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Exercise 1.
Let f: R — R be an increasing monotone function. Prove that f is Lebesgue measurable.

Exercise 2.
Let (X, A, 1) be a measure space, with u(X) < co. Let f € L*®(X, A, ). Prove that

I£lloo = lim_ £l

Exercise 3.
Consider
2

2? l—e

fn : [07 1] - R’ fn(x) =1- e n, gn - (071] — R? gn(x) = %
Study the pointwise convergence of {f,} and {g,} and compute lim, f[o 1 fn,dA and
limy, 400 f[O,l] G, dA.
Exercise 4.
Let f : [1,00) = oo, f(z) := 1/[z] (Jx] = integer part of z). Consider f, : [1,00) — R,
fu(x) == f(x)X[1,n)(x) for all n > 2. Prove that f, is integrable in [1,00) and calculate the
integrale. Prove also that f is not integrable in [1, 00).

Exercise 5.
1. Consider (N,P(N), u#). We define g(n) := 1/n!, evaluate [ gdu#.
2. Let fo(n) := &, a € R, find the value of a such that f, € L*(N, P(N), u#).

Exercise 6.
Let (X, A, ) be a measure space, with u(X) < co. Let f € X, A. Let

E,={zeX|n-1<|f(x)|<n}, nelN.

Prove that o
fel' (X, Ap < Zn,u(En) < 00
n=1
Is this still true if pu(X) = oco?
Exercise 7.
Let f € LY(X, A, ), f >0 a.e. We define
nf




Prove that {f,} C L*(X, A, ) and that ||f, — f|l;1 — 0 asn — oo

Exercise 8.
Let f € LY(R, £, A) such that [, |z||f(z)] dA < co. Prove that F : [0,1] — [0, oc], such that

F(a) = / 2] £ ()] dA,

is a continuous function.

Exercise 9.
Let (X, A, 1) be a measure space. Show that if f,, — f in measure and g, — ¢ in measure, then
fn+ gn — [+ g in measure.

Exercise 10.
Let (X, A, 1) be a finite measure space. Let® the set of the function in M(X, A) where we
identify functions that are equal a.e. on X. Prove that

N Y e [
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is a distance on X.

Exercise 11.

1. Let (R, L, A) be a measurable space. For every f : R — R, define f,(z) := f(z —a). Prove

that
/RfdA:/RfadA

2. Let f be a non-negative, real-valued Lebesgue measurable function on R. Show that if
Y02, f(x +n) is Lebesgue integrable on R, then f =0 a.e. on R.

Exercise 12.
Let (X, A, 1) be a measure space. Let {f,}nen € LY(X, A, 1). Suppose that || f, — fllz1 — 0 as
n — 0o, show that

e f, — f in measure on X.

° limn_>+oo fX |fn| = fX ’f‘

Exercise 13.
Let (X,.A, i) be a measure space.

1. Let f be a real-valued measurable function on X such that f € L*(X) N L*>®(X). Show
that f € LP(X) for every p € [1, 0]

2. Let u(X) < co. Let p,q € [1,00] such that p < ¢. Prove that LY(X, A, u) C LP(X, A, p).

Exercise 14.
Let (X, A, 1) be a measure space. Let {f,} C L*(X, A, u) and f € L'(X, A, 1) such that

o lim, o frn = f a.e. on X,

o limp o0 fX | fol dp = fX |fldp.

Prove that
lim / |fn—f]|=0.
n—0o0 X



