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Exercise 1. Free multi-time Dirac equations.

Let N ∈ N and consider the equations

(iγµk∂k,µ −mk)ψ(x1, ..., xN) = 0, k = 1, ..., N (1)

for the multi-time wave function

ψ : R4N → (C4)⊗N ∼= C4N . (2)

(a) Show that the initial value problem ψ(0,x1, ..., 0,xN) = ψ0(x1, ...,xN), x1, ...,xN ∈
R3 for (1) with ψ0 ∈ S(R3N ,C4N ) has a solution ψ ∈ C1(R4N ,C4N ).

Hint: Show that each of the N equations (1) can be solved separately.

(b) Let ψ ∈ C1(R4N ,C4N ) be a solution of (1) and let

ψ = ψ†γ0
1 · · · γ0

N (3)

Show that the Dirac tensor current

jµ1....µN (x1, ..., xN) = ψ(x1, ..., xN)γµ11 · · · γ
µN
N ψ(x1, ..., xN) (4)

satis�es the continuity equations

∂k,µkj
µ1....µk...µN (x1, ..., xN) = 0, k = 1, ..., N. (5)

(c) Show that as a consequence of (5) the total probability integral

P (Σ) =

∫
Σ

dσ(x1) · · ·
∫

Σ

dσ(xN) jµ1....µN (x1, ..., xN)nµ1(x1) · · ·nµN (xN) (6)

satis�es P (Σ) = P (Σ′) for all space-like hyperplanes Σ,Σ′ ⊂M.

(d) Let ψ1, ψ2 ∈ C1(R4N ,C4N ) both be solutions of the same initial value problem
as in (a). Assume in addition that ψ(x1, ..., xN) is square-integrable in each
spatial variable xi. Using the technique of energy integrals for P (Σ), show
that ψ1 = ψ2 on all space-like hyperplanes.



Exercise 2. Space-like con�gurations generalize non-collision con�gurations.

(a) In the case of N = 2 particles, show that the set of space-like con�gurations

S = {(x1, x2) ∈ R4 × R4 : (x1 − x2)µ(x1 − x2)µ < 0}. (7)

is the smallest Poincare invariant set which contains the equal-time collision-
free con�gurations

C = {(t1,x1, t2,x2) ∈ R4 × R4 | t1 = t2 and x1 6= x2}. (8)

Note: A Poincare transformation (a,Λ) acts on (x1, x2) ∈ R4 × R4 as (Λx1 +
a,Λx2 + a).

(b) In the case of N = 2, �nd at least three di�erent Poincare invariant non-empty
proper subsets of R4N .
Optional question: How many di�erent such subsets are there for N = 2?


