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Exercise 1. [10 points] Consider a quantum system, whose wave function ψ(t) at the time t is a vector in C2.
Suppose that the Hamiltonian is given by:

H =

(
2 1
1 2

)
. (1)

Find the solution of the initial value problem:

iψ̇(t) = Hψ(t)

ψ(t0) = ψ0 . (2)

Exercise 2. [10 points] Let f ∈ L1(R) ∩ C1(R), such that f ′ ∈ L1(R).

(a) Show that f ∈ C∞(R).

(b) Show that, for g ∈ L∞(R) ∩ C1(R) and g′ ∈ L∞(R), the following identity holds true:∫
R
dx g(x)f ′(x) = −

∫
R
dx g′(x)f(x) . (3)

(c) Prove that f̂ ′(k) = ikf̂(k) for all k ∈ R.

Exercise 3. [10 points] Let n ∈ N and f ∈ L1(R). Find conditions that imply the respective statements.

(a) f̂ ∈ Cn(R).

(b) supk∈R ||k|nf̂(k)| <∞.

(c) f̂ ∈ L1(R).

Exercise 4. [10 points] Let a, b ∈ C with Re a > 0 and let f : R → C defined as f(x) = e−ax
2/2+bx. Show that

f ∈ S(R) and compute f̂(k).


