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Exercise 1. Transformation behavior of derivatives of scalar �elds

(a) Let f : M → C be a twice di�erentiable scalar �eld which transforms under
Lorentz transformations x→ x′ = Λx as

f ′(x′) = f(x). (1)

How do then (i) ∂µf(x) and (ii) ∂µ∂
µf(x) transform under Λ?

Exercise 2. Lorentz group

(a) Let v ∈ R3, v = |v| < 1 and γ(v) = 1/
√

1− v2. Show that Lorentz boosts

Λ =

(
γ(v) γ(v)vT

γ(v)v 13 + γ(v)−1
v2

vvT

)
. (2)

indeed preserve spacetime distances s2(x, y) = (x−y)µ(x−y)µ for all x, y ∈M.

(b) First show that the de�nition of Lorentz transformations Λ (see lecture) is
equivalent to

Λµ
ρ ηµν Λν

σ = ηρσ. (3)

Then use this de�nition to prove that the set L of Lorentz transformations
forms a group.

(c) Using (3) show that det Λ ∈ {−1,+1}. (Hint: First rewrite (3) as ΛT ηΛ = η.)
Furthermore, demonstrate that |Λ0

0| ≥ 1.

(d) Show that L is a six-dimensional Lie group.
Hint: Show that every (proper) Lorentz transformation Λ ∈ L↑+ can be written
as the product of a boost Λ(v) with velocity v ∈ R3, |v| < 1, and a rotation
Λ(ϕ) with rotation vector ϕ ∈ R3, |ϕ| < 2π as follows:

Λ = Λ(v) Λ(ϕ). (4)

Then use v and ϕ as the coordinates of the group manifold for Λ ∈ L↑+. The
other connected components of L (see lecture) can be treated similarly.



Exercise 3. Relativistic formulation of conservation laws

Let j : M→M be a di�erentiable vector �eld which satis�es the continuity equation

∂µj
µ(x) = 0. (5)

Assume furthermore that there is an R > 0 such that j(t,x) = 0 for |x| > R. Show
that for each pair of space-like hypersurfaces Σ,Σ′ ⊂M we then have:∫

Σ

dσ(x)nµ(x) jµ(x) =

∫
Σ′
dσ(x)n′µ(x) jµ(x), (6)

where n(x) (n′(x)) is the future-pointing unit covector �eld at Σ (Σ′).
Hint: Apply the 4-dimensional divergence theorem to a suitably chosen closed sur-
face S ⊂ M which contains Σ ∩ {(x0,x) ∈ M : |x| < R} and Σ′ ∩ {(x0,x) ∈ M :
|x| < R}.


