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Exercise 1. [14 points] Let H1, H2 be Hilbert spaces, and let U : H1 → H2 unitary. Suppose that (H,D(H)) is a
selfadjoint operator on H1, D(H) ⊂ H1, H : D(H)→ H2. Prove that:

(UHU∗, UD(H)) is selfadjoint on H2. (1)

Exercise 2. [14 points] Let M ⊂ H. Prove that:

M
⊥

= M⊥ , M⊥⊥ = M . (2)

Exercise 3. [12 points] Prove that (−∆, H2(Rd)) is selfadjoint on L2(Rd).

[Hint. Use Exercise 1, together with the fact that the multiplication operator Af , (Afψ) = f(x)ψ(x), for f : Rd → C
is selfadjoint if and only if f is real valued.]

Exercise 4. [10 points, bonus] Let Ω ⊆ Rd open, and f ∈ C(Ω). Suppose that for every ϕ ∈ C∞c (Ω) we have:∫
Ω

dx f(x)ϕ(x) = 0 . (3)

Prove that f = 0.


