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Exercise 1. [14 points] Let H be a Hilbert space, let H ∈ L(H) be self-adjoint, and assume that there is an
orthonormal basis (ϕn) ⊂ H and (λn) ⊂ R such that Hϕn = λnϕn for all n ∈ N. Let f ∈ C(σ(H)) be a continuous
function defined on the spectrum σ(H). For ψ ∈ H, define:

f(H)ϕ :=

∞∑
n=1

f(λn)Pϕn
ψ

with Pϕn
the orthogonal projection on ϕn.

(a) Show that Φ : C(σ(H))→ L(H), f 7→ Φ(f) = f(H) defines a functional calculus.

(b) Prove that Φ is continuous. [Hint: being H bounded, σ(H) is compact].

Exercise 2. [14 points] Let H be a Hilbert space. Let T ∈ L(H), T = T ∗. Prove the following statements.

(a) T ≤ ‖T‖1H.

(b) If T ≥ 0 then σ(T ) ⊆ [0, ‖T‖]. [Hint: use that T = T ∗ implies Ran(T + z) = H, Ker(T + z) = {0} for
z = ε, ‖T‖+ ε, for all ε > 0.]

(c) If σ(T ) ⊂ [r,R] for some r,R ∈ R with R > r, then r1H ≤ T ≤ R1H.

(d) If T ≤ S then A∗TA ≤ A∗SA for all A ∈ L(H).

(e) If T ≥ 0, then T is invertible if and only if T ≥ c1 for some c > 0.

Exercise 3. [12 points] Let (T,D(T )) be a selfadjoint operator. Prove that:

inf σ(T ) = inf
ψ∈D(T ):‖ψ‖=1

〈ψ, Tψ〉 , supσ(T ) = sup
ψ∈D(T ):‖ψ‖=1

〈ψ, Tψ〉 .

Exercise 4. [10 points, bonus] Let (T,D(T )) be a closed, densely defined, linear operator on H. Prove that
ρ(T ) 3 z 7→ Rz(T ) = (T − z)−1 is differentiable, and that:

d

dz
Rz(T ) = Rz(T )2 . (1)


