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1. Consider the Cauchy problem associated to the heat equation on the 1-dimensional torus
T1: {

∂
∂tu(t, x) = ∂2

∂x2
u(t, x) x ∈ T1, t > 0

u(0, x) = u0(x), u0 ∈ L2(T1) (fixed).

Find the solution u(t, · ) ∈ L2(T1) for every t ≥ 0 as a Fourier series and study the
asymptotic behavior, namely L2(T1)-limt→∞ u(t, · ), interpreting this result physically.

2. Let γ ∈ R, we define
(Tγf)(x) := f(x− γ) ∀f ∈ L2(T1)

(ργa)n := e−iγ nan ∀a ∈ `2(Z).

Verify that both the operators Tγ and ργ are unitary for every γ ∈ R.

3. Let F : L2(T1)→ `2(Z) be the Fourier transform. Prove that the following properties are
satisfied:

a)
F Tγ = ργ F ∀γ ∈ R.

b) If f ∈ C1(T1), then (
F

d

dx
f

)
n

= in(Ff)n ∀n ∈ Z.


