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Exercise 1. [10 points] Let 1 < p < o0, and let A = (0,1) C R. Moreover, let I = (a,b) C A. For each £ > 0, find
a function g. € C.(A) such that g. — 1y in LP(Q), with:

_J1 zel
Li(z) = { 0 otherwise.

Exercise 2. [10 points] Let H be a Hilbert space, and let (z,,)nen C H be a sequence. We say that x,, converges

weakly to € H, x, "—° &, if and only if, for all y € H, (y,z, —x) = 0 as n — oco. Prove that the following
statements are equivalent.

(a) x, converges to x in norm, that is ||z, — x| — 0 as n — oo.
(b) 2, "= 2 and limy, o0 || 20| = [z
Hint. Recall the reverse triangle inequality:

Nyl =Nzl < lly = «] -

Exercise 3. [20 points] Let € C2°(R?) such that:
(i) n>0and =0 if [z| > 1.
(ii) fpa dzn(z) = 1.

For all ¢ > 0, let n.(x) := e 9n(x/e). The function 7. is called a mollifier. We define the mollification of f the
function:

(s D) = [ 0= fw)dy.

(a) Let f € LP(R?), 1 < p < co. Prove that ||n. * f|lz» < ||f|lLe-
Hint. Use Hélder inequality. Split n = n*/Pn/?" with % + % =1.

(b) Let © C RY open, and let f € LP(f). Define f to be zero outside 2. Show that 7. * f € C>°(R?).
Hint. Recall dominated convergence.

(c) Let Q' C Q, Q,Q open. Let f € C.(Q) and zero outside '. Show that 7. * f € C.(2), provided £ > 0 is small
enough.

(d) Let f € C.(Q) and zero outside 2. Prove that . * f converges uniformly to f as & — 0. Conclude that n.x f — f
in LP(Q2) as € — 0.

(e) Let f € LP(Q), Show that for every § > 0 there exists g € C°(€2) such that ||f — g|Lr) < 6.
Hint. Use that C.(Q) is dense LP(Q) for 1 < p < oco.
(f) Let f € LP(S2). Prove that if f is continued with zero outside €, then |7 * f — f||zr() — 0 as e — 0.



