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Exercise 1. No-go theorem for potentials in multi-time equations with Laplacians

Consider the multi-time system

i∂t1ψ = (−∆1 + V1(x1,x2))ψ,

i∂t2ψ = (−∆2 + V2(x1,x2))ψ (1)

for a multi-time wave function ψ : R4 × R4 → C. Here, ∆i denotes the Laplacian
with respect to xi, i = 1, 2 and V1, V2 : R6 → R are smooth functions.

(a) State the appropriate consistency condition for this case.

(b) Show that this consistency condition is only satis�ed if V1 does not depend on
x2 and V2 does not depend on x1.

(c) What does this result mean physically?

Exercise 2. The current density form ωj

For every µ, ν = 0, 1, 2, 3 let

jµν : R4 × R4 → R, (x1, x2) 7→ jµν(x1, x2) (2)

be a C1-function with compact support in the spatial variables x1, x2.
For N = 2 particles, the current density form ωj is de�ned to be the di�erential

form (a 6-form on R8)

ωj =
3∑

µ,ν=0

(−1)µ+νjµν(dx0
1 ∧ · · · ∧ d̂x

µ
1 ∧ · · · ∧ dx3

1)∧ (dx0
2 ∧ · · · ∧ d̂xν2 ∧ · · · ∧ dx3

2) (3)

where (̂·) denotes omission.

(a) Let Σ ⊂M be a spacelike hyperplane with future-pointing unit normal vector
�eld n. Use the identity

nµdσ = (−1)µ dx0 ∧ · · · ∧ d̂xµ ∧ · · · ∧ dx3 (4)

to show that the integral

P (Σ) =

∫
Σ

dσ(x1)

∫
Σ

dσ(x2)nµ(x1)nν(x2)jµν(x1, x2) (5)

can be rewritten as

P (Σ) =

∫
Σ×Σ

ωj. (6)



(b) Assuming that jµν satis�es the continuity equations

∂1,µj
µν(x1, x2) = 0, ν = 0, 1, 2, 3 and ∂2,νj

µν(x1, x2) = 0, µ = 0, 1, 2, 3,
(7)

show that the exterior derivative dωj of ωj vanishes.

(c) Given (7), show that P (Σ) = P (Σ′) for all pairs of space-like hyperplanes
Σ,Σ′. Hint: Use the theorem of Stokes for ωj together with the result of (b).

(d) Write down the analog of ωj for 1+1 spacetime dimensions and convince your-
self that the previous points also hold then.

(e) In 1+1 spacetime dimensions, let

S1 := {(t1, z1, t2, z2) ∈ R2×R2 : (t1− t2)2− (z1− z2)2 < 0 and z1 < z2}, (8)

i.e., the set of space-like con�gurations with z1 < z2. Using Stokes' theorem,
extract a condition on the tensor current jµν such that∫

(Σ×Σ)∩S1

ωj =

∫
(Σ′×Σ′)∩S1

ωj (9)

holds for all pairs of space-like hyperplanes Σ,Σ′ ⊂ R2.

Hint: The condition on jµν should be a linear condition between the compo-
nents of j which needs to hold on a subset of the boundary ∂S1 of S1.

(f) Let jµν = ψγµ1 γ
ν
2ψ where ψ solves the free multi-time Dirac equations. What

is the physical meaning of (9)?


