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Exercise 1. [10 points]

Write down an explicit formula for a function u : Rn × [0,∞) solving the initial value problem{
ut + b ·Du+ tu = 0 in Rn × (0,∞)

u = g on Rn × {t = 0},

where b ∈ Rn is a constant.

Exercise 2. [10 points]

Let U ⊂ Rn be an open set.

1. Given a subharmonic function v ∈ C2(U), i.e. such that

−∆v ≤ 0 in U,

prove that

v(x) ≤ 1

|B(x, r)|

∫
B(x,r)

dy v(y) for all B(x, r) ⊂ U.

Prove also that if v ∈ C2(U) is subharmonic, then maxU ṽ = max∂U ṽ.

2. Let φ : R→ R be smooth and convex. Assume u is harmonic and v := φ(u). Prove that v is subharmonic.

3. Prove v := |Du|2 is subharmonic, whenever u is harmonic.

4. Let u be harmonic in Rn. Suppose that
∫
Rn dxu(x)2 ≤M <∞. Show that u(x) ≡ 0.

Remark 1 It easily follows that if v ∈ C2(U) is superharmonic, i.e. −∆v ≥ 0, then

v(x) ≥ 1

|B(x, r)|

∫
B(x,r)

dy v(y) for all B(x, r) ⊂ U,

and that minU ṽ = min∂U ṽ.

Exercise 3. [10 points]

Find the Green’s function for the domain:

B+
r := {x ∈ R2 |x21 + x22 < r, x2 > 0}.


