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Exercise 1. [10 points]

Let U C R™ open and bounded, let Ur := U x (0,T] where T > 0 is fixed. We say that v € C?(Ur) N C(Ur) is a
subsolution of the heat equation if

Ut—AUSO iIlUT.

1) Prove for a subsolution v that

1 // |z —yl?
v(z,t) < v(y, s dyds,
( ) 4rm E(z,t;r) ( ) (t - 8)2

for all E(xz,t;r) C Ur, where for every fixed z € R", ¢t € R and r > 0, we define

1
E(z,t;r) := {(y,s) ceR"™ s <t, &z —y,t —s5)> }
rn

2) Prove that

maxu = maxu,
U~ I'r

where I'y := U — Ur

Exercise 2. [10 points]

1) Let @ : R — R be smooth and convex. Assume that u solves the heat equation and let v := ®(u). Prove that v
is a subsolution.

2) Let v :=|Dyu|? + u?, with u a smooth solution of the heat equation. Prove that v is a subsolution.

Exercise 3. [10 points]

Given g : [0,00) — R, with g(0) = 0, derive the formula

2

e~ 19 g(s) ds

u(z,t) =

T t 1
\/E/o (t —s)3/2

for a solution of the initial /boundary-value problem

U — Uzy =0 in Ry x (0,00)
u(z,0) =0  forz e Ry
u(0,t) = g(t) fort € [0,00)

[Hint: define v(x,t) := u(z,t) — g(t) and extend v to {x < 0} by odd reflection.



