. While this section S is the only candidate for a parallel section on U with
S(x) = s¢, in general it is not true that Vy, S = 0 on all of U. If we could show that Vg, S is
constant along the go-coordinate lines, i.e. that

Vaq2 Vaql S=0,

then Vy, S = 0 on the gi-coordinate line through x would imply that Vg, S = 0 on all of U.
Since Vg, Vg, S = 0, the condition for the local existence of parallel sections thus reads

Vo, Vo, S = Va, Va,5S.

12.1 Definition. The curvature map

Let m: E — M be a vector bundle with connection V. The map
R:Ty(M)xTg (M)xT(E) = T(E), (X,Y,S)— R(X,Y,S) :=VxVyS—VyVxS—VxyS

is called the curvature map. It is obviously skew-symmetric in the first two arguments,
R(Y,X,S) =-R(X,Y,9). o

The next proposition shows, that the map R is indeed tensorial and thus defines, given two
tangent vectors X (z) and Y (z) at x € M, an endomorphism of the fibre FE,.

12.2 Remark. This endomorphism can be thought of being the parallel transport map along
an infinitesimal curve that is obtained by first going in direction Y, then in direction X, then
back in direction —Y, then —X, and finally, to close the loop, in direction [X,Y]. Let us briefly
discuss this view on curvature on a formal level:

First denote the parallel transport map along the integral curves of a vector field X for time ¢ by
tVx

e'VX e,

VX LT(E) = T(E), S+ (e7VX8)(2) :=T;0S(®%,(x)),
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12 Curvature

where T : E|<I>)_(t(x) — FE)|, is the parallel transport map along the integral curve of X that

passes through z at time ¢ and through ®%,(x) at time zero. The notation as the exponential of a
differential operator is motivated by the fact that the “time-dependent” section S(t) := e tVX S
satisfies the differential equation % S(t) = —VxS(t). With this notation the parallel transport
map around the (almost) closed loop described above is given by the map

2
H(t) = e—t V[X,Y] etVXetVYe—tVXe—th )

Clearly, lim;_,o H(t) = Id. However, if we expand H(t) in powers of ¢ by (formally) using the
Baker-Campbell-Hausdorff formula repeatedly, e.g.

2
el VX otVy — et(VX-i-Vy)—i-%[Vx,Vy]-‘rO(tS)

and e tVxe~tVy _ e—t(vx-i-VY)-F%[VX,VY]-ﬁ-O(tS) ’
we find that
H(t) = (VW= +0) = 1d 4 42([Vy, Vy] — Vixy)) + O(1)
and thus
lim 25 =5 R(X,Y,S).
t—0 t2

12.3 Proposition. The curvature map is tensorial

The curvature map R is induced by a tensor field R € I'(T*"M @ T*M ® E* ® E), i.e. for all
X, Y € TH(M), S € T(E), and T € T'(E*)

(R(X,Y,9) | T)(2) = (R(z) | X (2),Y (2),5(x), T ().

R is called the curvature tensor.

Proof. According to lemma we need to show C'*°(M)-linearity of
(X,Y,8,T) = (R(X,Y,9)|T) = (VxVyS = VyVxS —VxySIT)
in all arguments. For T this is obvious. For X (and completely analogous for Y') we find

R(fX,Y,S) = VixVyS—-VyV xS — Virx,y)S
= fVxVyS—=VyfVxS—Vixy-s)xS
= fVxVyS—fVyVxS— (df\Y)VXS — fV[Xy]S + (df\Y)VXS
— [(VxVyS - VyVxS - VixyS) = FR(X,Y, S),

and for S

R(X,Y,fS) = VxVyfS—VyVxfS—Vixy/S
VxfVyS + Vx(df|Y)S — Vy fVxS — Vy (df|X)S — fV xS — (df|[X, Y])S
= FR(X,Y,S) + (df|X)VyS + (df[Y)VxS + (d(df]Y)]X)S

—(df[Y)VxS — (df|X)VyS — (d(dfIX)|V)S — (dF|[X,Y])S
= JR(X,Y.S)+ (LxLy f)S — (LyLxf)S — (LxLy — LyLy)f)S
— fR(X,Y,S). 0
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12.4 Lemma. Coordinate representation of the curvature tensor
Let (S1,...,Sk) be alocal frame of E and (g, ..., 0,,) a coordinate frame on M. Then

R=R], d¢ ®d¢ ® 5" ® Sy
with
B8 _ B B B B
Rija = Fja,i - Fioe,j + ng'arm - anFjv‘

Proof. Since [0;, 0;] = 0, we find that

R(93,05,84) = Vo,V9,S0 — Vo, V,Sa = Vo, IS5 — Vo, I S

() ja R Y%
_ 8 8 8 8
= DjaiSs +TjalipSy = Tig ;55 = Tial7sS,
= (Do~ Tioy +TJal?, —T0.T7)Ss. O

We now specialise to affine connections again.

12.5 Proposition. The algebraic Bianchi identity

Let V be a symmetric connection on T'M. Then
RX,Y,Z)+R(Y,Z,X)+R(Z,X,Y) =0.
Proof.

VxVyZ = VyVxZ = Vixy|Z + VyVzX = VVy X = ViygX +VzVxY = VxVY — Vi, Y
=Vx(VyZ —VzY) 4+ Vy(VzX — VxZ) + Vz(VxY — Vy X)
~ Vg X = Vizx)Y — VixyZ
=VxlY,Z) = Viy 1 X + Vy[Z, X] = VizxY + V2[X,Y] = VixyZ
=X, V. Z]|+[Y,[Z2, X]| + [Z,[X,Y]| = 0,

where we used symmetry of V twice and the Jacobi identity. O

12.6 Proposition. Symmetries of the Riemannian curvature tensor

Let (M, g) be a (pseudo-)Riemannian manifold. Then the curvature tensor R of the Riemannian
connection is a (1, 3)-tensor field and we define the (0, 4)-tensor field

Rm(X,Y, Z, W) := g(R(X,Y, Z), W)

and call it the Riemannian curvature tensor. It has the following symmetries:
(a) Rm(X,Y,Z, W) =—-Rm(Y, X, Z, W)
(b) Rm(X,Y,Z, W) =—-Rm(X,Y,W, Z)
(¢c) Rm(X,Y,Z,W)=Rm(Z,W,X|Y)

Proof. (a) is just the skew-symmetry of R in its first arguments. For (b) we will show that
Rm(X,Y,V,V) =0 for all vector fields, which then implies that

0=Rm(X,Y,Z+W,Z+W)=Rm(X,Y,Z,W)+Rm(X,Y,W, 7).
Using compatibility with the metric and symmetry of the latter we have that

LxLyg(V,V) = Lx(g(VyV,V)+g(V,VyV)) =29(VxVyV,V) +29(VyV,VxV)
LyLxg(V,V) = Ly(g(VxV,V)+g(V,VxV))=29(VyVxV,V)+29(VxV,VyV)
Lixyig(V,V) = 29(Vixy)V,V).
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12 Curvature

Subtracting the second and third equation from the first and dividing by 2 yields
0=g(VxVyV.V) —g(VyVxV,V) = g(Vixy]V.V) = Rm(X,Y, V. V).
To prove (c), we write out four times the algebraic Bianchi identity,

Rm(Y, Z, X, W)+ Rm(Z, X,Y,W) + Rm(X,Y, Z,W
~“Rm(W, X,Y, Z) — Rm(Y, W, X, Z) — Rm(X,Y, W, Z
“Rm(X,Z,W,Y) - Rm(W, X, Z,Y) — Rm(Z, W, X,Y
Rm(Y, Z, W, X) + Rm(W,Y, Z, X) + Rm(Z, W, Y, X

\
o o o o

)
)
)
)

Now add up the four lines. Applying (b) four times makes all the terms in the first two columns
cancel. Then applying (a) and (b) in the last column yields 2Rm(X,Y, Z,W)—2Rm(Z, W, X, Y) =
0, which is equivalent to (c). O]

12.7 Remark. In components with respect to a basis frame Rm is obtained from R by
Rmyjp = R, Gmi -

Note that it is sometimes useful to keep track of the order of all indices, not just for lower and
upper indices independently. Then it is clear from the notation which index has been raised or
lowered using the metric. The symmetries of Rm now read

Rmgjry = —Rmjy
Rm;jr; = —Rmyjp
Rm;j,; = Rmyy;
0 = Rmgjp + Rmy;j; + Rmjg,
where the last line is the algebraic Bianchi identity. o

12.8 Proposition. Invariance of the curvature tensor under isometries

The Riemannian curvature tensor is invariant under (local) isometries. More precisely, if ® :
(M,g) — (M,g) is a (local) isometry, then

®*Rm = Rm

and

R(®,X,®,Y,0,7) = &, R(X,Y, 7).

Proof. With proposition we have

R(®.X, 0.V, 0.Z) = (Vo,xVa,y — Vo,yVe.x — Vo, xy])®:Z
= Q)*(V_va — VYVX - v[X,Y})Z
== @*R(X, Y7 Z) )

and thus also

Rm(®,X,8,Y, .7, W) = GR(®.X,9,Y,8,2),®,W) = §(®,R(X,Y, Z),», W)
®,9(R(X,Y,Z),W) = ®,Rm(X,Y, Z,W). 0
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12.9 Definition. Flat manifolds

A Riemannian manifold is called flat, if it is locally isometric to euclidean space. o

12.10 Theorem. A Riemannian manifold is flat if and only if its curvature tensor vanishes.

Proof. Proposition implies that the curvature tensor of a flat manifold vanishes. For the
converse implication one can show that with respect to normal coordinates the metric g is eu-
clidean if the curvature tensor vanishes (see e.g. chapter 7 in John Lee, Riemannian manifolds:
An introduction). O

12.11 Proposition. The differential Bianchi identity

The total covariant derivative of the Riemannian curvature tensor satisfies

VRm(X,Y, Z,V,W) + VRm(X,Y,V, W, Z) + VRm(X,Y, W, Z,V) = 0,

and in components
Rmijkl;m + Rmijmk;l + Rmijlm;k =0.

Proof. By proposition the claim is equivalent to
VRm(Z, V. X,Y, W)+ VRm(V, W, X, Y, Z) + VRm(W, Z, X, Y, V) = 0.

By multi-linearity it suffices to prove the identity when X, Y, Z, V, W are elements of a coordinate
frame. Let (01,...,0,) be the coordinate frame of normal coordinates centered at x € M. Then
[0,0;] = 0, and, by proposition 2| (¢), (Vg,0;)(x) = 0. Hence, for X,Y,Z, V,W taken from
this frame,

Thus, when evaluated at =,

VRm(Z V., X, YW)+VRm(V,W, XY, Z) + VRm(W, Z, X, Y, V) =
= g(VwVzVy X, Y)—g(VwViyVzX,Y) 4+ g(VzVyVw X, Y) — g(VzViw Vi X, Y)
+9(VyVwVzX,)Y) - g(VyVzVw X, Y)
prm— 0 5
since Vy X =V X =VzX =0. O
By taking traces of the Riemannian curvature tensor one obtains somewhat simpler objects that
still encode parts of the geometric information contained in Rm. Recall that Rm was obtained

from the curvature tensor R of the Riemannian connection by lowering the last index using the
metric.

12.12 Definition. The Ricci and the scalar curvature

Let R be the curvature tensor of a (pseudo-)Riemannian manifold (M, g). Then the Ricci cur-
vature tensor is the (0,2)-tensor obtained by contracting the first and the last argument of R,

Ric(X,Y) :=trR(-, X,Y,).
In local coordinates the definition reads

Ricij = Ry,;;* = g"Rmyiji -
The scalar curvature is the metric trace of the Ricci tensor,

S :=tryRic, ie. locally S = ginicij.
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12 Curvature

12.13 Lemma. The Ricci tensor is symmetric, i.e. Ric(X,Y’) = Ric(Y, X), and can be expressed
in the following ways:
Ric,i = R,..*F=R.F = _R.k — _R. F
1) kij ik j ki j ikj -

Proof. Homework assignment. O

12.14 Definition. The divergence operator

Let F be a tensor field on a (pseudo-)Riemannian manifold. The divergence divF' of F' with
respect to the kth argument is the (metric)trace of VF with respect to the kth and the last
argument. In particular, for X € T;H(M) and w € T°(M)

divX =trVX = XJJ and divw = tr,Vw = gijwi;j .

12.15 Proposition. Contracted Bianchi identity
It holds that

div Ric = %VS’, i.e. locally gijicij;k = %S;i.
Proof. Recall the differential Bianchi identity
Rmyjgim + Rk + Rmyjime = 0.
Metric contraction of the index pairs 4,/ and j, k yields the claim. OJ

We end this section with a short introduction to Riemannian geometry of submanifolds.

Let N C M be a submanifold of a Riemannian manifold (M, g) and denote by ¢ : N — M
the inclusion map. Then g := ¢*g is a metric on N and turns N into a Riemannian manifold.
Sometimes g is called the first fundamental form. In problem 52 of the homework assignments
it is shown that the restriction

V:THN) xT(TN) - T(TN), (X,Y)+ VY :=PyViV

of the Riemannian connection V on T'M to T'N is indeed the Riemannian connection of (N, g).
Here X,V € I(TN) C T(TM|y) and VY is well defined by problem 48. Recall that Py €
End(TM|n) where, for x € N, Py(z) is the orthogonal (w.r.t. g) projection within 7, M onto
the tangent space T, N C T, M. We denote by

TN :={(z,v) e TM|y |z € N and v € T,N*}

the normal bundle to N. Note that TM|y = TN @ T+N. One thus has the decomposition

VX—Y = PNVX}}—FP]#VX—? = ?X?%—E(f(,?)

Here
II:T(TN)xI(TN) - T(T+N), @I(X,Y):=PyVziY

is called the second fundamental form.

12.16 Proposition. The second fundamental form

The second fundamental form II is a symmetric vector-valued 2-form, taking values in the normal
bundle.
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Proof. Symmetry of II follows form the symmetry of the Riemannian connection and the fact

that for two vector fields X and Y that are tangent to NV also [f( , }7] is tangent to NV,
I(X,Y)=PyViY =PyVeX — Py[X,Y] = PyVe X = (Y, X).

Thus I is also C°°(N)-linear in both arguments and hence a vector-valued 2-form.

12.17 Proposition. The Weingarten equation
Let X,Y € I(TN) and V € I'(T*N). Then on N it holds that

g(vf(vaf/) = _g(V7H(X7Y)) :

Proof. Since g(V,Y) =0 on N, we find

0 = Lgg(V,Y)=g(VgV,Y)+g(V,VgY)
= g(VgV,Y)+g(V,VY) +g(V,I(X,Y))
= g(VgV,Y)+g(V,II(X,Y)) O

12.18 Proposition. The Gaufl equation
For X,Y,Z,W € T3 (N) it holds that

Rm(X,Y,Z,W) =Rm(X,Y,Z, W) +g(I(X,2),I(Y,W)) - g(I(Y,Z), [(X,W))
and in coordinates adapted to N
Rmjjg = Rmyjp + 9rmp I 15 — grmp I 1T
Proof. Using the definition of I and the Weingarten equation, we find that
gR(X,Y,2),W) = g(ViVgZ,W)—=g(VyVZ,W) = g(Vig 2, W)
= g(Vg(VyZ+I(Y,2)),W)—g(Vy (V3 Z + I(X,Y)), W)

German nomenclature

curvature = Kriimmung flat manifold = flache Mannigfaltigkeit
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13 Symplectic forms and Hamiltonian flows

In this section we collect basic definitions and results about Hamiltonian vector fields and flows
on symplectic manifolds. These flows play a central role in classical Hamiltonian mechanics, a
very elegant formulation of classical mechanics.

13.1 Definition. Symplectic manifolds

A symplectic form on a manifold M is a closed non-degenerate 2-form w on M, i.e. w € Ay(M)
with dw = 0. The pair (M, w) is called a symplectic manifold. o

13.2 Remarks. (a) Recall the following result from linear algebra: Let V' be an n-dimensional
real vector space and w a skew-symmetric bilinear form with rank w = r, where the rank of
w is the basis-independent rank of the representing matrix J;; := w(e;, e;). Then r = 2m
for some m € Ny and there exists a basis in which J has the form

0 idpmxm O
J=1 —idyxm 0 0 | e M(nxn,R).
0 0 0

Thus, in particular, non-degenerate skew-symmetric bilinear forms exist only on even-
dimensional vector spaces. And symplectic manifolds must also be even-dimensional.

(b) If w is exact, then (M,w) is called exact symplectic.
(¢) On M = T*R™ the canonical symplectic form is wy := Z?:l dg’ A dp’, where (q,p) €
T*R™ =2 R™ x R™ are cartesian coordinates.

Recall from remarkthat any non-degenerate 2-form w induces an isomorphism between 7, (M)
and TP(M) :
XeTg (M)~ X" =w(X, ) =ixwe T)(M).

13.3 Definition. Hamiltonian vector fields

A vector field X € T,H(M) on a symplectic manifold (M,w) is called a Hamiltonian vector
field, if w(X,-) is an exact 1-form, resp. locally Hamiltonian, if w(X, ) is closed.

For H € C*°(M) the vector field X associated through w with dH, i.e.
w(Xpy, ) =dH,

is called the Hamiltonian vector field generated by H and H is called the Hamiltonian
function.

Note that the map C®°(M) — TH(M), H — Xy is R-linear. o

13.4 Example. For T*R" = R} x R} and a symplectic form w € Ao(T*R") let Ji; = w(e;, €;).
For H € C*°(T*R") it follows that

w(Xy,Y)=dH(Y) VY €T (TR Xy Ji;YI =Yio;H VY € T (T*R™)
Jij Xy =0;H Vj=1,...,2n
J' Xy =VH

Xy =(JH"'VH.

t o ¢
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13 Symplectic forms and Hamiltonian flows

If J has the canonical form Jy = ( —?d 1(;1 ), then (JI)~! = Jp implies for Xy the usual
Hamiltonian equations of motion,
i OH ; OH
X} =+~ and X3 "=-———, j=1,...,n.
Ip; dg;

We will next understand in which sense wq is canonical on T*R™. To this end we show that
on any cotangent bundle T*M one can define a canonical symplectic form wg without involving
additional structure. We first define a canonical 1-form ©y on T*M and then wy as its exterior
derivative.

Let y = (z,v*) € T*M (i.e. x € M and v* € Ty M) and Y € T'(T*M). Then put

(€0 1Y () = (v 1Dmu (Y ()

Ty (T*M), Ty (Te M) T M, Ty M

where 7y : T*M — M is the projection (z,v*) — x on the base point and hence its differential
is a map
Dy : T(T*M) — TM .

So O¢(y) acts on Y (y) as v* acts on T'n(Y (v)).

Y(y) € T,(T"M)

M

13.5 Definition. The canonical symplectic form

The 1-form Oy € T(T*M) is called the canonical 1-form on the cotangent bundle. The form
wo = —dOg € TX(T*M) is called the canonical symplectic form on the phase space T* M.
M is called the configuration space. o

13.6 Remark. To see that wy is indeed non-degenerate, we compute its local coordinate expres-
sion. In a bundle chart D*p : T*V — T*p(V) = (V) x R" C R} x R} we denote the coordinates
in the first factor by ¢ and in the second factor by p. A point (q,p) € T*M thus denotes the
covector p;dq’ € Ty M at the point g € M.

A vector field Y € T (T*M) can thus be locally written as
Y(q,p) = v*(q,p) g, + w'(q,p) Oy, ,
where the index ¢ runs from 1 to n. We have that

DrY(q,p) =v'(q,p) Oq

and
(®o(q,p) !Y(q,p)) = (p;d¢’ |v'(q,p) 0¢;) = piv'(g.p) = (p;dd’ | Y (g, p)) -

90



Hence, ©g = p;jd¢’, where it is important to keep in mind that ©g € T.X(T*M) is a 1-form on the
manifold T* M and not on M! However, ©q vanishes on all vectors tangent to the fibres of T*M.

For the canonical symplectic form we thus find
wy = —dOg = —dp' Adg' = dg" Adp’,

and wy is indeed non-degenerate and defines a symplectic form. Its coefficient matrix with respect
to the coordinate vector fields (9y,,...,04,,0p.;--.,0p,) has the form

0 idnxn
_idnxn 0

on the whole coordinate patch. o

13.7 Theorem. Darboux’ theorem

Let (M, w) be a symplectic manifold of dimension 2n and x € M. Then there exists a chart (V, ¢)
with 2 € V such that with ¢ : V — R?", (x) =: (¢(x), p(z)), it holds on all of V that

n
w= Z dg' A dp'.
i=1
A chart in which w has this form is called a canonical chart oder Darboux chart.

Proof. We will prove a slightly more general statement:

13.8 Lemma. Moser’s trick

Let Uy, U; C R?™ be open neighbourhoods of 0 € R?” and wy, wi symplectic forms on Uy resp.
Uy. There exists an open neighbourhood U C Uy N Uy of zero and a diffeomorphism F : U — U
such that wo|y = F*(wi1|y) and F(0) = 0.

The statement of Darboux’ theorem now follows by choosing any local chart (V, ) and making
the following identifications: Uy = ¢(V), Up = R?", wy = @,w and wy = > i, dg* A dp’. Then
the desired chart (V) is given by V = ¢~ 1(U) and ¢ = F o @|y. O

Proof. of Moser’s Trick. According to remark there is a linear transformation A of R?"
such that A,wo(0) = w1(0). To make the notation in the proof less heavy, we can thus assume
without loss of generality that wp(0) = w(0).

The diffeomorphism F' = F} is now constructed as the solution of the differential equation

d

—F;, = X; 0 F

alt t O L't
with initial datum Fj = id and a time dependent vector field X; that remains to be constructed
in such a way, that

Lx,w =wo—wi with wy:=(1—1t)wy+ tw; (13.1)
holds. Then it follows that Fj'w; = wy for all ¢ € [0, 1], since Fjjwy = wp and
d ., N d
ditFt Wt = Ft (thwt + awt) =0.

In order to find a vector field X; with the property (13.1)), we first note that w|y is a symplectic
form for all ¢ € [0,1] if we chose the neighbourhood U of zero sufficiently small. This is because
wi(0) = wp(0) = w1(0) is constant and thus non-degenerate for all ¢.
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13 Symplectic forms and Hamiltonian flows

If we choose a contractable U, then on U the closed form wg — wy is exact. Hence, wy — w1 = df
for some 1-form 6. On the other hand, also w; is closed and according to Cartan’s formula
(theorem [8.13)) we have Lx,w; = dix,w:. We thus need to achieve

itht =0+ df

for some f € Ag(U) and all t € [0, 1], in order to obtain ((13.1]). However, since w; is non-degenerate
on U there exists such an X; for every smooth function f. By choosing f appropriately, we obtain
6(0) +df(0) = 0 and hence X;(0) = 0 and F3(0) = 0 for all t € [0, 1]. O

13.9 Remark. Thus, on every symplectic manifold there are local coordinates such that w has
the normal form w = 3" ; dg" A dp’ not only point wise, but in an open neighbourhood.

In the previous section we saw that the analogous statement does not hold for Riemannian
manifolds (M, g). While for each z € M there exists a chart such that g(z) = > I, d¢’ ® d¢’, a
chart such that

glv =dq' ® d¢'

for some open neighbourhood V' of x exists if and only if the Riemannian curvature Rm associated
with g vanishes on some neighbourhood of z, i.e. if M is flat around =x. o

We now come to a central result of Hamiltonian mechanics, Liouville’s theorem. It states that
Hamiltonian flows, i.e. flows of Hamiltonian vector fields, are symplectomorphisms, i.e. leave
invariant the symplectic form.

13.10 Theorem. Liouville

Let (M,w) be a symplectic manifold of dimension dimM = 2n, and let Xy be the Hamiltonian
vector field generated by H € C°°(M). Then the flow of X satisfies

&N W = w

and hence also
YT WA - Aw)=wA--Aw forl <k<n.

k copies k copies

Proof. Tt holds that

LXHw: (iXHd‘FdZ'XH)W:iXH dw +ddH =0.
=0 =0

Because of CIDé(H =1d we have @é(H*w = w and with

d xp )
a‘EXH w=® "Ly w=0

the statement follows. O

13.11 Definition. The Liouville measure

The volume form )
Q.= 7(_1)(n; §

WAWA - ANw € Ao (M)
—_—

n copies

n!
is called the Liouville measure. In every canonical chart it has the form

Q=d¢' A---Adg" Adpt A - Adp™.
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13.12 Corollary. Invariance of the Liouville measure

A Hamiltonian flow <I>tXH leaves invariant €2, i.e.
PO = Q.

One says that Hamiltonian flows are volume preserving. o

13.13 Definition. The Poisson bracket

Let (M, w) be a symplectic manifold and f,g € C°°(M). The Poisson bracket of f and g is the
function

{f,9} = w(Xy, Xy) € CF(M).
It holds that

{f,9} = w(Xy, Xy) = ix,w(Xy,)) = ix,df = Lx,f = —Lx,9.

13.14 Remark. In a canonical chart we have

 ~~(0f 09 Of 0g
{f’g}_z(@%_%%)

For the coordinate function the canonical relations hold,

13.15 Proposition. The Liouville equation

Let g, H € C*°(M) and let ®/ be the Hamiltonian flow of Xp. Then g(t) := g o ®! solves the
Liouville equation

3}
& ot = {olt), Y.
Whenever {g, H} = 0, then g(t) = g(0) for all ¢ € R. In particular, H(t) = H o ®/ = H.

Proof. Homework assignment. O

13.16 Definition. Symplectic maps and canonical transformations

Let (M,w) and (N, o) be symplectic manifolds. A smooth map ¥ : M — N is called symplectic,

f
! U =w.

A symplectic diffeomorphism is called a symplectomorphism or canonical transformation.

13.17 Proposition. Canonical transformations of Hamiltonian vector fields
Let ¥ : M — N be a canonical transformation and f € C*°(N). Then

U Xy = Xy=g.
Proof. Since w is non-degenerate, this follows from

w(Xgep,Y) = d@f)(Y) = (Tdf)(Y) = df(T.Y) = o(Xy, 0.Y)
= (L)X, 0Y) = w(TX},Y). O
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13 Symplectic forms and Hamiltonian flows

13.18 Corollary. The Lie bracket of Hamiltonian vector fields

The commutator of Hamiltonian vector fields is again a Hamiltonian vector fields, more precisely
[(Xg: X¢l = Xipgy-
Proof. Let ®; be the (local) flow of X,. Then proposition implies
Dy X = Xo: s
evaluating the derivative at t = 0 we find
Lx,Xp=Xpy -
Here we also used that the map f +— X is linear. By definition we have Ly, f = {f, g}
O

and by definition 8.7 Lx, X = [Xg, X].

13.19 Corollary. The form of the Hamiltonian equations of motion is invariant under canonical
transformations: Let H € C*°(M) and let (g, p) be a canonical chart on M. According to example
3.4 in such a chart it holds that

OH

== OH OH
Xy = 9 =0, — — 0, .
H (_5;[;) apz qi 8Q'L Pi

Let now ¥ : M — N be a canonical transformation and K := W, H = H o ¥~!. The (Q,P) =
(g,p) o ¥~ ! is a canonical chart on N and in this chart

oK
U, Xy =Xk = < Ak ) :
9Q

Proof. The statement that U, Xy = Xg was shown in proposition [13.17] It remains to check
that (@, P) is a canonical chart. This follows from

U(aQwan) = O'(\I’*&h, \I/*apj) = W*U(aqz"apj) = w(aqi7 apj) . O

German nomenclature

Hamiltonian vector field = Hamiltonsches Vektorfeld Liouville measure = Liouvillemafl
Poisson bracker = Poissonklammer symplectic form = symplektische Form
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