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Exercise 1. Dirac equation with external potential.

(a) Let 2 = L*(R® C") and let HPr¢ he the Dirac Hamiltonian with domain
P(HP™¢) = HY(R3)*. Given any bounded self-adjoint operator V : 3 — 2,
prove that the initial value problem of the Dirac equation

{ 20 (leiraC + I7> Y(t),
P(0) = € H
has a unique Hilbert-space valued solution ¢ : R — 7.

(1)

(b) Give at least one physically relevant example for a bounded self-adjoint oper-

ator V : 0 — H.

Exercise 2. Hilbert space associated with a space-like hyperplane.
Let X C M be a space-like hyperplane. Show that the sesquilinear form

(W, )y = / dor(z) n, (2)P () x) 2)

is well-defined for 1, p € L*(3,C*) and defines a scalar product on that space. Use
this result to conclude that 54 = (L*(2,C*), (-, )s) is a Hilbert space.

Exercise 3. Probability conservation via propagator methods.

Assume that for every hyperplane ¥ C M and every 1z € S(X)* (the space of four-
component test functions on ), the initial value problem ¢ (z) = ¥x(x), x € 3 has
a unique solution v € C*°(R*, C*) given by

wla) = =i | do(y) (o~ 911" m,0)s (o) 3
)
Here, S denotes the propagator of the Dirac equation (see lecture).
(a) Show that S(0,x) = iy°0®) (x).

(b) Demonstrate that —i [, S(z—y)y*n,(y)S(y—z) = S(x—z) for every space-like
hyperplane 3.

(¢) Using 7°S*(z)y° = —S(—x), show an analogous integral formula for ¢ (z).

(d) Using only and (c), show that for every pair of space-like hyperplanes
Y1, e C M, we have (probability conservation):

/E do(x) nu (@) D)y () = / do(x) na o(2) D) ().  (4)
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