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Exercise 1. [10 points] i) Consider the following linear operator, from L2([0,∞)) to L2([0,∞)):

(Lψ)(t) = ψ(2t) . (1)

Check that L is continuous and compute the norm.

ii) Let B1 be the unitary circle in R2, {x ∈ R2 | |x| ≤ 1}. Consider the following linear operator from L2(B1) to
L2(B1):

(Lψ)(x, y) = ψ(y,−x) . (2)

Check that L is continuous and compute the norm.

Exercise 2. [10 points] Let (ck) be a sequence in C such that |ck| ≤ Ckp for some p ∈ R+. Prove that the series:

∞∑
k=1

ck sin kx (3)

converges in S′(Rd).

[That is, show that the sum converges if evaluated against any test function f ∈ S(Rd).]

Exercise 3. [10 points] Let a(x) ∈ C∞pol(R). Solve the following differential equation in S ′(R):

d

dx
T + a(x)T =

d

dx
δ . (4)

Exercise 4. [10 points] i) Prove that Lp(Rd) ⊂ S ′(Rd) for all 1 ≤ p ≤ ∞.

[Functions in Lp are associated to distributions via the identification f → Tf , for f ∈ Lp.]

ii) Prove that limk→∞ ‖uk − u‖p = 0 (uk converges to u in Lp) implies that Tuk

∗
⇀ Tu in S ′(Rd).


