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1. Find the solution x( · ) to the Newton’s equations of

a) the motion in R3 for a point particle with mass m > 0 under the gravitational force
Fg := (0, 0,−mg) with g > 0, assuming that x(t0) = x0 ∈ R3 and ẋ(t0) = v0 ∈ R3,
with t0 ∈ R;

b) the motion in R for a point particle with mass m > 0 subject to the Hooke’s force
FH(x) := −kx with k > 0, assuming that x(t0) = x0 ∈ R and ẋ(t0) = v0 ∈ R, with
t0 ∈ R.

2. Write the Lagrangians for the two systems in the previous exercise.

3. Let D be an open set of R3N , N ≥ 1. Consider the Lagrangian L : D × R3N → R defined
as

L(q, ξ) :=
N∑
k=1

1

2
mk |ξk|2 − U(q),

where mk > 0 for all k ∈ {1, . . . , N} and U ∈ Cn(D,R), n ≥ 2. Given a coordinate
transformation in the configuaration space ψ : Λ×R→ D such that q = ψ(Q, t), compute

the Lagragian L̃ : Λ× R3N → R in the new coordinates.

4. Consider the Lagrangian

L(q, ξ) =
1

2
m |ξ|2 − U(q), (q, ξ) ∈ R2 × R2,

where U(q) = U(|q|) (U is called a central potential).

a) Which is a “suitable” coordinate transformation to rewrite the Lagrangian L? Once
you have found it, write L in the new coordinates.

b) Using the invariance of the Euler–Lagrangian equations under coordinate transfor-
mations in the configuaration space, study the motion in the plane taking advantage
of a cyclic variable.

5. Let D be an open set of Rn. Let L ∈ Ck(D×Rn×R,R) with k ≥ 2 be a Lagrangian. We
define the generalized energy as

H(q, ξ, t) :=

〈
ξ,
∂L

∂ξ

〉
Rn

− L(q, ξ, t).

Prove the following statement:

If φ : [t1, t2] ⊂ R→ D is a solution of the Euler–Lagrange equations, then

d

dt
H(φ(t), φ̇(t), t) = −∂L

∂t
(φ(t), φ̇(t), t) ∀t ∈ [t1, t2].


